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The present paper developed a three-dimensional (3D) ‘‘tension–shear chain’’ theoretical model to pre-
dict the mechanical properties of unidirectional short fiber reinforced composites, and especially to
investigate the distribution effect of short fibers. The accuracy of its predictions on effective modulus,
strength, failure strain and energy storage capacity of composites with different distributions of fibers
are validated by simulations of finite element method (FEM). It is found that besides the volume fraction,
shape, and orientation of the reinforcements, the distribution of fibers also plays a significant role in the
mechanical properties of unidirectional composites. Two stiffness distribution factors and two strength
distribution factors are identified to completely characterize this influence. It is also noted that stairwise
staggering (including regular staggering), which is adopted by the nature, could achieve overall excellent
performance. The proposed 3D tension–shear chain model may provide guidance to the design of short
fiber reinforced composites.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Biological materials such as bone and nacre are made of mineral
and protein. While the mineral is as stiff as chalk with relatively
low fracture toughness and the protein is as compliant as skin with
relatively high ductility, many studies [1–3] have indicated that
the stiffness and toughness of these biocomposites are comparable
to their stiff and tough constituents, respectively. Further studies
[1,2,4–8] found that these biological materials have very similar
nano-structures: the hard platelets or fibers are staggered within
the soft matrix, as shown in Fig. 1. These structures are considered
as crux [9–11] of the superior mechanical properties of the biolog-
ical materials.

Several studies on biocomposites with staggered platelets have
been conducted. Jager and Fratzl [11] proposed a model with stag-
gered array of platelets, which successfully reproduced the fact
that both the elastic modulus and rupture stress are increased with
the amount of mineral. Ji and Gao [12] assumed the load in the lon-
gitudinal direction is mainly transferred via shear in matrix and
developed a tension–shear chain model, for regular staggering sit-
uation (platelets overlap with half of their length) to illustrate how
ll rights reserved.
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biocomposites achieve high stiffness and toughness, which can be
used to interpret many mechanisms of the behaviors of biocom-
posites. Nonetheless, there also exist some distributions of
reinforcement phase other than regular staggering, such as the
stairwise staggering of bone shown in Fig. 1b. Moreover, with the
progress of micro/nano-scale manipulation, Tang et al. [13] and
Bonderer et al. [14] successfully fabricated biomimetic materials
with non-uniform or even random platelets alignment. The studies
of Zhang et al. [15] further developed the tension–shear chain
model by investigating the effect of arbitrary distributions of rein-
forced platelets on the mechanical properties of biocomposites.

On the other hand, short fiber reinforced composites have been
widely used and studied for a long time [16–19,31,32]. Especially
in recent years, carbon nanotube is considered to be an ideal rein-
forcement phase [20–29] for new generation of high-performance
composites. Similar to platelet reinforced composites stated above,
introducing bio-inspired alignment of reinforcements into short fi-
ber reinforced composites is also expected to produce better
mechanical properties. Zhang and Liu [30] extended the tension–
shear chain model to predict the axial Young’s modulus of bio-mi-
metic composites with discontinuous fibers aligned in a regularly
staggered pattern. However, the cases with other staggered pat-
terns have not been systematically studied.

The purpose of this paper is to investigate the effects of non-
uniform or random distribution of unidirectional short fibers on
the mechanical properties of composites through a theoretical
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Fig. 1. Nanostructures of (a) nacre (Reprinted with permission from [9]) and (b) bone (Reprinted with permission from [8]).
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Fig. 2. Schematic of unidirectional short-fibers reinforced composites: (a) cross
section view of a unit cell, (b) side view of a unit cell.
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model and FEM calculations. The paper is outlined as follows. In
Section 2, the analytical model for short fiber reinforced compos-
ites is developed, and corresponding FEM model is also presented.
The effects of various parameters, especially fiber distribution, on
the mechanical properties of composites are investigated in Sec-
tion 3. Main conclusions are summarized in Section 4.

