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Abstract

Discrete dislocation dynamics simulations in three dimensions have been used to examine the role of dislocation multiplication and
mobility on the plasticity in small samples under uniaxial compression. To account for the effects of the free surfaces a boundary-element
method, with a superposition technique, was employed. Cross-slip motion of the dislocation was also included, and found to be critical to
the modeling of the dislocation behavior. To compare directly with recent experiments on micropillars, simulation samples at small vol-
umes were created by cutting them from bulk three-dimensional simulations, leading to a range of initial dislocation structures. Appli-
cation was made to single-crystal nickel samples. Comparison of the simulation results and the experiments are excellent, finding
essentially identical behavior. Examination of details of the dislocation mechanism illuminates many features unique to small samples
and points directly to the importance of both the surface forces and cross-slip in understanding small-scale plasticity.
� 2009 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The mechanical properties of materials change drastically
when specimen dimensions are smaller than a few microme-
ters. Since such small structures are increasingly common in
modern technologies, there is an emergent need to under-
stand the critical roles of elasticity, plasticity and fracture
in small structures. Small-scale structures also offer opportu-
nities for direct comparison between modeling and experi-
ment at previously inaccessible scales. The experiments
provide data for validation of models, and the models pro-
vide a path for new, physically based understanding and pre-
diction of materials behavior. Mechanical tests at nanometer
or micrometer scales are difficult to perform, but they pro-
vide guidance to develop new technologies and new theories
of plasticity. Experimental studies on the mechanical behav-
ior of small structures are not new; the first work on thin
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metal whiskers (with diameters of�100 lm) was performed
more than 50 years ago [1]. The past few years, however,
have seen a major leap forward in the experimental study
of small samples. We focus here on studies of metals, high-
lighting examples of previous work.

Uchic et al. recently pioneered the study of size effects in
compression of 1 lm diameter metal samples [2–6]. Cylindri-
cal pillars with varying radii were machined with a focused-
ion beam (FIB) from single-crystal bulk samples and com-
pressed by a blunted nanoindenter. This pioneering work
spurred similar activities from several groups, with studies
on a range of sample sizes, from sub-micron to many-micron
[7–11]. Studies on face-centered cubic (fcc) metals show that
flow stress increases as system size decreases, with the onset
of deviation from bulk behavior varying somewhat from
material to material. The increased flow stress is accompa-
nied by extremely large strain hardening at small to moderate
strains, with small samples showing higher strain-hardening
rates [3,12,13]. Indeed, very small samples can achieve extre-
mely high flow stresses, e.g. a cylinder with a diameter of
about 0.2 lm in nickel can sustain a stress of up to 2 GPa
[12]. This general result that yield stress increases as system
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size decreases is also found in other tests on fcc materials,
including a study using atomic force microscopy (AFM) to
bend gold nanowires [14] and also in polycrystalline mem-
branes of copper, gold and aluminum in pure tension [15].
Probably the most accepted explanation of these size effects
is the “dislocation starvation” model [7,8], in which disloca-
tions are drawn to free surfaces by strong image forces and
exit the crystal. Recent work on body-centered cubic (bcc)
molybdenum alloys showed that both the initial yield stress
and size-dependent hardening rate are strongly dependent
on initial dislocation density [16], an issue not well studied
in the fcc metals.

Key to an understanding of these size effects is a character-
ization of the internal structure of microscale samples. Some
work has been done with transmission electron microscopy
(TEM), but there are limitations of the thickness of samples
that can be studied with TEM—thin foils must be cut from
the samples and the results thus depend on the plane of the
foils as well as the size and orientation of the microstructures.
Results from these studies are reasonably consistent, how-
ever, showing a small net increase in dislocation density after
the initial loading [8,17]. A recent study using a novel in situ
TEM micropillar method showed evidence of “mechanical
annealing”, a sudden drop in dislocation density upon initial
loading and a subsequent small increase in density with fur-
ther compression [18]. Micro X-ray diffraction (XRD) stud-
ies [19–21] of lattice rotations in these systems indicate
approximately the same dislocation contents as TEM mea-
surements [22–25]. Overall, it is clear that dislocation densi-
ties and activities are greatly affected by system size, but the
connection between size-dependent strengthening and dislo-
cation activity is not yet clearly established.

The recent increase in experimental deformation data in
confined geometries has been accompanied by a similar
focus on the use of modeling and simulation on small sam-
ples. Discrete dislocation simulations, in which the disloca-
tions are the simulated entities, offer a way to extend length
scales beyond those of atomistic simulations [26–30]. Sim-
ply put, dislocation-based simulations: (i) represent the dis-
location line in some convenient way; (ii) determine either
the forces or interaction energies between dislocations;
and (iii) calculate the structures and response of the dislo-
cations to external stresses. These simulations are useful for
mapping out the underlying mechanisms by providing
“data” not available experimentally on, for example, dislo-
cation ordering, evolution of large-scale dislocation struc-
tures (walls, cells, pile ups), dynamics (avalanches and
instabilities), etc. For the micron-scale systems described
above, recent dislocation dynamics (DD) simulations have
provided important insights into the mechanisms that
determine the size-affected mechanical response.

