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Abstract 

 

Complex structures consisting of intertwined, nominally vertical carbon nanotubes 

(CNTs) are called turfs.  Under uniform compression experiments, CNT turfs exhibit 

irreversible collective buckling of a layer preceded by reorientation of CNT segments.  

Experimentally observed independence of the buckling stress and the buckling 

wavelength on the turf width suggests the existence of an intrinsic material length.  To 

investigate the relationship the macroscopic material properties and the statistical 

parameters describing the nano-scale geometry of the turf (tortuosity, density and 

connectivity) we develop a nano-scale computational model, based on the representation 

of CNT segments as elastica finite elements with van der Waals interactions.  The virtual 

turfs are generated by means of a constrained random walk algorithm and subsequent 

relaxation.  The resulting computational model is robust and is capable of modeling the 

collective behavior of CNTs.  We first establish the dependence of statistical parameters 

on the computational parameters used for turf generation, then establish relationships 

between post-buckling stress, initial elastic modulus and buckling wavelength on 

statistical turf parameters.  Finally, we analyze the reorientation of buckling planes of 

individual CNTs during the collective buckling process. 

 

Keywords: Discrete model; collective behavior; elastica; adhesive contact; intrinsic 

length 
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1. Introduction 

While the remarkable mechanical, electrical and thermal properties of individual carbon 

nanotubes (CNTs) have been known1, many applications depend on their collective 

behavior.  CNT turfs are the assemblies of nominally vertical (grown from a substrate), 

but intertwined and slightly curved CNTs.  They form a structure akin to open-cell foam 

and have unusual mechanical behavior2.  Applications of such structures include thermal 

switches (Christensen et al., 2003), nanoscale sensors3, hard disks and flat panel 

displays4.   

The nano-scale geometry of a turf is the result of continuous energy minimization 

during the growth process, under substrate constraint and random influences.  Two CNTs 

lower the energy by establishing contact bonds of the van der Waals type.  Bending raises 

the energy.  If CNTs were free during the growth process, the global energy minimum 

would be a dense bundle of straight tubes with maximum contact area.  Growth being 

constrained by the substrate, the final configuration is a local energy minimum in 

configurational space (Mesarovic et al, 2007). 

In applications, CNT turfs are subjected to different mechanical loads, whether as 

the part of the function, or by accident.  Deformation changes the nanostructure of the 

turf and thus affects its properties, mechanical or otherwise.  Therefore, understanding of 

the relationship between macroscopic mechanical properties and nano-scale geometry is 

of the paramount importance.   

Under uniform compression, CNT turfs exhibit nonlocal behavior, with collective 

buckling of a layer5.  The instability is characterized by the sharp maximum stress, 

followed by a stress drop.  However, under non-uniform load such as sharp indentation, 

the turf exhibits stable visco-elastic deformation, with full mechanical reversibility up to 

very high strains6.  It has been suggested that such behavior is the result of either non-

homogenous properties of a material, or, a structure-like behavior, not describable by 

continuum mechanics (Cola et al., 2007; Hutchens et al., 2010).  However, we have 
                                                 
1 Ijima, 1991 Dresselhaus et al., 1996; Yakobson et al., 1996; Nardelli et al., 2000 
2 These are different from short widely spaced tubes (Qi et al., 2003; Waters et al., 2004). 
3 Comini et al., 2002; Hahm and Lieber, 2004; Li et al., 2004; Bianchi et al., 2006 
4 Chlebny et al., 1993; Wang et al., 2001; Ohgai et al., 2006; Arias, 2006 
5 Cao et al., 2005; Zbib et al. 2008; Hutchens et al., 2010; Qiu et al., 2011a; Maschmann et al., 2011;   
Bradford et al., 2011 
6 McCarter et al., 2006; Mesarovic et al. 2007; Qiu et al., 2011a, Radhakrishnan et al, 2013. 
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shown (Qiu et al., 2011a) that the variations in local mechanical properties of CNT turfs 

are negligible.  Moreover, while the collective buckling is certainly a structural instability 

(in the sense that it depends on boundary conditions), the independence of the buckling 

stress and the buckling wavelength on the turf width (Zbib at al., 2008) indicates a 

continuum model with an intrinsic material length.  A continuum model for stable 

behavior under non-uniform load has been developed recently in our group 

(Radhakrishnan et al., 2013). 

To explain the collective buckling instability, Hutchens et al (2011) proposed a 

continuum model which exhibits localization and a stress drop, but without a 

characteristic material length scale.  Consequently, their localizations are characterized 

by the size of computational cell.  However, experimental results reported by our group 

(Zbib et al, 2008) demonstrate conclusively the necessity of the internal length scale in 

the process of collective buckling.   

Computational models describing nano-scale behavior of CNT arrays include 

simple mass-spring models (Fraternali et al, 2011) and the models based on coarsened 

molecular dynamics, where segment of a CNT are treated as interacting particles7.   

