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Abstract

Variations in the distribution of the alloy components can significantly influence the electronic properties of the self-organized
alloy nanocrystals. Using a combination of finite element and quadratic programming optimization methods, we have developed
an efficient numerical technique to compute the equilibrium composition profiles in coherent and dislocated nanocrystals. We
show that the variations in composition profiles arise due to the competition between chemical mixing effects and the relaxation of
composition-dependent mismatch strain as well as strain due to dislocations. We find that the composition profiles in these crystals
depend strongly on the morphological features such as the slopes and curvatures of their surfaces and the presence of corners,
edges and dislocations at the nanocrystal–substrate interface. This approach provides a means for the quantitative description of
the factors controlling equilibrium composition profiles in various coherent and dislocated self-organized alloy systems.

1. Introduction

A particularly appealing approach to manufacturing
nanoscale devices is to exploit the natural tendency of small
material clusters to self-organize. While it is well-known that
strain-driven self assembly can give rise to nanoscale pattern
formation of 2D domains and pattenrs [1], it also provides
a versatile means to fabricate nanoscale islands in lattice-
mismatched semiconductor alloy systems which can serve as
functional elements in optical, electronic and photo-voltaic
devices [2, 3]. The electronic structure of these nanoscale
islands or nanocrystals is strongly influenced by the shape,
elastic deformation and most importantly by their composition,
thereby enabling the device properties to be controlled. A
tighter control of these characteristics significantly reduces
power consumption and heat generation, while the small
dimensions of the devices allow order of magnitude advances
in miniaturization. Self assembled SiGe [4, 5, 6] and InGaAs
[7] quantum dots have received particular attention as the
former material system can be readily integrated with the well
developed Si integrated circuit technology while the latter
has been successfully applied in photovoltaic and photonic
bandgap applications.

The past few years have seen tremendous advances in de-
velopment of processing and patterning techniques that lead to
a uniform array of nanocrystals of nearly identical shapes and
sizes [40, 8]. However, key factors that play a role in control-
ling the variations in composition within the nanocrystals re-
main poorly understood. A quantitative determination of the
composition profiles is critical in device applications as varia-
tions in composition at the nanoscale can substantially influence
the electronic properties (for example, excitonic transitions [9],
electron-hole band alignment and band gaps [10]) and therefore
directly influence the performance of devices. While there is a
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large body of theoretical work on the formation and growth of
nanocrystals, almost all of it neglects alloying effects by assum-
ing a uniform composition distribution within the crystals.

In recent years, considerable progress has been made in mea-
suring the composition profiles within individual quantum dot
nanocrystals with nanoscale resolution [11, 12, 13, 14, 15, 16,
17]. These experimental studies show two distinct types of sce-
narios. The work of Stanley Williams and coworkers using
x-ray scattering and independent selective etching techniques
[12, 15, 17] shows a Si-rich core covered by a Ge-rich shell
for dome shaped SiGe quantum dots at 600 ◦C. In distinct con-
trast, the work of Schmidt and coworkers using a combination
of selective wet chemical etching and atomic force microscopy
[13, 14] shows that for pyramid and dome shaped islands, the
corners are highly intermixed, whereas the edges, apex and the
center of the pyramids remain Ge rich at 550 ◦C. Given the sen-
sitivity of the composition profiles in the nanocrystals to growth
conditions and the differences between the experimental mea-
surements from different groups, information from these exper-
iments can only be properly interpreted with models that can
distinguish the differences between composition profiles under
different growth conditions. To that end, a key question that one
is generally faced with in these experiments is whether or not a
measured profile is close to equilibrium.

As alloy nanocrystals continue to grow, dislocations can nu-
cleate to relax the elastic strain energy in the crystal and the
substrate [18]. It is known that depending on the average com-
position in the nanocrystal and its size, there can be one or more
loops of dislocations at the interface with the substrate [19, 20].
Such tree-ring interface dislocation structures and the critical
crystal size for their nucleation [21] have been well studied
for SiGe quantum dots. Since dislocations give rise to their
own characteristic strain fields, the nucleation of a dislocation
during growth can signicantly alter the strain and therefore the
composition distribution in an alloy nanocrystal. Most of the