The first attempts to explain the micropillar results using
DD assumed two-dimensional (2D) models [31–33]. These
assumptions inherent in such simplified models limit their
applicability owing to the inherently 3D nature of plastic-
ity. Recent 3D simulations by a number of groups employ-
ing a variety of approximations and models have shed
some light on the fundamental processes. The agreement
between calculation and experiment is, in general, reason-
ably satisfactory [34–38]. All calculations show bulk-like
behavior for larger system sizes, dominated by forest-
obstacle hardening, and a “starvation” regime when the
sampled volumes fall below a length scale seemingly set
by the correlation length of the dislocation forest [6].

In real crystals, dislocation structures are much more
complicated than the set of isolated Frank–Read (FR)
sources that were used as the initial configuration in most
previous DD simulations [31–38]. Recently, Tang et al.
[39] used artificial jogged dislocations as starting disloca-
tion populations for their simulations neglecting the
boundary conditions and cross-slip, and stated that source
shut-down causes the staircase behavior observed in exper-
iments. Motz et al. [40] used the dislocation structures
relaxed from closed dislocation loops as the initial input
for 3D DD simulations. Thus, there were no initial pinning
points. They found a pronounced size effect for the flow
stress depending on the initial configuration and the speci-
men size. In the study reported here, an experimental-like
initial dislocation structure cut from larger deformed sam-
ples has been introduced into 3D DD simulations, which
contains all the dislocation sources considered in all previ-
ous DD simulations, such as FR sources, jogged disloca-
tions, surface dislocations and spiral (single-armed)
sources. Thus the simulations could directly examine the
role of evolution of microstructures on size effects.

The goal of this work was to model the experiment as clo-
sely as possible. In addition to creating initial conditions that
best mimic experiment, the simulations discussed here also
include two effects not generally included in previous simula-
tions: surface forces and cross-slip. Surface forces were
included through the use of the boundary-element method
[38]. Cross-slip was modeled with a stochastic method and
was found to play a critical role in dislocation behavior.
Finally, the effects of loading direction were also studied.

While progress has been made both experimentally and
theoretically to understand small-scale plasticity, many
important questions remain. Despite the relatively few dis-
locations in these small samples, we still have a limited
understanding of the correlation between dislocation
motion and the mechanical response. Specifically, we need
to better identify what critical events (i.e. dislocation mul-
tiplication, cross-slip, storage, nucleation, junction and
dipole formation, pinning, etc.) determine the deformation
response and how these change from bulk behavior as the
system decreases in size. Indeed, a fundamental question is
how we correlate and improve our current knowledge of
bulk plasticity with the knowledge gained from the direct
observations of small-scale plasticity. Our simulations offer
some new insight into these questions.

2. Simulation procedures

The 3D DD simulation framework described in Refs.
[27,38] has been used in our study to simulate the mechan-
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ical behavior of Ni single crystals under uniform compres-
sion. In this method, an explicit numerical scheme is used
to obtain the evolution of the dislocation configurations
at each step by tracking the motion of a discrete mesh of
nodes along each dislocation line. The Peach–Koehler
(PK) equation is used to determine the force per unit length
acting locally on the dislocations:

FPK ¼ ððrapp þ rint þ rimgÞ � bÞ � tþ Fself ; ð1Þ
where rapp is the uniaxial stress tensor which is applied
homogeneously in the sample, rint is the stress tensor from
the other dislocation segments, rimg the image stress tensor
taking into account free surfaces, b is the Burgers vector of
the dislocation, t is the line direction of the segment and
Fself is the force arising from the segment itself and from
immediately adjacent segments, which can be calculated
by a line tension approximation. Once the PK forces on
dislocation segments have been obtained, we solve the
equations of motion to determine the rate of change of dis-
location structure. For the simulations in this work, the
materials properties of nickel are used: shear modulus
l = 76 GPa, Poisson’s ratio m = 0.31 and lattice constant
a = 0.35 nm. The dislocation mobility is taken to be
10�4 Pa�1 s�1 in the calculations [51].

In finite-volume problems, it is necessary to include both
the solution for dislocations in an infinite medium and the
complementary elastic solution that satisfies equilibrium at
external and internal boundaries. According to the super-
position method of Ref. [41], the total displacement and
stress fields are given as

uij ¼ ~uij þ ûij and rij ¼ ~rij þ r̂ij; ð2Þ
where ~uij and ~rij are the displacement and stress fields in an
infinite medium from all dislocations, while ûij and r̂ij are
the image fields that enforce the boundary conditions. To
evaluate image fields, a boundary-element method (BEM)
has been introduced into our DD simulations and per-
formed as follows. First, the elastic stress field in an infinite
medium resulting from all dislocations is evaluated. Then
tractions at the surfaces of the finite crystal owing to the
dislocation stress field are determined, reversed and placed
on the surface as traction boundary conditions. These trac-
tion boundary conditions, as well as any other imposed
constraints, are employed in the BEM to calculate all un-
known surface tractions and displacements. Finally, the
image stress field is calculated and the result is superim-
posed as indicated in Eq. (2). More details on this proce-
dure can be found elsewhere [38,42].

