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T ypically , the elastic prop erties of comp osite materials are strongly microstructure de-

p enden t. So it comes as a pleasan t surprise to come across exact form ulae for (or linking)

e�ectiv e mo duli that are univ ersally v alid no matter ho w complicated the microstructure.

Suc h exact form ulae pro vide useful b enc hmarks for testing n umerical and actual exp eri-

men tal data, and for ev aluating the merit of v arious appro ximation sc hemes. This pap er

presen ts a sampling of results in the �eld.

1. INTR ODUCTION

The w ord m yriad has its origin as the Greek w ord for 10,000. It w ould b e a real c hal-

lenge to presen t that man y microstructure indep enden t relations amongst the e�ectiv e

prop erties of comp osites, esp ecially in a short pap er. Instead this article presen ts an

app etizer of results p ertaining mostly to elasticit y and thermo elasticit y . The sampling is

su�cien tly div erse to encompass the main ideas used to generate microstructure indep en-

den t relations in man y di�eren t con texts, including thermo electricit y and piezo electricit y ,

where a host of microstructure indep enden t results ha v e b een obtained: see [1{5] and

references therein.

2. UNIF ORM FIELDS

Consider a bimetal strip. When the temp erature is raised the strip b ends. This is

due to the di�erence in thermal expansion of the t w o metals. No w consider the bimetal

strip immersed in w ater. As the pressure in the w ater is increased the strip b ends due

to the di�erence in bulk mo duli of the t w o metals. No w one can imagine applying just

the righ t com bination of temp erature increase and w ater pressure increase or decrease so

b oth phases expand at exactly the same rate and there is no distortion. Of course this

same argumen t applies not just to bimetal strips but to an y geometric con�guration of

t w o isotropic phases and in particular to a t w o-phase comp osite.

Supp ose the t w o-phases are isotropic so that a blo c k of phase 1 or phase 2 immersed

in a 
uid heat bath at temp erature T and pressure p expands or con tracts isotropically

as T and p are v aried. Let �

1

( T ; p ) and �

2

( T ; p ) denote the mass densit y of phase 1 or

�
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phase 2 relativ e to some base temp erature T

0

and base pressure p

0

: th us 1 =�

1

( T ; p ) and

1 =�

2

( T ; p ) measure the relativ e c hange in the v olume of eac h phase as the temp erature

and pressure c hanges from ( T

0

; p

0

) to ( T ; p ). According to this de�nition w e ha v e

�

1

( T

0

; p

0

) = �

2

( T

0

; p

0

) = 1 : (1)

So the t w o surfaces �

1

( T ; p ) and �

2

( T ; p ) in tersect at ( T ; p ) = ( T

0

; p

0

). Unless the surfaces

are tangen t at this p oin t they will in tersect along a tra jectory passing through ( T

0

; p

0

).

Along this tra jectory ( T ( h ) ; p ( h )) parameterized b y h b oth phases expand or con tract at

an equal rate.

No w supp ose a comp osite is man ufactured at the base temp erature T

0

and pressure

p

0

with no in ternal residual stress. When this comp osite is placed in the heat bath at

temp erature T and pressure p there is no reason to supp ose the comp osite will expand

or con tract isotropically as T and p are v aried. Indeed b y considering the example of the

bimetal strip it is clear that in ternal shear stresses and w arping can o ccur. Ho w ev er along

the tra jectory ( T ( h ) ; p ( h )) the comp osite will expand isotropically and its densit y relativ e

to its densit y at the base temp erature and pressure will b e

�

�

( T ( h ) ; p ( h )) = �

1

( T ( h ) ; p ( h )) = �

2

( T ( h ) ; p ( h )) 8 h: (2)

Rewriting this relation as 1 =�

�

( T ( h ) ; p ( h )) = 1 =�

1

( T ( h ) ; p ( h )) = 1 =�

2

( T ( h ) ; p ( h )) and

di�eren tiating with resp ect to h , giv es

3 �

�

dT ( h )

dh

�

1

�

�

dp ( h )

dh

= 3 �

1

dT ( h )

dh

�

1

�

1

dp ( h )

dh

= 3 �

2

dT ( h )

dh

�

1

�

2

dp ( h )

dh

; (3)

where

�

a

( T ; p ) = �

�

@ (1 =�

a

)

@ p

�

� 1

; �

a

( T ; p ) =

1

3

@ (1 =�

a

)

@ T

; a = 1 ; 2 or � ; (4)

are the tangen t bulk mo duli and thermal expansion constan ts of the phases and comp osite

along the tra jectory . Pro vided the tra jectory has b een suitably parameterized dp=dh and

dT =dh will not b e b oth zero. Hence the determinan t of the system of equations (3) m ust

v anish whic h giv es the w ell-kno wn relation

�

�

=

�

1

(1 =�

�

� 1 =�

2

) � �

2

(1 =�

�

� 1 =�

1

)

1 =�

1

� 1 =�

2

; (5)

b et w een e�ectiv e bulk mo duli and e�ectiv e thermal expansion co e�cien ts due to Levin

[6]. Th us (2) is a non-linear generalization of Levin's form ula. This simple observ ation

is join t but unpublished w ork with J. Berryman presen ted in Pittsburgh in 1994 at the

SIAM Meeting on Mathematics and Computation in the Materials Sciences.

There is another viewp oin t whic h sheds ligh t on Levin's w ork. Let us b egin with a result

that applies to elasticit y , and not just to thermo elasticit y . Supp ose the elasticit y tensor

�eld of a comp osite has the prop ert y that there exist symmetric matrices v and w with

C ( x ) v = w for all x . Then the uniform strain �eld whic h equals v ev erywhere and the

uniform stress �eld whic h equals w ev erywhere are solutions of the elasticit y equations.

Consequen tly the e�ectiv e tensor C

�

m ust satisfy C

�

v = w . (This remark w as made to
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me b y A. Cherk aev, although in the con text of thermal expansion it dates bac k to w ork of

Cribb [7]; see also Dv orak [8] who extended the idea.) In an isotropic p olycrystal where

the pure crystal has cubic symmetry this condition is satis�ed, with v = I , and the result

implies Hill's microstructure indep enden t form ula [9] for the e�ectiv e bulk mo dulus of

suc h a p olycrystal.

