
International Journal of Solids and Structures xxx (2015) xxx–xxx
Contents lists available at ScienceDirect

International Journal of Solids and Structures

journal homepage: www.elsevier .com/locate / i jsols t r
Instabilities in thin films on hyperelastic substrates by 3D finite
elements
http://dx.doi.org/10.1016/j.ijsolstr.2015.06.007
0020-7683/� 2015 Elsevier Ltd. All rights reserved.

⇑ Corresponding author at: Laboratoire d’Etude des Microstructures et de
Mécanique des Matériaux, LEM3, UMR CNRS 7239, Université de Lorraine, Ile du
Saulcy, 57045 Metz Cedex 01, France.

E-mail address: fan.xu@univ-lorraine.fr (F. Xu).

Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hyperelastic substrates by 3D finite elements. Int. J. Solids Struct. (2015)
dx.doi.org/10.1016/j.ijsolstr.2015.06.007
Fan Xu a,b,⇑, Yao Koutsawa b, Michel Potier-Ferry a, Salim Belouettar b

a Laboratoire d’Etude des Microstructures et de Mécanique des Matériaux, LEM3, UMR CNRS 7239, Université de Lorraine, Ile du Saulcy, 57045 Metz Cedex 01, France
b Luxembourg Institute of Science and Technology (LIST), 5 avenue des Hauts-Fourneaux, L-4362 Esch-sur-Alzette, Luxembourg

a r t i c l e i n f o a b s t r a c t
Article history:
Received 12 February 2015
Received in revised form 22 April 2015
Available online xxxx

Keywords:
Wrinkling
Post-buckling
Bifurcation
Neo-Hookean hyperelasticity
Path-following technique
Automatic Differentiation
Spatial pattern formation in thin films on rubberlike compliant substrates is investigated based on a fully
nonlinear 3D finite element model, associating nonlinear shell formulation for the film and finite strain
hyperelasticity for the substrate. The model incorporates Asymptotic Numerical Method (ANM) as a
robust path-following technique to predict a sequence of secondary bifurcations on their post-buckling
evolution path. Automatic Differentiation (AD) is employed to improve the ease of the ANM implemen-
tation through an operator overloading, which allows one to introduce various potential energy functions
of hyperelasticity in quite a simple way. Typical post-buckling patterns include sinusoidal and checker-
board, with possible spatial modulations, localizations and boundary effects. The proposed finite element
procedure allows accurately describing these bifurcation portraits by taking into account various finite
strain hyperelastic laws from the quantitative standpoint. The occurrence and evolution of 3D instability
modes including fold-like patterns will be highlighted. The need of finite strain modeling is also discussed
according to the stiffness ratio of Young’s modulus.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Broad interests on surface morphological instabilities of stiff
thin layers attached on soft substrates have motivated a large num-
ber of research studies over the last decade (Bowden et al., 1998;
Efimenko et al., 2005; Rogers et al., 2010; Brau et al., 2011; Stoop
et al., 2015). Several theoretical, numerical and experimental works
have been devoted to stability analyses in order to determine the
critical conditions of instability and the corresponding wrinkling
patterns (Chen and Hutchinson, 2004; Huang et al., 2004, 2005;
Huang and Im, 2006; Wang et al., 2008; Song et al., 2008; Audoly
and Boudaoud, 2008a,b,c). In particular, there are several analytical
solutions of models linearized from homogeneous finite deforma-
tion, in the case of half-spaces (Hayes and Rivlin, 1961; Dowaikh
and Ogden, 1990; Shield et al., 1994) and film/substrate systems
(Steigmann and Ogden, 1997; Cai and Fu, 1999, 2000). Although
linear perturbation analyses can predict the wavelength at the
initial stage of instability threshold, determination of the post-
bifurcation response and the mode transition of surface wrinkles
really requires nonlinear buckling analyses. During post-buckling,
the wrinkle wavelength and amplitude will vary with respect to
externally applied compressive load. Due to its well-known diffi-
culty, most post-buckling analyses have resorted to numerical
approaches since only a limited number of exact analytical solu-
tions can be obtained in very simple or simplified cases.

Nevertheless, surface instability of stiff layers on soft materials
usually involves strong geometrical nonlinearities, large rotations,
large displacements, large deformations, loading path dependence,
multiple symmetry-breakings, nonlinear constitutive relations,
localizations and other complexities, which makes the numerical
resolution quite difficult. The morphological post-buckling evolu-
tion and mode shape transition beyond the critical load are incred-
ibly complicated, especially in 3D cases, and conventional
numerical methods have difficulties in predicting the post-
bifurcation response on their complex evolution paths. Reliable
and robust numerical techniques are in strong demand for
post-buckling response of film/substrate system, especially for
predicting and tracing the surface mode transition.

In most of early studies, the 2D or 3D spatial problem of film/
substrate is often discretized by either spectral method or Fast
Fourier Transform (FFT) algorithm, which is fairly computationally
inexpensive but prescribes periodic boundary conditions and sim-
ple geometries. Moreover, within the spectral or FFT framework, it
is rather difficult to describe localized behavior that often occurs in
soft matters such as folding, creasing and ridging. Recent efforts
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have been devoted to 2D plane strain study of such localizations by
using finite element methods (Cao and Hutchinson, 2012a,b; Cao
et al., 2012; Sun et al., 2012; Zang et al., 2012; Xu et al., 2015),
which is more computationally expensive but more flexible to
describe complex geometries and general boundary conditions,
and allows using commercial computer codes. Localizations are
often caused by stress concentration due to the real boundary
and loading conditions or by symmetry-breakings due to substrate
nonlinearity, and finite element modeling is a good way to capture
such localized behavior.

The previous works of Xu et al. (2014, 2015) propose a whole
numerical framework to study surface wrinkling of thin films
bound to soft substrates, through applying advanced numerical
methods for bifurcation analyses to typical cases of film/substrate
systems and focusing on the post-buckling evolution involving
multiple bifurcations, for the first time addressing the
post-bifurcation response of film/substrate systems from the quan-
titative standpoint. The stiff thin film undergoing moderately large
deflections is described by either nonlinear shell formulation or
Föppl–von Kármán nonlinear approximation, while the substrate
is limited to be small strain linear elasticity. These assumptions
make sense in the case of a large stiffness ratio Ef =Es in the range

Oð104Þ � Oð105Þ; Ef and Es being Young’s modulus of the film and
the substrate, respectively. In this range, critical strains are very
small and thus the linear elastic framework is relevant (Chen and
Hutchinson, 2004). In this framework, the occurrence and
post-buckling evolution of several typical 2D or 3D wrinkling
modes like sinusoidal, checkerboard and herringbone were thor-
oughly investigated (Xu et al., 2014, 2015; Xu, 2014). Some recent
studies consider much softer films made of polymeric materials
(Brau et al., 2011; Cao and Hutchinson, 2012a; Yin et al., 2012),
typically with a stiffness ratio Ef =Es in the range Oð1Þ � Oð10Þ,
where the critical strain could be relatively large in the substrate,
especially in the vicinity of the interface and the small strain
framework is no more appropriate. Moreover, some instability
modes caused by symmetry-breakings require the nonlinearity of
the substrate to be taken into account. Therefore, finite strain mod-
els such as neo-Hookean hyperelasticity should be considered for
the substrate (Hutchinson, 2013). In this paper, hyperelastic sub-
strates will be employed and the resulting responses will be com-
pared with the assumption of linear elastic substrates that are
chosen in many papers (Chen and Hutchinson, 2004; Audoly and
Boudaoud, 2008a; Xu et al., 2014, 2015).