Cross-slip, in which screw dislocations leave their habit
planes and propagate to another glide plane [43,44], plays a
key role in macroscopic plastic deformation of fcc materi-
als. However, questions of how cross-slip operates and its
importance at the micron and sub-micron scales are still
under debate. In this study, we adopt a sophisticated
cross-slip model developed by Kubin and coworkers
[28,45] that is based on the Friedel–Escaig mechanism of
thermally activated cross-slip [46,47]. In this model, the
probability of cross-slip of a screw segment with length L

in the discrete time step is determined by an activation
energy Vact(|s| � sIII) and the resolved shear stress on the
cross-slip plane s:

P ¼ b
L
L0

dt
dt0

exp � V act

kT
ðjsj � sIIIÞ

� �
; ð3Þ

where b is a normalization constant, k is the Boltzmann
constant, T is set to room temperature, Vact is the activa-
tion volume and sIII is the stress at which stage 3 hardening
starts. In nickel, Vact is equal to 420b3 with b the magnitude
of the Burgers vector [48], sIII = 55 MPa [49], and
L0 = 1 lm and dt0 = 1 s are reference values for the length
of the cross-slipping segment and for the time step. Eq. (3)
describes the thermal activation of cross-slip, expressed in
terms of a probability function. A stochastic (Monte Carlo)
method is used to determine if cross-slip is activated for a
screw dislocation segment. At each time step, the probabil-
ities for cross-slip of all screw segments are calculated using
Eq. (3). For each screw segment, the probability P is com-
pared with a randomly generated number N between 0 and
1. If the calculated P is larger than N, cross-slip is acti-
vated; otherwise, the cross-slip is disregarded [50,51].

Our goal is to mimic the experimental conditions as well
as possible. To that end, we start by creating a “bulk” sam-
ple, from which we will “cut” a set of cylindrical samples.
To model the bulk, we assume a cubic cell with periodic
boundary conditions and a size 3 � 3 � 3 lm3 containing
a set of FR sources with an initial density equal to
2.0 � 1012 m�2. The FR sources (straight dislocation seg-
ments pinned at both ends) were randomly set on all 12
h0 1 1i{1 1 1} slip systems with random lengths as shown
in Fig. 1a. After compression in the [1 1 1] direction to a
plastic strain of 0.1%, the distribution of dislocations
evolves to the structure shown Fig. 1b with a dislocation
density of about 2.5 � 1013 m�2. The cubic sample was
unloaded (i.e. relaxed) and cylinders of various sizes (repre-
senting micropillars) were cut out of the bulk sample. The
diameters D of the micropillars were D = 1.0, 0.75 and
0.5 lm, and the aspect ratio was set to D:H = 1:2, where
H denotes the height of micropillars. Subsequently, the
deformed dislocation microstructrures were relaxed only
under the influence of image and interaction forces as
shown in Fig. 2a and b. Most of the micropillars were
cut along the [0 0 1] direction, except for three samples
along the [2 6 9] direction with D = 1.0 lm. This procedure
delivers what we assume to be realistic initial dislocation
structures that include internal FR sources of different
sizes, single-ended sources (spiral sources with one end pin-
ned inside the cell and the other at the surface), surface dis-
locations (both ends at surface) and dislocation reactions,
such as junctions. The dislocation densities after relaxation
were all in the range of 1.0–2.0 � 1013 m�2 and were consis-
tent with conditions observed in experiments [52].

We simulated the experimental loading conditions of
Dimiduk and coworkers [2–5,52] in our computations, in
which a mixture of constant displacement rate and creep-



Fig. 1. Dislocation structures in 3 � 3 � 3 lm3 cube sample. (a) Initial dislocation structure in [1 1 1] view; (b) deformed structure in [0 0 1] view; (c)
deformed structure in [1 1 0] view.
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like loading conditions were employed; the applied stress
was discretely increased by a small fixed value (dr) every
time the plastic strain rate approached zero. When the plas-
tic strain rate was smaller than the applied rate, the applied
load was increased by 2 MPa, i.e. dr = 2 MPa, for _ep < _e,
while the applied stress was kept constant when the plastic
strain rate was equal to or higher than that of the applied
rate, i.e. dr = 0, for _ep P _e.

The plastic strain rate _ep is computed from the motion of
the dislocations as follows:

_ep ¼ 1

2V

XNtot

i¼1

la
i va

i ðbi � na þ na � biÞ; ð4Þ

where V is the volume of the simulated crystal, Ntot is the
total number of dislocation segments, la

i is the length of dis-
location segment i moving on the slip plane a, and va

i is the
corresponding moving velocity of the segment i. bi and na
are the Burgers vector of dislocation segment i and the nor-
mal of slip plane a, respectively.