2. Analytical and FEM model for short fiber reinforced
composites

This paper is focused on studying the effective mechanical prop-
erties of composites consisting of stiff short-fibers unidirectionally
distributed in the soft matrix. For simplicity, it is assumed that all
fibers have the same length L and radius R, transversely distributed
in a triangle lattice pattern with transverse spacing d, as shown in
Fig. 2, and thus the periodicity is always guaranteed in the longitu-
dinal direction (z direction). A representative unit cell of the com-
posites shown in Fig. 2 has m rows and n columns of fibers, so
there are s = m � n fibers in a unit cell. Denote the longitude posi-
tion of the ith fiber in Fig. 2b as z = niL (0 6 ni < 1, i = 1, 2, . . . , s) in
the global coordinate. When we study the interaction of ith fiber
and its neighbors, a local coordinate ~z ¼ z� niL is introduced, thus
~z ¼ 0 for the ith fiber and ~z ¼ ~nijL for its neighboring fibers. Briefly,
ni denotes the normalized coordinate of the ith fiber in the global
coordinate system while ~nij is the normalized coordinate of the jth
fiber in the local coordinate system related to the subset of the ith
fiber and it is completely determined by ni and nj:

~nij ¼
nj � ni; if nj P ni

nj � ni þ 1; ifnj < ni

(
ð1Þ
2.1. Three dimensional tension–shear chain model

To obtain simple analytical formulae, a 3D tension–shear chain
model is developed under the following assumptions:

(1) The gap between the fibers is much smaller than their length
and can be ignored.

(2) The diameter of fibers is one or two orders of magnitude
smaller than their length, thus the deformation of the fibers
can be considered as one dimensional (only depends on z).
(3) The modulus of fibers is much larger than that of the matrix
(at least two to three orders of magnitude), and thus the nor-
mal stress of the matrix can be ignored.

(4) Both of the fibers and matrix are assumed to be linear elas-
ticity until failure.

(5) A piecewise uniform distribution along z is assumed for the
shear stress field in the matrix between two neighboring
fibers, and thus a piecewise linear profile for the normal
stress in each fiber.

Note that the assumption of (5) has been shown valid for most
biological and biomimetic materials by Liu et al. [33], and is also
verified in this paper through comparing our theoretical predic-
tions and FEM results. More important, the uniform shear stress
assumption makes it possible for us to derive the explicit solutions
of effective Young’s modulus, strength, failure strain and energy
storage capacity for various distributions with avoiding such com-
plicate mathematics as occurs in elastic shear-lag theory.

Based on the above assumptions, we divide the matrix of fibers
reinforced composites into two regions, the shear region and the



Fig. 3. Cross section view of the shear region and tension region of matrix.
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Fig. 4. Schematic of a pair of neighboring fibers for theoretical analysis: (a) cross
section view, (b) side view, (c) normal stress of the ith fiber generated by the shear
stress between this pair.
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tension region, as shown in Fig. 3. The tension region of the matrix
mainly bears normal stress, while the shear region of the matrix
transfers the load between the neighboring fibers via shear.
Furthermore, according to the assumption (3), we can regard that
the normal stress is fully undertaken by the fibers and neglect
the contribution of the tension region of the matrix.

Take out the ith fiber and its neighbor, the jth fiber, to analyze
the transfer of stress between neighboring fibers in the composite,
as shown in Fig. 4. Combined the assumptions (4) and (5), we can
obtain the following relations:

cU
ij ðhÞ ¼

wU
ij

dþ 2R� 2Rcosh
; ð2Þ

sU
ij ðhÞ ¼ GmcU

ij ðhÞ; ð3Þ

where cU
ij and sU

ij are the yz components of shear strain and stress in
the upper shear region, respectively, and both of them are just func-
tions of h (see Fig. 4a); wU

ij is a constant for this shear region, which
can be seen as the rigid displacement of the upper part of the jth fi-
bers relative to the ith fiber (as shown in Fig. 4b); Gm is the shear
modulus of the matrix.

The shear force per unit length TU
ij along z-direction generated

by the upper part of the jth fiber can be obtained by integrating
over the arc

TU
ij ¼

Z p
6

�p
6

sU
ij ðhÞRcoshdh ¼ C0GmwU

ij ; ð4Þ

where

C0 ¼
2Rþ dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dðdþ 4RÞ

p arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dþ 4R

d

r
tan

h
2

� � !
� h

2

" #�����
p
6

�p
6

ð5Þ

is a constant derived by the integration in Eq. (4) combined with
Eqs. (2) and (3).