This paper aims at studying the occurrence and evolution of 3D
instability patterns through applying advanced numerical meth-
ods. Spatial pattern formation of film/substrate is investigated
based on a fully nonlinear 3D finite element model associating
finite strain hyperelasticity for the substrate and geometrically
nonlinear shell formulation for the film. The model incorporates
Asymptotic Numerical Method (ANM) (Damil and Potier-Ferry,
1990; Cochelin et al., 1994, 2007; Cochelin, 1994) as a robust
path-following technique to predict a sequence of secondary bifur-
cations on their post-buckling evolution path as the load is
increased. The tracing of post-bifurcation response is an important
and difficult numerical problem. The ANM gives interactive access
to semi-analytical equilibrium branches, which offers considerable
advantage of reliability compared with classical iterative algo-
rithms. The underlying principle of the ANM is to build up the non-
linear solution branch in the form of relatively high order
truncated power series. The resulting series are then introduced
into the nonlinear problem, which helps to transform it into a
sequence of linear problems that can be solved numerically. By
taking the advantage of the local polynomial approximations of
the branch within each step, the algorithm is remarkably robust
and fully automatic. Furthermore, unlike incremental-iterative
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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methods, the arc-length step size in the ANM is fully adaptive since
it is determined a posteriori by the algorithm. A small radius of con-
vergence and step accumulation appear around the bifurcation and
imply its presence.

The implementation of the ANM can be cumbersome and not
straightforward when dealing with some complex potential func-
tions such as hyperelasticity (Nezamabadi et al., 2011) or discontin-
uous nanoscale problems (Cong et al., 2014). To facilitate the
computing of the asymptotic coefficients of Taylor series,
Automatic Differentiation (AD) techniques (Griewank, 2000) have
been proposed to compute high order derivatives of constitutive
laws (Koutsawa et al., 2008; Charpentier and Potier-Ferry, 2008;
Lejeune et al., 2012, 2013). The AD techniques can significantly
improve the ease of the ANM implementation through an operator
overloading (Koutsawa et al., 2008; Charpentier and Potier-Ferry,
2008), which allows one to introduce various potential energy func-
tions of hyperelastic laws in a rather simple and efficient manner.

This paper explores the occurrence and post-buckling evolution
of 3D instability modes from the quantitative standpoint in greater
depth. The paper is outlined as follows. In Section 2, a nonlinear 3D
film/substrate model is developed, by accounting for finite strain
hyperelasticity for the substrate. Then in Section 3, the resulting
nonlinear problem is reformulated by the ANM algorithm as a per-
turbation technique and AD techniques are performed to facilitate
the ANM implementation. Results and discussions are provided in
Section 4, including the onset and evolution of folded modes under
different loading and boundary conditions. Comparisons between
finite strain models and linear elastic models with respect to differ-
ent stiffness ranges of Young’s modulus are investigated.
Conclusions are reported in Section 5.
2. 3D model

We consider an elastic thin film bonded to a hyperelastic sub-
strate, which can buckle under compression. Upon wrinkling, the
film elastically buckles to relax the compressive stress and the sub-
strate concurrently deforms to maintain perfect bonding at the
interface. In the post-buckling stage, the film undergoes large rota-
tions and large displacements but the strain can be small. In this
case, it is reasonable to assume the film as linear elastic materials.
Therefore, in the following, the elastic potential energy of the film
is considered in the framework of Hookean elasticity. However,
when the wrinkling amplitude is large, the strain of the substrate
in the vicinity of the interface can be large. Recent studies have
revealed that the nonlinearity of the substrate leads to
symmetry-breakings and affects the mode shape when the slopes
of the film increase (Li et al., 2011; Cao and Hutchinson, 2012a;
Sun et al., 2012; Zang et al., 2012; Stoop et al., 2015). Hence, it is
preferred to apply hyperelastic material formulations to deal with
the substrate. Besides, in practice, the substrate made of rubberlike
materials such as elastomers often undergoes finite deformations
without tearing and with almost instantaneously recoverable
strains. To model such rubberlike substrate, linear elasticity theory
is no more appropriate and hyperelastic constitutive laws have to
be considered.

The film/substrate system is considered to be three-dimensional
and the geometry is as shown in Fig. 1. Let x and y be in-plane coor-
dinates, while z is the direction perpendicular to the mean plane of
the film/substrate. The width and length of the system are denoted
by Lx and Ly, respectively. The parameters hf ;hs and ht represent,
respectively, the thickness of the film, the substrate and the total
thickness of the system. Young’s modulus and Poisson’s ratio of
the film are respectively denoted by Ef and mf , while Es and ms are
the corresponding material properties for the substrate.
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 1. Geometry of film/substrate system.

F. Xu et al. / International Journal of Solids and Structures xxx (2015) xxx–xxx 3
2.1. Nonlinear hyperelasticity for the substrate

Generally, the mechanical response of hyperelastic materials is
described by strain energy potential function, W, to fit the particu-
lar material. This function is a continuous scalar-valued function
and is given in terms of the deformation gradient tensor,
F ¼ ruþ I (u being the displacement field and I being the
second-order identity tensor), or some strain tensors, W ¼ WðFÞ.
In this paper, we limit the strain energy function to isotropic
behavior throughout the deformation history. Isotropic hyperelas-
tic materials can be expressed as a function of strain invariants of
the right symmetric Cauchy–Green tensor, C ¼ tF � F. Therefore, the
strain energy potential can be formulated as

W ¼ WðCÞ ¼ W I1; I2; I3ð Þ; ð1Þ

in which

I1 ¼ trðCÞ; ð2Þ

I2 ¼
1
2

trðCÞð Þ2 � trðC2Þ
h i

; ð3Þ

I3 ¼ detðCÞ ¼ detðFÞ½ �2 ¼ J2: ð4Þ

One can obtain the derivatives of invariants with respect to C as
follows:

@I1

@C
¼ @½trðCÞ�

@C
¼ I; ð5Þ

@I2

@C
¼ 1

2
2trðCÞI� @½trðC2Þ�

@C

" #
¼ I1I� C; ð6Þ

@I3

@C
¼ @J2

@C
¼ I3C�1: ð7Þ

Thus, the second Piola–Kirchhoff stress tensor can be expressed as

S ¼ 2
@W
@C
¼ 2

@W
@I1

@I1

@C
þ @W
@I2

@I2

@C
þ @W
@I3

@I3

@C

� �
¼ 2

@W
@I1
þ I1

@W
@I2

� �
I� @W

@I2
Cþ I3

@W
@I3

C�1
� �

: ð8Þ

Several forms of the strain energy function have been proposed
in the literature to represent the isotropic hyperelastic material
behavior. The most popular one used in the literature is the
Ogden model for modeling rubberlike materials. The compressible
Ogden constitutive law Ogden, 1984 is described in function of the
eigenvalues ki ði ¼ 1;2;3Þ of the right Cauchy–Green tensor C as
follows:

W ¼
XN

i¼1

li

ai
kai=2

1 þ kai=2
2 þ kai=2

3 � 3
� �

þ
XN

i¼1

li

aibi
J�aibi � 1
� �

; ð9Þ

where N is a material constant, and li;ai and bi are
temperature-dependent material parameters.
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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The Mooney–Rivlin model and neo-Hookean form can be
obtained as a particular case of the Ogden model (see Holzapfel,
2000). The compressible form of the Mooney–Rivlin reads

W ¼ c J � 1ð Þ2 � d logðJÞ þ c1 I1 � 3ð Þ þ c2 I2 � 3ð Þ; ð10Þ

where c and d are temperature-dependent material parameters, and
c1 ¼ l1=2 and c2 ¼ �l2=2 are material constants. By prescribing
that the reference configuration is stress-free, we can obtain
d ¼ 2ðc1 þ 2c2Þ. One can deduce the second Piola–Kirchhoff stress
tensor from Eqs. (8) and (10):

S ¼ 2 c1 þ c2I1ð ÞI� 2c2Cþ 2cJðJ � 1Þ � d½ �C�1: ð11Þ

The neo-Hookean model can be deduced from the strain energy of
Mooney–Rivlin (10) by taking c2 ¼ 0. Another version of the
neo-Hookean model, which is an extension of linear isotropic con-
stitutive law to large deformation, can be written as

W ¼ 1
2

k0 ln Jð Þ2 � l0 ln J þ 1
2
l0 I1 � 3ð Þ; ð12Þ

where k0 and l0 are Lamé’s material constants. The second Piola–
Kirchhoff stress tensor then reads

S ¼ k0 ln J � l0

� 	
C�1 þ l0I: ð13Þ

In this paper, the neo-Hookean law (13) will be chosen in the
numerical calculations as often performed in the recent literature
(Cao and Hutchinson, 2012a,b; Sun et al., 2012; Zang et al.,
2012), while other hyperelastic laws such as Mooney–Rivlin (11)
and Gent (1996) can also be straightforward implemented in our
modeling and later presented resolution strategy following the
same manner. In addition, 8-node linear block elements with
reduced integration are applied to discretize the substrate, with
totally 24 degrees of freedom per element.

2.2. Nonlinear shell formulation for the film

Challenges in the numerical modeling of such film/substrate
systems come from the large aspect ratio (Lx=hf P Oð102Þ;
Ly=hf P Oð102Þ) and the thickness difference (hs=hf P Oð10Þ),
which requires very fine mesh if employing 3D block elements
both for the film and for the substrate. Since finite rotations of mid-
dle surface and small strains are considered in the thin film, non-
linear shell formulations are quite suitable and efficient for
modeling. Hereby, a three-dimensional shell formulation proposed
by Büchter et al. (1994) is applied. It is based on a 7-parameter the-
ory including a linear varying thickness stretch as extra variable,
which allows applying a complete 3D constitutive law without
condensation. It is distinguished from classical shell models that
are usually based on degenerated constitutive relations (e.g.
Kirchhoff–Love, Reissner–Mindlin theories). It is also incorporated
via the enhanced assumed strain (EAS) concept proposed by Simo
and Rifai (1990) to improve the element performance and to avoid
locking phenomena such as Poisson thickness locking, shear lock-
ing or volume locking. This hybrid shell formulation can describe
large deformation problems such as hyperelasticity and has been
successively applied to nonlinear elastic thin-walled structures
such as cantilever beam, square plate, cylindrical roof and circular
deep arch (Zahrouni et al., 1999; Boutyour et al., 2004).

Geometry and kinematics of shell element are illustrated in
Fig. 2, where the position vectors are functions of curvilinear coor-
dinates ðh1; h2; h3Þ. The geometry description relies on the middle
surface coordinates h1 and h2 of the shell, while h3 represents the
coordinate in the thickness direction. The current configuration is
defined by the middle surface displacement and the relative dis-
placement between the middle and the upper surfaces. The large
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 2. Geometry and kinematics of shell.
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rotations are taken into account without any rotation matrix since
the current direction vector is obtained by adding a vector to one of
the initial configurations.

In the initial undeformed configuration, the position vector x
representing any point in the shell can be defined as

xðha; h3Þ ¼ rðhaÞ þ h3a3ðhaÞ; ð14Þ

where rðhaÞ ða ¼ 1;2Þ denotes the projection of x in the
middle surface and h3 describes its perpendicular direction with
h3 2 ½�hf =2;hf =2� in which hf is the reference thickness of shell.
The normal vector of middle surface is represented by a3 ¼ a1 � a2.

Similarly, in the current deformed configuration, we define the
position of point x by the vector x:

xðha; h3Þ ¼ rðhaÞ þ h3a3ðhaÞ; ð15Þ

where

r ¼ rþ v;
a3 ¼ a3 þw:



ð16Þ

Therefore, the displacement vector associated with an arbitrary
material point in the shell, linearly varies along the thickness
direction reads

uðha; h3Þ ¼ x� x ¼ vðhaÞ þ h3wðhaÞ: ð17Þ

Totally, six degrees of freedom can be distinguished in Eq. (17)
to describe the shell kinematics: three vector components related
to the translation of the middle surface (v1;v2;v3) and other three
components updating the direction vector (w1;w2;w3).

The Green–Lagrange strain tensor is used to describe geometri-
cal nonlinearity, which can be expressed in the covariant base:

c ¼ 1
2

gij � gij

� 	
gi � g j with i; j ¼ 1;2;3; ð18Þ

where gi are the contravariant base vectors, while gij ¼ gi � g j and

gij ¼ gi � g j respectively represent the components of covariant met-
ric tensor in the initial configuration and the deformed one (Büchter
et al., 1994).

The hybrid shell formulation is derived from a three-field vari-
ational principle based on the Hu-Washizu functional (Büchter
et al., 1994; Zahrouni et al., 1999). The stationary condition can
be written as

Pf u; ec; Sð Þ ¼
Z

Xf

tS : cu þ ecð Þ � 1
2

tS : D�1 : S

 �

dX� kPextðuÞ;

ð19Þ

where D is the elastic stiffness tensor. The unknowns are, respec-
tively, the displacement field u, the second Piola–Kirchhoff stress
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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tensor S and the compatible Green–Lagrange strain cu. The
enhanced assumed strain ec, satisfies the condition of orthogonality
with respect to the stress field. The work of external load is denoted
by PextðuÞ, while k is a scalar load parameter.