Preprint submitted to Solid State Communications April 2, 2009



AC
C

EP
TE

D
M

AN
U

SC
R

IP
T

ACCEPTED MANUSCRIPT

work concerning dislocations in alloy nanocrystals typically as-
sumes a uniform composition throughout the crystal; experi-
mental studies measuring the composition profiles in individual
dislocated nanocrystals have been far fewer compared to the co-
herent crystals. For example, it has recently been shown that for
both coherent and dislocated SiGe nanocrystals, the Ge mole-
fraction decreases while moving from apex towards the sub-
strate; however, coherent crystals are characterized by a sub-
linear variation, while dislocated crystals show a plateau in the
composition in near-apex region [22]. In order to understand
such nanoscale variations in composition in dislocated crystals
and the factors controlling them, one needs to carefully analyze
the coupling between the elastic fields due to the dislocations
and due to the composition variations in equilibrium.

In equilibrium, for a given size and shape of the crystal, the
composition profile is obtained by minimizing the total free en-
ergy that consists of the elastic energy and entropic and chem-
ical mixing energies. The primary difficulty in obtaining com-
position profiles is that the shape, strain and composition are
all coupled to each other. Furthermore, in equilibrium, the to-
tal free energy has to be minimized by holding the overall ra-
tio of the alloy components in the dot at a fixed level, making
the optimization problem even more difficult. In addition, the
coupling between the strain fields arising due to dislocations
and due composition variations in dislocated nanocrystals adds
to complexity of the optimization problem. Subsequently, only
calculations that adopt a number of simplifying assumptions are
available. For the case of coherent crystals, these approxima-
tions include small slopes of the sidewalls of the quantum dots
[23] and linear extrapolation of the composition profiles from
the surface to the bulk [24]. The approximations made in the
calculations allow only for the analysis of pre-pyramid clusters
with very shallow side-walls. In the case of dislocated crystals,
approximate strain fields obtained by assuming a dislocation
lies at the center of solids with simple shapes such as a cylin-
der, have been employed to compute their contribution to the
total elastic energy of the system. Monte Carlo methods have
also been employed to analyze quasi-equilibrium composition
profiles [25, 26], but the long range nature of the elastic in-
teractions makes statistical sampling of the large configuration
space (required to obtain properly averaged composition maps
in realistic structures) a very demanding and tedious task.

Here we study equilibrium composition maps in alloy
nanocrystals by employing the finite element method for rigor-
ous treatment of elastic fields without any restrictions on their
shape and an optimization scheme based on quadratic program-
ming methods. A brief account of the key results for compo-
sition maps in coherent alloy quantum dots is described in our
earlier work [27]. We find that the shapes of the crystals play a
very important role in determining the degree of alloy decom-
position that can be achieved at a given temperature. The com-
position profiles in faceted quantum dot crysytals with steep
side-walls are found to be characteristically different from the
corresponding case of shallow dots. In the former case, segre-
gation of the larger alloy component in the tensile regions of
the quantum dot leads to the formation of ‘cusped’ composition
profiles which manifest in the form of dimpled surface profiles

upon selective etching of one of the alloy components (Fig. 1).
Shallower crystals on the other hand, are less decomposed and
yield surface profiles with large etch pits. Both of these fea-
tures have been observed during wet chemical etching of SiGe
quantum dots [12, 13, 15].

In order to guide the interpretation of composition maps
measured in experiments, the degree of alloy decomposition
in faceted nanocrystals is presented in a phase diagram plot-
ted in the space spanned by the orientation of their side-walls
and temperature. Based on this phase diagram, the effect of
decomposition on the shape transition between quantum dots
with different facet orientations is computed—alloy decompo-
sition is found to significantly decrease the transition volumes
for shape transformation. To further demonstrate the role of
shape and strain on alloy decomposition at the nanoscale, we
have considered the composition profiles of dome, truncated
pyramid and unfaceted pre-pyramid or Gaussian shaped quan-
tum dots nanocrystals, all of which have been observed in SiGe
[4, 5, 28, 29] and InGaAs [29, 30] systems. In the case of
dome and truncated-pyramid shaped quantum dots with multi-
ple facets, we find a rich array of compositional patterns with
enrichment of the larger alloy component at the corners and
edges formed by the intersection of different facets. In the case
of unfaceted quantum dots, both the slopes and curvatures of
the surface are found to influence compositional patterning. Fi-
nally, composition maps in dislocated nanocrystals are signif-
icantly different that maps in coherent crystals and are found
to strongly depend on number of dislocations and the growth
temperature.

