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Abstract

The macroscopic elastic-plastic response of a metal polycrystal is an-
alyzed here by homogenizing the response of a representative volume ele-
ment. With this purpose, the theory developed in Hill(1967)(The essential
structure of constitutive laws for metal composites and polycrystals. J.
Mech. Phys. Solids, 15, 79-95) is extended so that the structural changes
caused by plastic deformation are taken into account. It is found that
the type of evolution assigned to the slip systems of a constituent crystal
influences significantly the structure of the constitutive system character-
izing the overall response. In particular, the classical normality structure
is obtained only if slip systems are assumed to convect with the crys-
tal lattice. Any other type of slip system evolution induces a deviation
of the macro-rate of plastic deformation from the exterior normal to the
yield surface. This provides a physical explanation and also a rigorous
definition for the much debated concept of plastic spin.

Keywords : Crystal Plasticity, Homogenization, Yield Surface, Flow Rule, Plastic Spin

1 Introduction

In the macroscopic (rate-independent) theory of metal plasticity the yield surface
characterizes the plastic properties of a material: it bounds the elastic domain, the
set of stress states for which the material responds elastically, and it determines via
the associated flow rule the direction of the rate of plastic deformation. A correct and
accurate modeling of the yield surface is therefore of primary importance, particularly
when plastic properties are anisotropic. In this case, the yield surface is necessarily
described with respect to some material frame, or is expressed as an invariant of the
stress state and of a set of structural tensors, e.g., [16], [3].

To illustrate the issue, consider the case of a rolled thin sheet for which one can
discern, in some initial state, three orthogonal axes of material symmetry, the rolling,
transverse and normal directions. The material frame may be aligned, initially, along
these axes and the yield surface may be described analytically with respect to this
frame. Supposing the sheet is further subject to some deformation process, the ques-
tion is: how does the material frame evolve during this deformation ? One plausible
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choice would be to let the material frame rotate at the spin of the motion, or, alter-
natively, let it rotate with the rotational part of the deformation gradient, [23]. This
is certainly correct when texture evolution is neglected, the hardening being isotropic,
and hence the shape of the yield surface is not affected by deformation. In general,
however, plastic deformation is associated with texture evolution and hence the shape
of the yield surface does evolve with deformation and even initial symmetries may be
lost. The above question can now be reformulated: in the general case, when texture
evolution is taken into account, does the material frame rotate with the material (say,
at the spin of the motion) or does it feature an additional rotation with respect to the
material ? It will be shown here that both point of views are equally valid and reflect,
in fact, different characterizations of the yield surface.

The second possibility mentioned above deserves further comments. As indicated
by the experiments reported by Kim and Yin[15], it may happen that the plastic
symmetry of the material is not completely destroyed when particular paths of defor-
mation are followed. In these cases, within a certain degree of approximation, it can
be considered that the symmetry axes, and hence the material frame, rotate rigidly
with respect to the material, while the shape of the yield surface varies with respect to
the material frame, [4]. The rate at which this relative rotation takes place has been
called plastic spin. An illustration in the context of Kim and Yin[15] experiments can
be found in [7] (where yield surface distortion is neglected).

Although there is quite a significant body of literature concerning the plastic spin,
no rigorous justification of the concept has been proposed yet. In general, the argu-
ments are heuristic and involve a significant degree of approximation. As representative
works in this direction let us mention: Mandel[17], where the plastic spin is defined
as the direct average of the lattice spin of the constituent crystals; this ”definition”
seems to have propagated in many works dedicated to the study of texture evolution,
e.g., [19], [4]; Dafalias and Aifantis[5], where an ab nihilo scale invariance argument is
employed to ”deduce” the structure of the macroscopic model of plastic flow. Further
arguments for the plastic spin as macro-variable of the theory of plasticity are purely
phenomenological, the works of Dafalias being representative for this approach, see [6]
for a relatively recent account. Also notable in the cited work, as well as in that of
Mandel[17], are the precautions taken by the author regarding the additive decompo-
sition of the rate of deformation into elastic and plastic parts, about which objective
stress-rate is most appropriate, and the belief that the additive decomposition can
be avoided by employing an elastic-plastic multiplicative decomposition (of the defor-
mation gradient) together with an explicitly hyper-elastic response. These, however,
are sources for further confusion since, given any multiplicative decomposition or any
stress-strain relationship, hyper-elastic or not, one can always take its time derivative
and thus obtain an additive decomposition.