Concerning the enhanced assumed strain ec, classical shell kine-
matics requires the transversal strain field to be zero (c33 ¼ 0). In
reality, since 3D constitutive relations are concerned, this condition
is hardly satisfied due to Poisson effect, especially for bending dom-
inated cases. This phenomenon is commonly referred to as ‘‘Poisson
thickness locking’’. To remedy this issue, an enhanced assumed
strain ec contribution has been introduced in the shell formulation
(Büchter et al., 1994), acting across the shell thickness direction
and supplementing the compatible strain field cu. It describes the
linear variation of the thickness stretch or compression, and is
expressed with respect to the local curvilinear coordinates h3:

ec ¼ h3ec33g3 � g3 with ec33 ¼ ec33ðhaÞ; ð20Þ

and satisfies the condition of orthogonality with respect to the
stress field S:Z

Xf

tS : ec dX ¼ 0: ð21Þ

In this way, ‘‘spurious’’ transversal strains induced by Poisson effect
for bending dominated kinematics are balanced by the assumed
strain ec, which clears the ‘‘thickness locking’’ problem. This
approach is applied in this paper, since the associated finite element
is very efficient, especially for very thin shells (Zahrouni et al., 1999;
Boutyour et al., 2004).

A 8-node quadrilateral element with reduced integration is
used for the 7-parameter shell formulation. The enhanced assumed
strain ec does not require inter element continuity, neither con-
tribute to the total number of nodal degrees of freedom.
Therefore, it can be eliminated by condensation at the element
level, which preserves the formal structure of a 6-parameter shell
theory with totally 48 degrees of freedom per element.

2.3. Coupling between the film and the substrate

As the film is bonded to the substrate, the displacement should
be continuous at the interface. However, the shell elements for the
film and 3D block elements for the substrate cannot be simply
joined directly since they belong to dissimilar elements.
Therefore, additional incorporating constraint equations have to
be employed. Hereby, Lagrange multipliers are applied to couple
the corresponding nodal displacements in compatible meshes
between the film and the substrate (see Fig. 3). Note that using
8-node linear block element here is only for coupling convenience,
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 3. Sketch of coupling at the interface.

F. Xu et al. / International Journal of Solids and Structures xxx (2015) xxx–xxx 5
20-node quadratic block element would be another good candi-
date, while both of them follow the same coupling strategy.
Consequently, the stationary function of film/substrate system is
given in a Lagrangian form:

Lðuf ;us; ‘Þ ¼ Pf þ
Z

Xs

WdXþ
X

node i

‘i u�f ðiÞ � usðiÞ
h i

; ð22Þ

in which

u�f ðiÞ ¼ vðiÞ � hf

2
wðiÞ: ð23Þ

where the displacements of the film and the substrate are respec-
tively denoted as uf and us, while the Lagrange multipliers are rep-
resented by ‘. At the interface, the displacement continuity is
satisfied at the same nodes and connects the bottom surface of
the film (u�f ) and the top surface of the substrate. From Eq. (22),
three equations are obtained according to duf ; dus and d‘:

dPf þ
X

node i

‘idu�f ðiÞ ¼ 0;

d
Z

Xs

WdX�
X

node i

‘idusðiÞ ¼ 0;X
node i

d‘iu�f ðiÞ �
X

node i

d‘iusðiÞ ¼ 0:

8>>>>>>><>>>>>>>:
ð24Þ
3. Resolution techniques

Asymptotic Numerical Method (ANM) (Damil and Potier-Ferry,
1990; Cochelin et al., 1994, 2007; Cochelin, 1994) is applied to
solve the resulting nonlinear equations. The ANM is a
path-following technique that is based on a succession of high
order power series expansions (perturbation technique) with
respect to a well chosen path parameter, which appears as an effi-
cient continuation predictor without any corrector iteration.
Besides, one can get approximations of the solution path that are
very accurate inside the radius of convergence. In this paper, the
main interest of the ANM is its ability to trace the post-buckling
evolution and predict secondary bifurcations without any special
tool. Precisely, accumulation of small steps in the ANM is often
associated with the occurrence of a bifurcation (Xu, 2014; Xu
et al., 2014, 2015). Second, to facilitate the computing of the
asymptotic coefficients of Taylor series in quadratic forms,
Automatic Differentiation (AD) techniques (Griewank, 2000) are
employed. The AD techniques can significantly improve the ease
of the ANM implementation through an operator overloading
(Koutsawa et al., 2008; Charpentier and Potier-Ferry, 2008), which
allows one to consider various potential energy functions of hyper-
elastic laws in a rather simple and efficient manner.
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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3.1. Path-following technique

The resulting nonlinear problem (24) can be rewritten as

dLðuf ;us; ‘Þ ¼ R U; kð Þ; dUh i ¼ 0; ð25Þ

where U ¼ uf ;us; ‘
� 	

is a mixed vector of unknowns and R is the
residual vector. The external load parameter is denoted as a scalar
k. The principle of the ANM continuation consists in describing
the solution path by computing a succession of truncated power
series expansions. From a known solution point ðU0; k0Þ, the solu-
tion ðU; kÞ is expanded into truncated power series of a perturbation
parameter a:

UðaÞ ¼ U0 þ
Xn

p¼1

apUp;

kðaÞ ¼ k0 þ
Xn

p¼1

apkp;

8>>>><>>>>: ð26Þ

a ¼ u� u0;u1h i þ k� k0ð Þk1; ð27Þ

where n is the truncation order of the series. Eq. (27) defines the
path parameter a that can be identified to an arc-length parameter.
By introducing Eq. (26) into Eqs. (25) and (27), then equating the
terms at the same power of a, one can obtain a set of linear prob-
lems. More details of these procedures can be found in Cochelin
et al. (1994, 2007) and Xu et al. (2014, 2015).

The maximum value of the path parameter a should be auto-
matically defined by analyzing the convergence of the power series
at each step. The amax can be based on the difference of displace-
ments at two successive orders that must be smaller than a given
precision parameter d:

Validity range : amax ¼ d
u1k k
unk k

� �1=ðn�1Þ

; ð28Þ

where the notation �k k stands for the Euclidean norm. Unlike
incremental-iterative methods, the arc-length step size amax is adap-
tive since it is determined a posteriori by the algorithm. When there
is a bifurcation point on the solution path, the radius of convergence
is defined by the distance to the bifurcation. Thus, the step length
defined in Eq. (28) becomes smaller and smaller, which looks as if
the continuation process ‘‘knocks’’ against the bifurcation (Baguet
and Cochelin, 2003). This accumulation of small steps is a very good
indicator of the presence of a singularity on the path. All the bifur-
cations can be easily identified in this way by the user without any
special tool.

It is worth mentioning that there are only two parameters con-
trolling the algorithm. The first one is the truncation order n of the
series. It was previously discussed that the optimal truncation
order should be large enough between 10 and 20, but bigger values
(e.g. n ¼ 50) lead to good results for large scale problems as well
(Medale and Cochelin, 2009). Another important parameter is the
chosen tolerance d that affects the residual. For instance, very small
values of tolerance (e.g. d ¼ 10�6) ensure quite a high accuracy and
a pretty robust path-following process.