Combining Eqs. (2)–(4), the relationship of the shear stress sU
ij

and shear force per unit length TU
ij can be acquired

sU
ij ðhÞ ¼

TU
ij

C0ðdþ 2R� 2RcoshÞ : ð6Þ

Applying the similar analysis to the lower part of the jth fiber,
the full field of shear stress between the ith and jth fiber can be
got as follows:

sL
ijðhÞ ¼

TL
ij

C0ðdþ2R�2Rcos hÞ ; ~z < ~nijL

sU
ij ðhÞ ¼

TU
ij

C0ðdþ2R�2Rcos hÞ ; ~z P ~nijL

8><>: : ð7Þ

Based on the geometrical relationship, the volume fraction of
fibers in the composite is U ¼ 2pR2=½

ffiffiffi
3
p
ðdþ 2RÞ2�. And, another

configuration parameter, the aspect ratio of fibers, is q = L/(2R).
2.1.1. Principle of minimum complementary energy
To obtain the stress and strain field of the composite, the prin-

ciple of minimum complementary energy is used. The force equi-
librium of the ith fiber asksX
j2nb seti

TL
ij
~nij � TU

ij 1� ~nij

� �h i
¼ 0 ð8Þ

where nb_seti represents the neighboring fiber set of the ith fiber, TL
ij

and TU
ij are the shear forces from the lower and upper parts of the jth

fiber, respectively. A guessed stress field that satisfies the above
equilibrium equation can be written as

TL
ij

TU
ij

( )
¼ T�

1� ~nij

~nij

( )
; ð9Þ

where T⁄ is a parameter to be determined, and TL
ij and TU

ij are shown
in Fig. 4b. The normal stress of the ith fiber generated by the shear
stress from the jth fiber fibers is

rðjÞi ðezÞpR2 ¼
TL

ij
~z ~z < ~nijL

TU
ij ðL� ~zÞ ~z P ~nijL

(
ð10Þ

and its distribution is shown as Fig. 4c. We can then use Eqs. (9) and
(10) to express the total normal stress of the ith fiber as

riðezÞ ¼ T�

pR2

X
j2nb seti

1� ~nij

� �
~z� ~z� ~nijL

D Eh i
ð11Þ

where the function h�i represents the following operation:

hxi ¼
0 x < 0
x x P 0

�
ð12Þ

Thus, the total strain energy of all fibers in the unit cell is:Xs

i¼1

pR2
Z L

0

r2
i ð~zÞ

2Ef
d~z ¼ sj1L3ðT�Þ2

2pR2Ef

ð13Þ

where
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j1 ¼
1
s

Xs

i¼1

Z 1

0

X
j2nb seti

ð1� ~nijÞ~n� h~n� ~niji
h in o8<:

9=;
2

d~n ð14Þ

is a dimensionless factor depending only on the distribution of the
fibers.

On the other hand, the strain energy of the matrix in the unit
cell is

1
2

Xs

i¼1

X
j2nb seti

Z L

0

Z R
2

�R
2

½sijðhÞ�2

2Gm
ðdþ 2R� 2RcoshÞdxdez ¼ sb2LðT�Þ2

8C0Gm

ð15Þ

where

b2 ¼
2
s

Xs

i¼1

X
j2nb seti

~nijð1� ~nijÞ

24 35 ð16Þ

is also a dimensionless factor depending only on the distribution of
the fibers. Thus, the complementary energy in the unit cell is:

PC ¼ s
j1L3

2pR2Ef

þ b2L
8C0Gm

" #
ðT�Þ2 � s�FD ð17Þ

where D is the longitudinal extension of the unit cell and

�F ¼ 1
s

Xs

i¼1

X
j2nb seti

1
2

TU
ij ð1� ~nijÞ2Lþ 1

2
TL

ij
~n2

ijL
	 


¼ 1
4

b2T�L ð18Þ

is the average external force imposed on a single fiber which can be
derived from Fig. 4c. According to the principle of minimum com-
plementary energy, let dPC

dT� equal to zero, then we can solve T⁄ as

T� ¼ D
4j1L2

b2pR2Ef
þ 1

C0Gm

ð19Þ

Once T⁄ is determined, all stresses and strains are known, and
we can then compute the effective mechanical properties of fi-
ber-reinforced composites.