This paper is organized as follows. In section 2, we present
the mathematical formulation and the optimization procedure
for computing the equilibrium composition profiles in ally
nanocrystals. Section 3 is devoted to the composition maps in
coherent nanocrystals, while composition maps in dislocated
nanocrystals are briefly illustrated in section 4. In section 5, we
summarize the key results of our work.

2. Mathematical formulation for equilibrium composition
profiles in alloy nanocrystals

For an AB alloy nanocrystal grown epitaxially on a sub-
strate of species A, the total free energy E of the quantum
dot-substrate system can be written as E = Ech + Eel + Es,
where Ech is the chemical free energy of the alloy components
in the nanocrystals, Eel is the elastic strain energy due to the lat-
tice mismatch between the quantum dot and the substrate, and
Es is the surface energy cost involved in the formation of the
nanocrystal. In the epitaxially mismatched alloy systems, elas-
tic fields tend to favor segregation of the alloy component with
larger (smaller) lattice constant near more tensile (compressive)
regions in the crystal. On the other hand, the thermodynamic
mixing free energy (which depends on temperature) can pre-
vent the decomposition of the alloy. In equilibrium, for a given
shape of the crystal, the composition profiles are determined by
the competition between these two contributions.

In general, the functional form of the thermodynamic mixing
free energy of the alloy, which includes both enthalpic and en-
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Figure 1: Influence of morphology on the equilibrium composition profiles in alloy nanocrystals [27]. (a) Composition profiles in axially symmetric
quantum dots of identical size, but with shallow (left) and steep side-walls (right). The steeper side-walls allow for larger strain relaxation resulting
in a greater degree of segregation of alloy components at the apex and in the periphery of the nanocrystal. The composition profiles are obtained
for F0 = −0.2 and with average composition c = 0.5. (b) The 3D rendering of the shapes of the quantum dots in (a) upon etching with a selective
chemical agent that dissolves regions of dot whose composition, c, exceeds 65%. The segregation indices (Eq. 4) for the steep and shallow dots
are 0.177 and 0.051, respectively.

tropic contributions, can be quite involved, although the latter
contribution dominates at high temperatures, favoring complete
mixing of the alloy components. In order to capture the key as-
pects of mixing effects, we write the chemical free energy of
the alloy nanocrystal as in our earlier work as

Ech =

∫

Vc

f (c) dV, (1)

where Vc is the volume of the crystal, c(x) is the mole fraction
(or composition) of the B-species in the alloy and the free en-
ergy density is taken to be f (c) = ∆F(T ) c + Fm(T ) c(1 − c).
Here, ∆F(T ) is the free energy difference between the phases
A and B while the temperature (T ) dependent parameter Fm(T )
determines stability of the alloy to phase separation. That is,
for Fm > 0 the alloy thermodynamics favors phase separation
into A and B components, while Fm < 0 results in complete
mixing of alloy components at any composition. For typical
semiconductor alloy systems such as SiGe and InGaAs, the co-
efficient Fm(T ) is obtained by fitting f (c) to the mixing energy
density, Ωc(1−c)+(kBT/va)

[
c log c + (1 − c) log(1 − c)

]
, where

the regular solution interaction parameter Ω is taken to be [23]
3.47 and 4.12 ×108 Joules/m3 for SiGe/Si and InGaAs/GaAs,
respectively and va is the atomic volume. Note that the contri-
bution to the total energy of the nanocrystal from the first term
in f (c) is ∆F(T )c̄Vc, where c̄ is the average composition in the
crystal. If the average composition is specified, this term is
independent of the composition profile in the crystal and there-
fore does not play a role in the determination of the equilibrium
distribution of alloy components. In the subsequent sections,
we will consider the composition profiles for both positive and
negative values of Fm, representative of the thermodynamics of
mixing at low and high temperatures, respectively.