In this paper, we first develop the computational model based on CNT’s bending 

and buckling as slender elastic rods, van der Waals normal interactions between the 

tubes, and a Coulomb-like frictional sliding.  Upon implementing the model into the 

finite element framework, we analyze the behavior of the turf under uniform load.  We 

demonstrate that the intrinsic length scale involved in the collective buckling arises from 

the statistical parameters characterizing the nano-scale geometry of the turf:  tortuosity, 

density and connectivity, which will be defined later.    

The paper is organized as follows.  In Section 2, we discuss the governing 

equations of motions for an elastica followed by the interaction model between 

neighboring tubes.  We define the constrained random walk algorithm used to generate a 

representative model of the turf in Section 3.  Results and discussion are presented in 

Section 4.  There, we focus on computational turf generation and the phenomenon of 

collective buckling in a CNT layer.  The three aspects of the later are discussed: the 

                                                 
7 Buehler, 2006; Volkov et al., 2009; Anderson et al., 2010 
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buckling stress, the buckling wavelength and the mechanisms of collective buckling with 

osculatory plane rotation.   Summary and conclusions are given in Section 5. 

 

2. Problem formulation 
 

2.1 Governing equations 
 

Kirchhoff’s theory of inextensible elastic rods (Love, 1920, Antman, 1974), can be 

significantly simplified (Nordgren, 1974) if the cross section possesses rotational 

symmetry.  Moreover, if the cross sectional diameter is much smaller than expected 

minimum radius of curvature, the strains will be small.  It is instructive to re-derive 

Nordgren’s (1974) equations from the energetic point of view, as such approach 

immediately provides the weak form and clarifies boundary conditions. 

Deformation of an inextensible elastica is defined by the position vector of a 

material point ( )s,tr  (Figure 1) and the cross-sectional twist angle ( , )s tθ , where s

denotes the arc length along the centerline in both reference and current configurations, 

and t  is a time parameter of the deformation process.  The unit tangent, normal and 

binormal vectors, t̂ , n̂  and b̂ , form the local orthonormal basis, and are defined as: 
2 ˆˆ ˆˆ ˆ, ,  ,    κ κ′ ′′ ′′ ′′= = ⋅ = = ×t r r r n r b t n . (1) 

0κ ≥  is the curvature, primes denotes differentiation with respect to s: d ds′ =r r .  

Small strain and in-plane isotropy of graphene sheets imply no torsion-bending coupling 

on the constitutive level, while small elastic strain implies linear constitutive equations.  

Thus, we consider the internal energy density per unit length as a quadratic form of 

curvature and twist per unit length.  Internal energy of an elastica segment of length L is 

then 

1 2 2
2 0

( )
L

U B C dsκ θ ′= +∫ , (2) 

where B  and C  represent the bending and torsional stiffness, respectively. 
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Figure 1. Schematic of an elastica segment subjected to distributed and end forces. 

 

Nonlinear geometry produces torsion-bending coupling at the level of governing 

equations.  Consider an infinitesimal segment ds (Figure 2), with curvature κ , loaded 

only with the torsional moments M rH ′= ⋅ .  The resultant moment is n̂H dsκ , and it 

does work on the rotation about the normal, i.e., on the binormal components of the 

difference in displacements at the segment ends.  The principle of virtual work (PVW) 

applied to such infinitesimal segment reads: 

( ) ( )r r rB C ds H dsκδκ θ δθ δ′ ′ ′ ′′ ′+ =− × ⋅ . (3) 

 

 
Figure 2. Equilibrium of torsional moments. 
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With the Lagrange multiplier λ  enforcing the inextensibility condition 0r rδ′ ′⋅ = , the 

PVW applied to the finite segment [0, ]L  

0

00

( )

( ) ( ) ( ) .

L

L L

B C H ds

ds H

κδκ θ δθ δ λ δ

ρ δ δ δθ δ δθ δ

⎡ ⎤′ ′ ′ ′′ ′ ′ ′+ + × ⋅ + ⋅ =⎣ ⎦

⎡ ⎤ ⎡ ⎤′ ′ ′ ′ ′− ⋅ + × ⋅ + ⋅ + ⋅ + + × ⋅⎣ ⎦ ⎣ ⎦

∫

∫

r r r r r

q r r m r r m r F r M r r
 (4) 

Here, r  denotes acceleration, ρ  is mass per unit length, and q  and m  are the distributed 

load and moment, while F  and M  are the cross-sectional force and moment (Figure 1).  

Independent variations, rδ  and δθ , yield two variational statements: 

0

0

( ) ( ) ( )

( ) ,

L

L

B H dsδ λ δ ρ δ

δ δ

⎡ ⎤⎡ ⎤′′ ′′ ′ ′′ ′ ′ ′⋅ + × + + × ⋅ + − ⋅ =⎢ ⎥⎣ ⎦⎣ ⎦

⎡ ⎤′ ′⋅ + × ⋅⎣ ⎦

∫ r r r r r r m r r q r

F r M r r
 (5) 

00
[ ]

L LC ds Hθ δθ δθ δθ⎡ ⎤′ ′ ′− ⋅ =⎣ ⎦∫ m r . (6) 

This is the weak form of the problem.  

