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Exa ct rela tions f or composites: to w ards a complete solution

Yur y Grabo vsky and Graeme W. Mil ton

1

Abstra ct. T ypically , the electrical and elastic prop erties of comp osite

materials are strongly microstructure dep enden t. So it comes as a nice

surprise to come across exact form ulae for ( or linking) e�ectiv e tensor

elemen ts that are univ ersally v alid no matter what the microstructure.

Here w e presen t a systematic theory of exact relations em bracing the

kno wn exact relations and establishing new ones. The searc h for exact

relations is reduced to a searc h for tensor subspaces satisfying certain

algebraic conditions. One new exact relation is for the e�ectiv e shear

mo dulus of a class of three-dimensional p olycrystalline materials.
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Intr oduction

T ak e a metal ro d. W e can b end it, t wist it, stretc h it, vibrate it or use it as a

conduit for the 
o w of electrons or heat. It lo oks just lik e a homogeneous material

with b eha vior go v erned b y bulk and shear elastic mo duli and electrical and thermal

conductivities. Ho w ev er if w e break the metal ro d there is a surprise! One can see

that the surface of the break is rough, comprised of individual crystalline grains

sparkling in the ligh t. Similarly foam rubb er b eha v es lik e a highly compressible

homogeneous elastic material, ev en though its p ore structure is quite complicated.

Homogenization theory pro vides a rigorous mathematical basis for the observ ation

that materials with microstructure can e�ectiv ely b eha v e lik e homogeneous mate-

rials on a macroscopic scale. A t ypical result is the follo wing. T o ensure ellipticit y

of the equations let us supp ose w e are giv en p ositiv e constan ts � and � > � and

a p erio dic conductivit y tensor �eld � ( x ) taking v alues in the set M

c

comprising

of all d � d symmetric matrices � satisfying

� v � v � v � � v � � v � v ; (1)
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2 Grabo vsky and Mil ton

for all v ectors v . Then with �

�

( x ) = � ( x =� ) the electrical p oten tial �

�

( x ) whic h

solv es the Diric hlet problem

r � �

�

( x ) r �

�

( x ) = f ( x ) within 
 ; �

�

( x ) =  ( x ) on @ 
 ; (2)

con v erges as � ! 0 (i.e. as the length scale of the p erio dicit y of �

�

( x ) shrinks to

zero) to the p oten tial �

0

whic h solv es

r � �

�

r �

0

( x ) = f ( x ) within 
 ; �

0

( x ) =  ( x ) on @ 
 ; (3)

where the e�ectiv e conductivit y tensor �

�

is in M

c

and only dep ends on � ( x )

and not up on the c hoice of 
, the source term f ( x ), nor up on the p oten tial  ( x )

prescrib ed at the b oundary . The e�ectiv e conductivit y tensor �

�

is obtained b y

solving the follo wing c el l-pr oblem . One lo oks for p erio dic v ector �elds j ( x ) and

e ( x ), represen ting the curren t and electric �elds, whic h satisfy

j ( x ) = � ( x ) e ( x ) ; r � j = 0 ; r � e = 0 : (4)

The relation h j i = �

�

h e i b et w een the a v erage curren t and electric �elds serv es to

de�ne �

�

. Here, as elsewhere, the angular brac k ets will b e used to denote v olume

a v erages o v er the unit cell of p erio dicit y . Homogenization results extend to �elds

�

�

( x ) taking v alues in M

c

whic h are lo cally p erio dic, or random and stationary ,

or simply arbitrary: see Bensoussan, et. al. (1978), Zhik o v, et. al. (1994), and

Murat and T artar (1997) and references therein.