In all simulations, compression loading in the [0 0 1]
direction was performed under a constant strain rate of
200 s�1. To identify the effects of strain rate, several simu-
lations were performed with strain rates as low as 50 s�1.
The results from those simulations did not show any signif-
icant difference from those seen at 200 s�1. We found that a
strain rate of 200 s�1 is computationally efficient with neg-
ligible effect on the results while also being lower than the
strain rates used in other, similar, simulations [34,37,40].

To investigate the effects of loading direction, as well as
to make a direct comparison with the experimental results
of Dimiduk et al. [3], we also prepared three 1.0 lm sam-
ples oriented in the [2 6 9] direction. We see distinct differ-
ences in the two typical initial dislocation structures from
the [0 0 1] and [2 6 9] samples as shown in Fig. 2c and d,
respectively. Since the stress was then applied along the



Fig. 2. Dislocation structures in cut samples with D = 1.0 lm (dotted lines are BEM meshes). (a) Cutting from [0 0 1] before relaxation with
density = 2.7 � 1013 m�2, view in [1 1 1] direction; (b) cutting from [0 0 1] after relaxation with density = 1.9 � 1013 m�2, view in [1 1 1] direction; (c)
cutting from [0 0 1] direction with density = 1.9 � 1013 m�2 upper in [0 0 1] view, lower in [1 1 0] view; (d) cutting from [2 6 9] direction with
density = 2.0 � 1013 m�2 upper in [0 0 1] view, lower in [1 1 0] view.
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[0 0 1] axis, the simulations correspond to a single-slip
direction for samples cut from the [2 6 9] direction and
along a multi-slip direction for samples cut along the
[0 0 1] direction. For the single-slip case, only the
1=2½101�ð�111Þ slip dislocation system has the maximum
Schmid factor (equal to 0.48). For the multi-slip case, eight
slip systems are active, each with the same Schmid factor of
0.41, whereas the other four slip systems have zero Schmid
factors and are inactive.

3. Results and discussion

3.1. Effect of loading direction

The stress–strain behavior for all simulations based on
1.0 lm samples is shown in Fig. 3a, while the equivalent
experimental results for single-crystal nickel are shown in
Fig. 3b. Comparing Fig. 3a and b, we see that the flow
stress of the multi-slip simulations (from the [0 0 1] sam-
ples) and the single-slip simulations (from the [2 6 9] sam-
ples) are both similar to each other and agree well with
the experimental results, which employed loading along
the [2 6 9] single-slip direction. In our simulations, only
one, or at most a few, mobile dislocations determined the
strength at small volumes. Thus, multiple-slip simulations
and single-slip simulations exhibited similar results. The
agreement between the results for single-slip and multi-slip
loading is not surprising in light of recent results. Norfleet
et al. [52] recently examined cut foils from deformed pillars
and found that for samples <20 lm in diameter, multiple-
slip systems are always active regardless of the loading
direction. In addition, a recent theoretical study by Ng
et al. concluded that Schmid’s law, which states that plastic
flow will occur on the slip system with the largest Schmid
factor, no longer holds for microcrystal deformation,
because of the increase of the probability to activate
sources with low Schmid factors in small samples, as the
overall number of dislocation sources decreases with the
sample diameter [53]. Thus, both experiment and modeling
indicate that single-slip and multiple-slip deformation
should be similar in these small samples.

Recent 3D DD simulations that were based on an initial
dislocation structure within the cylinder consisting of only
internal FR sources showed linear elastic loading up to the
yield point [34,35,37]. In contrast to those results, our sim-
ulations showed a large amount of ‘‘microplasticity” at low
loads (shown in Fig. 3a), in agreement with the experimen-
tal results (shown in Fig. 3b). This early-stage plasticity is
often the result of essentially free dislocations being driven
out of the system. These dislocations could either be
weakly entangled or pre-existing at the surface. Movie A
in Supplementary material of this paper illustrates one
example of how a dislocation junction unzipped and then
was driven out of the sample as load was increased. The
presence of such dislocations can be explained as follows.
After cutting the cylinders out of the bulk system, we relax
the dislocation positions. While some of surface disloca-
tions escape to the surface owing to the large image forces,
many dislocations can be trapped by dislocation reactions,
such as junctions, or be near the center of the sample where



0.2 0.4 0.6 0.8 1
0

50

100

150

200

250

300

350

400

450

Total Engineering Strain (%)

Total Engineering Strain

En
ge

er
in

g 
St

re
ss

 (M
Pa

)
En

gi
ne

er
in

g 
St

re
ss

 (M
Pa

)

4.0

3.0

2.0

1.0

0.0

D
is

lo
ca

tio
n 

D
en

si
ty

 (1
013

/m
2 )

Strain-stress for [001]
Strain-stress for [269]
Strain-density for [001]
Strain-density for [269]

a 

b 

Fig. 3. Comparison of stress–strain curves of simulation and experiment.
(a) Stress–strain and typical density–strain curves obtained from simula-
tion with D = 1.0 lm. (b) Stress–strain curves obtained from experiment
[3].