The strong form of the problem is obtained by the standard procedure, with few 

caveats.  From (6), we obtain 

0   on [0, ]H L′ ′+ ⋅ =m r , (7) 

with boundary conditions either on H Cθ ′= , or, on θ . 

From (5), we obtain: 

iv
0

00

( ) ( ) ( )

( ) ( ) ( ) .

L

L L

B H ds

B H B

λ ρ δ

λ δ δ

⎡ ⎤′⎡ ⎤′ ′′ ′ ′+ × + + × + − ⋅ =⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦

⎡ ⎤′′′ ′ ′′ ′ ′ ′ ′′ ′+ − × − − × ⋅ + × − ⋅⎣ ⎦

∫ r r r r r m r q r

F r r r r r m r M r r r
 (8) 

The analysis of the boundary term with rδ ′ , together with the initial constitutive 

assumptions (2), reveal that  

ˆ ˆB Cκ θ ′= +M b t . (9) 

The analysis of the tangential component of the boundary term with rδ  yields the 

relationship between the Lagrange multiplier and the normal force F rT ′= ⋅ :   
2T Bλ κ= − . (10) 

The remaining component of the same boundary term gives 
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( ) ( )F r r r r r mB H λ′′′ ′ ′′ ′ ′=− + × + + × . (11) 

The governing differential equation for ( , )r s t  is 

iv ( ) ( )    on [0, ].B H Lλ ρ′⎡ ⎤′ ′′ ′ ′+ × + + × − =−⎣ ⎦r r r r r m q r  (12) 

The number of independent boundary conditions on either ( , )r r ′  or ( , )F M  is 

five, since the rotation/moment about the tangent are already taken into account as 

boundary conditions to (7). 

Details of the finite element implementation are given in Appendix A.   

 

2.2 Adhesive contact model 
 

Experimental results reported in our group (Qiu et al., 2011b) demonstrate the rate-

dependent behavior and time-relaxation of CNT turfs.  Given the stable nature of 

covalent bonds within a CNT, the only possible mechanism for such behavior is the 

thermally activated creep of contacts.  Thus, we assume that no covalent bonds form 

between the tubes, and that the interactions between the tubes are of the van der Waals 

type.  The normal forces are then adequately described by Lennard-Jones pair potentials 

(Buehler, 2006) and can be adopted for a continuum model (Radhakrishnan and 

Mesarovic, 2009).  The key assumption is that the normal force exerted by the segment B 

on a point of tube A (Figure 3a) is determined by the shortest distance from the point A to 

the segment B, and has the same direction, indicated  by the unit vector d̂  in Figure 3a.  

Forces are computed at nodes by summing up all the interactions.  The Lennard-Jones 

forces are short-ranged forces and are subject to cut-off distance beyond which 

interactions are negligible.  A similar procedure is used to compute the Lennard-Jones 

interactions between the tubes and the indenter. 

The Lennard –Jones force exerted on a node by a segment is given by 
13 724( ) 2P r

r r
ε σ σ

σ

⎡ ⎤⎛ ⎞ ⎛ ⎞⎢ ⎥⎟ ⎟⎜ ⎜= − +⎟ ⎟⎜ ⎜⎢ ⎥⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
, (13) 

where ε  and σ  are the Lennard–Jones parameters and r  is the distance between the 

outer walls of the tubes.  The values are given in Appendix B.  The force law (13) is 

illustrated in Figure 3b.   
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Experimental observations in our group (Qiu et al., 2011b) also indicate relatively 

stable contacts at low forces.  Such initial resistance to contact sliding is best taken into 

account by the Coulomb type friction law.  For computational convenience, we use the 

viscous regularization of Coulomb friction.  This model does not properly describe 

thermally activated contact sliding nor the rate-dependent behavior; it merely assures that 

contacts have certain strength, but can slide when that strength is exceeded.   However, 

for numerical experiments with fixed loading rate, this is sufficient.  It remains to 

determine the strength of the contact, i.e., the friction coefficient.  We address this 

question in Appendix B. 

The sliding friction force in Coulomb model is proportional to the normal force.  

However, the normal force (Figure 3b) changes sign.  Moreover, it is expected that 

friction force becomes larger as the tubes approach, even to a distance smaller than 0r  

where the normal reaches its maximum.  For the friction model, we define the pseudo-

normal force mP , by linearly interpolating forces between 0r  and 1r  (Figure 3b), the 

latter being the inflection point on the force curve.  The resulting pseudo-normal force, 

plotted in Figure 3c, has the cut-off at 2r . 