In a nanocrystal strained due to the epitaxial mismatch with

the substrate, the regions near its sidewalls are in a relatively
relaxed state of strain compared to the core regions. While
the relaxation of mismatch strain substantially lowers elastic
energy in the nanostructure, it also results in a strained sub-
strate due to the coherent nature of the nanocrystal–substrate
interface. Furthermore, the dislocations at the interface also
cause additional elastic strain fields in the nanocrystal as well
as the substrate. Therefore, the elastic energy of the composite
nanocrystal-substrate system can be written as

Eel =
1
2

∫

Vc+Vs

Ci jkl(ε0
i j + εr

i j)(ε
0
kl + εr

kl) dV , (2)

where ε0
i j is the strain in the absence of relaxation due to side-

walls or free surfaces, while εr
i j is the relaxation strain. ε0

i j has
the contributions from composition-dependent mismatch strain
and the strain fields due to dislocations, and can be written as
ε0

i j = εmc(x)δi j + εd
i j. Here εm is the equi-biaxial mismatch

strain arising due to the difference in the lattice constants of
the two species, and εd

i j is the strain field due to dislocations in
an isotropic linear elastic full space. In our calculations, the is-
land and the substrate are assumed to be isotropic linear elastic
materials with an identical elasticity tensor Ci jkl.

While it is relatively straightforward to compute the strain in
the absence of any relaxation due to sidewalls or free surfaces
of the nanocrystal (i.e. ε0

i j), computing relaxation strain εr
i j is

quite complicated due to the strong coupling between the relax-
ation and the shape of the nanocrystal. We have therefore nu-
merically obtained the elastic fields using finite element meth-
ods (Fig. 2) by treating the composition-dependent mismatch
strain and the strain due to dislocations as the initial strain in an
infinitely large solid. At the same time, traction-free boundary
conditions are imposed on the free surfaces of the nanocrystal
and the substrate. The relaxation strain εr

i j, thus computed, ac-
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Figure 2: The finite element mesh used for the computation of the elas-
tic fields for a coherent, axially symmetric quantum dot crystal. The
volume of the substrate used in the calculations is three orders of mag-
nitude larger than the volume of the quantum dot, so that finite-size
effects are negligible.

counts for both the correction to the field of dislocation in an
infinite solid and the strain relaxation due to shape as well as
from variations in composition. For accurate computation of
elastic fields, a non-uniform meshing scheme is employed with
greater mesh density in the regions of high stress concentration
such as the peripheral regions of the nanocrystal near the base
(Fig. 2) and the dislocation cores.

For a given shape and size of the nanocrystal, the equilibrium
composition profiles are determined by minimizing the sum of
the chemical (Eq. 1) and elastic (Eq. 2) energies with respect
to local composition c(x) while constraining the average com-
position within the nanocrystal. For this non-linear constrained
optimization problem, we use a sequential quadratic program-
ming method [31]. The gradients of the energy function and the
constraints required for the optimization method are computed
numerically. This numerical optimization method is quite ro-
bust and along with accurate computation of elastic fields using
finite element methods, it allows us to determine the equilib-
rium composition profiles for any shape. With this method, the
approximations in computing the elastic fields such as assum-
ing small slopes of the nanocrystal sidewalls [23] or using the
elastic fields of a dislocation at the center of a cylinder [21], are

therefore not necessary. Next, we describe in detail the com-
position maps in coherent nanocrystals with various shapes ob-
served in experiments.

3. Composition maps in coherent nanocrystals

3.1. Influence of nanocrystal morphology on composition maps

The role of shape on the distribution of the alloy components
is first considered for the case of cone-shaped coherentquantum
dot nanocrystals shown in Fig. 1. The composition profiles in
these dots depend only on three parameters, namely, the average
composition c̄, the sidewall angle θ and the ratio of the chemical
and elastic energy densities, F0 = Fm/(Mε2

m), where M is the
biaxial modulus. This observation follows from the fact that the
chemical and the elastic energies (Eqs. 1 and 2) scale linearly
with the volume of the coherent nanocrystal which allows us to
write their sum in the form

Ech + Eel = Mε2
mVc Ŵ(c, θ, F0), (3)

where Ŵ is a dimensionless function. Since this function does
not depend on size, the equilibrium composition profile in a
“faceted” quantum dot with a given sidewall angle θ is inde-
pendent of its volume, Vc.