Similar results hold for elasticit y . Giv en p ositiv e constan ts � and � > � and

a p erio dic elasticit y tensor �eld C ( x ) taking v alues in the set M

e

comprised of all

elasticit y tensors C satisfying

� A � A � A � C A � � A � A ; (5)

for all symmetric d � d matrices A , there is an asso ciated e�ectiv e elasticit y tensor

C

�

in M

e

. It is obtained b y lo oking for p erio dic symmetric matrix v alued �elds

� ( x ) and � ( x ), represen ting the stress and strain �elds, whic h satisfy

� ( x ) = C ( x ) � ( x ) ; r � � = 0 ; � = [ r u + ( r u )

T

] = 2 ; (6)

in whic h u ( x ) represen ts the displacemen t �eld. The relation h � i = C

�

h � i b et w een

the a v erage stress and strain �elds serv es to de�ne C

�

.

A k ey problem, of considerable tec hnological imp ortance, is to determine the

e�ectiv e tensors �

�

and C

�

go v erning the b eha viour on the macroscopic scale.

F or a long while it w as the dream of man y exp erimen talists and theorists alik e

that there should b e some univ ersally applicable \mixing form ula" giving the ef-

fectiv e tensors as some sort of a v erage of the tensors of the crystalline grains or

constituen t materials. Ho w ev er the realit y is that the details of the microgeom-

etry can sometimes pla y an in
uen tial role in determining the o v erall prop erties,

particularly when the crystalline grains ha v e highly anisotropic b eha vior or when

there is a large con trast in the prop erties of the constituen t materials. Consider,

for example, a t w o-phase comp osite where one phase is rigid and the second phase
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Exa ct rela tions f or composites 3

is compressible. The question of whether the comp osite as a whole is rigid or com-

pressible is not solely determined b y the v olume fractions o ccupied b y the phases,

but dep ends on whether the rigid phase has a connected comp onen t spanning the

material or consists of isolated inclusions em b edded in the compressible phase.

So w e ha v e to temp er the dream. Instead of seeking a univ ersally applicable

\mixing form ula" one can ask whether certain com binations of e�ectiv e tensor

elemen ts can b e microstructure indep enden t. Indeed they can. Sometimes these

exact relations are easy to deduce and sometimes they are not at all ob vious.

Suc h exact relations pro vide useful b enc hmarks for testing appro ximation sc hemes

and n umerical calculations of e�ectiv e tensors. Grab o vsky (1998) recognized that

there should b e some general theory of exact relations. Utilizing the fact that an

exact relation m ust hold for laminate materials he deriv ed restrictiv e constrain ts

on the form that an exact relation can tak e. This reduced the searc h for candidate

exact relation to an algebraic question that w as analysed b y Grab o vsky and Sage

(1998). Here w e giv e su�cien t conditions for an exact relation to hold for all

comp osite microgeometries, and not just laminates. A t presen t the general theory

of exact relations is still not complete. There is a gap b et w een the kno wn necessary

conditions and the kno wn su�cien t conditions for an exact relation to hold. In

addition the asso ciated algebraic questions ha v e only b egun to b e in v estigated.

Before pro ceeding to the general theory let us �rst lo ok at some examples: see

also the recen t review of Milton (1997).

Examples of some element ar y exa ct rela tions

An example of a relation whic h is easy to deduce is the follo wing. Lurie, Cherk aev

and F edoro v (1984) noticed that if the elasticit y tensor �eld C ( x ) is suc h that

there exist non-zero symmetric tensors V and W with C ( x ) V = W for all x

then the e�ectiv e tensor C

�

m ust satisfy C

�

V = W . The reason is simply that

the elastic equations are solv ed with a constan t strain � ( x ) = V and a constan t

stress � ( x ) = W and the e�ectiv e tensor, b y de�nition, relates the a v erages of

these t w o �elds. In particular, consider a single phase p olycrystalline material,

where the crystalline phase has cubic symmetry . Eac h individual crystal resp onds

isotropically to h ydrostatic compression, and w e can tak e V = I and W = d�

0

I

where d is the spatial dimension (2 or 3) and �

0

is the bulk mo dulus of the pure

crystal. The result implies that the e�ectiv e bulk mo dulus �

�

of the p olycrstal is

�

0

(Hill, 1952). Another w a y of expressing this exact relation is to in tro duce the

manifold

M = M ( V ; W ) = f C 2 M

e

j C V = W g ; (7)

of elasticit y tensors. The exact relation sa ys that if C ( x ) 2 M for all x then

C

�

2 M . In other w ords the manifold M is stable under homogenization. It

de�nes an exact relation b ecause it has no in terior. Man y other imp ortan t exact

relations deriv e from uniform �eld argumen ts: see Dv orak and Ben v eniste (1997)

and references therein.