A corollary is that if in a t w o phase comp osite the tensor C

1

� C

2

is singular with

( C

1

� C

2

) v = 0 then ( C

�

� C

2

) v = 0 : (6)

No w consider the equations of thermo elasticit y . These tak e the form

�

� ( x )

& ( x )

�

=

�

S ( x ) � ( x )

� ( x )

T

c

p

( x ) =T

0

� �

� ( x )

�

�

with r � � = 0 ; � = [ r u + ( r u )

T

] = 2 ; (7)

where � = T � T

0

is the c hange in temp erature T measured from some constan t base

temp erature T

0

, � ( x ) and � ( x ) are the strain and stress �elds, & ( x ) is the lo cal increase

in en trop y p er unit v olume o v er the en trop y of the state where � = � = 0, S ( x ) is the

compliance tensor, � ( x ) is the tensor of thermal expansion and c

p

( x ) is sp eci�c heat p er

unit v olume at constan t stress. Macroscopically the a v erage �elds satisfy

�

h � i

h & i

�

=

�

S

�

�

�

�

T

�

c

� p

=T

0

� �

h � i

�

�

; (8)

and this serv es to de�ne the e�ectiv e elasticit y tensor S

�

, the e�ectiv e tensor of thermal

expansion S

�

, and the e�ectiv e constan t of sp eci�c heat at constan t stress c

� p

.

The imp ortan t observ ation is that b ecause the en trop y �eld & ( x ) is not sub ject to

an y di�eren tial constrain ts, w e can ignore it completely when computing the e�ectiv e

compliance tensor and e�ectiv e thermal expansion tensor. In other w ords it su�ces to

w ork with the reduced set of equations

� ( x ) = M ( x )

�

� ( x )

�

�

with r � � = 0 ; � = [ r u + ( r u )

T

] = 2 ; (9)

where for three-dimensional thermo elasticit y M ( x ) = ( S ( x ) � ( x ) ) is represen table

as a 6 � 7 matrix in an appropriate basis. No w in a t w o phase comp osite the matrix

M

1

� M

2

, lik e an y matrix whic h has more columns than ro ws, is necessarily singular, i.e.

there necessarily exists a v suc h that ( M

1

� M

2

) v = 0. Consequen tly the e�ectiv e tensor

M

�

m ust satisfy ( M

�

� M

2

) v = 0. When the phases are isotropic this reduces to Levin's

form ula (5). When the phases are anisotropic (but eac h with constan t orien tation) it

reduces to the form ula of Rosen and Hashin [10]. Ha ving obtained particular solutions for

the stress and strain �eld with a non-zero v alue of � it is an easy matter to determine the

corresp onding en trop y �eld & ( x ) and thereb y obtain a form ula for the e�ectiv e constan t

of sp eci�c heat c

� p

in terms of the e�ectiv e elasticit y tensor [10].

The same reasoning can b e applied to obtain an exact expression for e�ectiv e constan t

of sp eci�c heat and e�ectiv e thermal expansion tensor in terms of the e�ectiv e compli-

ance tensor for p olycrystaline materials constructed from a single crystal [11,12]. The

compliance tensor S

0

and thermal expansion tensor �

0

of the single crystal m ust b e suc h

that S

0

I and �

0

are b oth uniaxial with a common axis of symmetry . This is ensured if

the crystal has hexagonal, tetragonal or trigonal symmetry . The con tact b et w een crystals
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need not necessarily b e ideal; slippage along grain b oundaries is allo w ed [13]. When the

constitutiv e relation in v olv es more than one constan t �eld in addition to � , suc h as h u-

midit y causing expansion due to moisture absorption, then uniform �eld argumen ts yield

exact relations ev en when S

0

I and �

0

are biaxial, pro vided they share the same three

principal axes [14].

There is also a direct mathematical corresp ondence b et w een the equations of p oro elas-

ticit y and those of thermo elasticit y (the 
uid pressure pla ys the role of the temp erature).

Consequen tly these exact microstructure indep enden t relations extend to e�ectiv e p oro e-

lastic mo duli of t w o phase media [15,16].

Uniform �eld argumen ts are also imp ortan t three dimensional elastic t w o phase media

when the microstructure and stress and strain �elds are indep enden t of the x

3

co ordinate.

The constitutiv e relation can b e expressed in the form

�

g ( x )

�

33

( x )

�

=

�

L ( x ) � ( x )

� ( x )

T

C

3333

( x )

� �

h ( x )

�

33

�

; (10)

where

L =

0

B

B

B

B

B

@

C

1111

C

1122

p

2 C

1112

p

2 C

1123

�

p

2 C

1113

C

1122

C

2222

p

2 C

2212

p

2 C

2223

�

p

2 C

2213

p

2 C

1112

p

2 C

2212

2 C

1212

2 C

2312

� 2 C

1312

p

2 C

1123

p

2 C

2223

2 C

2312

2 C

2323

� 2 C

2313

�

p

2 C

1113

�

p

2 C

2213

� 2 C

1312

� 2 C

2313

2 C

1313

1

C

C

C

C

C

A

; (11)

and

� =

0

B

B

B

B

B

@

C

1133

C

2233

p

2 C

3312

p

2 C

3323

�

p

2 C

3313

1

C

C

C

C

C

A

; g =

0

B

B

B

B

B

@

�

11

�

22

p

2 �

12

E

0

1

E

0

2

1

C

C

C

C

C

A

; h =

0

B

B

B

B

B

@

�

11

�

22

p

2 �

12

D

0

1

D

0

2

1

C

C

C

C

C

A

; (12)

in whic h E

0

1

( x

1

; x

2

), E

0

2

( x

1

; x

2

), D

0

1

( x

1

; x

2

), and D

0

2

( x

1

; x

2

) are comp onen ts of the v ector

�elds

E

0

=

�

E

0

1

E

0

2

�

=

�

p

2 �

23

�

p

2 �

13

�

; D

0

=

�

D

0

1

D

0

2

�

=

�

p

2 �

23

�

p

2 �

13

�

: (13)

Here the C

ij k `

are the cartesian comp onen ts of the elasticit y tensor �eld C ( x

1

; x

2

). Let us

also in tro duce t w o-dimensional stress and strain �elds

�

0

=

�

�

11

�

12

�

12

�

22

�

; �

0

=

�

�

11

�

12

�

12

�

22

�

: (14)

No w the three dimensional displacemen t �eld is necessarily of the form u ( x ) = v ( x

1

; x

2

) +

x

3

w where w is constan t, and this together with the constrain ts on the three dimensional

stress �eld � ( x ) implies that

r � E

0

= 0 ; r � D

0

= 0 ; r � �

0

= 0 ; � = [ r u

0

+ ( r u

0

)

T

] = 2 ; (15)

and that �

33

[lik e � in the thermo elastic problem (7)] is constan t, where u

0

= ( v

1

; v

2

) is a

t w o dimensional displacemen t �eld. Th us if w e in terpret E

0

and D

0

as t w o-dimensional
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electric and electric displacemen t �elds, then the equation g = Lh can b e regarded as a

t w o-dimensional piezo electric equation incorp orating a p ositiv e de�nite symmetric tensor

L ( x ), whic h will ha v e an asso ciated e�ectiv e tensor L

�

. Since the �eld �

33

( x

1

; x

2

) is

not sub ject to an y di�eren tial constrain ts w e can drop it from the equation (10). By

applying the uniform �eld argumen t w e thereb y obtain expressions for the comp onen ts

of the three-dimensional e�ectiv e elasticit y tensor C

�

in terms of the comp onen ts of the

t w o-dimensional e�ectiv e piezo electric tensor L

�

, assuming it is a t w o-phase medium. If

the medium has more than t w o phases then, b y setting �

33

= 0, 15 of the 21 comp onen ts

of C

�

can b e determined from the elemen ts of L

�

.