Let the relative velocity of points A and B in Figure 3a be v r rA B= − .  The 

sliding component is given as: 

The frictional force acting on point A in the direction opposite to vs  is given by 

0
( ) s

s mP P r
v

β

μ
⎛ ⎞⎟⎜ ⎟= ⎜ ⎟⎜ ⎟⎜⎝ ⎠

v
. (15) 

where μ  is the friction coefficient, ( )mP r  is the pseudo- normal force, 0v  is the 

reference velocity taken as a fraction of the indentation velocity, and 1β .  Details are 

given in Appendix B. 

 

ˆ ˆ( )v v v d ds = − ⋅ ,  (14) 
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Figure 3. (a) Normal force on point A exerted by the neighboring segment.  (b) Normalized 
force vs. normalized distance (13). 0r  is the distance where the adhesive force is maximum, 

1r  is the distance where 0′′ =P ,  and 2r  is the cut-off distance for the pseudo-normal force.  
(c) Pseudo-normal  force vs. normalized distance. 
 

3. Generation of the initial turf 

In order to generate turfs similar to experimental ones, a constrained random walk 

algorithm is devised.  Random seed points 0 0( , )x y are generated on the substrate 0z = .  

To prevent excessive clustering of the seeds, the minimum distance of 200 nm is 

enforced between every two seed points by rejecting the points which fall within this 

distance from previously generated points.  Then, tubes are grown from the seeds in the 

random direction but within a limiting cone (Figure 4a), with the constant step w  in the 
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z  direction.  The growth direction in each step is determined using randomly computed 

angles θ  and φ  so that the position of the points in the step n is given by 

1

1

1

cos sin ,

sin sin , ( , )2 2
cos .

n n

n n

n n

x x w

y y w

z z w

θ φ
α αθ φ π θ π φ

φ

−

−

−

= +

= + − < < − < <

= +

 (16) 

where α  is the limiting cone angle.  After generating the control points for each tube, 

cubic Hermite polynomials are fitted through in each segment, as follows. 

 Standard Hermit cubics require the nodal values of the function and derivatives 

(C1 continuity).  Since the latter is not available, we impose C2 continuity at the nodes, 

and thus obtain the required number of conditions.  Thus generated configuration of a 

CNT turf is illustrated in Figure 4b.   

In order to mimic infinitely wide samples, periodic boundary conditions are 

enforced at all four sides of the unit cell in the x and y-direction.  When a segment passes 

through one face of the cell, it is shifted and reappears on the opposite face.  Figure 4c 

illustrates a periodic cell with tube segments in two colors.  The red segments have 

remained in the cell.  The blue segments have left the cell and were shifted by the period 

to re-enter the cell.   

Thus generated turf is not in equilibrium.  We allow it to relax for 0.2 μs, under 

the elastic restoring forces and van der Waals interactions.   In that interval the system 

reaches equilibrium state where the kinetic energy and the strain energy remain constant 

with time and stable contacts are formed.   

The average curvature of each turf can be computed by 

0

1 ( )
L

K s ds
L

κ= ∫ . (17) 

where L  is the total length of nanotubes within a periodic cell.  Each nanotube is 

discretized using 100 elastica elements, each approximately 100 nm, so that the total 

height of the turf is approximately 10 μm.  The initial and relaxed average curvatures for 

turfs with different cone angles and substrate sizes are listed in Table 1.   

Number of tubes per area of the periodic cell determines the seed density of the 

turf sample.  Turfs with three seed densities and three limiting cone angles are generated.  
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The seed density of 50 tubes in each 1 μm corresponds to experimental findings reported 

by Qiu et al. (2011).   

 

Table 1.  Average curvature ( 1μm− ) (before) after relaxation for CNT turfs. 

Cone angle Seed density ( 2μm− ) 
100 50 25 

2π  (0.644) 0.419 (0.627) 0.405 (0.626) 0.395 

3π  (0.452) 0.281 (0.443) 0.271 (0.440) 0.253 

4π  (0.351) 0.221 (0.336) 0.198 (0.333) 0.174 
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Figure 4. (a) Parameters for the constrained random walk (CRW) algorithm, (b) Initial 
configuration of a grown turf with the CRW algorithm, (c) Periodic unit cell. The red 
segments were initially located inside the periodic cell and the blue ones are shifted into 
the cell. 
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4. Computational results and discussion 
 

4.1 Initial turf geometry 
 

In deciding which statistical parameters describe the nano-scale geometry of the turf, in a 

way conducive to macroscopic modeling, we are mostly guided by intuition.  We begin 

with three parameters: 

 The tortuosity is defined as the average curvature K (17). 

 We define the density, , as a purely geometric parameter: the average length of CNTs 

per unit volume of a turf.  To compute the volume, we use the average height of CNTs 

in a turf (cf. Figure 4). 