The equilibrium composition profiles in 50-50 alloy quantum
dots with sidewall angles of 15◦and 45◦are shown in Fig. 1(a).
Here, we have taken Fm = −0.2 Mε2

m, so that alloy thermody-
namics favors complete mixing. However, strain leads to seg-
regation of the larger alloy component (B) at the apex while the
corners of the dot near the substrate are enriched in the other
component (A). The degree of decomposition depends on the
shape—segregation of the alloy components at the apex and at
the periphery is much larger in the steeper dot. The 50% iso-
composition profile in this case is located nearly half way be-
tween the substrate and the apex of the dot, while this profile
in the shallower case lies between the axis of symmetry and
the periphery of the dot. Furthermore, the isocomposition pro-
files that lie above the substrate in the steeper dot develop a
“cusp” at the axis of symmetry. This feature, which is absent in
the shallower dot, should be observed by etching the structures
with a selective chemical agent that removes material above a
threshold level of composition. The 65% isocomposition sur-
face profiles given in Fig. 1(b) for the two cases show very dis-
tinct shapes—the steeper dot develops a nearly flat top with a
‘dimple’ along its symmetry axis, whereas a deep pit is formed
in the shallower dot. Similar features of etched surfaces have
been observed in dome and pyramid shapes SiGe quantum dots,
respectively [12, 13, 15, 16]. However, kinetic effects, for ex-
ample the smaller diffusion length of Ge compared to Si can
also possibly give similar shapes upon selective etching [16].
Further experiments that consider the surface profiles as a func-
tion of annealing time are needed to determine if the measure-
ments correspond to equilibrium predictions.

3.2. Compositional phase diagrams

Strain-induced alloy segregation in coherent nanocrystals
can be analyzed in a quantitative manner by considering the
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Figure 3: Compositional phase diagram showing degree of segregation,
Φ as a function of the parameter F0 and the shape of the quantum
dot crystal represented by the angle of side-walls, θ. Even when the
thermodynamic mixing energy favors mixing (F0 < 0), the relaxation
of strain for quantum dots with steep side-walls results in the alloy
segregation within the quantum dot. Similarly, when thermodynam-
ics favors phase separation (F0 > 0), complete decomposition is not
observed. The average composition of the quantum dot c is 0.5.

segregation index Φ, which we define as

Φ(F0, θ) =
4
Vc

∫

Vc

(c(x) − c)2 dV . (4)

For a 50-50 alloy nanocrystal, the alloy components are com-
pletely mixed (i.e. c(x) = 0.5 everywhere) when Φ = 0, while
Φ = 1 corresponds to complete alloy decomposition. The com-
puted level curves of the segregation index are plotted in Fig. 2
as a function of the ratio F0 and the facet angle, θ and segrega-
tion indices for InGaS and SiGe quantum dots at typical growth
temperatures are given in Table 1. As anticipated, the segre-
gation index increases with increasing θ, but complete segrega-
tion of the alloy components is not achieved even when alloy
thermodynamics favors phase separation (F0 > 0). Similarly,
complete mixing is only seen for very shallow structures when
F0 is sufficiently negative.

To understand why complete segregation is not observed
when thermodynamics favors alloy decomposition (F0 > 0),
we consider the elastic energy of a nominally flat 50-50 alloy

InGaAs/GaAs SiGe/Si

T Mε2
m Fm Φ(30◦) Mε2

m Fm Φ(30◦)

400 ◦C 4.86 -0.80 0.151 2.82 -3.00 0.021

600 ◦C 4.86 -1.91 0.075 2.82 -4.90 0.010

Table 1: Segregation index for InGaAs/GaAs and SiGe/Si quantum dots with
sidewall angles of 30◦. The strain energy density, Mε2

m and the coefficient of
the mixing energy,[? ] Fm are in given units of 108Joules/m3. The table shows
that the degree of decomposition is considerably greater in InGaAs nanocrystals
compared to SiGe crystals at typical growth temperatures.

film in two extreme cases: a) when the composition in the film
is uniform and b) the film is completely phase separated (refer
to Fig. 3). In the former case, the elastic energy per unit vol-
ume of the film is Mε2

m/4, while in the latter case it is Mε2
m/2.