The classic example of a non-trivial exact relation is for t w o-dimensional con-

ductivit y (or equiv alen tly for three-dimensional conductivit y with microstructure

indep enden t of one co ordinate). When d = 2 the equations (4) can b e written in
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4 Grabo vsky and Mil ton

the equiv alen t form

j

0

( x ) = �

0

( x ) e

0

( x ) ; r � j

0

( x ) = 0 ; r � e

0

( x ) = 0 ; (8)

where

j

0

( x ) � c R

?

e ( x ) ; e

0

( x ) � R

?

j ( x ) ; �

0

( x ) � c R

?

[ � ( x ) ]

� 1

R

T

?

: (9)

in whic h c is a constan t and R

?

is the matrix for a 90

�

rotation. In other w ords

the �elds j

0

( x ) and e

0

( x ) solv e the conductivit y equations in a medium with

conductivit y �

0

( x ). Moreo v er b y lo oking at the relations satis�ed b y the a v erage

�elds one sees that the e�ectiv e conductivit y tensor �

0

�

asso ciated with �

0

( x ) and

the e�ectiv e conductivit y tensor �

0

�

asso ciated with � ( x ) are link ed b y the relation

�

0

�

= c R

?

( �

�

)

� 1

R

T

?

; (10)

[see Keller (1964), Dykhne (1970) and Mendelson (1975)]. No w supp ose the

conductivit y tensor �eld is suc h that its determinan t is indep enden t of x , i.e.

det � ( x ) = �. With c = � w e ha v e �

0

( x ) = � ( x ) implying �

0

�

= �

�

. F rom (10)

one concludes that det �

�

= �. In other w ords the manifold

M = M (�) = f � 2 M

c

j det � = � g (11)

is stable under homogenization (Lurie and Cherk aev, 1981). Again it de�nes an

exact relation b ecause it has no in terior. An imp ortan t application of this result is

to a single phase p olycrystalline material where the crystalline phase has a conduc-

tivit y tensor with determinan t �. If the p olycrystal has an isotropic conductivit y

tensor the exact relation implies the result of Dykhne (1970) that �

�

=

p

� I .

An equa tion sa tisfied by the polariza tion field

F or simplicit y , let us consider the conductivit y problem and tak e as our reference

conductivit y tensor a matrix �

0

in M

c

. A�liated with �

0

is a non-lo cal op erator �

de�ned as follo ws. Giv en an y p erio dic v ector-v alued �eld p ( x ) w e sa y that e

0

= � p

if e

0

is curl-free with h e

0

i = 0 and p � �

0

e

0

is div ergence-free. Equiv alen tly , w e

ha v e

b
e

0

( k ) = � ( k )
b

p ( k ) for k 6= 0 ;

= 0 when k = 0 ; (12)

where
b
e

0

( k ) and
b

p ( k ) are the F ourier co e�cien ts of e

0

( x ) and p ( x ) and

� ( k ) =

k 
 k

k � �

0

k

: (13)

No w supp ose w e tak e a p olarization �eld p ( x ) = ( � ( x ) � �

0

) e ( x ) where

e ( x ) solv es the conductivit y equations. It is analogous to the p olarization �eld

in tro duced in dielectric problems. F rom the de�nition (13) of the op erator � w e

see immediately that it solv es the equation

[ I + ( � � �

0

) � ] p = ( � � �

0

) h e i and h p i = ( �

�

� �

0

) h e i : (14)
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Exa ct rela tions f or composites 5

F or in v estigating exact relations it pro v es con v enien t to use another form of these

equations. W e c ho ose a �xed matrix M , de�ne the fractional linear transformation

W

M

( � ) = [ I + ( � � �

0

) M ]