At the root of all of the above problems lies an incomplete understanding of the
relationship between the macro-rate of plastic deformation and the yield surface, or,
more fundamentally, the lack of rigorous interpretations of the macro-rate of plastic
deformation and of the yield surface in terms of microstructure. In contrast, phe-
nomenological theories of crystal plasticity enjoy an unequivocal definition of the rate
of plastic deformation, the Taylor[22] representation, which leads to a precise charac-
terization of its relationship with the activation surface. The first major attempt at
linking the two scales, in an elastic-plastic context, is that of Hill[9]. However, the
cited work neglects precisely the kind of aspects that are of interest in the present
context: the structural changes caused by plastic deformation, or, texture evolution.
Here, the theory in [9] is reconsidered and extended so that structural changes are
taken into account, the goal remaining the same: to deduce the essential structure of
the macroscopic elastic-plastic response of a polycrystal aggregate.
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1.1 Notations

Second and fourth order tensors are also viewed as linear operators and the symbol
”:” is used to denote the application of an operator to its argument. Thus, if K and e

are fourth and second order tensors, respectively, with components Kijkl and ekl with
respect to some orthonormal basis, then σ = K : e defines the second order tensor
σ with components σij := Kijklekl ; the symbol ”:=” emphasizes a definition. The
dot product, between tensors of the same kind, is always denoted by a single dot, e.g.
σ ·I = σijδij = tr(σ). The symbol ⊗ denotes the tensor product: (a⊗b) : c := (b·c)a.
Finally, AT denotes the transposed operator of A.

2 Single crystal: basic equations

Let x denote the position vector of a particle of a crystal, measured with respect to
some spatial (fixed) reference frame; with the velocity field v(x, t) at the moment t we
associate the velocity gradient l(x, t) = ∂v/∂x. It is assumed that the only mechanism
of plastic deformation at crystal level is by plastic shear along specific crystallographic
directions, Taylor[22]. Then letting mα and nα denote the slip direction and the
normal to a slip plane, the velocity gradient admits during elastic-plastic deformation
the representation

l = l
e + l̂

p
, where l̂

p
=

∑

α∈A

γ̇α
g
α, g

α = m
α ⊗n

α (1)

where γ̇α denotes the rate of plastic shear on slip system α ∈ A ⊂ S ; by A is denoted
the set of active slip systems at the moment t and by S the set of all slip systems at
particle x. By taking the symmetric and antisymmetric parts of the above represen-
tation, the rate of deformation d = (l + lT )/2 and the material spin w = (l − lT )/2
acquire the decompositions:

d = d
e + d̂

p
, d̂

p
=

∑

α∈A

γ̇α
a
α, a

α =
(
g
α + g

αT
)
/2 (2)

w = w
e +w

p, w
p =

∑

α∈A

γ̇α
b
α, b

α =
(
g
α − g

αT
)
/2 (3)

Letting τ := Jσ denote the Kirchhoff stress, where J is the determinant of the
deformation gradient and σ is the Cauchy stress, the stress-strain relationship at
particle x reads, [13], [2], [1]:

τ̇
Je = τ̇ + τw

e −w
e
τ = K

J :
(
d− d̂

p
)

(4)

A superposed dot denotes the material derivative; τ̇ Je is the Jaumann rate associated
with the spin we and KJ the corresponding tensor of instantaneous moduli. Thus the
above equation reproduces, with respect to the spatial frame, the point of view of an
observer rotating rigidly with the crystal lattice (lattice frame). With we = w −wp,
for an observer in a frame rotating with the crystal (at spin w) the stress-strain
relationship reads:

τ̇
J = τ̇ + τw −wτ = K

J : (d− d
p) (5)

where the rate of plastic deformation associated with the material frame is

d
p = d̂

p
−

(
K

J
)−1

: (τwp −w
p
τ ) (6)

More generally, to each (objective) stress rate there corresponds a specific rate
of plastic deformation. In other words, the rate of plastic deformation, being a rate,
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depends on the frame of the observer. However, once the constitutive relationships
in eqs.(1) and (4) are given, the rate of plastic deformation and the stress-strain
relationship are uniquely determined with respect to any frame. To formalize these
ideas, consider an objective stress rate τ̇Z defined by

τ̇
Z := τ̇

J − z(τ ,d), with z(τ ,d) = Z(τ ) : d (7)

where Z is an isotropic fourth order tensor. In particular, Z is symmetric. The
above representation is general enough to include many of the known objective rates,
[8], and also the rate of any stress measure work-conjugated with an arbitrary strain
measure defined with respect to some reference configuration, [10]. Employing eq.(5),
an observer associated with the above rate writes