 The connectivity, γ,  is defined as the average number of contacts per unit length of a 

CNT.  Total number of contacts is computed using a contact detection algorithm based 

on the nearest distance between the walls of neighboring tubes after relaxation.  A cut-

off distance of 2.54 nm is used ( 2r  in Figure 3b), so that only segments within the cut-

off distance were taken into account, as illustrated in Figure 5.   

 

 
Figure 5. A typical representation of contacts between interacting CNTs, found using the 
contact detection algorithm, with two magnified portions (rectangular regions).  The left 
and right boxes show details of three and two contacts, noted by black circles. 
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However, in generating turfs, we have only varied two computational 

parameters8, the seed density Sρ  and the limiting cone angle α .  For this method of 

generating turfs, the three statistical parameters may not be independent.  Nevertheless, 

we used all three statistical parameters, in a hope of discovering the best combination 

suitable for macro-scale modeling.   

The dependence of statistical parameters on computational parameters is 

illustrated in Figure 6.   It is clear that the tortuosity depends primarily on the cone angle, 

while line density and connectivity depend almost exclusively on the seed density.  By 

fitting the data shown in Figure 6, and with the aid of dimensional analysis, we obtain the 

following empirical relations between macroscopic statistical parameters ( , , )K γ  and 

computational parameters used to generate the turf ( , , )S wα ρ : 

3 2

2

0.23 0.5 10 ,

0.9 0.14 ,

0.22 0.02 .

S

S

S

Kw w

w w

ρ
α

α
ρ

γ ρ

−≈ + ⋅

≈ +

≈ +

 (18) 

 

                                                 
8 We did not vary the step size w, see (16) and Figure 4a. 
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4.2 Turf deformation under uniform load 
 

Following the relaxation, the turf is subjected to uniaxial deformation by a rigid flat 

punch.  The nanotubes are clamped at the substrate.   As soon as the initially free ends 

establish contact with the punch, the slip between the tubes and the punch is prevented. 

 The punch is moving with the constant velocity of 3 m/s, which is slow enough 

to ensure a macroscopically quasi-static deformation, as the energy plots in Figure 7a,c 

indicate.  Except for the small spike following the initial contact, the kinetic energy is 

negligible in comparison with the strain energy.  The spike is probably the result of 

sudden change of boundary conditions upon initial contact, resulting in unstable snapping 

of neighboring contacts.  

  

        
  

 
 

Figure 6. Relationship between statistical parameters and computational parameters used 
to generate the mesoscale model.  (a) Tortuosity vs. seed density.  (b) Density vs. cone 
angle. (c) Connectivity vs. seed density.   
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The main peaks of strain energy correspond to the formation of consecutive 

buckled layers.  Comparison with stress-strain curves, Figure 7b and d, indicates that only 

the formation of the first buckle is accompanied by a stress drops.  The results are in 

qualitative agreement with experimental observations (Zbib et al., 2008; Maschmann et 

al., 2011).  Deformed configurations of a turf at different strains are shown in Figure 8.   

a                                                                                     b 

     

c                                                                                     d 

    

Figure 7. Turfs with 50 tubes, substrate size of 21 1 μm× . (a) Strain energy and kinetic 
energy vs. time for 8α π=  and (b) the nominal stress as a function of nominal strain. 
(c) Strain energy and kinetic energy vs. time for 4α π=  and (d) the nominal stress as a 
function of nominal strain. 
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Relaxed 

 

0 nm nm  

0.66 μs

 
0.13 nm nm  

0.88 μs

 
0.2 nm nm  

1.1 μs

 
0.26 nm nm  

Figure 8. Deformed shape of the turf with 50 tubes, substrate size of 21 1 μm× , and 8α π= .  

Animation sequence for the case 3α π=  is provided in the Supplementary material.   
 

Experimental methods are not yet at the point where the topological measures, 

such as those used in Figure 6 would be available.  Nevertheless, some comparison with 

experimental results is possible if rougher measures, such as seed or mass density of the 

turf are used.   Broad agreement between our computational model and the experiments is 

illustrated  in Table 2, although the computational power restricts the height of turfs in 

our model. 
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4.2.1  Post-buckling stress 
 

 

The post-buckling stress, bσ  (defined, for consistency, at the strain of 0.1), is linearly 

dependent on the line density, as shown in Figure 9(a).  This is consistent with 

experimental observations by Abadi et al. (2012).  In view of (18) and Figure 6b, this 

dependence is practically the same as dependence on seed density and is easily explained: 

at a given stress, the more nanotubes share the same load, the smaller the force on each 

tube.  Beyond this dependence, we find that the randomness of the sample produces too 

large a scatter of results for a convincing fit9.  This is illustrated in Figure 9b.   

In Figure 10, we show the stress-strain curves for samples produced with different 

cone angles, where stresses are normalized by the line density.  In view of the Figure 6a, 

the larger cone angle produces the larger curvature.  Thus, from Figure 10, we conclude 

that higher initial tortuosity results in lower initial tangent modulus of the turf.  This is 

not surprising, as it corresponds to the buckling behavior of a single elastica: the 

tangential stiffness decreases with increasing curvature.    