� 1

( � � �

0

) ; (15)

(in whic h w e allo w for � � �

0

to b e singular) and rewrite (14) as

[ I � K A ] p = K v ; h p i = K

�

v ; (16)

where

K ( x ) = W

M

( � ( x )) ; K

�

= W

M

( �

�

) ; v = h e i + M h p i ; (17)

and A is the non-lo cal op erator de�ned b y its action, A p = M ( p � h p i ) � � p :

The form ula (16) in v olv es the op erator K A . If q = K Ap w e ha v e

q ( x ) =

X

k 6=0

e

i k � x

K ( x ) A ( k )
b

p ( k ) ; where A ( k ) = M � � ( k ) ; (18)

and
b

p ( k ) is the F ourier comp onen t of p ( x ).

Necessar y conditions f or an exa ct rela tion

Since exact relations hold for all microstructures they m ust in particular hold

for laminate microstructures for whic h the tensors and hence the �elds only ha v e

v ariations in one direction, n . This simple consideration turns out to imp ose v ery

stringen t constrain ts. Consider the conductivit y problem. Let us tak e M = � ( n )

and let W

n

( � ) denote the transformation W

M

( � ). When K ( x ) = K ( n � x )

(16) is easily seen to ha v e the solution p ( x ) = K ( x ) v and K

�

= h K i b ecause

A annihilates an y �eld whic h only has oscillations in the direction n . [Milton

(1990) and Zhik o v (1991) giv e related deriv ations of the form ula K

�

= h K i :

see also Bac kus (1962) and T artar (1976) for other linear lamination form ulae.]

Since K

�

is just a linear a v erage of K ( x ) an y set of conductivit y tensors whic h

is stable under homogenization, and hence lamination, m ust ha v e a con v ex image

under the transformation W

n

. In particular if a manifold M de�nes an exact

relation, and �

0

2 M then W

n

( M ) m ust b e con v ex and con tain the origin. But

M and hence W

n

( M ) ha v e no in terior, and a con v ex set with no in terior m ust

lie in a h yp erplane. It follo ws that W

n

( M ) m ust lie in a h yp erplane passing

through the origin, i.e. in a subspace K = K

n

. Moreo v er, since M m ust b e stable

under lamination in all directions the set W

m

( W

� 1

n

( K )) m ust b e a subspace for

eac h c hoice of unit v ector m . No w giv en some tensor K 2 K and expanding

W

m

( W

� 1

n

( � K )) in p o w ers of � giv es

W

m

( W

� 1

n

( � K )) = � K f I � [ � ( n ) � � ( m )] � K g

� 1

= � K + �

2

K A ( m ) K + �

3

K A ( m ) K A ( m ) K + : : : ; (19)

where A ( m ) is giv en b y (18) with M = � ( n ). Since the linear term is � K the

h yp erplane W

m

( W

� 1

n

( K )) m ust in fact b e K itself, i.e. K do es not dep end on n .

F rom an examination of the quadratic term w e then see that

K A ( m ) K 2 K for all m and for all K 2 K : (20)
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6

Higher order terms in the expansion do not yield an y additional constrain ts. Indeed

substitution of K = K

1

+ K

2

in (20), where K

1

and K

2

b oth lie in K , yields the

corollary ,

K

1

A ( m ) K

2

+ K

2

A ( m ) K

1

2 K for all K

1

; K

2

2 K : (21)

Applying this with K

1

= K and K

2

= K A ( m ) K sho ws that the cubic term lies

in the space K . Similarly all the remaining higher order terms m ust also lie in K

once (20) is satis�ed. Therefore the condition (20) is b oth necessary and su�cien t

to ensure the stabilit y under lamination of the set of all conductivit y tensors in

M

c

\ W

� 1

n

( K ).