τ̇
Z = K

Z :
(
d− d

pZ
)

(8)

with KZ and dpZ defined by

K
Z := K

J −Z, d
pZ :=

(
K

Z
)−1

K
J : dp (9)

Note that if KJ is (major) symmetric, KZ is also symmetric; it will be assumed that
KZ is also invertible. Employing eqs.(6) and (9), the relationship between dpZ and

d̂
p
reads

d
pZ = d̂

p
+

(
K

Z
)−1

:
[
z(τ , d̂

p
) + τw

pT +w
p
τ
]

(10)

A particular stress-rate important for the next arguments is the Truesdell rate
τ̇L := τ̇ − lτ − τ lT , which corresponds to z(τ ,d) = τd+ dτ . In this case, KL : d =
KJ : d− (τd+ dτ ), for any symmetric second order tensor d and

d
pL =

(
K

L
)−1

K
J : dp = d̂

p
+

(
K

L
)−1 (

τl
pT + l

p
τ
)

(11)

3 Schmid law and Kirchhoff stress

Schmid[20] law states that a slip system becomes active, or is yielding, if its resolved
shear stress reaches a critical value. Traditionally, this is formulated in terms of the
Cauchy stress as

τα := σ · gα = σ · aα ≤ ταcr (12)

with ταcr = ταcr(x, t) representing the critical resolved shear stress of slip system gα.
A slight generalization of the above activation criterion will simplify significantly the
formalism ; Schmid law will be restated in the form

τα := τ · gα = τ · aα ≤ ταcr (13)

While formally similar, the two activation/yielding criteria differ, the second being
sensitive to the hydrostatic component of the stress state. In support of the above
generalization let us note that:
i) For isochoric motions, J = constant; then for J = 1 criterions (12) and (13) are
equivalent.
ii) Eq.(13) is equivalent to σ ·gα ≤ ταcr/J . Assuming there is a one-to-one relationship
J = J(p), where p := tr(σ)/3, this is necessarily a strictly increasing function. Then
adding to an existing yielding stress state a dilatational pressure component will cause
further yielding while a compressive pressure component will cause elastic unloading.
This is in qualitative agreement with the experiments of Spitzig and Richmond[21].
However, it should be noted that this argument applies rigorously only to crystals

4



featuring cubic or a particular form of hexagonal symmetry, in which case the elastic
properties of the crystal admit a volumetric-deviatoric decomposition with a one-to-
one relationship J = J(p).
iii) Employing a Taylor series expansion about p = 0 and assuming that J(0) = 1,
eq.(13) can be rewritten as σ · gα ≤ ταcr

[
1− qp+ O(p2)

]
, where q := J ′(0). For small

displacements from the reference configuration, and thus in a small neighborhood of the
zero stress state, Hooke’s law for cubic crystals can be expressed as σ = (1/3)(c11 +
2c12)tr(ǫ)I+deviatoric terms, [18], where cij are the components of the tensor of
elasticity in Voigt notation, ǫ is the strain tensor associated with small displacements,
and I is the second order identity tensor. In this case p = tr(σ)/3 = (c11+2c12)tr(ǫ)/3
and hence J = 1 + tr(ǫ) + O(ǫ2) = 1 + 3p/(c11 + 2c12) + O(p2), allowing us to deduce
that q = J ′(0) = 3/(c11 + 2c12). On the other hand, it will be shown elsewhere that
a realistic extension of Schmid law, incorporating pressure effects in accordance with
the experiments of [21], is of the form σ · gα ≤ ταcr (1− 3αp), where α ≈ 56/TPa for
aluminum and in the range 13− 23/TPa for iron and steels. For aluminum, c11 ≈ 107
GPa and c12 ≈ 61 GPa, leading to q/3 ≈ 4/TPa, which is about sixteen times less
than α ; for iron, c11 ≈ 237 GPa and c12 ≈ 141 GPa, leading to q/3 ≈ 2/TPa, which
is about ten times less than observed in experiments.
iv) Finally, consider a purely hydrostatic stress state, σ = pI. Then τα = JpI ·gα = 0,
since mα · nα = 0, and hence the strict inequality 0 = τα < ταcr is satisfied. Thus a
purely hydrostatic stress state will never cause the yielding of the crystal.