3.2. Automatic Differentiation with the ANM

The implementation of the recurrence formulae in the ANM is
relatively simple for Föppl–von Kármán nonlinear plate or
Navier–Stokes equations (Xu et al., 2015; Xu, 2014), but it can be
tedious in a more general constitutive framework. For example,
there are several forms of strain energy potentials to describe
hyperelastic behavior of rubberlike materials: Ogden, Mooney–
Rivlin, neo-Hookean, Gent, Arruda–Boyce, etc. Therefore, a generic
scheme is required to define Taylor series for all these constitutive
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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laws. That is why some tools based on Automatic Differentiation
(AD) techniques (Griewank, 2000) have been proposed to compute
high order derivatives of constitutive laws (Koutsawa et al., 2008;
Charpentier and Potier-Ferry, 2008; Lejeune et al., 2012, 2013),
which allows one to introduce various potential energy functions
of hyperelastic laws in a rather simple and automatic way.

One can write any finite strain hyperelasticity problem in the
following generalized form:Z

X

tP : dF dX ¼ kPextðduÞ;

S ¼ /ðcÞ;
P ¼ F � S;
c ¼ 1

2
tF � F� Ið Þ;

F ¼ Iþru;

8>>>>>>>><>>>>>>>>:
ð29Þ

where P is the first Piola–Kirchhoff stress tensor. For hyperelastic
materials, the stress field S depends both on elastic material con-
stants and the current strain field, i.e. S ¼ /ðcÞ. This constitutive
relation can be any specific form as introduced in Section 2.1, i.e.
Mooney–Rivlin (11), neo-Hookean (13) and Gent (1996), etc.

Different variables of hyperelastic problems can be represented
by a mixed vector V ¼ u; F; c; S;Pð Þ that is then expanded into trun-
cated power series as in Eq. (26). Within the ANM, one has to build
the linear equations satisfied by the coefficients of Taylor

Vp ¼ up; Fp; cp; Sp;Pp

� �
. Automatic Differentiation (AD) is the most

relevant technique in view of applications to generic hyperelastic
models. Following the definition of Bischof and Bücker (2000),
AD can be viewed as the way to generate a code which computes
the derivative of a function itself given by a code. Any function
combining elementary operations ðþ;�;�;�; etc:Þ and elementary
functions ðexp; sin; etc:Þ can be differentiated in this way. This study
applies the Matlab AD toolbox presented in Koutsawa et al. (2008)
to compute the derivatives of the constitutive law S ¼ /ðcÞ. The AD
has been first introduced in the ANM algorithm by Charpentier and
Potier-Ferry (2008) to make the algorithm more generic and easier
to be implemented. For more details on the ANM, see Cochelin
et al. (2007), Xu et al. (2014, 2015) and references cited therein.
The theoretical developments based on the generic Faá di Bruno
formula for the higher order differentiation of compound functions
have been presented in Koutsawa et al. (2008). Because of the rela-
tion S ¼ /ðcÞ, the p-th derivative of the stress Sp is a function of the
derivatives of strain at orders between 0 and p and linearly
depends on the last order cp. Hence, it can be written as

Sp c0; c1; . . . ; cp

� �
¼ Ct : cp þ Sres

p ; ð30Þ

where

Sres
p ¼ Sp c0; c1; . . . ; cp�1;0

� �
: ð31Þ

The fourth order tensor Ct is the classical tangent modulus tensor
and depends on both the elastic material constants and the current
stress field. Material nonlinearity induces a residual term Sres

p that
depends on the solutions computed at the previous orders and that
can be computed as the p-th derivative of Sp for cp ¼ 0 (see
Charpentier and Potier-Ferry, 2008). This generic ANM algorithm
has been implemented in a Matlab AD toolbox named Diamant that
is applied to compute the ANM right hand sides Sres

p . The tangent
modulus tensor Ct can be built from the relation (30) at order
p ¼ 1, by choosing any tensor c1 in the canonical basis. The deriva-
tives in tangent modulus tensor Ct can be computed through oper-
ator overloading techniques by directly applying AD toolboxes such
as TOMLAB/MAD (Forth and Edvall, 2007) in Matlab or the package
ADOL-C (Walther and Griewank, 2010) in C/C++. In this paper, we
employ TOMLAB/MAD in Matlab environment for convenience.
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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The four other equations in (29) are generic equations of contin-
uum mechanics and they are linear or quadratic with respect to the
unknown V. Thus, the corresponding recurrence formulae are
straightforward and can be found in several papers, for example
in Nezamabadi et al. (2011). The displacement–strain relation
and the connection between the two stress tensors P and S can
be written as

cp ¼
1
2

tF0 � rup þ trup � F0
� 	

þ cnl
p ;

cnl
p ¼

1
2

Xp�1

r¼1

tFp�r � Fr

 !
;

Pp ¼ F0 � Sp þrup � S0 þ Pres
p ;

Pres
p ¼

Xp�1

r¼1

Fp�r � Sr :

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð32Þ

By considering Eq. (30), this leads to a constitutive relation connect-
ing Taylor coefficients of the displacement gradientru and the first
Piola–Kirchhoff stress tensor P:

Pp ¼ H : rup þ Pnl
p ;

Pnl
p ¼ F0 � Ct : cnl

p þ Pres
p ;

H ¼ w F0; S0;Ctð Þ;

8><>: ð33Þ

where H is a fourth order tensor and can be expressed as a function
of deformation gradient tensor F0, the second Piola–Kirchhoff stress
tensor S0 and the tangent modulus tensor Ct , depending only on the
initial state (Nezamabadi et al., 2011). Thus, this tangent stiffness
matrix is updated at each ANM step, see Eq. (35) depending only
on the initial state at the beginning of the ANM step. The details
can be found in Appendix A.

These formulae can now be introduced in the balance of
momentum and this leads to a classical linear equation that can
be easily discretized by finite element method:

L0
t up; du
� 	

¼ kpPext duð Þ þ F nl
p duð Þ; ð34Þ

where L0
t is the tangent stiffness matrix depending only on the ini-

tial solution:

L0
t up; du
� 	

¼
Z

X

trup : H : rdu dX: ð35Þ

The nonlinear term F nl
p is a residual vector that is null at order 1,

while at order p it is expressed as

F nl
p ðduÞ ¼ �

Z
X

tPnl
p : rdudX with 1 < p 6 n: ð36Þ
4. Numerical results and discussion

Spatial wrinkling patterns of thin films on hyperelastic sub-
strates will be investigated under different loading and boundary
conditions. The computation technique has been chosen to avoid
most of the restrictive assumptions that are generally done in
the literature (Chen and Hutchinson, 2004; Huang et al., 2005;
Audoly and Boudaoud, 2008a): here the considered domain is
three-dimensional, the finite element discretization allows
accounting for any initial configuration and any boundary condi-
tion, the finite strain framework represents exactly the geometry
and the path-following technique provides the response of the sys-
tem beyond the primary bifurcation. Similar to some recent studies
(Brau et al., 2011; Cao and Hutchinson, 2012a; Yin et al., 2012), the
ratio of Young’s modulus, Ef =Es, is generally chosen in the range
Oð10Þ. In the present paper, we limit ourselves to neo-Hookean
substrates, which is the finite strain hyperelastic constitutive law
generally considered in the recent literature, even though the
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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implementation of various constitutive laws is easy with
Automatic Differentiation procedure described in Section 3.2.
Nevertheless, many works in the literature assume a linear elastic
substrate and the range of validity of this hypothesis has been
rarely discussed. That is why we will compare these two assump-
tions and the stiffness ratio, Ef =Es, will be a critical parameter in
this discussion.