When the elasticit y tensors C

1

and C

2

of the t w o phases are b oth in v arian t under

the re
ection transformation x

3

! � x

3

then the t w o-dimensional piezelectric problem

decouples in to a planar elastic problem and a t w o-dimensional dielectric problem (the

an tiplane elastic problem). In particular if b oth phases are elastically isotropic and the

comp osite is transv ersely isotropic, then the relation b et w een C

�

and L

�

reduces to Hill's

form ulae [17] for C

�

in terms of the e�ectiv e bulk and shear mo duli of the planar elastic

problem and the e�ectiv e axial shear mo dulus of the an tiplane elastic problem.

3. TRANSLA TING BY A NULL{LA GRANGIAN

The translation discussed b elo w originates in the w ork of Lurie and Cherk aev [18] on

the plate equation. Its existence accoun ts [19] for certain in v ariance prop erties of the

stress �eld disco v ered b y Dundurs [20]. More general stress in v ariance prop erties, under a

linear rather than a constan t shift of the compliance tensor, ha v e recen tly b een disco v ered

b y Dundurs and Mark ensco� [21]. The follo wing analysis is largely based on the pap ers

of Cherk aev, Lurie and Milton [22] and Thorp e and Jasiuk [19].

In a t w o-dimensional, simply-connected, p ossibly inhomogeneous, elastic b o dy with

no b o dy forces presen t the comp onen ts of the stress �eld � can b e expressed in terms

of a p oten tial � , kno wn as the Airy stress function, through the equations �

11

= �

; 22

,

�

12

= � �

; 12

and �

22

= �

; 11

. Here as elsewhere w e use a comma in a subscript to denote

di�eren tiation with resp ect to the indices that follo w the comma: th us, for example,

�

; 22

= @

2

�=@ x

2

2

. The relation b et w een the stress and Airy stress function can b e expressed

in the equiv alen t form

� = R rr � where rr � =

�

�

; 11

�

; 12

�

; 12

�

; 22

�

; (16)

and R is the fourth order tensor with cartesian elemen ts

R

ij k `

= �

ij

�

k `

� ( �

ik

�

j `

+ �

i`

�

j k

) = 2 ; (17)

whose action in t w o-dimensions is to rotate a matrix b y 90

�

. No w the k ey p oin t is to

recognize that rr � satis�es the same di�eren tial constrain ts as a strain �eld: it deriv es

from the \displacemen t �eld" r � . In other w ords, the stress �eld rotated at eac h p oin t

b y 90

�

pro duces a strain �eld. W e use this observ ation to rewrite an y solution of the

t w o-dimensional elasticit y equations

� = S � ; � = [ r u + ( r u )

T

] = 2 ; r � � = 0 ; (18)
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in the equiv alen t form

�

0

= S

0

� ; �

0

= [ r u

0

+ ( r u

0

)

T

] = 2 ; r � � = 0 ; (19)

where

S

0

= S + t R ; u

0

= u + r �: (20)

Eviden tly if the strain and stress �elds � and � solv e the elasticit y equations in a medium

with compliance tensor S then the strain and stress �elds �

0

and � solv e the elasticit y

equations in a translated medium with compliance tensor S

0

. The basic Euler-Lagrange

equations for the Airy stress function are the same in b oth media: hence the name n ull-

Lagrangian. General c haracterizations of n ull-Lagrangians, or quasicon tin uous functionals

ha v e b een giv en b y Ball, Currie and Olv er [23] and b y Murat [24].

When the medium under consideration is a comp osite, w e ha v e from (19) that

h �

0

i = h S � i + t R h � i = ( S

�

+ t R ) h � i : (21)

Since it is this linear relation whic h de�nes the e�ectiv e tensor S

0

�

of the translated

medium w e deduce that

S

0

�

= S

�

+ t R : (22)

Th us the e�ectiv e tensor undergo es precisely the same translation as the lo cal tensor.

F or example, consider a lo cally isotropic planar elastic material whic h is macroscopically

elastically isotropic. The lo cal compliance tensor S ( x ) and e�ectiv e compliance tensor

S

�

ha v e elemen ts

S

ij k `

( x ) = ( �

ik

�

j `

+ �

i`

�

j k

) = 2 E ( x ) � [ �

ij

�

k `

� ( �

ik

�

j `

+ �

i`

�

j k

) = 2] � ( x ) =E ( x ) ;

S

�

ij k `

( x ) = ( �

ik

�

j `

+ �

i`

�

j k

) = 2 E

�

� [ �

ij

�

k `

� ( �

ik

�

j `

+ �

i`

�

j k

) = 2] �

�

=E

�

; (23)

where E ( x ) and E

�

are the lo cal and e�ectiv e in plane Y oung's mo dulus and � ( x ) and

�

�

are the lo cal and e�ectiv e in plane P oisson's ratio. It follo ws from (17) and (20) that

under translation these mo duli transform to

E

0

( x ) = E ( x ) ; �

0

( x ) = � ( x ) � tE ( x ) ; (24)

i.e. the Y oung's mo dulus remains unc hanged, while the ratio of the P oisson's ratio to

Y oung's mo dulus is shifted uniformly b y � t . Under this translation the result (22) implies

that the e�ectiv e Y oung's mo dulus E

�

and P oisson's ratio �

�

transform in a similar fashion,

E

0

�

= E

�

; �

0

�

= �

�

� tE

�

: (25)

A nice application of this result is to a metal plate with constan t mo duli E and � that

has a statistically isotropic distribution of holes punc hed in to it. Under the translation

(24) the holes remain holes (since the holes e�ectiv ely corresp ond to a material with

zero Y oung's mo dulus) while the Y oung's mo dulus E of the metal is unc hanged, and

its P oisson's ratio is shifted from � to � � tE . By dimensional analysis it is apparen t

that the ratio, E

�

=E can only dep end on � and on the geometry . But (25) implies this

ratio remains in v arian t as t and hence � v aries. W e conclude that E

�

=E only dep ends
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on the geometry , and is not in
uenced b y � . This result w as observ ed n umerically b y

Da y , Sn yder, Garb o czi and Thorp e [25] and subsequen tly pro v ed b y Cherk aev, Lurie and

Milton [22]. The exten t to whic h it holds in three dimensions w as explored b y Christensen

[26].