Clearly, because of the quadratic scaling of the strain energy
density with the composition dependent mismatch strain, cεm,
a completely mixed alloy film has lower elastic energy than
a phase separated film. Therefore, in the absence of in-plane
strain relaxation, the elastic contribution to the total free energy
always favors uniform composition even when alloy thermody-
namics favors decomposition. Phase separation cannot occur
unless the energetic gain from thermodynamics is sufficiently
large, or when the condition Fm > Mε2

m is satisfied. Extending
this argument to the case of nanocrystals whose shapes allow
for strain relaxation, one can see that complete phase separa-
tion can only be achieved when the parameter, F0 is sufficiently
large. Next, we show that strain-induced segregation in quan-
tum dot crystals can substantially reduce the critical size for
transition between the shapes with different facets.

3.3. Role of composition maps in shape transitions in
nanocrystals

It is well known that with increasing size, shallow SiGe
and InGaAs quantum dot crystals transform to steeper domes
[4, 5, 28, 29, 30], as strain can be more efficiently relaxed in
the latter case. The critical volume for shape transition de-
pends on the surface energies of the facets and the nominally
flat film, which, in general, can all be different from each other.
However, the key features of this transition can be studied by
assuming that all the surface energies involved are equal [32].
In this case, for dots with uniform composition, shape transi-
tions occur at a size when the gain in the elastic energy ob-
tained by the formation of the steeper dots offsets the cost of
forming the sidewall surfaces. However, if the decomposition
of the alloy is permitted, one can see that steeper dots allow for
even larger reduction of the elastic energy as the alloy compo-
nents can redistribute themselves more readily to strain-relaxed
regions (Fig. 1). Using the dimensionless function Ŵ (Eq. 3)
obtained from our optimization procedure, the total energy of
an alloy dot can then be expressed as

E = Mε2
mVc Ŵ(c, θ, F0) + γV2/3

c Γ̂(θ) , (5)

c = 0.5

substrate

c = 0

substrate

c = 1

(a) (b)

Figure 4: Schematic of an epitaxial lattice mismatched film of uniform
thickness with (a) uniform composition (c = 0.5) and (b) complete al-
loy decomposition into individual components. Elastic energy is lower
for the former configuration due to quadratic scaling of the strain en-
ergy density with the composition dependent mismatch strain, cεm.
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Figure 6: Equilibrium composition profiles in ax-
isymmetric quantum dot crystals with (a) “dome”
shape, the angles of the side-walls being 30o and
15o, and (b) a truncated-cone shape with a sidewall
angle of 30o. While the composition profiles are
similar near the base, larger strain relaxation in the
regions near the corners results in a greater segrega-
tion in the apex of the dome-shaped crystals. The
composition profiles are obtained for F0 = −0.2
and the average composition is c = 0.5.
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Figure 5: Variation of the energy per unit volume for quantum dot crys-
tals with shallow and steep side-walls (θ = 15◦and θ = 45◦, respec-
tively) as a function of their size (normalized by the characteristic vol-
ume, V0 = [γ/(Mε2

m)]3. The total energy of the decomposed dots (dot-
ted lines) is lower than the energy of dots with uniform composition,
c = 0.5 (bold lines). However, the reduction in the energy is greater for
the steeper dot, resulting in smaller critical size for transition in shape.
The surface energies for shallow and steep side-walls are assumed to
be identical and the mixing parameter F0 = −0.2.

where the surface energy, γ, is assumed to be independent of
the facet angle, θ and

Γ̂(θ) = π
( 3
π tan(θ)

)2/3( √
1 + tan2(θ) − 1

)
. (6)

A plot of the energy per unit volume of decomposed dots in
Fig. 4 (for F0 = −0.2) shows that the volume to transition from
a sidewall angle of 15◦ to 45◦ reduces by nearly 30% relative
to the transformation volume of the to the dots with uniform
composition.

3.4. Composition maps in faceted and Gaussian-shaped
nanocrystals

In equilibrium, SiGe and InGaAs nanocrystals can also
adopt shapes that consists of two or more facet orientations

[4, 5, 28, 29, 30]. The computed equilibrium composition maps
in such dome and truncated-pyramid shaped quantum dot crys-
tals are shown in Fig. 5. A distinguishing feature of these dots
is the intricate pattern of isocomposition profiles that can be at-
tributed to the presence of “corners” formed by the intersection
of different facets. Since such corners allow for relaxation of
mismatch strain, the free energy can be lowered by segregation
of the larger alloy component in these regions. The number of
extrema in the composition maps can therefore be directly cor-
related to the occurrences of facet intersections in the dot shape.
The composition profiles in the regions close to the periphery
of the base, however, are similar to the corresponding profiles
in cone-shaped quantum dot in Fig. 1.