The material and geometric properties of the film/substrate sys-
tem are similar to those in Brau et al. (2011), Cao and Hutchinson
(2012a) and Yin et al. (2012), which is shown in Table 1. The differ-
ent dimensional parameters and loading conditions for each case
are presented in Table 2 and Fig. 4, respectively. In this paper,
the force loading is applied to the film. On the bottom surface of
the substrate, the deflection uz and the tangential traction are
taken to be zero. Poisson’s ratio is a dimensionless measure of
the degree of compressibility. Compliant materials in the substrate,
such as elastomers, are nearly incompressible with ms ¼ 0:48. As
for neo-Hookean hyperelastic law, Lamé’s first parameter is
expressed as k0 ¼ Esms= ð1þ msÞð1� 2msÞ½ �, while the shear modulus
is denoted as l0 ¼ Es= 2ð1þ msÞ½ �.

In order to trigger a transition from the fundamental branch to
the bifurcated one, small perturbation forces, f z ¼ 10�8, are
imposed on each node of the shell elements in the film at every
loading step. These perturbation forces are involved in the external
force vector Pext in the equilibrium Eq. (34), by multiplying the
loading parameter kp at each ANM step. The introduction of such
small perturbation forces is quite a common technique in the solu-
tion of bifurcation problems by continuation techniques (Doedel,
1981; Allgower and Georg, 1990), even when using commercial
Fig. 4. Loading conditions: (a) Film/Sub I under uniaxial com

Table 1
Common characteristics of material and geometric properties.

Ef (MPa) Es (MPa) mf ms hf (mm) hs (mm)

1:3� 102 1.8 0.4 0.48 10�2 0.1

Table 2
Different film/substrate systems.

Lx (mm) Ly (mm) Loading

Film/Sub I 1.5 1.5 Uniaxial
Film/Sub II 1 1 Equi-biaxial

Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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finite element codes. This artifice could be avoided by applying a
specific procedure to compute the bifurcation branch as in
Boutyour et al. (2004) and Vannucci et al. (1998). In this paper,
the perturbation forces f z allow one to compute the whole bifur-
cated branch with a single continuation algorithm. The number
of elements required for a convergent solution was carefully exam-
ined. The way that we took is similar as in Xu et al. (2015), by test-
ing a number of different meshes in three directions. In this paper,
we detect bifurcation points by the criterion of small step accumu-
lation. Indeed, when the starting point of the step is close to the
bifurcation, the radius of convergence of Taylor series coincides
with the distance to the singular point, which explains that the
continuation process ‘knocks’ against the bifurcation (Baguet and
Cochelin, 2003). Of course the same step accumulation is observed
for a slightly perturbed bifurcation that we shall call quasi-
bifurcation. More advanced techniques are available for bifurcation
detection such as bifurcation indicator (Xu et al., 2014, 2015) and
power series analysis in Cochelin and Medale (2013), but the sim-
ple detection by sight will prove to be sufficient in our analyses. In
what follows, we will explore the formation and evolution of 3D
instability modes including folds, occurring due to the nonlinearity
of substrate in the case of a not too large wave number. Provided
that sufficient computer resources are available, the presented
pression, (b) Film/Sub II under equi-biaxial compression.
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Fig. 5. Bifurcation curve of Film/Sub I with simply supported boundary conditions
under uniaxial compression. Representative wrinkling shapes in Figs. 6 and 7 on the
post-buckling evolution path are marked. ANM parameters: n ¼ 10; d ¼ 10�5, 40
steps. Each point corresponds to one ANM step.
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Fig. 6. Film/Sub I with simply supported boundary conditions under uniaxial compression. The left column shows a sequence of wrinkling patterns on the evolution path. The
right column presents the associated instability shapes at the line Y ¼ 0:5Ly .
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model does not show any strict limitation to simulate a large sam-
ple with huge wave number. However, due to the limitation of
computer capacity, it took about two or three days even for simu-
lating the small samples that we considered in this study. In this
respect, an idea for simulating larger samples is to consider
reduced-order models, for example via the technique of slowly
variable Fourier coefficients (Damil and Potier-Ferry, 2010).
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
dx.doi.org/10.1016/j.ijsolstr.2015.06.007
4.1. Uniaxial compression

First, we investigate the pattern formation and evolution via
Film/Sub I. The film is uniaxially compressed along the x direction
as shown in Fig. 4(a). The displacements v2; v3;w2 and w3 are taken
to be zero on loading sides s and u (see Fig. 4(a)) that are parallel
to Oy. This means that these sides are simply supported because
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 8. Bifurcation curve of Film/Sub I with clamped boundary conditions under
uniaxial compression. Representative wrinkling shapes in Figs. 9 and 10 on the
post-buckling evolution path are marked. ANM parameters: n ¼ 10; d ¼ 10�5, 40
steps. Each point corresponds to one ANM step.
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the rotation w1 around Oy is not locked. The other two sides r and
t are set to be free. To avoid rigid body motions, the displacement
v1 in the film center is locked as well. The film is meshed with
40� 40 shell elements to ensure at least four elements within a
single wave. The substrate is compatibly discretized by 6400 block
elements with four layers. Totally, the film/substrate system con-
tains 60024 degrees of freedom (DOF) including the Lagrange
multipliers.

The critical load of sinusoidal wrinkles based on classical lin-
earized stability analysis was presented in Chen and Hutchinson
(2004) and Huang et al. (2005), with Föppl–von Kármán nonlinear
elastic plate assumption for the film and linear elasticity for
the material. For a thick substrate, the critical load is expressed

as Fc ¼ 1=4hf Ef 3Es=Ef

� 	2=3
, where Ef ¼ Ef = 1� v2

f

� �
and Es ¼

Es= 1� v2
s

� 	
. By introducing the material and geometric parameters

in Table 1, one can obtain the analytical solution for periodic
boundary conditions Fc ¼ 0:049 N/mm, which is comparable to
our 3D finite element results with hyperelastic materials and real
boundary conditions (about 0.055 N/mm in Fig. 5).

The established 3D model based on the ANM offers a very fast
computing speed to reach the critical point with few steps (see
Fig. 5). The deflection v3 in the film center is depicted in bifurca-
tion curves. The accumulation of small steps indicates the presence
of quasi-bifurcation points for about v3 ¼ 0:007 mm and
v3 ¼ 0:011 mm. The sequence of wrinkling patterns on the load–
displacement curve are illustrated in Fig. 6. A surface localized val-
ley, but not a fold that typically happens much later than the first
bifurcation, occurs in the center of the film as shown in Fig. 6(b).
This kind of mode is probably due to the substrate nonlinearity
(Cai and Fu, 1999; Hutchinson, 2013) and has not been observed
with a linear elastic substrate (Xu et al., 2014). The localization
of boundary effects can also be observed near the sides s and
u, which corresponds to the regions where compressive stresses
are larger. When the load increases, a small ridge shape occurs
and grows in the valley (see Fig. 6(d) and (f)). In the end, boundary
effects are not so obvious and a weak decrease of the amplitude
appears in the center.