Moreo v er when there are so man y holes that the plate is ab out to fall apart, then E

�

is

close to zero, and (25) implies that �

�

is also indep enden t of � in this limit [25,19]. This

is a striking result: no matter what the geometry of the con�guration happ ens to b e (so

long as it is just ab out to fall apart) the e�ectiv e P oisson's ratio tak es a univ ersal v alue

whic h is indep enden t of b oth the Y oung's mo dulus and the P oisson's ratio of the plate.

T ranslations are also useful for deriving microstructure indep enden t results in the con-

text of three-dimensional elasticit y . The follo wing is an extension of a t w o-dimensional

argumen t [18,22,19] used to rederiv e Hill's result [17] for the e�ectiv e bulk mo dulus of a

lo cally isotropic planar elastic medium with constan t shear mo dulus. [22,19].

First consider the rather extreme example of a lo cally isotropic three-dimensional

medium with a compliance tensor S ( x ) with cartesian elemen ts

S

ij k `

( x ) = �

ij

�

k `

= 9 � ( x ) : (26)

This material has in�nite shear mo dulus and �nite bulk mo dulus � ( x ) , i.e. at eac h p oin t

its P oisson's ratio is � 1. (Although seemingly unph ysical, materials with P oisson's ratio

arbitrarily close to � 1 can in fact b e constructed: see [27,28] and references therein.)

The deformation of the material is conformal since an y c hange of angles corresp onds to

shear. In three dimensions the only conformal mappings are in v ersion in a sphere and

uniform dilation, and since w e are lo oking for p erio dic solutions the �rst can b e ruled

out. Therefore the strain � ( x ) m ust equal � I where � is constan t. The three dimensional

stress �eld � ( x ) b eing symmetric and div ergence-free deriv es from a 3 � 3 symmetric

matrix v alued p oten tial � ( x ):

� ( x ) = r � ( r � � ( x ))

T

; (27)

Substituting this in the constitutiv e equation S � = � = � I giv es an equation for the

matrix p oten tial � :

T r[ r � ( r � � ( x ))

T

] = 9 � ( x ) � : (28)

Since this is a single equation it seems plausible to lo ok for solutions of the form

� ( x ) = � ( x ) I with � ( x ) = �

0

( x ) + ( x � x ) f ; (29)

in whic h the scalar function �

0

( x ) is p erio dic and f is a constan t determining the a v erage

v alue of the stress. The asso ciated stress �eld is

� = I � � � rr �; (30)

whic h when substituted in the constitutiv e la w giv es the equation

2� �

0

= 9 � ( x ) � � 6 f ; (31)
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for the p erio dic p oten tial �

0

. This has a solution if and only if the a v erage v alue of the

righ t hand side is zero, whic h thereb y determines the v alue of f and the asso ciated a v erage

v alue of the stress:

f = 3 h � ( x ) i � = 2 ; h � i = 2 f I = 3 h � ( x ) i � I = 3 h � ( x ) ih � i : (32)

Clearly the e�ectiv e bulk mo dulus of this comp osite is microstructure indep enden t and

equal to

�

�

= h � ( x ) i : (33)

No w let T denote the fourth order tensor with cartesian elemen ts

T

ij k `

= �

ij

�

k `

= 2 � ( �

ik

�

j `

+ �

i`

�

j k

) = 2 : (34)

This tensor has the imp ortan t prop ert y that for stresses of the form (30) the �eld T � =

rr � satis�es the same di�eren tial constrain ts as a strain: it deriv es from the \displace-

men t �eld" r � . The translated medium S + t T no w will ha v e three dimensional in v erse

bulk and shear mo duli

1 =�

0

( x ) = 1 =� ( x ) + 3 t= 2 ; 1 =�

0

= � 2 t: (35)

By applying the same sort of analysis as b efore it follo ws that in v erse e�ectiv e bulk and

shear mo duli of the translated medium equal

1 =�

0

�

= 1 =�

�

+ 3 t= 2 = 1 = h � ( x ) i + 3 t= 2 ; 1 =�

0

�

= � 2 t: (36)

By com bining these form ulae w e see that a lo cally isotropic elastic medium with constan t

shear mo dulus �

0

and bulk mo dulus �

0

( x ) has e�ectiv e shear and bulk mo duli �

0

�

and �

0

�

giv en b y

�

0

�

= �;

1

4 =�

0

�

+ 3 =�

0

=

�

1

4 =�

0

( x ) + 3 =�

0

�

(37)

whic h is Hill's result [17].

4. DUALITY F OR ANTIPLANE ELASTICITY

The dualit y relations for an tiplane elasticit y ha v e their origins in the w ork of Keller

[29] and Dykhne [30]. Mendelson [31], up on whose w ork the follo wing treatmen t is based,

extended their analysis to arbitrary inhomogeneous anisotropic planar media.

Let u ( x

1

; x

2

) b e the v ertical displacemen t in a state of an ti-plane shear and let ' ( x

1

; x

2

)

b e the shear stress p oten tial. The equations of an tiplane elasticit y tak e the form

�

�

31

�

32

�

= m ( x )

�

2 �

31

2 �

32

�

;

�

�

31

�

32

�

=

�

'

; 2

� '

; 1

�

;

�

2 �

31

2 �

32

�

=

�

u

; 1

u

; 2

�

; (38)

where m ( x

1

; x

2

) is a symmetric 2 � 2 an ti-plane shear elasticit y matrix. No w let us in tro-

duce a new v ertical displacemen t u

0

( x

1

; x

2

) = ' ( x

1

; x

2

) and a new shear stress p oten tial
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'

0

( x

1

; x

2

) = � u ( x

1

; x

2

). The asso ciated stress and strain �eld comp onen ts satisfy the

relations

�

�

0

31

�

0

32

�

=

�

'

0

; 2

� '

0

; 1

�

= R

?

�

2 �

31

2 �

32

�

;

�

2 �

0

31

2 �

0

32

�

=

�

u

0

; 1

u

0

; 2

�

= R

?

�

�

31

�

32

�

; (39)

where

R

?