Finally, we consider the equilibrium composition profiles in
Gaussian “pre-pyramid” quantum dots whose mean curvature
varies in a non-monotonous manner from the apex to the base.
Such shapes are typically observed in early stages of growth of
the nanocrystals [6]. The composition maps in two such dots
of identical size but with different aspect ratios (the ratio of the
height to the base width) are shown in Fig. 7. In both cases,
a local extremum in composition is seen close the point of in-
flection as a result of the competition between elastic and cap-
illary effects—the former favors segregation of the B atoms in
convex regions, while the latter tends to move these atoms to
concave regions. A balance of these effects close to the points
of inflection leads to the observed equilibrium profiles with ex-
trema at the surface of the dot. As in the case of the faceted
islands (Fig. 1), the degree of decomposition is greater in the
steeper dot as evidenced by the location of the 50% isocompo-
sition line—for the steeper dot it is located above the substrate,
while it is closer to the axis of symmetry in the case of the shal-
lower dot. In this regard, the profiles obtained by computing
strain fields by assuming small surface slopes[23] are differ-
ent even from the profiles for the shallow dot in Fig. 7 whose
height to width ratio is only 0.23. While 50% isocomposition
line obtained in the small-slope limit is vertical and is located
nearly mid-way between the axis of symmetry and the edge of
the dot, this line in Fig. 7(a) is curved and is closer to the axis
of symmetry, indicating that the composition profiles are very
sensitive to the strain fields in the crystals.

The discussion so far was focused on the competition be-
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Figure 7: Equilibrium composition profiles in ax-
isymmetric Gaussian pre-pyramid quantum dot
nanocrystal (a) with aspect ratio (ratio of the height
to width) of 0.12, and (b) with larger aspect ratio of
0.39. In the shape with smaller aspect ratio (part a),
the regions near the base are considerably mixed,
while the central region forming the core is rich in
species B. Due to greater strain relaxation in the
shape with larger aspect ratio (part b), species B
segregates largely near the apex leaving the core
regions near the base rich in species A. The com-
position profiles are obtained for F0 = −0.2 and the
average composition is c = 0.5.

tween the thermodynamic mixing and the strain relaxation in
coherent alloy nanocrystals in controlling the composition vari-
ations in nanocrystals. However, as nanocrystals grow to a large
size, nucleation of dislocations at the nanocrystal–substrate in-
terface can provide a mechanism to lower the increased strain
energy. Next, we briefly describe how the interplay between the
elastic fields of interface dislocations and the alloy thermody-
namics can influence the composition maps in alloy nanocrys-
tals.

4. Composition maps in dislocated nanocrystals

First we consider a nanocrystal with interface dislocations
as a model system to understand the composition distribution
in large SiGe and InGaAs quantum dots. These nanocrystals
have been observed to have a tree-ring dislocation structure
at the nanocrystal–substrate interface [19, 20]. While dislo-
cated nanocrystals usually have dome or truncated dome like
shapes, our earlier analysis (Figs. 1 and 6) shows that the com-
position profiles in the dome-shaped quantum dots are quali-
tatively similar to the profiles in the conical dots except in the
near-corner regions. We therefore consider a simple case of
triangular-shaped quantum dot with two interface edge disloca-
tions in plane strain condition [33] as shown in Fig. 8. The size
of the quantum dot is chosen to be such that the formation of
dislocations is indeed energetically favorable.

As in the previous cases of composition maps in coherent
nanocrystals, first we focus on the case where Fm = −0.2 Mε2

m
to compare the competing influences of strain field due to dislo-
cations and due to elastic mismatch. We use the parameters that
are typical to the SiGe system, namely, Burger’s vector b = 0.39
nm and the mismatch strain εm = 0.042. Fig. 8 shows the dis-
tribution of alloy components in a dislocated quantum dot. For
a comparison, we have also shown the equilibrium composi-
tion profiles in a coherent dot of same size and shape. The
composition profiles in the dislocated dot are characterized by
a relatively mixed apex region and the strong localization of
the larger alloy component near the dislocation core. This can
be attributed to the fact that the dislocations reduce the overall
strain in the dot which makes the segregation-driving effects of

strain relaxation less dominant. However, the strain in small
regions near the dislocation core is largely tensile, thereby in-
ducing a localized segregation of the larger alloy component
which relaxes the tensile strain. Nevertheless, a small region
near the apex of the dot remains richer in one component as
confirmed by experiments where enrichment of Ge is observed
in Si1−xGex dislocated quantum dots [22].