In summary, both density and tortuosity are significant contributing factors determining 

the initial tangent stiffness of the turf, but the density is the primary factor dictating the 

post-buckling stress.    

                                                 
9 We have also attempted to fit the data to a simple model based on a buckling of a representative segment, 
with given curvature and prescribed length determined by the connectivity, but without success.  It appears 
that the disorder of the structure and collective nature of the buckling process are sufficiently complex to 
defy a simple averaging (cf. Section 4.2.2). 

Quantity Computational Experimental 

Seed density (tubes/μm²) 100 [1, 2]: 100 

Mass density  (g/cm³) 0.02 (±6%) [2]: 0.016-0.232;  [3]: 0.13 (±20%)

Height of the turf (μm) 10 20-100 

CNT thickness (nm) 20 10-20 

Initial elastic modulus (MPa) 20-65 [1]: 50-60; [3]: 31-108; [4] 10-20 

Table 2.  Comparison between computational and experimental mass densities and 
initial elastic moduli. [1] Qiu et al., 2011a, Johnson et al., 2009, [3] Qiu and Bahr, 
2013, [4] McCarter et al., 2006. 
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              b 

 
 

Figure 9. (a) Post-buckling stress of CNT turfs (at the strain of 0.1) as a function of line 
density.  (b) Additional dependence of the post-buckling stress on Kγ . 
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a                                                                    b 

  

                 c 

 
 

Figure 10. Stress-strain behavior of the indented turfs with various seed densities and 
cone angle of (a) 2π , (b) 3π , and (c) 4π .  Sample 1 and sample 2 are different 
realizations of the random process used to generate the turf. 
 

Experiments indicate that the buckling stress is strongly dependent on the turf height.  

Zbib et al (2008) conducted uniform loading experiments on CNT turfs with height 30-

200 μm.  Although our computations are outside that range, the simple model devised by 

Zbib at al (2008) fits their data well.  When extrapolated to our case, and with our 

measured buckling wavelengths and elastic moduli, this estimate agrees with our results: 

0.04 0.07Eσ ≈ ÷ . 

 

4.2.2  Buckling wavelength 
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In order to extract the buckling wavelength from computational results, we define the 

half-wavelength of each tube as the distance from the indenter to the nearest point where 

the tangent is (nearly) vertical (Figure 11).  More precisely, we find the first (from the 

top) minimum in the magnitude of the horizontal component of the tangent.   

In Figure 12, we show a buckled turf with 9 periodic unit cells.  Our results are 

consistent with experiments by Maschmann et al. (2011) who also observe coordinated 

buckling in the top portion of a turf and propagation of subsequent buckles towards the 

bottom substrate with increasing strain.  However, in our group, we have observed the 

buckling initiation at the bottom (Zbib et al, 2008).  While we cannot explain 

experimental differences, the computational results are easier to interpret.  The location 

of the first buckle (top vs. bottom) is dictated by the weaker boundary constraint.  

 

 

 
Figure 11. Schematic sketch illustrating a buckled tube under uniform compression. The 
buckling half-wavelength 2λ  shows the distance from the indenter surface to the first 
point on the elastica with nearly vertical tangent. 

 

The influence of nano-topology on the buckling wavelength of turfs is 

summarized in Figure 13.  We have considered all possible dependencies consistent with 

the dimensional analysis and the best fit is obtained as: 

22.22 1.29 ;    for:  0.2< 10,  and, 25  [μm ] 120.
K K

λ γ γ −≈ + < < <  (19) 

2λ  
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 a                                                                                            b 

                
 

Figure 12. Buckled sample with 9 periodic unit cells (each with 50 tubes, substrate size 
of 21 1 μm× , and 3α π= ) at the nominal strain equal to 0.1.  (a) Magnified top portion 
of the rotated view showing the buckling half-wavelength.  (b) Buckling wavelength 
from the front view.   

0.52 μm 

1.04 μm 
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Figure 13. Buckling wavelength of CNT turfs as a function of statistical turf 
parameters.  The buckling wavelength is determined at the nominal strain of 0.1.  The 
statistical parameters correspond to the unloaded turf (after relaxation).  

 

4.2.3  Reorientation of buckled segments   
 

Experimental observations, as well as the rough model of the collective buckling (Zbib et 

al, 2008), indicate that, in the process of collective buckling, CNTs reorient to buckle in 

(approximately) the same osculatory plane.    