=

�

0 1

� 1 0

�

(40)

is the matrix for a 90

�

rotation. In t w o dimensions a curl free v ector �eld when rotated

p oin t wise b y 90

�

pro duces a div ergence free v ector �eld and vice-v ersa. This k ey fact

explains wh y the new stress and strain �elds giv en b y (39) satisfy the required di�eren tial

constrain ts. These �elds are link ed through the constitutiv e relation

�

�

0

31

�

0

32

�

= m

0

�

2 �

0

31

2 �

0

32

�

; (41)

in whic h

m

0

( x ) = [ R

T

?

m ( x ) R

?

]

� 1

= m ( x ) = det[ m ( x )] : (42)

In other w ords these p oten tials solv e the an tiplane shear problem in a dual medium with

an ti-plane shear elasticit y matrix m

0

( x ).

By taking a v erages of the �elds w e deduce that the dual medium has e�ectiv e shear

matrix

m

0

�

= [ R

T

?

m

�

R

?

]

� 1

= m

�

= det[ m

�

] ; (43)

where m

�

is the e�ectiv e shear matrix of the original medium. Th us dualit y relations link

the e�ectiv e tensors of t w o di�eren t media. If the medium is a comp osite of t w o isotropic

phases, then m ( x ) and m

0

( x ) tak e the form

m ( x ) = � ( x ) �

1

I + (1 � � ( x )) �

2

I ; m

0

( x ) = [ � ( x ) �

2

I + (1 � � ( x )) �

1

I ] =�

1

�

2

; (44)

where �

1

and �

2

are the shear mo duli of the t w o phases and � ( x ) is the c haracteristic

function represen ting the microstructure of phase 1 (taking the v alue 1 when x is in

phase 1 and zero otherwise.) So, the phase in terc hanged medium is obtained from the

dual medium b y m ultiplying m

0

( x ) b y the factor �

1

�

2

and therefore its e�ectiv e tensor is

obtained b y m ultiplying m

0

�

b y the same factor �

1

�

2

. If w e consider the e�ectiv e tensor

m

�

as a function m

�

( �

1

; �

2

) of the t w o-phases then (43) implies

m

�

( �

2

; �

1

) = �

1

�

2

m

�

( �

1

; �

2

) = det[ m

�

( �

1

; �

2

)] : (45)

It ma y happ en that the geometry is phase in terc hange in v arian t lik e a c hec k erb oard. Then

m

�

( �

2

; �

1

) = m

�

( �

1

; �

2

) and it follo ws from the ab o v e equation that det[ m

�

( �

1

; �

2

)] =

�

1

�

2

. In particular if the e�ectiv e shear matrix is isotropic then w e ha v e m

�

= �

�

I where

�

�

=

p

�

1

�

2

[30]. By this pro cedure w e ha v e obtained an exact expression for the e�ectiv e

an tiplane shear mo dulus �

�

of the comp osite without solving for the �elds directly .
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5. DUALITY F OR PLANAR ELASTICITY

The dualit y relations for incompressible planar elastic media discussed here are due to

Berdic hevski [32]. The extension of the dualit y relations to compressible planar elastic

media with a constan t bulk mo dulus and to certain other anisotropic planar media is due

to Helsing, Milton and Mo v c han [33].

Consider a planar elastic medium whic h is incompressible at eac h p oin t. Since r � u = 0

there exists a p oten tial  ( x ) suc h that u

1

=  

; 2

and u

2

= �  

; 1

. Let us in tro duce the

matrices

a

1

=

1

p

2

�

1 0

0 1

�

; a

2

=

1

p

2

�

1 0

0 � 1

�

; a

3

=

1

p

2

�

0 1

1 0

�

; (46)

as a basis on the space of 2 � 2 symmetric matrices. The t w o-dimensional stress and strain

�elds � ( x ) and � ( x ) can b e expanded in this basis,

� ( x ) = �

1

( x ) a

1

+ �

2

( x ) a

2

+ �

3

( x ) a

3

; � ( x ) = �

2

( x ) a

2

+ �

3

( x ) a

3

; (47)

where the co e�cien ts satisfy the equations

�

�

2

�

3

�

= S ( x )

�

�

2

�

3

�

;

�

�

2

�

3

�

=

1

p

2

�

2  

; 12

 

; 22

�  

; 11

�

;

�

�

2

�

3

�

=

1

p

2

�

�

; 22

� �

; 11

� 2 �

; 12

�

;

(48)

and �

1

= ( �

; 11

+ �

; 22

) =

p

2 . Here the 2 � 2 matrix S ( x ) represen ts the non-singular part of

the compliance tensor in this basis and � ( x ) is the Airy stress function. W e no w in tro duce

dual p oten tials �

0

( x

1

; x

2

) =  ( x

1

; x

2

) and  

0

( x

1

; x

2

) = � � ( x

1

; x

2

) and the asso ciated stress

and strain �eld comp onen ts

�

�

0

2

�

0

3

�

=

1

p

2

�

2  

0

; 12

 

0

; 22

�  

0

; 11

�

= R

?

�

�

2

�

3

�

;

�

�

0

2

�

0

3

�

=

1

p

2

�

�

0

; 22

� �

0

; 11

� 2 �

0

; 12

�

= R

?

�

�

2

�

3

�

;

(49)

and �

0

1

= ( �

0

; 11

+ �

0

; 22

) =

p

2. These �eld comp onen ts satisfy the constitutiv e relation

�

�

0

2

�

0

3

�

= S

0

( x )

�

�

0

2

�

0

3

�

where S

0

( x ) = [ R

T

?

S ( x ) R

?

]

� 1

= S ( x ) = det[ S ( x )] : (50)

In other w ords the dual p oten tials solv e the planar elasticit y equations in an incompressible

medium with S

0

( x ) b eing the non-singular part of the compliance tensor in the basis

(46). By taking a v erages of the �elds w e deduce that the non-singular part of the e�ectiv e

compliance tensor for the dual medium is

S

0

�

= [ R

T

?

S

�

R

?

]

� 1

= S

�

= det[ S

�

] ; (51)

in whic h S

�

is the non-singular part of the compliance tensor of the original medium in

the basis (46).