2.1.2. Prediction of effective longitudinal modulus
Since it is assumed that the tensile loading is mainly sustained

by fibers, according to Eq. (18), the effective normal stress of the
composites is

reff ¼ U
�F

pR2 ¼
Ub2T�L

4pR2 ð20Þ

Substituting Eq. (19) into the above equation gives

reff ¼
1

1
b1UEf

þ p
b2q2UC0Gm

D
L

ð21Þ

where

b1 ¼
b2

2

16j1
¼

Ps
i¼1

P
j2nb seti

~nijð1� ~nijÞ
" #2

4s
Ps
i¼1

R 1
0

P
j2nb seti

½ð1� ~nijÞ~n� h~n� ~niji�
( )2

d~n

ð22Þ

As the effective strain of the composite is eeff = D/L, the effective
longitudinal modulus of the composite is

Eeff ¼
reff

eeff
¼ 1

1
b1UEf

þ p
b2q2UC0Gm

ð23Þ

It should be pointed out that the predicted modulus derived
from principle of minimum complementary energy should be the
lower bound of the true value.
2.1.3. Prediction of longitudinal strength
The longitudinal strength is reached when the maximum shear

stress in the matrix reaches the shear strength of the matrix sc
m or

the maximum normal stress on the fibers reaches the tension
strength rc

f of the fibers.
If shear failure happens in the matrix, according to Eqs. (7) and

(9), we can get

sc
m ¼

j2T�

C0d
ð24Þ

where

j2 ¼ max
i;j2nb seti

f~nij;1� ~nijg ð25Þ

is a dimensionless factor depending only on the distribution of the
fibers. The corresponding critical effective stress rc s

eff can be com-
puted from Eqs. (24) and (20) as

rc s
eff ¼

Ub2qC0dsc
m

2pRj2
ð26Þ

If a tension failure happens in the fibers, according to Eq. (11),
we can get

rc
f ¼max

i
max

~z
riðezÞ ¼ j3T�L

pR2 ð27Þ

where

j3 ¼max
i

max
k2nb seti

X
j2nb seti

1� ~nij

� �
~nik � ~nik � ~nij

D Eh i8<:
9=; ð28Þ

is a dimensionless factor depending only on the distribution of the
fibers. The corresponding critical effective stress rc r

eff can be com-
puted from Eqs. (27) and (20) as

rc r
eff ¼

Ub2rc
f

4j3
: ð29Þ

Obviously, shear failure in the matrix happens if rc s
eff < rc r

eff ,
while tension failure in the fibers happens if rc s

eff > rc r
eff . Based

on Eqs. 16, 25, 26, 28, and 29, the effective longitudinal strength
of the composites is

rc
eff ¼

Usc
m

C0d
R

� �
1
b4

q; q 6 qc

Urc
f

1
b3
; q > qc

8<: ð30Þ

where

qc ¼
b4rc

f

b3sc
m

R
C0d

ð31Þ

is the critical aspect ratio that separates matrix failure (q 6 qc) from
fiber failure (q 6 qc), and b3 and b4 are two non-dimensional factors
representing the effect of non-uniform distribution of fibers on the
strength of the composite, and are given by

b3 ¼
4j3

b2
¼

2s max
k2nb seti

P
j2nb seti

1� ~nij

� �
~nik � ~nik � ~nij

D Eh i( )
Ps

i¼1

P
j2nb seti

~nij 1� ~nij

� �h i ; ð32Þ

b4 ¼
2pj2

b2
¼

ps max
j2nb seti

f~nij;1� ~nijgPs
i¼1

P
j2nb seti

~nijð1� ~nijÞ
h i : ð33Þ

Based on Eq. (30), when q < qc, a shear failure happens in the
matrix and the failure strength has a linear relationship with the
aspect ratio of fibers. When q P qc, tension failure happens in
the fibers and the ultimate strength does not increase with increas-
ing the aspect ratio anymore.



Fig. 5. Mesh of the FEM model.
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Fig. 6. Unit cell of the composite with (a), (b) stairwise staggering and (c), (d)
random staggering.
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The failure strain and energy storage capacity can also be deter-
mined as ec

eff ¼ rc
eff =Eeff and wc

eff ¼ ðrc
eff Þ

2
=ð2Eeff Þ, respectively. To-

gether with Eqs. (23) and (30), the proposed 3D tension–shear
chain model gives the estimates of effective modulus, strength,
failure strain and energy storage capacity of unidirectional short fi-
ber reinforced composites with various distributions.