The current computational model enables us to study this phenomenon.  To that 

end, we consider the points corresponding to the buckling half-wavelength at the specific 

nominal strain (0.1).  Then, we compute the bi-normals (1) at those material points for the 

prior times.  The binormal to the curve at a point is the normal vector of the osculatory 

plane at that point.  Ignoring the z component of the binormal, we consider the horizontal 

projections (onto the  x-y plane), , and present their orientation in the form of the rose plot 

(Figure 14).  Before relaxation (Figure 14a), the tubes are randomly distributed in all 

direction.  After relaxation (Figure 14b), the CNTs are oriented in a narrower range of 

angles, but with variation between different samples.  Upon loading, the dominant 

directions become more pronounced (Figure 14c).  Finally, after the buckling, the 

osculatory planes are nearly parallel, i.e., their normals span a much smaller range of 

orientation angles. 
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5. Summary and conclusions 
 

  A discrete, nano-scale model for collective behavior of CNTs in a turf is developed.  

The model is based on bending/buckling of inextensible elasticas, with van der Waals 

interactions modeled with the Lennard-Jones potential.  The model is implemented 

into the finite element framework. 

  A virtual turf, similar to experimentally observed disordered configurations, is 

generated using a constrained random walk algorithm starting from seed points at the 

substrate.  The turf is then equilibrated.   

  Three statistical parameters of turf geometry:  tortuosity, density, and connectivity, are 

dependent on the numerical parameters used to generate turf.  We have analyzed this 

dependence and established empirical relationships.  The tortuosity depends primarily 

on the cone angle, while line density and connectivity depend primarily on the seed 

density.   

  Periodic boundary conditions are used to simulate large turfs under uniform uniaxial 

deformation.  The main interest in this paper is the experimentally observed collective 

buckling of CNTs in a turf, characterized by the peak stress, stress drop and an 

intrinsic material length scale manifested as the buckling wave length. 

  The post buckling stress is mainly dependent on the density, but the initial elastic 

modulus also depends on the tortuosity. 

  Dimensionally, all three statistical parameters contain length.  The buckling 

wavelength does not depend on any single statistical parameter exclusively.  By trying 

all the dimensionally consistent combinations, we have established a reasonable fit 

which describes the buckling wavelength as function of the statistical parameters. 

  The reorientation of osculatory (buckling) planes, indicated by experimental 

observations and simple models of the collective buckling, is documented 

computationally.  

  Future research directions include:  

  Simulations and analysis of different loading cases, to establish the parameters 

of the macroscopic constitutive model, and, 

  Formulation of the constitutive model with the material length scale.  
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Appendix A.  Finite element implementation 
 

Finite element formulation of a bending/buckling elastica requires C1 interpolation.  We 

discretize the position vector of the central axis using cubic Hermite polynomials. With 

quadratic interpolation for the Lagrange multiplier λ  enforcing inextensibility, the 

elastica element has 17 degrees of freedom: 8 at each end node and one at the central 

node (Figure A.1).  Degrees of freedom at the end nodes include: 3 components of the 

position vector, 3 components of the unit tangent, the twist angle, and the Lagrange 

multiplier.   
 
 

 
Figure A.1. Schematic of an elastica with the nodal degrees of freedom. 

 

In the absence of distributed moments, the torsional moment must be constant in each 

element (4) and consequently, constant in a sequence of element that form a nanotube.  

Since no torsional moment is applied at the end of a tube, we can take it to be zero.  In 

the absence of distributed loads, the weak form (3), together with suitably re-written 

inextensibility condition, has the form:   

00
( )

L LB dsδ λ δ ρ δ δ δ⎡ ⎤ ⎡ ⎤′′ ′′ ′ ′ ′ ′⋅ + ⋅ + ⋅ = ⋅ + × ⋅⎣ ⎦ ⎣ ⎦∫ r r r r r r F r M r r . (A.1)

0
0r r

L
dsδλ ′ ′⋅ =∫ . (A.2)

The FE interpolation is written as 
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where  and j jd λ  are the nodal degrees of freedom: 
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The lower indices which signify elements of a tensor; in subsequent equations we keep 

the summation convention for lower indices.   The upper indices represent elements of a 

matrix and are summed over explicitly.  The elements of the interpolation matrix [ ]D  are 

given in terms of Hermite cubic polynomials, while the Lagrange multiplier is 

represented by quadratic polynomials.  Both sets of polynomials are functions of the non-

dimensional arc length, = s Lξ : 
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With the variations  and j jdδ δλ  subject to the same interpolation, the weak form (A.1) 

applied on an element, is transformed into: 
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where kf  are suitably arranged nodal forces and moments. 

For arbitrary variation kdδ , the element equations can be written as: 
12

1
( ) ( , );     1,...,12kj j k k

j
m d f d h d kλ

=

= + =∑ , (A.7) 

where 
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The discretized form of the constraint equation (A.2) is: 
3 12 12

01 1 1
0.