Following the same strategy, we investigate the surface
morphological instability via Film/Sub I in the case of clamped
boundary conditions. More specifically, the displacements w1 is
also taken to be zero on loading sides s and u (see Fig. 4(a)) that
are parallel to Oy. This means that these sides are clamped because
the rotation w1 around Oy is locked. The other boundary conditions
and loadings are the same as before. The same mesh as in simply
supported case is carried out.
Fig. 7. Film/Sub I with simply supported boundary conditions under uniaxial compres

Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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The bifurcation diagram and the corresponding wrinkling pat-
terns are respectively demonstrated in Figs. 8 and 9. The instability
mode evolution in the bulk is almost the same as with the simply
supported case, while the difference appears near the boundary. In
addition, the pattern demonstrates undulation localization around
the second and the third oscillations when the load reaches the
final step (see Fig. 10).

At the end of the response curves in Figs. 5 and 8, a small
step accumulation and a maximal load point were found. The
pattern form has no change at this level without appearing
localized folds. In the literature, some extremely localized insta-
bility modes such as folding and ridging are only observed in
2D plane strain simulation of planar film/substrate system,
but not in 3D system. The continuation process was difficult
to manage after this subcritical bifurcation. Hence, one can
assert that an unstable bifurcation point occurs before the
strain corresponding to folds in 2D cases. The continuation
algorithm has not allowed searching such folds by following
the solution branch. Complementary studies should be carried
out, perhaps with alternative solution techniques. Likely these
very unstable bifurcations do not result from an artefact of
the shell/3D model because we recently obtain similar results
from a 3D/3D model.
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sion: (a) sinusoidal pattern in the final step, (b) the final shape with modulation.
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Fig. 9. Film/Sub I with clamped boundary conditions under uniaxial compression. The left column shows a sequence of wrinkling patterns on the evolution path. The right
column presents the associated instability shapes at the line Y ¼ 0:5Ly.
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4.2. Equi-biaxial compression

Three-dimensional instability modes are then explored via
Film/Sub II under equi-biaxial compression both in x and y direc-
tion (see Fig. 4(b)). The deflections v3 on four edges r, s, t and
u, are locked to be zero, which means the film is simply supported
on the whole boundary. The displacements v1 and v2 in the film
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
dx.doi.org/10.1016/j.ijsolstr.2015.06.007
center are also set to be zero so as to avoid rigid body motions.
The same mesh as in the uniaxial compression case with totally
60024 DOF is maintained.

The ANM takes very big step lengths to reach the critical load,
then the step length automatically shortens around the bifurcation
(see Fig. 11). Fig. 12 presents a sequence of representative wrin-
kling patterns on the post-buckling response curves in Fig. 11. In
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 10. Film/Sub I with clamped boundary conditions under uniaxial compression: (a) sinusoidal pattern in the final step, (b) the final shape with localization.
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Fig. 11. Bifurcation curve of Film/Sub II under equi-biaxial compression.
Representative wrinkling shapes in Fig. 12 on the post-buckling evolution path
are marked. ANM parameters: n ¼ 10; d ¼ 10�6, 37 steps. Each point corresponds to
one ANM step.
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the initial stage, the pattern is not uniform and one observes a
fold-like wrinkle shape in the middle. Boundary and corner effects
appear as well due to stress concentration in these areas. Then this
mode grows with respect to the external incremental load and the
folding shape tends to be more apparent (see Fig. 12(d)). The wrin-
kling pattern in the final step is depicted in Fig. 12(e), which
demonstrates a more uniform and stable checkerboard mode com-
pared with the one obtained in the framework of a linear elastic
substrate (Xu et al., 2014).
4.3. Comparisons between neo-Hookean and linear elasticity

We compare the bifurcation diagrams (see Fig. 13) between the
presented neo-Hookean hyperelastic model and the linear elastic
model previously established in Xu et al. (2014). Both of them
share the same critical load and the post-buckling evolution trends,
while the deflection in the linear elastic model is slightly bigger
than that in the neo-Hookean hyperelastic model. This is reason-
able since the stiffness of the neo-Hookean substrate increases
with respect to the incremental compression. The comparison of
pattern shapes is illustrated in Fig. 14. It can be seen that the
hyperelastic model shows a more uniformly distributed
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
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checkerboard mode with little boundary effects compared with
the linear elastic model where the pattern tends to be 1D mode
near the boundary. Besides, the neo-Hookean hyperelastic model
reveals a non-symmetric square checkerboard pattern, while the
linear elastic model maintains perfect symmetry throughout the
path. It appears that finite strain hyperelastic model such as
neo-Hookean can well describe the checkerboard shape when the
slopes of the film increase (see Fig. 14), and the nonlinearity of
the substrate would lead to the appearance of weak localization
(see Fig. 12). In the present 3D cases, some extremely localized
instability modes explored recently, such as folding (Sun et al.,
2012) or ridging (Zang et al., 2012), obtained from 2D plane strain
simulation, have not been found here.

Another comparisons between the two models according to the
stiffness ratio of Young’s modulus, Ef =Es, are performed in Figs. 15
and 16 to investigate the differences between the hyperelastic
model and linear elastic one. One can find that when the film
becomes stiffer, the bifurcation curves of two models tend to be
qualitatively similar, at least following the same trends, since the
compressive strain cxx is quite small (less than 1.4% in Fig. 15)
and thus the linear elastic framework is relevant. It can be
expected that in the case of a larger stiffness ratio Ef =Es 	 103,

e.g. in the range Oð105Þ as chosen in Xu et al. (2014), the two mod-
els should be quantitatively equivalent since the deformation must
be infinitesimal. On the contrary, when the film becomes softer, e.g.
Ef =Es ¼ 30 in the range Oð10Þ, differences between the bifurcation
curves tend to be significant. One can see that the compressive
strain cxx reaches rather large values (up to 13% in Fig. 16) and lin-
ear elastic model is no more appropriate. In this case, finite strain
models such as neo-Hookean hyperelasticity should be considered.
Nevertheless, if the film is too soft for example with Ef =Es ¼ 7:2 in
the range Oð1Þ, the film/substrate system undergoes a global buck-
ling deformation without local wrinkling. The post-buckling curves
of both models become very unstable after a linear response as
shown in Fig. 17. The maximum load point is lower in the case of
a neo-Hookean substrate. It is worth mentioning that two bifurca-
tions are clearly observed on each curve in Fig. 15. The first one
corresponds to a boundary effect mode, with global Poisson effect
deformation and a small surface valley in the center, like Fig. 12(b).
Then the amplitude grows, so that the deflection turns out to be
minus value around the second bifurcation. The second bifurcation
shows a square checkerboard shape, still with a valley in the cen-
ter, like Fig. 12(f). After the second bifurcation, the valley starts to
gradually change to a peak and finally achieves.