As an example, consider an isotropic incompressible planar elastic comp osite of t w o

isotropic phases. Then the matrices S ( x ) and S

�

tak e the form

S ( x ) = � ( x ) I = (2 �

1

) + (1 � � ( x )) I = (2 �

2

) ; S

�

= I = (2 �

�

) ; (52)
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where �

1

, �

2

and �

�

are the shear mo duli of the phases and comp osite, while � ( x ) is the

c haracteristic function represen ting the microstructure of phase 1 (taking the v alue 1 when

x is in phase 1 and zero otherwise.) Then, b y direct analogy with the relation (45) for

an tiplane shear, w e see that the e�ectiv e shear mo dulus �

�

as a function �

�

( �

1

; �

2

) of the

shear mo duli of the phases satis�es the phase in terc hange relation �

�

( �

1

; �

2

) �

�

( �

2

; �

1

) =

�

1

�

2

. By translation w e can extend this result to t w o phase planar elastic comp osites that

ha v e compressible phases sharing a common bulk mo dulus � . Then the phase in terc hange

relation tak es the form

E

�

( E

1

; E

2

) E

�

( E

2

; E

1

) = E

1

E

2

; (53)

where E

�

( E

1

; E

2

) is the e�ectiv e in plane Y oung's mo dulus expressed as a function of the

in-plane Y oung's mo duli E

1

and E

2

of the t w o phases. In particular if the comp osite is

phase in terc hange in v arian t, lik e a t w o-dimensional c hec k erb oard, then (53) implies its

e�ectiv e in plane Y oung's mo dulus is

p

E

1

E

2

. If the bulk mo dulus is not the same in b oth

phases then Gibiansky and T orquato [34] ha v e sho wn that the e�ectiv e elastic mo duli of

the comp osite and phase in terc hanged material are link ed b y inequalities whic h reduce to

the relation (53) when the bulk mo duli are equal.

A related example is that of an isotropic t w o-dimensional p olycrystal of incompressible

crystals. The individual crystals, b eing incompressible, necessarily ha v e square symmetry

and are c haracterized b y t w o shear mo duli �

(1)

and �

(2)

. The dualit y result (51) implies

that the e�ectiv e shear mo dulus �

�

of the p olycrystal is giv en b y the form ula �

�

=

q

�

(1)

�

(2)

of Lurie and Cherk aev [18]. Using translations they generalized this result to

t w o-dimensional p olycrystals, comprised of compressible grains with square symmetry

and found that the e�ectiv e shear mo dulus �

�

of the p olycrystal is giv en b y

�

�

=

�

� 1 +

q

( � + �

(2)

)( � + �

(1)

) = ( �

(1)

�

(2)

)

; (54)

where � , �

(1)

and �

(2)

are the planar bulk and t w o shear mo duli of the crystal.

More generally , planar elastic dualit y transformations can b e applied whenev er there

exists a matrix v and constan t t suc h that ( S ( x ) � t R ) v = 0 for all x [33]. High accuracy

n umerical results for the e�ectiv e compliance tensor of p erio dic media comprised of t w o

orthotropic phases con�rm the predictions of the theory .

6. LINKING ANTIPLANE AND PLANAR ELASTICITY PR OBLEMS

Giv en that dualit y relations hold for b oth an tiplane and planar elasticit y , one migh t

w onder if these problems are are link ed in some w a y . Suc h a link w ould b e a surprise

b ecause an tiplane problems in v olv e a second order shear matrix, whereas planar elastic

problems in v olv e a fourth order elasticit y tensor. A formal similarit y b et w een incom-

pressible elasticit y and an tiplane elasticit y is kno wn [35] but this do es not pro vide a

corresp ondence b et w een the �elds solving the planar and an tiplane problems. Here w e

establish a direct corresp ondence. The ensuing analysis is based on the pap ers of Milton

and Mo v c han [36,37] and Helsing, Milton and Mo v c han [33].
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The constitutiv e relation in a simply connected, planar, lo cally orthotropic medium,

with the axes of orthotrop y aligned with the co ordinate axes tak es the form

0

B

@

u

1 ; 1

u

2 ; 2

( u

1 ; 2

+ u

2 ; 1

) =

p

2

1

C

A

= S

0

B

@

�

11

�

22

p

2 �

21

1

C

A

; S =

0

B

@

s

1

s

2

0

s

2

s

4

0

0 0 s

6

1

C

A

; (55)

and the equilibrium constrain t r � � = 0 implies there exist stress p oten tials �

1

( x ) and

�

2

( x ) suc h that

�

�

11

�

12

�

21

�

22

�

=

�

�

1 ; 2

�

2 ; 2

� �

1 ; 1

� �

2 ; 1

�

: (56)

Let us substitute these expressions bac k in to the constitutiv e la w and in to the relation

�

12

= �

21

, implied b y symmetry of the stress �eld. Manipulating the resulting four

equations so the terms in v olving deriv ativ es with resp ect to x

2

app ear on the left while

terms in v olving deriv ativ es with resp ect to x

1

app ear on the righ t giv es an equiv alen t form

of the elasticit y equations

�

; 2

= N �

; 1

(57)

in tro duced b y Ingebrigtsen and T onning [38], where

� =

0

B

B

B

@

u

1

u

2

�

1

�

2

1

C

C

C

A

; N =

0

B

B

B

@

0 � 1 � s

6

0

s

2

=s

1

0 0 s

2

2

=s

1

� s

4

1 =s

1

0 0 s

2

=s

1

0 0 � 1 0

1

C

C

C

A

: (58)

The matrix N ( x ) is kno wn as the fundamen tal elasticit y matrix. The asso ciated e�ectiv e

fundamen tal elasticit y matrix N

�

go v erns the relation b et w een the a v erage �elds,

h �

; 2

i = N

�

h �

; 1

i ; (59)

and is related to the e�ectiv e compliance matrix S

�

in the same w a y that the fundamen tal

elasticit y matrix N ( x ) is related to the lo cal compliance matrix S ( x ).

No w notice that the equations can b e rewritten in the equiv alen t form

�

0

; 2

= N

0

�

0

; 1

; h �

0

; 2

i = N

0

�

h �

0

; 1

i ; (60)

where

�

0

( x ) = K � ( x ) ; N

0

( x ) = K

� 1

N ( x ) K ; N

0

�

= K

� 1

N

�

K ; (61)

and K is an arbitrary constan t, non-singular 4 � 4 matrix. In other w ords, when the

fundamen tal matrix �eld N ( x ) undergo es a constan t similarit y transformation then the

e�ectiv e fundamen tal matrix N

�

undergo es the same similarit y transformation. The

translation of the compliance tensor discussed in section 3 corresp onds a particular sim-

ilarit y transformation of the fundamen tal matrix, as do the dualit y transformations for

an tiplanar and planar elasticit y . (F or an tiplane elasticit y the asso ciated fundamen tal ma-

trix is a 2 � 2 matrix). Other dualit y transformations of the fundamen tal matrix form of

the equations ha v e b een analysed b y Nemat-Nasser and Ni [39].
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Similar mappings b et w een equiv alen t sets of equations, obtained b y taking linear com-

binations of p oten tials and 
uxes separately , ha v e b een applied to coupled �eld problems

b y Straley [1] and Milgrom and Sh trikman [2] among others. F or media with isotropic

phases they use these mappings to transform to a diagonal form of the equations where

no couplings are presen t, and thereb y obtain exact relations b et w een the e�ectiv e thermo-

electric mo duli in a t w o-phase medium. By mixing the p oten tials and 
ux p oten tials one

obtains a more general class of equiv alence transformations for t w o-dimensional coupled

�eld problems (see Milton [40], Ben v eniste [5] and references therein). Under these the

tensor en tering the constitutiv e la w undergo es a fractional linear transformation. Suc h

transformations are equiv alen t to the similarit y transformations of the fundamen tal ma-

trices considered here. W orking with the fundamen tal matrices has the adv an tage that

the transformation tak es a simpler form and is therefore easier to analyze.