F or example, consider t w o-dimensional conductivit y and tak e �

0

= �

0

I . Then

A ( m ) = ( n 
 n � m 
 m ) =�

0

is a trace-free 2 � 2 symmetric matrix. No w trace

free 2 � 2 symmetric matrices ha v e the prop ert y that the pro duct of an y three

suc h matrices is also trace free and symmetric. So (20) will b e satis�ed when K

is the space of trace free 2 � 2 symmetric matrices. Then W

� 1

n

( K ) consists of

2 � 2 symmetric matrices �

�

suc h that T r [( �

0

I � �

�

)

� 1

] = 1 =�

0

. Equiv alen tly , it

consists of matrices �

�

suc h that det �

�

= �

2

0

. This con�rms that the manifold

(11) is stable under lamination.

The preceeding analysis extends easily to the elasticit y problem (and also

to piezo electric, thermo electric, thermo elastic, p yro electric and related coupled

problems). Candidate exact relations are found b y searc hing for subspaces K of

fourth-order tensors K satisfying (20) where A ( m ) = � ( n ) � � ( m ) and � ( k ) is a

fourth-order tensor dep enden t up on the c hoice of a reference elasticit y tensor C

0

2

M

e

. In particular, for three-dimensional elasticit y , if C

0

is elastically isotropic

with bulk mo dulus �

0

and shear mo dulus �

0

, � ( k ) has cartesian elemen ts

f � ( k ) g

ij `m

=

1

4 �

0

�

k

i

�

j `

k

m

+ k

i

�

j m

k

`

+ k

j

�

i`

k

m

+ k

j

�

im

k

`

� 4 k

i

k

j

k

`

k

m

�

+

3 k

i

k

j

k

`

k

m

3 �

0

+ 4 �

0

: (22)

Once suc h a subspace K is found the canditate exact relation is the set

M = M

e

\ W

� 1

n

( K ) ; (23)

where W

� 1

n

is the in v erse of the transformation

W

n

( C ) = [ I + ( C � C

0

) � ( n )]

� 1

( C � C

0

) : (24)

Using a related pro cedure Grab o vsky and Sage (1998) found as a canditate exact

relation, stable under lamination, the manifold M = M ( �

0

) consisting of all

elasticit y tensors in M

e

expressible in the form

C = 2 �

0

( I � I 
 I ) + D 
 D ; (25)

for some c hoice of symmetric second-order tensor D , in whic h I is the fourth-order

iden tit y tensor. W e will establish that this manifold M do es in fact de�ne an exact

relation v alid for all comp osites and not just laminates. F or planar elasticit y the

analogous exact relation w as pro v ed b y Grab o vsky and Milton (1998).
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Exa ct rela tions f or composites 7

Sufficient conditions f or an exa ct rela tion

W e w ould lik e to sho w that the manifold M of elasticit y tensors de�ned b y (23)

is stable under homogenization and not just lamination, i.e. to ensure that an y

comp osite with elasticit y tensor C ( x ) 2 M alw a ys has an e�ectiv e elasticit y tensor

C

�

2 M . Here w e will pro v e it is su�cien t that there exist a larger space of fourth-

order tensors K (not necessarily self-adjoin t) suc h that

K

1

A ( m ) K

2

2 K for all m and for all K

1

; K

2

2 K ; (26)

and suc h that K equals the subspace of all self-adjoin t tensors in K .

T o a v oid confusion let us �rst return to the setting of the conductivit y prob-

lem. T o �nd K

�

and hence �

�

w e need to solv e (16) for a set of d di�eren t v alues

v

1

, v

2

; : : : v

d

of v . Asso ciated with eac h v alue v

i

of v is a corresp onding p olariza-

tion �eld p

i

( x ). Let V and P ( x ) b e the d � d matrices with the v ectors v

i

and

p

i

( x ), i = 1 ; 2 ; : : : ; d , as columns. [Similar matrix v alued �elds w ere in tro duced

b y Murat and T artar (1985).] T aking V = I the set of equations (16) for K

�

and

the d p olarization �elds can b e rewritten as

[ I � K A ] P = K ; h P i = K

�

; (27)

where no w the �eld Q = K AP is giv en b y

Q ( x ) =

X

k 6=0

e

i k � x

K ( x ) A ( k )

b

P ( k ) ; (28)

in whic h

b

P ( k ) is the F ourier comp onen t of P ( x ), and K ( x ) A ( k ) acts on

b

P ( k ) b y

matrix m ultiplication. The extension of this analysis to elasticit y is mathematically

straigh t-forw ard, but ph ysically in triguing since in the elasticit y setting P ( x ) is

tak en as a fourth-order tensor �eld.