For clarity, the comparisons between a neo-Hookean and a lin-
ear elastic substrate have been summarized in Table 3. As for a
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 12. Film/Sub II with Ef =Es ¼ 72 (Ef ¼ 130 MPa, Es ¼ 1:8 MPa) under equi-biaxial compression. The left column shows a sequence of wrinkling patterns on the evolution
path. The right column presents the associated instability shapes at the line X ¼ 0:5Lx .
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large stiffness ratio, the first bifurcation load is small (about 1.2%).
The critical load and the post-bifurcation behavior are more or less
similar with the two models. Significant differences have been
observed in the range Ef =Es ¼ Oð10Þ, where the first bifurcation
occurs for larger strain values. For instance, when Ef =Es ¼ 30, the
first bifurcation occurs later with a neo-Hookean substrate, at a
mean strain of 12% instead of 10.2% with a linear elastic law for
Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hype
dx.doi.org/10.1016/j.ijsolstr.2015.06.007
the substrate. Between 10% and 12%, the model with a linear sub-
strate predicts the appearance of a non-uniformly distributed
checkerboard shape with boundary effects, while the response
with the neo-Hookean law tends to be periodic in the center. The
earlier bifurcation with the linear elastic law indicates a larger
stiffness of the neo-Hookean response at these medium strains.
As a counterpart, an unstable bifurcation behavior is observed with
relastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 15. Comparison of bifurcation curves of stiff films with Ef =Es ¼ 722
(Ef ¼ 1300 MPa, Es ¼ 1:8 MPa) under equi-biaxial compression. Linear elastic model
and neo-Hookean hyperelastic model are depicted together. ANM parameters for
hyperelastic model: n ¼ 10; d ¼ 10�6, 60 steps. ANM parameters for linear elastic
model: n ¼ 10; d ¼ 10�6, 104 steps. Each point corresponds to one ANM step.
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Fig. 13. Comparison of bifurcation curves of Film/Sub II with Ef =Es ¼ 72
(Ef ¼ 130 MPa, Es ¼ 1:8 MPa) under equi-biaxial compression. Linear elastic model
and neo-Hookean hyperelastic model are depicted together. ANM parameters for
linear elastic model: n ¼ 10; d ¼ 10�6, 63 steps. Each point corresponds to one ANM
step.
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Fig. 16. Comparison of bifurcation curves of soft films with Ef =Es ¼ 30
(Ef ¼ 54 MPa, Es ¼ 1:8 MPa) under equi-biaxial compression. Linear elastic model
and neo-Hookean hyperelastic model are depicted together. ANM parameters for
hyperelastic model: n ¼ 10; d ¼ 10�6, 60 steps. ANM parameters for linear elastic
model: n ¼ 10; d ¼ 10�6, 65 steps. Each point corresponds to one ANM step.
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the nonlinear hyperelastic law, while the post-buckling is stable
within linear elasticity framework. Is this similar to the behavior
of axially compressed cylindrical shells that have both a quite high
bifurcation load and a very high imperfection sensitivity? For the
smallest stiffness ratio Ef =Es ¼ 7:2, one obtains a global buckling
mode and the post-buckling behavior appears very unstable, see
also (Hutchinson, 2013). In this case, the neo-Hookean model pre-
dicts a smaller critical strain. The case of Ef =Es ¼ Oð1Þ would
deserve additional studies since the patterns are different and
therefore are more dependent on boundary conditions and consti-
tutive laws. It has been presented here only for a short comparison
with the other cases. In summary, the stiffness ratio Ef =Es is a cru-
cial parameter to discuss the range of validity of the assumption of
a linear elastic substrate. According to our simulations, this
assumption seems qualitatively valid for a ratio Ef =Es larger than
72 but not below.

5. Conclusion

Pattern formation and evolution of thin films attached on
rubberlike compliant substrates were investigated from the
quantitative standpoint. A fully nonlinear model was developed
Fig. 14. Film/Sub II with Ef =Es ¼ 72 (Ef ¼ 130 MPa, Es ¼ 1:8 MPa) under equi-biaxial compression: (a) final pattern of neo-Hookean hyperelastic model, (b) final pattern of
linear elastic model.

Please cite this article in press as: Xu, F., et al. Instabilities in thin films on hyperelastic substrates by 3D finite elements. Int. J. Solids Struct. (2015), http://
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Fig. 17. Comparison of bifurcation curves of soft films with Ef =Es ¼ 7:2
(Ef ¼ 13 MPa, Es ¼ 1:8 MPa) under equi-biaxial compression. Linear elastic model
and neo-Hookean hyperelastic model are depicted together. ANM parameters for
hyperelastic model: n ¼ 10; d ¼ 10�6, 22 steps. ANM parameters for linear elastic
model: n ¼ 10; d ¼ 10�6, 60 steps. Each point corresponds to one ANM step.

Table 3
Comparison of film/substrate systems modeled with neo-Hookean and linear elastic
substrates. The values from linear elastic models are given in parentheses.

Ef =Es First bifurcation
cxxð Þ

Maximum load
cxxð Þ

neo-Hookean vs. linear
elasticity

722 1.2% (1.2%) 1.3% (1.4%) Qualitatively similar
72 2.7% (2.7%) 2.8% (2.9%) Qualitatively similar
30 12.0% (10.2%) 12.4% (13.2%) Post-buckling behavior is

different
7.2 3.7% (5.1%) 3.7% (5.1%) Buckling load is different
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by associating finite strain hyperelasticity for the substrate and
geometrically nonlinear shell formulation for the film. Automatic
Differentiation (AD) techniques were applied to improve the ease
of the ANM implementation through an operator overloading,
which allows one to introduce various potential energy functions
of hyperelastic laws in quite a simple and an automatic way. This
3D finite strain model can describe large displacements and large
rotations in the film, and finite deformations in the substrate.
The occurrence and evolution of fold-like shapes located in sinu-
soidal and checkerboard patterns have been observed in the
post-buckling range. These modes are stable and independent of
the loading conditions. Some extremely localized instability modes
revealed in the recent literatures, such as folding (Sun et al., 2012)
or ridging (Zang et al., 2012) that is obtained from 2D plane strain
simulation, have not been found in the present 3D cases.

The comparisons between finite strain hyperelastic models and
small strain linear elastic models with respect to different stiffness
range of Young’s modulus were first discussed. As for a large stiff-
ness ratio, e.g. Ef =Es 	 Oð103Þ, the deformation of the system is
infinitesimal and the two models are quantitatively equivalent.
On the contrary, as for a small stiffness ratio of film/substrate sys-
tems, e.g. Ef =Es 
 Oð10Þ, the deformation of the substrate can be
large and finite strain models are more appropriate to be taken into
account, compared with the linear elastic framework (Xu et al.,
2014; Xu et al., 2015).
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Appendix A. Some operators and notations

According to Nezamabadi et al. (2011), the explicit form of the
tensor H reads

H ¼ F0�Ið Þ : Ct : Bþ I�S0; ð37Þ

where B is a fourth order tensor depending on the initial solution F0

and can be expressed as

B ¼ 1
2

tF0�Iþ I�F0
� 	

: ð38Þ

The notations for vector and tensor operations in above equations
are defined as

A�Bð Þijkl ¼ AikBjl;

A�Bð Þijkl ¼ AilBjk;

A�Bð Þijkl ¼
1
2

AikBjl þ AilBjk

� 	
:

8>>><>>>: ð39Þ
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