All of the above arguments indicate that eq.(13) is a valid extension of the classical
Schmid law, the pressure component of the stress state having only a weak influence
upon slip system activation, yet being in qualitative agreement with a more realistic
extension of Schmid law to pressure effects.

4 Elastic directions and normality

When strict inequality holds in eq.(13) for all slip systems, the stress state is elastic.
The set of all elastic stress states defines the (current) elastic domain at particle x and
its boundary is called the activation surface. The relationship between the current
rate of plastic deformation and the yield surface is crucial for the structure of the
overall response of an aggregate of single crystals. Characterizing this relationship is
equivalent to characterizing the directions of elastic unloading or, in the terminology
of Hill and Rice[13], equivalent to specifying the unloading criterion. This in turn is
equivalent to specifying how the slip systems evolve during deformation.

There are many plausible definitions for the evolution of the ”slip” vectors mα and
nα, [13], [2]. They are, in fact, phenomenological entities (internal variables) intended
to identify, at crystal level, the basic modes of plastic deformation resulting from the
motion, at atomic level, of a large number of dislocations through the crystal lattice.
As such, there is a certain freedom in stating the evolution laws for the slip vectors,
although, in principle, mα should be pointing in a direction of slip and nα in the
direction normal to the slip plane. A general representation of this evolution is

ṁ
α = lA(l

e,mα) : mα, ṅ
α = lB(l

e,nα) : nα (14)

with lA and lB second order tensor functions. As illustrations, let us mention: the
case where slip systems rotate rigidly at the spin of the lattice, where lA = lB =
we; the case where the slip direction convects with the motion of the lattice while
the normal to the slip plane convects with the motion of the reciprocal frame, or,
for short, convecting slip systems, where lA = le and lB = −leT ; the case of unit
convecting slip systems, where, by contrast with the previous case, the slip and normal
vectors retain their initial lengths, thus lA = le − [(de : mα) ·mα] I and lB = −leT +
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[(de : nα) · nα] I. These examples suggest the following representation for the tensors
lA and lB characterizing slip system evolution:

lA = l
e +GA : de, lB = −l

eT +GB : de (15)

with GA and GB fourth order tensors which may depend on mα and nα: GB =
−GA = the fourth order identity tensor, for rigidly rotating slip systems; GA = GB =
0, the fourth order null tensor, for convecting slip systems; GA = −I⊗mα ⊗mα and
GB = I ⊗ nα ⊗ nα, for unit convecting slip systems. Let us remark that, in order
for the slip vectors to remain orthogonal during any motion, the tensors GA and GB

must satisfy:

d

dt
(mα · nα) ≡ 0 ⇐⇒

(
G

T
A : mα ⊗ n

α +G
T
B : nα ⊗m

α
)
· de ≡ 0 (16)

It is assumed in what follows that the functions lA and lB comply with eqs.(15) and
(16).

The elastic directions, in stress space, can now be characterized by considering
elastic continuations of the motion from the current state. Since unloading directions
are of primary interest, let the stress state τ at the current moment t be a yielding
state; thus at least one slip system is active, eq.(13) being satisfied with the equality
sign. Let next τ (t+ θ), θ ∈ (0, θM ], θM > 0, denote a curve in stress space originating
at τ (t) and subject to the requirement that all its points are elastic states (for θ > 0),
the curve being otherwise arbitrary. Following a notation in Hill and Rice[14], the
tangent of an unloading curve at its origin will be denoted by

δτ :=
d

dθ
τ (t+ θ)

∣∣∣∣
θ=0

= lim
θ→0

1

θ
[τ (t+ θ)− τ (t)] (17)

and will be referred to as an unloading direction; the elastic directions (rates) of
other entities will also be specified by the δ symbol. More generally, the notation will
be employed to denote arbitrary variations of an object with respect to the current
configuration, that is, the operation of derivation defined in eq.(17).

We show next a fundamental invariance property relating elastic directions and
the direction of plastic flow. But first, some remarks regarding the continuity of the
passage from plastic to elastic regime are in order. At each inner point of the crystal
the stress is time-continuous so that τ (t) = τ (t+) := limθ→0 τ (t + θ). On the other
hand, lp will in general experience a discontinuity (in time), lp(t) 6= 0 = lp(t+),
since for elastic unloading lp(t + θ) = 0, for any θ > 0. Then le(t+) = l(t+) and
further, we(t+) = w(t+). The rate at which slip systems evolve will also experience
a discontinuity at the elastic-plastic transition. However, given eq.(14), their motion
is continuous, so that gα(t+) = gα(t). To simplify notation, we shall continue to
write, for example, l(t), or simply l, instead of l(t+), the appropriate value being clear
from the very specific context of elastic unloading. With these in mind, we extend the
δ-notation and define