F or simplicit y , let us supp ose the mo duli are suc h that for all x

�( x ) = ( s

2

( x ) + s

6

( x ))

2

� s

1

( x ) s

4

( x ) > 0 : (62)

Then the eigen v alues of the N ( x ) at eac h p oin t x are

�

1

= � �

2

= � i�

1

; �

3

= � �

4

= � i�

2

; (63)

where �

1

( x ) and �

2

( x ) are the t w o real p ositiv e ro ots of the p olynomial

s

1

( x ) �

4

� 2( s

2

( x ) + s

6

( x )) �

2

+ s

4

( x ) = 0 : (64)

The corresp onding eigen v ectors are

v

1

=

0

B

B

B

@

� p

1

i�

1

p

2

i�

1

1

1

C

C

C

A

; v

2

=

0

B

B

B

@

� p

1

� i�

1

p

2

� i�

1

1

1

C

C

C

A

; v

( j )

3

=

0

B

B

B

@

� p

2

i�

2

p

1

i�

2

1

1

C

C

C

A

; v

( j )

4

=

0

B

B

B

@

� p

2

� i�

2

p

1

� i�

2

1

1

C

C

C

A

; (65)

in whic h

p

1

( x ) = � s

6

( x ) +

q

�( x ) = 2 ; p

2

( x ) = � s

6

( x ) �

q

�( x ) = 2 : (66)

No w supp ose p

1

and p

2

do not dep end on x . (This holds if and only if s

6

and � are

b oth indep enden t of x .) Then v

1

and v

2

will span a t w o-dimensional space that do es

not dep end on x , and v

3

and v

4

will span a t w o-dimensional space that do es not dep end

on x . Th us with an appropriate c hoice of K the matrix N

0

( x ) will b e blo c k diagonal.

Sp eci�cally , the c hoice

K =

0

B

B

B

@

� p

1

0 0 � p

2

0 p

2

p

1

0

0 1 1 0

1 0 0 � 1

1

C

C

C

A

giv es N

0

=

0

B

B

B

@

0 � 1 0 0

�

2

1

0 0 0

0 0 0 �

2

2

0 0 � 1 0

1

C

C

C

A

: (67)

As a consequence the equation �

0

; 2

= N

0

�

0

; 1

decouples in to a pair of equations that can

b e expressed in the form

�

�

0

2 ; 2

� �

0

2 ; 1

�

= m

1

�

�

0

1 ; 1

�

0

1 ; 2

�

;

�

�

0

3 ; 2

� �

0

3 ; 1

�

= m

2

�

�

0

4 ; 1

�

0

4 ; 2

�

; (68)
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where m

1

( x ) and m

2

( x ) are the 2 � 2 matrix v alued �elds

m

1

=

�

�

2

1

0

0 1

�

; m

2

=

�

�

2

2

0

0 1

�

: (69)

These can b e regarded as equations of an tiplane elasticit y in t w o di�eren t inhomogeneous

anisotropic media with m

1

( x ) and m

2

( x ) b eing the an tiplane shear matrix �elds of these

media. In other w ords, when s

6

is constan t and � is constan t and p ositiv e, the original

planar elasticit y equations can b e reduced to a pair of uncoupled an tiplane elasticit y

equations. The uniform �eld argumen t implies that when s

6

is constan t the e�ectiv e

compliance matrix S

�

is necessarily orthotropic with its axes aligned with the co-ordinate

axes ha ving s

� 6

= s

6

. F rom the e�ectiv e an tiplane shear matrices

m

� 1

=

�

�

2

� 1

0

0 1

�

; m

� 2

=

�

�

2

� 2

0

0 1

�

; (70)

asso ciated with m

1

( x ) and m

2

( x ) w e can compute the remaining elemen ts s

� 1

s

� 2

and s

� 4

of the e�ectiv e compliance matrix S

�

asso ciated with S ( x ) b y solving the three equations

( s

� 2

+ s

� 6

)

2

� s

� 1

s

� 4

= � ; s

� 1

�

4

� j

� 2( s

� 2

+ s

� 6

) �

2

� j

+ s

� 4

= 0 ; j = 1 ; 2 : (71)

This corresp ondence b et w een the mo duli of the e�ectiv e an tiplane shear matrices and

the mo duli of the e�ectiv e compliance tensor has b een v eri�ed n umerically [33]. When

s

6

is constan t and � is constan t and negativ e there is still a corresp ondence with an-

tiplane elasticit y: the original planar elasticit y equations can then b e reduced to a single

visco elastic an tiplane problem, with a complex shear matrix �eld m ( x ).

7. A QUESTION OF PER COLA TION

The follo wing is join t w ork with Y ury Grab o vsky . F or more details, and for references

to the relev an t results from partial di�eren tial equation theory , see [41].

When w e think of p ercolation it is usually in the con text of curren t 
o w, where the

curren t ma y b e electrical, thermal or 
uid 
o w. P erhaps one is considering a comp osite

of t w o isotropic phases where phase 1 is p ermeable to curren t while phase 2 is imp erme-

able to it. Or p erhaps one is considering a p olycrystal where eac h individual crystalline

grain only allo ws the curren t to 
o w in certain directions within that crystal. A t a p er-

colation transition the rank of the e�ectiv e conductivit y or p ermeabilit y tensor c hanges.

F or isotropic three-dimensional comp osites of t w o isotropic phases. the transition is from

a tensor of rank 0, when phase 2 blo c ks all curren t 
o w, to a tensor of rank 3, when

paths of phase 1 form a connected lab yrin th of in�nite exten t. In the con text of elas-

ticit y w e can study the analogous p ercolation question: giv en that the lo cal compliance

tensor (or lo cal elasticit y tensor) is singular in some parts or in all of the material, is the

rank of the e�ectiv e compliance tensor (or e�ectiv e elasticit y tensor) dep enden t on the

microstructure?