Although there are infinite distributions of fibers, all the infor-
mation about distribution can be incorporated into two dimen-
sionless factors b1 and b2 when determining the modulus of
composites. Similarly, there are another two dimensionless factors
b3 and b4 only related to the distribution in determining the
strength of composites. Thus, we name b1, b2 as stiffness distribu-
tion factors and b3, b4 as strength distribution factors. For any dis-
tribution (n1,n2, . . . ,ns), they can be computed through Eqs. 1, 16,
22, 32, and 33. For long fibers (q > qc), b1 and b3 play major roles,
smaller values imply higher stiffness and strength. For relatively
short fiber (q < qc), b2 and b4 have more significant influence, still
smaller values correspond to higher stiffness and strength.

The introduction of stiffness and strength distribution factors
greatly simplifies the comparison of corresponding mechanical
properties among different distributions. It also facilitates engi-
neers and technicians on evaluating the mechanical properties of
short fiber reinforced composites. Moreover, the equations also re-
veal the effect of physical properties and geometric parameters of
the constituents on the mechanical properties of composite. This
provides a theoretical guidance to the design of short fiber rein-
forced composites.

2.2. FEM model

In order to verify the 3D tension–shear chain model, we also
used ABAQUS to establish FEM models of the unit cell with different
fibers distributions. The mesh is shown in Fig. 5, in which C3D8R
element is used for the simulations. The cell geometry in FEM varies
for different simulated samples to make sure they are directly com-
parable. By keeping R fixed to be constant (unit length), d is deter-
mined as to match the volume fraction of fibers, and l can be
determined by the fiber aspect ratio. The longitudinal gap between
neighboring fibers is set to be around one unit length, so that it is at
least one order in magnitude less than the length of fibers. Periodic
boundary conditions are imposed on the six surface of the unit cell
and a tension load is exerted along the direction of fibers.

3. The effects of parameters on the mechanical properties of
composites

3.1. Strength of composite with different fibers distribution

The gaps between fibers within ‘‘stairwise staggering’’ distribute
in a stairwise pattern (Fig. 6a and b), which is observed in some
biocomposites such as bones (see the 3D pattern in Fig. 1b). In this
case, relative positions of neighboring fibers for every fiber are the
same, and ~nij ¼ f0; ðn� 1Þ=n; ðn� 1Þ=n;0;1=n;1=ng for the ith fiber.
We can compute the strength distribution factors as b3 = n/
(n � 1), b4 = np/4. When n = 2, the longitudinal gap is just located
at the center of neighboring fibers, and the pattern is called ‘‘regular
staggering’’ hereafter. Substituting these distribution factors into Eq.
(30) gives the strength for the composites with stairwise staggering,

rc
eff ¼

Usc
mð

C0d
R Þ 4

np q; q 6 qc

Urc
f

n�1
n ; q > qc

(
ð34Þ

where

qc ¼ pðn� 1Þ
4

rc
f

sc
m

R
C0d

: ð35Þ
Fig. 7a shows the predicted and simulated the normalized
strength rc

eff =Urc
f versus the periodic number n for composites

with stairwise staggering, with a set of parameters q = 200,
rc

f =sc
m ¼ 10, U = 22.67% and Ef/Gm = 1000. We can see that the pre-

dicted composite strength is in good agreement with the FEM re-
sults. The figure also shows that, provided a large aspect ratio of
fiber (q = 200 compared to qc = 155 at n = 20 here), the strength in-
creases with the periodic number n, and gradually approaches the
strength of continuous fiber reinforced composite Urc

f when n is
sufficiently large, as indicated by Eq. (34) at q > qc. This provides
a possible explanation why some biocomposites adopt such pat-
terns and also inspires us to improve the strength of biomimetic
materials by increasing the periodic number.

As mentioned in Section 1, random distribution of reinforce-
ments is most likely to occur in practical fabrications. For studies
on the randomness nature of both the distribution and the strength
of discontinuous-fibers, Phoenix and coworkers have built up a
general framework of statistical model through a series of pioneer-
ing works (e.g., [31–32]). Here we study the random distribution
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case under the assumptions and constraints described in Sec-
tion 2.1, say all fibers are with identical length, diameter, strength,
longitudinal and lateral spacing to their neighbors. In another
word, only ni (or nj, say the longitudinal position of short-fiber
end) are random variables, and consequently so are ~nij (j e nb_seti).
For simplicity, all ni (nj) are assumed independent and uniformly
distributed between 0 and 1, and consequently so are ~nij

(j e nb_seti) for the ith fiber. Then, the average values of j1 and b2

in Eqs. (14) and (16) can be calculated to be 19
60 and 2 respectively.