1570 C. Zhou et al. / Acta Materialia 58 (2010) 1565–1577
the image forces are insufficient to cause any significant
movement [54]. In experiments, a large number of surface
dislocations of different sizes might also exist in the micro-
pillars. These dislocations may be generated by the act of
the cutting, but could also arise from defects caused by
preparation procedures themselves, such as FIB milling
[16].

As the loading is increased, the motion of free disloca-
tions is gradually activated. The dislocations then sweep
quickly across the slip plane, exiting the micropillar, lead-
ing to a rapid reduction in dislocation content referred to
as “dislocation starvation”. The easy movement of these
free dislocations leads to a plastic strain rate that
approaches the applied strain rate, which causes the
applied stress increment to approach zero, as mentioned
in the discussion of the loading scheme. Thus, we see an ini-
tial small strain burst on the stress–strain curves. The
amount of plastic strain in our simulations is smaller than
that observed in experiments, which likely arises from two
possibilities. Experimental samples are all processed by
FIB milling, leading to many surface defects. It has been
suggested that these surface defects can generate plastic
strain under loading [55]. Also, the 200 s�1 strain rate in
our simulation is four orders of magnitude larger than
those in the experiments, which have a creep-like loading
and thus can carry more deformation at low loads.

Owing to the escape of free dislocations, the dislocation
density in all samples will decrease in the early stages as
reflected by the density–strain curves in Fig. 3a. In previous
3D DD simulations [34,35,37], only permanent internal FR
sources were used as the initial configuration. Thus, the dis-
location density could not decrease even with the intermit-
tent presence of mobile density-starved states. In our
simulation procedure, in small pillars, only a few surface
dislocations, a few jogged dislocations and no internal pin-
ned points could be found in inside the cylinder. Under the
combination of high image forces and increased applied
loading (and no cross-slip, as discussed below), all pre-
existing dislocations can be quickly driven out of the pillar,
which supports the “dislocation starvation” model in small
samples. Recently, Shan et al. [18] directly observed that
pre-existing dislocations could be driven out of the pillar
with the entire length of the pillar being left almost disloca-
tion free for pillars with diameter less than 130 nm. This
phenomenon, which was called “mechanical annealing”,
directly supports the ideas behind the “dislocation starva-
tion” model in smaller samples. However, for pillars larger
than 300 nm, pre-existing dislocations could not be com-
pletely driven from the cylinder, which indicates that per-
manent pinning points exist in those micropillars and
that the dislocation density will eventually increase follow-
ing the initial “mechanical annealing”. These experimental
results agree well with what is observed in our simulations
as plotted in Fig. 3a. The dislocation density increase fol-
lowing “mechanical annealing” was caused by the activa-
tion of dislocation sources and dislocation multiplication
with the increasing load arising from cross-slip, as is
described in the next section.

3.2. Cross-slip

To investigate the influence of cross-slip on the mechan-
ical response and evolution of the dislocation microstruc-
ture, an additional sample with D = 1.0 lm was cut from
the undeformed cube shown in Fig. 1a. Thus, only FR
and spiral sources were initially present, with an initial den-
sity of 1.8 � 1012 m�2 in the sample. This sample was then
put under load both with and without cross-slip enabled. In
Fig. 4 we show the comparison of microstructures and the
stress and density evolution for these two cases. It is clear
that the sample with cross-slip is softer than that without
cross-slip, likely because cross-slip leads to more sources
and thus greatly increased dislocation density, as shown
in Fig. 4d. We note that the cross-slip started at the onset
of plastic flow.

Fig. 5 shows a series of snapshots that illustrate how
cross-slip activates secondary slip systems and enables
oppositely signed screw dislocations on different planes to
annihilate each other. The two red dislocations L1 and
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L2 have the same slip system 1=2½101�ð�111Þ on parallel
glide planes but opposite initial orientations. Hence, there
is an attractive force between the two dislocations that
makes the screw segment J1 of dislocation L1 cross-slip
on the plane ð�1�11Þ. J1 continues bowing out under the
attractive force until its leading segments undergo a collin-
ear reaction with the original dislocation L2 (they have the
same Burgers vector and opposite line orientation). In
Fig. 5c, we can see that two superjogs were left after the
collinear reaction. Under the external stress field, the two
arms of superjogs moved on their slip planes and formed
a prismatic loop, as shown in Fig. 5d. The prismatic loops
are quite stable and can move only along the cylinder axis.
Since this motion is difficult, the prismatic loops are fixed
at the location at which the cross-slip occurred. They can
then trap mobile dislocations, forming a dislocation forest
as shown in Fig. 5d, which has a strong influence on the
subsequent plastic flow in small volumes.