Curiously , the rank of the e�ectiv e compliance tensor is indep enden t of the microstruc-

ture in a planar elastic material where the lo cal compliance tensor is rank 1, of the form

S ( x ) = s ( x ) 
 s ( x ) ; (72)
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where the 2 � 2 matrix v alued �eld s ( x ) is p ositiv e de�nite for all x . Sp eci�cally , the

e�ectiv e elasticit y tensor tak es exactly the same rank 1 form,

S

�

= s

�


 s

�

; (73)

where s

�

is a 2 � 2 p ositiv e de�nite matrix. The assumption of p ositiv e de�niteness of

s ( x ) is necessary: it follo ws from the w ork Bhattac hary a and Kohn [42] (see sections 5.2

and 5.3) that the existance of \p ercolating" stress or strain �elds can b e microstructure

dep enden t when s ( x ) is not p ositiv e de�nite.

This result has a surprising corollary . If w e tak e a t w o-dimensional planar elastic

p olycrystal constructed from a crystal with a p ositiv e de�nite compliance tensor S

0

suc h

that the translated tensor S

0

0

= S

0

� t R is rank 1 of the form s

0

0


 s

0

0

for some v alue

of t , then necessarily the e�ectiv e compliance tensor S

�

of the p olycrystal m ust b e suc h

that the translated e�ectiv e tensor S

0

�

= S

�

� t R is rank 1 of the form s

0

�


 s

0

�

. (The

p ositiv e de�niteness of the tensor S

0

ensures the p ositiv e de�niteness of the matrix s

0

0

.) In

particular, if the p olycrystal is elastically isotropic then its t w o-dimensional shear mo dulus

is microstructure indep enden t and equal to 1 = (2 t ). The bulk mo dulus, b y con trast, is

microstructure dep enden t. This result w as �rst deriv ed [43] from the optimal b ounds on

the bulk and shear mo duli of t w o-dimensional planar elastic p olycrystals constructed from

an orthotropic crystal.

A related result is that if a planar elasticit y tensor �eld C ( x ) is rank 2 with a p ositiv e

de�nite matrix in its n ull-space for all x , then the asso ciated e�ectiv e elasticit y tensor

C

�

is rank 2 with a p ositiv e de�nite matrix in its n ull-space.

The pro of of (73) is tec hnical and rests up on certain results from elliptic partial di�er-

en tial equation theory . Only those readers in terested in getting a rough idea of the steps

in v olv ed should read the remainder of this section as it is rather condensed.

If w e apply an a v erage stress �eld suc h that the resulting strain �eld in the material is

non-zero then this \p ercolating" strain �eld � ( x ) m ust b e of the form

� ( x ) = � ( x ) s ( x ) ; (74)

for some scalar �eld � ( x ). The in�nitesimal strain compatibilit y condition that r � ( r �

R � ( x )) = 0 (whic h ensures that � ( x ) deriv es from some displacemen t �eld) requires that

� ( x ) satis�es the second order elliptic partial di�eren tial equation,

r � ( r � ( � ( x )
^

s ( x )) = 0 where
^

s ( x ) = R s ( x ) : (75)

If w e imp ose the normalization constrain t that h � i = 1, then it is kno wn from partial

di�eren tial equation theory that a solution to the ab o v e equation for � ( x ) exists and is

unique. [F or example, when s ( x ) = � ( x ) I where � ( x ) > 0 for all x , as in (26) but in t w o

dimensions, the solution is � ( x ) = h 1 =� i =� ( x )]. F rom the solution for � ( x ) w e determine

the a v erage strain

h � ( x ) i = h � ( x ) s ( x ) i = �

�

s

�

( x ) ; (76)

where �

�

is some constan t. Th us up to a prop ortionalit y constan t, w e can determine the

matrix s

�

( x ) from the solution for � ( x ). The uniqueness of the solution for � ( x ) is what

guaran tees that S

�

is at most rank 1, of the form (73). It is kno wn that the �eld � ( x ) is
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p ositiv e ev erywhere and consequen tly s

�

is either a p ositiv e de�nite or negativ e de�nite

matrix, dep ending on the sign of �

�

. Since w e are free to c hange the signs of s

�

and �

�

w e can tak e s

�

to b e p ositiv e de�nite.

The asso ciated stress �eld � ( x ) m ust b e suc h that

T r ( s ( x ) � ( x )) = � ( x ) : (77)

By substituting the relation (16) in to this w e obtain another second order elliptic partial

di�eren tial equation,

T r (
^

s ( x ) rr � ) = � ( x ) ; (78)

this time for the Airy stress function � ( x ), whic h can b e tak en to ha v e the form

� ( x ) = �

0

( x ) + x � F x ; (79)

where �

0

( x ) is p erio dic and the constan t matrix F is determined b y the a v erage v alue of

the stress �eld: h � i = 2 R F . Th us the p erio dic function �

0

( x ) satis�es

T r (
^

s ( x ) rr �

0

) = � ( x ) � 2T r (
^

s ( x ) F ) : (80)

F rom elliptic partial di�eren tial equation theory it is kno wn that (80) has a unique solution

for �

0

( x ) if and only if the righ t hand side is orthogonal to � ( x ), i.e. if and only if

0 = h �

2

� 2T r( �
^

sF ) i = h �

2

i � �

�

T r( s

�

h � i ) i ; (81)

where w e ha v e used (76). [When s ( x ) = � ( x ) I and � ( x ) = h 1 =� i =� ( x ) equation (80)

b ecomes � �

0

= h 1 =� i =�

2

� 2T r( F ) and b ecause � �

0

has zero a v erage v alue so m ust

h 1 =� i =�

2

� 2T r( F ) whic h accoun ts, in this case, for the condition (81).]

F rom (76) and the e�ectiv e constitutiv e la w w e ha v e T r( s

�

h � i ) = �

�

whic h with (81)

giv es �

�

= h �

2

i

1 = 2

. Th us, w e can determine the e�ectiv e compliance tensor completely b y

solving (75) for � ( x ) and using (76) and the iden tit y �

�

= h �

2

i

1 = 2

to determine s

�

.

Inciden tally , p ercolation t yp e questions often arise in the con text of �nding optimal

microgeometries that attain b ounds on e�ectiv e mo duli. F or example, the task of �nding

three-dimensional p olycrystalline microstructures that ha v e the lo w est p ossible e�ectiv e

conductivit y is equiv alen t [44,45] to the task of �nding non-trivial p erio dic rotation �elds

R ( x ) (satisfying R ( x )

T

R ( x ) = I ) suc h that the equation

r u ( x ) = � ( x ) R ( x )

T

AR ( x ) (82)

has a solution for the v ector p oten tial u ( x ) for some c hoice of scalar �eld � ( x ), where A

is a giv en p ositiv e de�nite 3 � 3 diagonal matrix. Notice the similarit y of (74) and (82).
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