Lm j k m j k
i i

m k j
d d P D D dsδλ

= = =

′ ′ =∑ ∑∑ ∫ , (A.9)

From (A.8, A.19), the standard assembly of global matrices yields the global equations: 

[ ]{ } { ( )} { ( , )},

( , ) 0,

M U F U H U

G U U

Λ= +
⎡ ⎤ =⎢ ⎥⎣ ⎦

 (A.10)

where { }U  is the global vector of nodal variables.  These are integrated using the half-

step leapfrog Verlet algorithm (Fraige and Langston, 2004), with inextensibility 

constraint enforced by iterative SHAKE algorithm (Ryckaert et al., 1977).  Small, mass-

proportional damping (damping ratio 0.05) is included for the purpose of numerical 

integration and to control the high frequency vibrations of the tubes.  The explicit 

integration scheme is parallelized.  The data decomposition technique is used by 

assigning a set of nanotubes to a particular processor during the entire simulation, so that 

all the processor cores are equally loaded minimizing their idle time.  Communication 

between the cores is only necessary at the start of each time increment.  The 

computational parameters are given in Table A.1. 

 

Table A.1.  Computational specifications of the discrete model 

 
Degrees of  

freedom 
Time step 

(sec.) 
Time periods (sec.) 

Relaxation Indentation
45400 122 10−×  72 10−×  62 10−×  

 

 

Test case.  To examine the validity of the developed FE solution, we consider the 

buckling of a clamped-free elastica subjected to load P  (Figure A.2).  The elastica is 

discretized using 10 elements.  The comparison between the FE and the exact solutions is 

presented in Table A.2, where the vertical point load is normalized with respect to the 
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critical buckling load crP  and errors are calculated for the angle (θ ) between the unit 

tangent vector t̂  at the free end and the vertical load.  It is shown that our proposed FE 

solution is in good agreement with the analytical solution. 

 

 

 
Figure A.2. Schematic of a clamped-free elastica subjected to a vertical point load. 

 

Table A.2.  Comparison of numerical and exact results 
 

crP P  Error in θ (%) 

1.02 0.085 

2.54 0.083 

9.11 0.065 
 

 

  

t̂

P
θ  
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Appendix B.   Parameters 
 

The value of elastic modulus E is based on Jacobson et al. (1996) ab initio calculations.  

The inner and outer radius of the tubes is estimated from Qui et al. (2011a) SEM results, 

and the values correspond to 5-wall nanotubes. 

The bending stiffness B (2), is calculated for a cylindrical beam as  

( ) ( )4 4

4 2 2
h hB EI E R Rπ ⎡ ⎤= = + − −⎢ ⎥⎣ ⎦

. (B. 1) 

where R  and  h  are the radius of the wall centerline and the thickness of the CNT wall.  

The mass per unit length, ρ  in (4), is determined from Kim et al. (2009) estimates of 

mass density (per unit volume) of multiwall CNTs, and geometric parameters.  The 

parameters are listed in Table B.1.   

The parameters of the Lennard-Jones potential (13), are based Buehler’s (2006) estimate 

for a single wall CNT, and scaled to represent the change in contact area (outer surface) 

per unit length of a CNT, and multiple walls.  This is a rough, order-of magnitude 

estimate.  The reference velocity 0v  in (15) is assumed to be a fraction of the indenter 

speed during loading of the turf.   

 

Table B.1.  Geometric and mechanical parameters of the model. 

 
Parameter Value Parameter Value 
Number of walls 5  Elastic modulus 24.0 N nm  
Inner diameter 16.6nm Bending stiffness 3 21.65 10 Nnm−×  
Outer diameter 20.0 nm Mass per unit length 11.86 10 ng m−×  
ε σ  4.5 nN  σ  1.163 nm  
μ  1.0 0v  1 m s  
β  0.1   
 

Reported experimental and computational results regarding the friction between 

CNTs/graphene sheets have been recently summarized by Cook et al. (2013).  They vary 

by several orders of magnitude.  Our choice is phenomenological, aimed at qualitative 

agreement with observations, as follows: 
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(1) For the friction coefficient much smaller than 1, no collective buckling is observed in 

our simulations.  The vibrational energy of CNTs remains high (cf. Figure 7) and 

numerical convergence is difficult to achieve.  It is clear that the numerical system is 

under-constrained compared to the physical system. 

(2) Large coefficient of friction leads to fixed contacts, and removes any dissipation from 

the system, contrary to experimental observations (Qiu et al, 2011b). 

(3) For the friction coefficient of the order 1, the behavior corresponds to the 

experimental observations.  Moreover, it is relatively insensitive to the changes by 

factor 2, as illustrated in Figure B.1.  

 

 
 

  
Figure B.1.  Effects of moderate changes in the coefficient of friction on stress-strain 
behavior. 
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 Nano-scale model: collective behavior of CNTs in a turf. Van der Waals interactions.  
 Virtual turfs with 3 statistical parameters: tortuosity, density, connectivity.  
 Collective buckling of a layer under uniform load: The buckling stress.  
 The buckling wavelength is an intrinsic material length scale.  

� The buckling mechanism: reorientation of osculatory (buckling) planes. 