In Fig. 6 we show the variation of dislocation density as
a function of sample size and total strain. For all sizes stud-
ied in this study, the dislocation density initially dropped
(“mechanical annealing”), followed by a steady increase
(hardening). The dislocation density is reasonably insensi-
tive to system size, with the point at which the density
begins to rise occurring at approximately the same strain
(approximately 0.4%) for all samples. Below we shall dis-
cuss the behavior of the dislocation density in more detail.
The basic behavior of the hardening arises from the
cross-slip mechanisms shown in Fig. 7. At the beginning
of the deformation, only a few dislocation sources are
available after most of the free dislocations have been dri-
ven out of the sample, as shown in Fig. 7a and described
above. Under increasing load, a spiral source K1 with Bur-
gers vector 1=2½�10 1� was activated and moved in its slip
plane (1 1 1) in Fig. 7b. Screw segment C1 then cross-
slipped on the slip plane ð1�11Þ with the same Burgers vec-
tor, forming two joint corners p1 and p2, both of which
then moved along the intersection line between the original
slip plane and the cross-slip plane (Fig. 7c, discussed in
detail below). After extending on the slip plane under load,
the original source K1 was truncated by the free surface
and then stopped moving in Fig. 7d. However, the cross-
slipped part C1 and non-cross-slipped parts K2 and K3
truncated from K1 propagated smoothly until they encoun-
tered the free surface. In Fig. 7e, the screw part C2 on C1
cross-slipped back to the original slip plane (1 1 1) (double
cross-slip), a mechanism that generates considerable plastic
strain in the deformation of bulk materials. Meanwhile, K2
and K3 behaved similarly to FR sources in the bulk, in that
they annihilated each other and generated new dislocations
K4 and K5.

The major difference between multiplication processes
observed in small volumes and those in the bulk is that
the new dislocations, such as K5, escape to the surface
under the influence of image forces. In small volumes, it
appears that the surface always confines dislocation prop-
agation, having a potent hardening effect as sample size
decreases because of the shortening of the dislocation
sources. In our simulations, this “source-truncation” [56]
effect is reflected in Fig. 7d, in which the original spiral
source K1 was pinned after being truncated by the surface.
From Fig. 7e–h, the two joint corners p1 and p2 formed a
new dynamic FR source that continuously generated dislo-
cations on two different slip planes, leading to the constant-
stress avalanches reflected on the stress–strain curves.
However, this dynamic FR source is not as stable as regu-
lar FR sources having permanent pinning points, since the
two endpoints of a dynamic FR source might move out of
the sample surface, thereby releasing the dynamic source.
The stability of these sources increases with the increased
sample size, affecting their contribution to the accumulated
plastic strain of the sample and the increase of dislocation
density.

3.3. Exhaustion hardening

In our simulations, superjogs and dynamic spiral
sources, as illustrated in Fig. 8a and b, were always formed
by cross-slip or collinear reactions [57] combined with the
truncation by free surfaces. The superjog AO1O2B with
two ends A and B at the surface in Fig. 8a is similar to jogs
artificially generated in Ref. [39], except that in our simula-
tions they were formed naturally. One difference in behav-
ior between [39] and the present results is that the middle



Fig. 5. Plot of cross-slip on parallel dislocations and formation of prismatic loop (PL): pink line with 1=2½101�ð�111Þ and green line with 1=2½101�ð�1�11Þ.
(a) Two parallel dislocations slip on its own planes; (b) one dislocation cross-slip under the attractive force; (c) collinear reaction of the leading segments
forming two superjogs; (d) prismatic loops. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
this article.)
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segment O1O2 bowed out under sufficient force in this
study. Under loading, the two dislocation arms, AO1 and
BO2 operated independently around the jog corners O1

and O2, producing continuous plastic flow. When O1O2 is
short enough, the superjog AO1O2B formed an intermedi-
ate jog, as the dislocations arms AO1 and BO2 interacted
like dislocation dipoles and could not pass by one another
except at a high stress [58]. Once the resolved shear stress
on segment O1O2 is large enough, it bowed out like an
FR source. If it was truncated by the free surface, this
superjog AO1O2B transformed into two dynamic spiral
sources, e.g. AOB in Fig. 8b. These two dislocation arms
of these dynamic sources were rotated around the jog cor-
ners O, again producing continuous plastic flow. This type
of dynamic spiral source was not seen in Ref. [39], since the
middle segment of superjog was sessile and cross-slip was
not considered in their simulation. As illustrated in
Fig. 8, the joint points, O1 and O2 in superjog AO1O2B,
and O in the dynamic spiral sources AOB, moved along
the intersection line of the two intersected slip planes.
When these joint points moved close to the free surface
with its attractive image forces, they escaped and the
dynamic spiral sources or superjogs ceased to operate.
Movie B in Supplementary material gives one example of
flow intermittency as the moving dynamic spiral source
escaped from free surface. The dynamic spiral source has
two arms on different slip planes as shown in Fig. 8b. With
increasing load, they could operate independently on their
own slip planes, and the joint point could move along the
intersection line of the two slip planes. The stability of this
dynamic source depends on the exact position of the jog
corner and the sample diameter. For this source, after
operating several times and generating a certain amount
of plastic strain, it gradually escaped from the free surface
and ceased to operate. Since there were no other operating
sources, to sustain the applied strain rate required that the
elastic strain (linearly related to the applied stress)
increased until another source could be activated. During
this period, the fraction of plastic strain in the total strain



C2

K5

Surface truncation

K4

K1

e f g h

K1

K1
p1

p2C1

K2

K1

C1

K3
a b c d

p1

p2

Fig. 7. Plot of cross-slip forming dynamic FR source: green line with 1=2½�101�ð111Þ and blue line with 1=2½�101�ð1�11Þ, see details in text.