δJτ := δτ + τw −wτ , δLτ := δτ − τ l
T − lτ , δZτ := δJτ − z(τ ,d) (18)

For elastic unloading, from eqs.(5) and (8) there holds δJτ = KJ : d and δZτ = KZ :
d, allowing us to unfold the following sequence of equalities:

δZτ · dpZ =
(
K

Z : d
)
· dpZ =

[
K

Z
(
K

J
)−1

: δJτ

]
· dpZ =

= δJτ ·

[(
K

J
)−1

K
Z : dpZ

] (19)

where the symmetry of KJ and KZ has been employed. With eq.(9) we deduce

δZτ · dpZ = δJτ · dp (20)
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This is the announced invariance property. Hill[11] was the first to state it explic-
itly and to recognize its importance for the foundations of the theory, [13], [14].
Indeed, since the identity in eq.(20) holds for any elastic direction, it follows that
the relationship between the rate of plastic deformation and the activation surface is
frame-independent, and, moreover, in the wider sense employed here for this concept,
independent of stress-strain measure or reference configuration.

At any moment along an elastic trajectory there holds

τ (t+ θ) · aα(t+ θ) < ταcr(t) = τ (t) · aα(t), ∀α ∈ A (21)

Subtracting the right-hand member, dividing by θ and then taking the limit θ → 0
obtains

δ (τ · aα) ≤ 0 ⇐⇒ δτ · aα(t) + τ (t) · δaα ≤ 0, ∀α ∈ A (22)

This inequality characterizes the elastic directions; recalling the definition of the slip
tensor aα in eq.(3) and that of its evolution in eq.(14), it becomes

δτ · aα +
1

2
τ ·

(
lAg

α + g
αT

l
T
A + lBg

αT + g
α
l
T
B

)
≤ 0 (23)

Let us denote for the moment

µ
Zα := a

α +
(
K

Z
)−1

:
[
z(τ ,aα)− τ (gα − g

αT )/2 + (gα − g
αT )τ/2

]
;

by adding 0 = δZτ · µZα − δZτ · µZα, inequality (23) can be further reformulated as

δZτ · µZα +
(
wτ − τw + τd− dτ + l

T
Aτ + τlB

)
· gα+

+z(τ ,d) · aα − z(τ ,aα) · d ≤ 0
(24)

By the symmetry of z there holds z(τ ,d) · aα = z(τ ,aα) · d; then, by multiplying
the above inequality with γ̇α, then summing for α ∈ A and taking into account the
linearity of z with respect to its second argument, one finally obtains the inequality

δZτ · dpZ + ψ ≤ 0, with ψ :=
∑

α∈A

γ̇α
[
τ
(
lB + l

T
)
+

(
l
T
A − l

T
)
τ
]
· gα (25)

Since it holds for arbitrary elastic directions δZτ , it defines the orientation of the cur-
rent rate of plastic deformation dpZ with respect to the tangent cone at the activation
surface at the current stress state. One may also note that ψ is independent of the
stress-rate employed.

When ψ ≡ 0, the above inequality reduces to

δZτ · dpZ ≤ 0 (26)

which is the classical case of ”normality”. Obviously, this happens for arbitrary de-
formations if and only if lA = l and lB = −lT , that is, if it is assumed that the slip

systems convect with the lattice.
Any other type of slip system evolution induces deviations from the normality

structure. As illustration, consider the case where slip systems are assumed to rotate
rigidly at the lattice spin; substituting lA = lB = w in the definition of ψ in eq.(25)
and employing the definition of wp in eq.(3), straightforward calculations lead to

ψ = (τwp −w
p
τ ) · d =

[(
K

Z
)−1

: (τwp −w
p
τ )

]
· δZτ (27)
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Substituting this into eq.(25) and employing the definition of dpZ in eq.(10) results in
the inequality

δZτ ·

[
d
pZ +

(
K

Z
)−1

: (τwp −w
p
τ )

]
=

= δZτ ·

[
d̂
p
+

(
K

Z
)−1

: z(τ , d̂
p
)

]
≤ 0

(28)

When z ≡ 0, that is, when Jaumann stress-rate is employed, the second form of the
above inequality simplifies to

δJτ ·

[
d
p +

(
K

J
)−1

: (τwp −w
p
τ )

]
= δJτ · d̂

p
≤ 0 (29)

Obviously, the second form of the inequality above could have been obtained more
simply by employing a direct argument.