Pro vided K ( x ) is su�cien tly small for all x , i.e. � ( x ) is close to �

0

, the

solution to (27) is giv en b y the p erturbation expansion

P ( x ) =

1

X

j =0

P

j

( x ) where P

j

= ( K A )

j

K : (29)

No w let us supp ose K ( x ) tak es v alues in a tensor subspace K satisfying (26).

Our ob jectiv e is to pro v e that eac h �eld P

j

( x ) in the p erturbation expansion also

tak es v alues in K . Certainly the �rst term P

0

( x ) = K ( x ) do es. Also if for some

j � 0 the �eld P

j

tak es v alues in K then its F ourier co e�cien ts also tak e v alues

in K and (28) together with (26) implies that P

j +1

= K AP

j

also lies in K . By

induction it follo ws that ev ery term in the expansion tak es v alues in K . Pro vided

the p erturbation expansion con v erges this implies that h P i = K

�

lies in K . Ev en

if the p erturbation expansion do es not con v erge, analytic con tin uation argumen ts

imply the exact relation still holds pro vided � ( x ) 2 M

c

for all x , as will b e sho wn

in a forthcoming pap er.
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The effective shear modulus of a f amil y of pol ycr yst als

T o illustrate the p o w er of this metho d of generating exact relations, let us consider

three-dimensional elasticit y and pro v e that the manifold M consisting of all elas-

ticit y tensors in M

e

expressible in the form (25) for some c hoice of D de�nes an

exact relation. W e tak e C

0

to b e an arbitrary isotropic elastcit y tensor with bulk

mo dulus �

0

and shear mo dulus �

0

. The asso ciated tensor � ( n ), giv en b y (22) has

the prop ert y that T r[ � ( m ) I ] is indep enden t of m implying that with

M = I 
 I = 3(3 �

0

+ 4 �

0

) ; (30)

w e ha v e

T r f [ M � � ( m )] I g = 0 for all m : (31)

No w consider the subspace K consisting of all fourth order tensors K expressible

in the form K = I 
 B + B

0


 I for some c hoice of symmetric matrices B and

B

0

. No w giv en symmetric matrices B

1

, B

0

1

, B

2

and B

0

2

(31) implies there exist

symmetric matrices B

3

and B

0

3

suc h that

[ I 
 B

1

+ B

0

1


 I ] A ( m )[ I 
 B

2

+ B

0

2


 I ] = I 
 B

3

+ B

0

3


 I : (32)

Therefore the subspace K satis�es the desired prop ert y (26). The subspace K

of self-adjoin t fourth-order tensors within K is six-dimensional consisting of all

tensors of the form K = I 
 B + B 
 I , where B is a symmetric matrix. When

K = I 
 B + B 
 I and 3 �

0

+ 4 �

0

� 2T r B > 0 algebraic manipulation sho ws that

C = W

� 1

M

( K ) = 2 �

0

( I � I 
 I ) + D 
 D ; (33)

with

D = [3 �

0

+ 4 �

0

� T r B ) I + 3 B ] =

p

3(3 �

0

+ 4 �

0

� 2T r B ) : (34)

The manifold M asso ciated with K therefore consists of all tensors C 2 M

e

expressible in the form (25), and is stable under homogenization.