1

2

2

1

a b

Fig. 8. Configuration of superjog and dynamic spiral source: green line
with 1=2½�101�ð111Þ and blue line with 1=2½�101�ð1�11Þ. (For interpretation
of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

C. Zhou et al. / Acta Materialia 58 (2010) 1565–1577 1573
approached zero (no operating sources) and the strain-
hardening part was thus essentially elastic. This disloca-
tion-starved condition (the shutting off of available disloca-
tion sources) is called “exhaustion hardening”, and is
found both in experiments and simulations [18,40]. After
the applied stress increased to a sufficiently high level,
new sources were activated, generating plastic strain.
Again, to keep the same overall strain rate, the elastic
strain (applied stress) stopped increasing, leading to a pla-
teau in the stress–strain curve corresponding to continuous
operation of this new source. This type of dynamic source
showed considerable variability in behavior. In some cases,
the sources just operated several times and then escaped to
the surface. While in others they were stable and operated
numerous times, existing as long as the simulations were
run. Thus, the degree of “exhaustion hardening” caused
by the destruction of dynamic sources cannot be predicted
a priori and requires knowing the details of the internal dis-
location structures. We can say, however, that the fre-
quency of this mechanism is much higher in smaller
samples, in which the dynamic sources are more easily
destroyed at the surface and then regenerated.

The size-dependent exhaustion processes also affect the
usual forest-hardening processes of junction formation
and dipole interactions, resulting in the shutting off of
already scarce dislocation sources. Fig. 9 shows two typical
cases of junction formation and collinear reaction, which
leads to intermittent plastic flow. This mechanism has been
observed previously by Rao and coworkers [35]. In Fig. 9a,
the single-ended spiral source S1 sweeps in its slip plane
until it meets the FR source S2. As S1 moves close to
S2, a glissile junction was formed, locking the dislocations
as shown in Fig. 9b and c. When the applied stress is
increased to a critical value, the glissile junction unzipped
and the spiral source S1 cyclically rotated around the pin-
ning point and created continual plastic strain for the sam-
ple in Fig. 9d. In contrast to glissile junction, the collinear
reaction formed by two mobile spiral sources in Fig. 9e–h
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was much stronger and could not be easily dissolved, so the
new dislocation source was activated in Fig. 9h after the
loading increased.

In Ref. [59], strain bursts are attributed to the destruc-
tion of jammed configurations by long-range interactions,
which produce a collective avalanche-like process. This
mechanism seems to be at least somewhat consistent with
our observations, as shown in movie A and Fig. 9. The
destruction of simple junctions leads to relatively small
strain bursts as the released free dislocations quickly escape
to the surface. However, the spiral sources released from
the junction in Fig. 9 continuously sweep in the slip plane
and produce large strain bursts. These strain bursts, or ava-
lanche-like processes, are strongly influenced by their phys-
ical size. As illustrated in movie B, the dynamic sources
continuously create plastic strain under loading, with the
amount of this strain dependent on their position and the
sample diameter. From a statistical perspective, the proba-
bility of sources truncated by a surface increases with
decreasing diameter. Thus the frequency of strain bursts
and consequent flow intermittency in smaller samples is
much higher than in larger samples, which is verified in
both experiment and our simulation results. After the oper-
ation of dynamic sources is terminated by a surface, new
sources need to be activated at a higher load level to gener-
ate continuous plastic deformation. Recently, Ng et al.
demonstrated that discrete strain bursts were directly
related to the escape of dislocation sources to the sample
surface [60], agreeing well with our simulation results and
providing a physical explanation of the experimentally
observed staircase stress–strain behavior.
3.4. Size effects

In Fig. 10a, we show a series of stress–strain curves from
samples with different diameters under uniaxial compres-
sion in the absence of loading gradients. These results show
pronounced dependence on size, with smaller samples hav-
ing higher strength. The stress shows discrete jumps accom-
panied by strain bursts of varying sizes before ending at a
saturation flow stress. There is a significant scatter in the
magnitude of the saturation flow stress with decreasing
diameter. All of these features of the compression stress–
strain curves are in qualitative agreement with the experi-
mentally observed behavior that shows discrete strain
bursts separated by intervals of nearly elastic loading [2–
13].