Returning to the general case, where slip system evolution is characterized by
eqs.(14) and (15), let us note here for later reference that, by following similar calcu-
lations as above, the deviation ψ admits the representation

ψ = d ·Ψ = δZτ ·

[(
K

Z
)−1

: Ψ

]
,

where Ψ :=
∑

α∈A

γ̇α
[
G

T
A :

(
τg

αT
)
+G

T
B : (τgα)

] (30)

5 Overall characteristics: Yield surface and flow

rule

Let X denote a material particle of a continuum body; at X the constitutive response
is to be defined as the average response of a representative volume element (RVE),
see [12] for a general context to the averaging problem. The RVE is viewed as an
aggregate of single crystals, a polycrystal, each constituent crystal being defined by
its orientation and by its constitutive response as described in the previous sections.
The motion of the body, as well as that of the aggregate represented by X, is referred
to a global (fixed) orthonormal frame; Ωt will denote the domain occupied by the
polycrystal in its current (deformed) configuration and Ω0 the domain occupied in
some reference configuration. As first homogenization principle, it is assumed that the
boundary of the aggregate is subject to the homogeneous displacement field associated
with the macroscopic deformation gradient at particle X. Thus, if F designates the
later and x = x(X, t) describes the motion of the aggregate, with X labeling particles
in Ω0 and x specifying their position at t, then x(X, t) = F (t) : X, for all X ∈ ∂Ω0, at
any moment t. Differentiating with respect to t and defining the macroscopic velocity

gradient by L := Ḟ
(
F
)−1

, the boundary condition acquires the more convenient form
where the velocity field is prescribed on the boundary by v(x, t) = L(t) : x, for all
x ∈ ∂Ωt. D =

(
L+LT

)
/2 and W =

(
L−LT

)
/2 will denote the macroscopic rate

of deformation and spin, respectively.
With |Ω0| and |Ωt| denoting the volumes of the referential and current domains,

let us define

J :=
|Ωt|

|Ω0|
=

1

|Ω0|

∫

Ω0

J(X, t) dX =⇒ J = det
(
F
)

(31)

The implication follows by showing first that (d/dt)J = J tr(L), via the boundary
condition and the divergence theorem; since det

(
F
)
satisfies the same ordinary dif-

ferential equation and J(t = 0) = 1 = det
[
F (t = 0)

]
, the two coincide.
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Neglecting inertial terms, equilibrium of the aggregate is equivalent with div(σ) =
0, that is ∂σij/∂xj ≡ 0. As second homogenization principle, it is assumed that the
macroscopic Cauchy stress Σ at particle X is the direct average of the Cauchy stress
field within the aggregate

Σ =
1

|Ωt|

∫

Ωt

σ(x, t) dx ⇐⇒ T := J Σ =
1

|Ω0|

∫

Ω0

τ dX (32)

the second equivalent form of this axiom defining the macroscopic Kirchhoff stress
T . Then, by employing the equilibrium equation and the boundary condition (in rate
form), a textbook calculation proves the following averaging formula

Ṫ
L
:= Ṫ −LT − TL

T =
J

|Ωt|

∫

Ωt

1

J
τ̇

L dx (33)

Let us also recall Hill’s Lemma: for an arbitrary symmetric second order equili-
brated tensor field σ∗, thus satisfying div(σ∗) = 0, and for an arbitrary second order
compatible field l∗ homogeneous at the boundary, thus deriving from a vector poten-
tial v∗, l∗ ≡ ∇v∗, with the field v∗ satisfying v∗(x) = L∗ : x, for x ∈ ∂Ωt, there
holds

Σ∗ · L∗ =
1

|Ωt|

∫

Ωt

σ
∗(x) · l∗(x) dx, where Σ∗ :=

1

|Ωt|

∫

Ωt

σ
∗dx (34)

Finally, regarding the range of validity of the above averaging formulas, it is re-
quired that the velocity field be piecewise C1 (thus v be continuous and its spatial
gradient piecewise continuous) and that the stress field (and its rate) be of class C1

within each constituent. Stress and velocity gradient discontinuities may be present
along inner boundaries between the constituent grains (provided equilibrium is en-
forced at each boundary).

5.1 Instantaneous macro-elastic response

The macroscopic elastic directions (in stress space) play at macroscopic level a similar
role with that played by the elastic directions at crystal (or local) level. Therefore it
is essential to have a precise characterization of the instantaneous elastic response at
a macroscopic particle X and of its relationship with the corresponding elastic fields
developed within the aggregate represented by X .