Note that the average values are independent of the size of unit cell
s, which is understandable from the view point of probability and
statistics. With varying ~nij (j e nb_seti) from 0 to 1, the maximums,
j2 = 1 at ~nij ¼ 0 or 1 (j e nb_seti) and j3 ¼ 3

2 at ~nij ¼ ~nik ¼ 1
2

(j, k e nb_seti), which corresponds to the worst situation for a fiber
and nearby matrix. Therefore, the strength distribution factors for
random staggering distribution can be calculated to be b3 ¼ 4j3

b2
¼ 3

and b4 ¼ 2pj3
b2
¼ p. Substituting these distribution factors in Eq. (30)

gives a lower-bound strength evaluation of the random staggering

rc
eff ¼

Usc
mð

C0d
R Þ 1

p q; q 6 qc

Urc
f � 1

3 ; q > qc

(
ð36Þ
where
qc ¼ p
3

rc
f

sc
m

R
C0d

: ð37Þ

According to Monte Carlo method, Fig. 7b shows normalized
simulated strengths of 60 samples of the random staggering com-
posite with fiber lattice m � n = 12 � 12. Limited by the capability
of personal computer, the unit cell used to calculate the strength
cannot be large enough. However, a number of random samples
of Monte Carlo simulations can compromise the limitation and
make an outline portrait of the strength of random staggering.
From Fig. 7b, it can be seen that the calculated sample strengths
are always above the theoretical prediction, but there are also a
very few samples quite close to the predicted strength. Noting that
the predicted strength by our 3D tension–shear chain model (the
line in Fig. 7b) corresponds to the worst case, the theoretical pre-
diction is well verified by the FEM simulations. The statistical chart
of the sample data has been plotted in Fig. 7c, which fits better to
the well-known Weibull probability distribution.

Fig. 8a shows the normalized strength rc
eff =Urc

f of short fiber
reinforced composite varying with the fiber aspect ratio q for dif-
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ferent distributions. The parameters are taken as rc
f =sc

m ¼ 10,
U = 22.67 and Ef/Gm = 1000. For each distribution, the strength first
increases as the fiber aspect ratio increases (matrix failure regime,
indicated by Eqs. (34) and (36) at (q 6 qc)), and then reaches a roof
when the critical aspect ratio is reached and beyond (fiber failure
regime, indicated by Eqs. (34) and (36) at q > qc). Comparing the
different distributions, it is found that for very short fibers, i.e., in
the region of just matrix failure, the stairwise staggering with
smaller periodic number n has larger strength, which should be
attributed to its higher inclination of strength with respect to the
fiber aspect ratio as suggested by Eq. (34) at (q 6 qc). For very large
fiber aspect ratio, or say in the region of only fiber failure, larger
periodic number n leads to higher strength, which is understand-
able according to Eq. (34) at q > qc. It is also worth noting that
the strength of composite with random staggering is generally
far lower than that with controlled distributions. This suggests that
there is still a large space for material scientists and engineers to
improve the performances of biomimetic composites via more
strictly controlling the distribution of reinforcements.
3.2. Effective modulus of composites with different fiber distributions

As in the case of stairwise staggering distribution, for the ith fi-
ber ~nij ¼ f0; ðn� 1Þ=n; ðn� 1Þ=n;0;1=n;1=ng, we can then compute
the stiffness distribution factors from Eqs. (22) and (16) as
c
 c
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Fig. 8. Comparison of (a) strength, (b) Young’s modulus, (c) failure strain, and
b1 = 3(n � 1)2/[n(3n � 4)], b2 = 8(n � 1)/n2. Substituting them in
Eq. (23) gives the predicted modulus for stairwise staggering
distribution,

Eeff ¼
1

nð3n�4Þ
3ðn�1Þ2UEf

þ n2p
8ðn�1Þq2UC0Gm

: ð38Þ

Regarding ‘‘random staggering’’ (Fig. 6c and d) widely seen in
biological and biomimetic materials, the average values of the stiff-
ness distribution factors for random staggering distribution can be
calculated as stated in the last subsection, b1 ¼

b2
2

16j1
¼ 15=19 and

b2 = 2. Substituting these factors in Eq. (23) yields the average
modulus for the random staggering