As an example, consider a three-dimensional elastic p olycrystal where the

elasticit y tensor tak es the form

C ( x ) = R ( x ) R ( x ) C

0

R

T

( x ) R

T

( x ) ; (35)

where R ( x ) is a rotation matrix, giving the orien tation of the crystal at eac h p oin t

x and C

0

is the elasticit y tensor of a single crystal whic h w e assume has the form

C

0

= 2 �

0

( I � I 
 I ) + D

0


 D

0

; where [T r ( D

0

)]

2

� 2T r ( D

2

0

) > 4 �

0

> 0 ; (36)

in whic h the latter condition ensures that C

0

is p ositiv e de�nite. The elasticit y

tensor �eld C ( x ) is of the required form (25) with D ( x ) = R ( x ) D

0

R

T

( x ) and

therefore the e�ectiv e tensor C

�

of the p olycrystal m ust lie on the manifold M

for some � > � > 0. In particular if C

�

is isotropic then its shear mo dulus is �

0

,

indep enden t of the p olycrystal microgeometry . F or planar elasticit y the analogous

result w as pro v ed b y Av ellaneda et. al. (1996).
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Some interesting exa ct rela tions f or coupled field pr oblems

W e are left with the algebraic problem of c haracterizing whic h tensor subspaces

satisfy the conditions (20) or (26). One migh t w onder if there is p erhaps some

easy c haracterization. F or elasticit y and conductivit y in t w o or three dimensions all

p ossible rotationally in v arian t exact relations ha v e no w b een found [see Grab o vsky

(1998), Grab o vsky and Sage (1988) and references therein] but in a more general

con text the follo wing example sho ws that the task is not so simple.

Consider a coupled �eld problem where there are there are m div ergence free

�elds j

1

( x ) ; j

2

( x ) ; :::; j

m

( x ) and m curl free �elds e

1

( x ) ; e

2

( x ) ; :::; e

m

( x ) whic h

are link ed through the constitutiv e relation

j

i�

( x ) =

d

X

j =1

m

X

� =1

L

i�j �

( x ) e

j �

( x ) ; (37)

where � and � are �eld indices while i and j are space indices. Milgrom and

Sh trikman (1989) ha v e obtained some v ery useful exact relations for coupled �eld

problems. Rather than rederiving these let us lo ok for exact relations with M = 0

and a reference tensor L

0

whic h is the iden tit y tensor I . The asso ciated tensor

A ( m ) = M � � ( m ) has elemen ts A

i�j �

= � �

��

m

i

m

j

: No w tak e R to b e a

r -dimensional subspace of m � m matrices and let S denote the d

2

-dimensional

space of d � d matrices, and consider the r d

2

-dimensional subspace K spanned

b y all tensors K whic h are tensor pro ducts of matrices R 2 R and matrices

S 2 S , i.e. whic h ha v e elemen ts K

i�j �

= R

��

S

ij

. Giv en a tensor K

1

whic h

is the tensor pro duct of R

1

2 R and S

1

2 S and a tensor K

2

whic h is the

tensor pro duct of R

2

2 R and S

2

2 S , the pro duct K

1

A ( m ) K

2

will certainly

b e in K pro vided R

1

R

2

2 R . Moreo v er if this holds for all R

1

; R

2

2 R then K

de�nes an exact relation b ecause it is spanned b y matrices of the same form as

K

1

and K

2

. This observ ation allo ws us to generate coun tless exact relations. The

condition on R just sa ys that it is closed under m ultiplication, i.e. that it forms an

algebra. Unfortunately there is no kno wn w a y of c haracterizing whic h subspaces

of matrices form an algebra for general m , and this hin ts of the di�culties in v olv ed

in trying to obtain a complete c haracterization of exact relations. Since M = 0

the manifold M consists of an appropriately b ounded co erciv e subset of tensors

of the form L = I + K where K 2 K . The case where m = 2 and R is the set

of all 2 � 2 matrices of the form R = a I + b R

?

(whic h is clearly closed under

m ultiplication) corresp onds to tensor �elds L ( x ) for whic h the consitutiv e relation

can b e rewritten in the equiv alen t form of a complex equation

j

1

( x ) + i j

2

( x ) = ( A ( x ) + i B ( x ))( e

1

( x ) + i e

2

( x )) : (38)

The e�ectiv e tensor L

�

will ha v e an asso ciated complex form A

�

+ i B

�

.
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