Let t be the current moment of the motion x = x(X, t) and let vδ = vδ(x), x ∈ Ωt,
denote an arbitrary variation of the motion about the current configuration:

xθ := x(X, t+ θ) := x(X, t) + θ vδ(x) + O(θ2) (35)

Obviously, vδ is the velocity of the varied motion xδ at the moment t + 0, that is,
δx = vδ. With respect to the reference configuration Ω0, the gradient of the varied
motion is F θ = ∂xθ/∂X =

(
I + θ∇vδ

)
F + O(θ2), where F = (∂x/∂X)(X, t), and

hence

δF =
d

dθ
F

θ

∣∣∣∣
θ=0

= l
δ
F (X, t), with l

δ := ∇v
δ =

∂vδ

∂x
(36)

Let σθ := σ(xθ, t + θ) be the Cauchy stress associated with the motion xθ. Ne-
glecting inertial terms, an arbitrary part P θ = x(P, t + θ), P ⊆ Ω0, is in equilibrium
if at any θ ≥ 0 there holds

∫

∂Pθ

σ
θ : nθdΓθ = 0
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where nθdΓθ is the area element on the boundary ∂P θ. This is related, by Nanson’s

formula, to the area element in the reference state by nθdΓθ = Jθ
(
F θ

)−T
: NdΓ;

then, by taking the θ-rate at the current moment there follows:

d

dθ

(∫

∂Pθ

σ
θ : nθdΓθ

)

θ=0

= 0 ⇐⇒

∫

∂P

δ
(
JσF−T

)
: N dΓ = 0

With Jθ = det(F θ), there follows δJ = Jtr(lδ); from δ(FF−1) = 0 and eq.(36) there
follows δF−T = −lδTF−T . Employing these formulas and then once again Nanson’s
formula into the right-hand member of the above equivalence, the stress variation
induced by the variation of the motion (35) satisfies the equilibrium equation:

∫

∂Pt

1

J

(
δLτ + l

δ
τ
)
: n dΓt = 0, ∀Pt ⊆ Ωt

where, here, δLτ = δτ − lδτ − τlδT . By a classic argument, this is further equivalent
to

div

[
1

J

(
δLτ + l

δ
τ
)]

= 0, ∀x ∈ Ωt

Let now F
θ
:= F (t) + θLδ + O(θ2) represent a variation of the macroscopic de-

formation gradient in a direction Lδ. Via the boundary condition, this variation will
generate a variation of the motion as in eq.(35). If this motion induces an elastic
deformation within the aggregate, for θ in some nonempty interval (0, θM ], then, con-
sidering all of the above, and taking the limit θ → 0, the instantaneous response of
the aggregate is characterized by the following boundary value problem (BVP):





div

[
1

J

(
δLτ + l

δ
τ
)]

= 0, x ∈ Ωt

δLτ = K
L : dδ, x ∈ Ωt, where d

δ := (lδ + l
δT )/2

v
δ(x) = L

δ : x, x ∈ ∂Ωt

(37)

and Lδ will be called a macro-elastic direction of the motion. Note that J , τ and KL

are evaluated at the current moment t; then substituting the instantaneous stress-
strain response into the equilibrium equation, the following BVP





div

[
1

J

(
K

L : dδ + l
δ
τ
)]

= 0, x ∈ Ωt

v
δ(x) = L

δ : x, x ∈ ∂Ωt

(38)

is linear with respect to Lδ. Then a field of linear operators V = V (x) exists such
that vδ(x) = V (x) : Lδ ⇐⇒ vδi (x) = Viab(x)L

δ
ab. In particular, if Lδ = W ∗,

with W ∗ an arbitrary antisymmetric second order tensor, it can be verified that the
solution of BVP(38) is the uniform velocity field v∗(x) = W ∗ : x, x ∈ Ω. As such,
0 = d∗ij = (1/2) (Viab,j + Vjab,i)W