Eeff ¼
1

19
15UEf

þ p
2q2UC0Gm

ð39Þ

Fig. 8b shows the predicted and simulated normalized stiffness
Eeff/UEf versus the fiber aspect ratio q for the composites with reg-
ular staggering (n = 2), stairwise staggering (n = 4and n = 10) and
random staggering. The simulated modulus for the random stag-
gering distribution is an average of a large number of calculated
samples (m � n = 12 � 12). The number of calculated samples is
justified large enough; in another word, there is no evident change
found in the average modulus even with more samples included. It
can be seen that the predicted values of modulus basically agree
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(d) energy storage capacity for composites with different distributions.
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with the simulated data. However, the predicted stiffness is a little
bit smaller than the FEM results when the fiber aspect ratio is low.
This is because we do not account for the tensile stiffness of the
matrix, which become more significant when the fiber aspect ratio
diminishes. As the plots show, the fiber distribution does have sig-
nificant influence on the stiffness of composites, and the effective
modulus of short fiber reinforced composites increases with the in-
crease of the aspect ratio. It is also noted that the stiffness of com-
posites with random staggering is comparable to that with other
regular distributions.

3.3. Failure strain of composite with different fiber distributions

We have verified the performance of 3D tension–shear chain
model in estimating the stiffness and strength of short fiber rein-
forced composite in the above discussions. Furthermore, Fig. 8c
shows the effect of different distributions on the failure strain
(ec

eff ¼ rc
eff=Eeff ) of short fiber reinforced composite. As we can see,

different with the stiffness and the strength, the failure strain of
staggering distribution decreases as the aspect ratio increases. It
is understandable since the strength fast reaches a plateau with
increasing the aspect ratio of fibers while the effective Young’s
modulus always increases. The decrease of failure strain against fi-
ber aspect ratio is fastest for random staggering, and becomes
slightly slower as the periodic number increases for stairwise stag-
gering (including regular staggering n = 2).

3.4. Energy storage capacity of composite with different fiber
distributions

In order to evaluate the overall mechanical properties of short
fiber reinforced composites, Fig. 8d demonstrates the effect of dif-
ferent distributions on the energy storage capacity of composites,
wc

eff ¼ ðrc
eff Þ

2
=ð2Eeff Þ, which well combines effective strength and

failure strain. It is found that the highest energy storage capacity
for each distribution appears at the critical aspect ratio. Generally,
the stairwise staggering with a smaller periodic number has a lar-
ger peak value of the energy storage capacity. The peak value for
regular staggering is several times or even one order larger than
that of the other distributions.
4. Conclusions

A three-dimensional tension–shear chain model for the unidi-
rectional short fiber reinforced composites is developed in this pa-
per, which can well depict the relationship between the fiber
distributions and the effective mechanical properties like stiffness,
strength, failure strain and energy storage capacity. FEM simula-
tions have also been carried out to verify the accuracy of the model.
The following conclusions can be drawn.

First of all, besides the volume fraction, shape and orientation of
the reinforcements, the distribution of fibers also plays a signifi-
cant role in the mechanical properties of unidirectional compos-
ites. Four distribution factors, the stiffness distribution factors b1,
b2 and the strength distribution factors b3 and b4, are identified
to completely characterize the influence of the reinforcement dis-
tribution, and they can be easily computed. It should be empha-
sized that classical homogenization-based mesomechanical
approaches, such as the Mori–Tanaka method, cannot take this dis-
tribution effect into account.

Secondly, it is found that stairwise staggering (including regular
staggering with n = 2), which is adopted by the nature, could
achieve overall excellent performance, namely high stiffness and
strength comparable to those of the reinforcing fibers as well as
large failure strain and energy storage capacity comparable to those
of the soft matrix. The performance of random staggering is
obviously lower than stairwise staggering, which indicates that
precisely controlled microstructure is an efficient way to further
improve performance of biomimetic and other man-made
composites.

In a word, our proposed 3D tension–shear chain model well
characterizing the relationship of mechanical properties and fiber
alignments may provide useful guidelines for the design of high
performance short fiber reinforced composites, e.g. carbon nano-
tube composites.
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