Next, we consider how the mixing energy parameter F0

in Eq. (3) influences the composition profiles in dislocated
nanocrystals. Fig. 9 presents the composition profiles in a
triangular-shaped quantum dot with four interface edge dislo-
cations computed for three different values of the parameter F0.
Fig. 9(a) with F0 = −1.06, which is typical for SiGe system
at the growth temperature 400 ◦C, shows that the components
are well-mixed in a large portion of the dot. However, as F0

increases (or as the temperature decreases), the alloy segrega-
tion also increases as evident from the Figs. 9(b) and 9(c). This
behavior is essentially consistent to the compositional phase di-
agram for coherent nanocrystals shown in Fig. 3, except in the
fact that the regions near the dislocation cores remain enriched
with larger alloy component even at high growth temperatures.
As the parameter F0 increases (or as the growth temperature
reduces), the energy gain due to strain relaxation more than
offsets the mixing energy cost due to alloy segregation, result-
ing in a strain-relaxed crystal with segregated composition pro-
files. This suggests that nanocrystals grown at low temperatures
can actually be more relaxed compared to the crystals grown at
higher temperatures as observed in dislocated Ge/Si(001) is-
lands [34]. However, slow kinetics of growth—especially at
low growth temperatures—can limit the degree of alloy segre-
gation that can be achieved.

A close comparison of Figs. 8(b) and 9(b) also shows the ef-
fect of introducing more dislocations on composition profiles.
With more dislocations, the strain in the nanocrystal can be ef-
fectively relaxed resulting in a relatively uniformly mixed dis-
tribution of alloy components. However, dislocations can only
be nucleated as a result of increased strain in the nanocrystal as
it grows, which in turn can stabilize steeper facets and drive the
segregation of alloy components as we have seen earlier. There-
fore, in situations where the growth is close to equilibrium,
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Figure 8: Equilibrium composition profiles in a co-
herent (a) and dislocated nanocrystal (b) of the same
size and shape. The composition profiles are signifi-
cantly altered in the presence of interface edge dislo-
cations with a considerable mixing of alloy compo-
nents near the apex and a localized segregation near
the dislocation cores. The base width of islands is 50
nm and the side wall angle θ is 45◦. The composition
profiles are obtained for a misfit strain εm = 0.042,
F0 = −0.2 and the average composition of c = 0.5.
The dislocations, with Burger’s vector |b| = 0.39 nm,
are located midway from the core of the quantum dot
towards its periphery.

along with oscillations in shape [19], the composition profiles
can be expected to alternate between relatively uniform profiles
after nucleation of a dislocation and the segregated profiles as
the nucleation of subsequent dislocation becomes eminent.

5. Summary

To summarize, we have developed an efficient method to
compute composition maps in strained alloy quantum dots and
nanocrystals. We have shown that the composition profiles
depend strongly on the slopes and curvatures of the surfaces
of these structures as well as the presence of other geomet-
ric features such as corners and edges. In the case of dis-
located nanocrystals, the coupling between strain field due to
dislocations and due to the composition-dependent mismatch
can lead to significant transformation in the composition pro-
files compared to the coherent nanocrystals. Our approach pro-
vides a means to rigorously study the interdependence of the
shape, strain, and composition in the lattice mismatched sys-
tems and can help interpret the measured composition profiles.
The method can therefore be employed to analyze composi-
tional patterning in small scale structures such as nanowires
[35], nanorings [36], nanotrees [37], quantum fortresses [38],
quantum posts [39], and quantum dot molecules [40].

The next step in the analysis of such structures is to extend
our method to include the dynamics of compositional patterns
under non-equilibrium growth conditions. If the composition
maps obtained using this approach are coupled with electronic
structure calculations, a complete in silico characterization of
the devices from growth to final performance can be achieved.
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