In Fig. 10b, the variation of the shear stress at 1% strain
(s) as a function of the sample diameter (D) are plotted on
a logarithmic scale in both coordinates, for all simulations.
The scatter in strength increases with decreasing sample
size, largely because the mechanical response of smaller
samples depends on a single or, at most very few, active
sources. We fit the average value of s for each size to a
function of the form s1 D�n and find a scaling exponent
n � 0.67. Similar behavior in both the magnitude and scat-
ter of the values for the shear stress at 1% strain was seen
experimentally, with an exponent of 0.64 under [2 6 9] sin-
gle-slip loading from Ref. [3] and 0.69 under [1 1 1] multi-
slip loading from Ref. [13].

In bulk samples, Taylor’s hardening law, which states
that the flow stress is proportional to the square root of
the dislocation density, has been confirmed by both theo-
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retical and experimental studies [61]. However, there is lit-
tle size dependence of the evolution of the dislocation den-
sity, since all samples showing similar dislocation density
variations as shown in Fig. 6. Thus, Taylor’s law does
not hold and cannot be used to develop a theory of the size
effects of plasticity in small volumes.

Recently, Parthasarathy et al. [62] developed a statistical
model for the flow strength of small samples, which was
completely based on the stochastics of spiral source (sin-
gle-arm source) lengths in samples of finite size. In their
studies, the spiral source with one permanent inside pin-
ning point could be formed either by the FR sources being
truncated at the free surface or directly generated in the ini-
tial structure of simulation. In either case, the spiral sources
have a minimum strength based on the relative distance
between the sources and the free surfaces. For the FR
sources, the minimum always appears when the FR source
is set at the center of the sample and with the length of
around 1/3 the slip-plane characteristic dimension [63].
For a single-arm source, the minimum is set with the source
pinning point at the center of the sample [62]. This stochas-
tic model was validated by the in situ observation of dislo-
cation behavior in a sub-micron single crystal in which
single-ended sources are limited approximately by half of
the crystal width [64].
Since the flow stress was always determined by the
strength of spiral sources or stable dynamic sources in
our simulations, we used our simulation results and exper-
iment results from Refs. [3,13] to compare with this sto-
chastic model, which estimates the critical resolved shear
stress (CRSS) as following:

s ¼ so þ ksl
lnð�k=bÞ
ð�k=bÞ

þ kf lb
ffiffiffiffiffi
qf

p
ln

1

b ffiffiffiffiffiqf
p

 !
; ð5Þ

where so is the lattice friction stress (11 MPa for Ni), ks is a
source-hardening constant, with magnitude ks = 0.12, de-
rived through a recent study [44], kf represents the hardening
coefficient using a value of kf = 0.061 [65], qf is forest dislo-
cations density, qf = 2 � 1012 m�2 and �k is an average effec-
tive source length calculated from the statistic model [62].
The second and third term in Eq. (5) represent source trunca-
tion strengthening [56] and forest strengthening, respec-
tively. It can be seen from Fig. 11 that this single-arm
model could predict the initial stress for plasticity well for
smaller samples, because only one or at most a few mobile
dislocations determine the strength at small volumes, agree-
ing with the basic assumption in this model. For the larger
samples, the predicted scatter is less than that observed, since
internal dislocation structures and reactions are more com-
plicated in larger samples than those in smaller ones.

4. Concluding remarks

Experimental-like initial dislocation structures cut from
larger deformed samples have been introduced into 3D DD
simulation to study plasticity at small sizes. Image forces
from traction-free surface and as well as thermally acti-
vated cross-slip were considered in our study. Three differ-
ent sizes of micropillars, all with initially relaxed
dislocation densities around 2.0 � 1013 m�2, have been
analyzed under uniaxial compression to identify the rela-
tionship between the evolution of internal dislocation
structure and overall mechanical behavior.
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The results indicate that the loading direction has negli-
gible effect on the flow stress with both multi-slip and sin-
gle-slip loading, resulting in the similar saturation. This
lack of a dependence on loading direction can be easily
understood. Since the number of dislocation sources
decreases with the sample diameters, the probability of
activating a source with low Schmid factors increases in
small samples.

In small samples, dynamic sources can be easily gener-
ated by cross-slip or collinear reactions, the stability of
which depends on the position and sample size. There were
at least two origins of “exhaustion hardening”: the escape
of dynamic sources from the surface and dislocation inter-
actions such as junction formation. Both of these effects
shut off the activated sources, leading to the flow intermit-
tency. The “mechanical annealing” at the early stage of
deformation was seen to arise from the surface dislocations
and from weakly entangled dislocations leaving the sample.
The drop in dislocation density was followed by an increase
that always resulted from processes that were enabled by
cross-slip. The scarcity of available dislocation sources is
a major contribution to the higher flow stress and larger
scatter of strength in smaller sizes. The scaling law deter-
mined from the current simulation results is close to that
found experimentally.

There are still many unanswered questions regarding
size-dependent strengthening in small volumes, such as
the critical size for transition from bulk behavior and the
role that dislocation structures and mechanisms play in
determining that critical size. Further investigations are
planned for larger samples based on our simulation frame-
work to address these questions. Our goal is to develop a
more sophisticated model to predict the mechanical behav-
ior of microcrystals over a wide range of sizes.
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