∗
ab and W ∗

ij = w∗
ij = (1/2) (Viab,j − Vjab,i)W

∗
ab (a

comma indicating partial differentiation with respect to the variable it precedes); by
adding these two identities there follows: W ∗

ij = Viab,jW
∗
ij . Then the fourth order

operator A defined by Aijab := Viab,j relates the local velocity gradient to the boundary
condition through lδ(x) = A(x) : Lδ, and has the additional property that A(x) :
W ∗ = W ∗, ∀W ∗ antisymmetric. Thus, for an arbitrary Lδ, with Dδ := (Lδ+LδT )/2
and W δ := (Lδ −LδT )/2, the solution of BVP(38) can be described as follows:

d
δ(x) = A

S(x) : Dδ, x ∈ Ωt (39)

where AS
ijab := (Aijab + Ajiab)/2, and

w
δ(x) := (lδ − l

δT )/2 = W
δ +A

A(x) : Dδ, x ∈ Ωt (40)
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where AA
ijab := (Aijab − Ajiab)/2. AS and AA will be referred to as the localization

operators of the above BVP’s. They are completely determined by the current state
of the aggregate (geometry, elastic properties and stress state), via Ωt, τ and KL.

The instantaneous macroscopic elastic response can now be deduced by

1

J
δLτ =

1

J
K

L : dδ =
1

J
K

L
A

S : Dδ =⇒

=⇒
J

|Ωt|

∫

Ωt

1

J
δLτ dx =

J

|Ωt|

∫

Ωt

1

J
K

L
A

S dx : Dδ

allowing us to write, by recalling eq.(33),

δLT = K
L
: Dδ,

with δLT := δT −L
δ
T − TL

δT and K
L
:=

J

|Ωt|

∫

Ωt

1

J
K

L
A

S dx
(41)

K
L
is the macroscopic tensor of elasticity; crucial for the next developments, K

L
is

symmetric and positive definite, onceKL is so. The proofs are somewhat technical and

therefore are detailed in the Appendix to this work. In particular, K
L
is invertible and

then δLτ = KLAS : Dδ = KLAS
(
K

L
)−1

: δLT , this representing the relationship

between the elastic variations of the local and macroscopic stresses:

δLτ (x) = B
L(x) : δLT , with B

L := K
L
A

S
(
K

L
)−1

(42)

5.2 Macro-rate of plastic deformation

Consider next a general deformation process subjecting the aggregate to elastic-plastic
deformation. Obviously, the actual velocity field at the current moment t is among
the possible directions of variation in eq.(35); hence the BVP governing the evolution
of the aggregate in this case reads





div

[
1

J

(
τ̇

L + lτ
)]

= 0, x ∈ Ωt

τ̇
L = K

L :
(
d− d

pL
)
, x ∈ Ωt

v(x, t) = L(t) : x, x ∈ ∂Ωt

(43)

To characterize the overall (or macroscopic) stress-strain response associated with the
above BVP, we shall employ a technique essentially due to Hill[9] and Hill[12]; in [9]
the micro-macro transition was achieved at the cost of neglecting structural changes
(texture evolution) generated by plastic deformation, whereas in [12] it was shown,
under general conditions, that if the normality structure is present at crystal level
then it propagates intact at macroscopic level. An alternative construction of the
theory was provided by Hill and Rice[14] but the approach is essentially based on the
elastic potential and its parametrization. Here, the theory developed in [9] is extended
to a general Eulerian framework, without specification of the constitutive origins of
the instantaneous elastic response. Nevertheless, as in the cited works, the key to the
micro-macro transition will be the differential invariant in eq.(20).

Given the current state of the aggregate, represented by its domain Ωt and the fields

τ and KL, let Lδ denote an arbitrary macro-elastic direction of motion, δLT = K
L
:

Dδ its corresponding macro-elastic stress direction, and lδ and δLτ the corresponding
local fields associated with Lδ via BVP(37). Then the following sequence of equalities
unfolds:

δLτ · dpL = δLτ · (d− d
e) = δLτ · d−

(
K

L : dδ
)
· de = δLτ · d− τ̇

L · dδ (44)
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Observing now that
(
lδτ

)
· l = (lτ ) · lδ, the equality between the first and the last

members of the above sequence can be equivalently restated as

1

J
δLτ · dpL =

1

J

[(
δLτ + l

δ
τ
)
· l−

(
τ̇

L + lτ
)
· lδ

]
(45)

As solutions of BVP(37) and BVP(43), the fields δLτ+lδτ and τ̇L+lτ are equilibrated,
while l and lδ are compatible; then taking the average of both members of the above
equality and employing Hill’s Lemma (34) and formula (33), obtains

J

|Ωt|

∫

Ωt

1

J
δLτ · dpLdx =

(
δLT +L

δ
T
)
·L−

(
Ṫ

L
+LT

)
· Lδ (46)

Again, due to the symmetry of T , there holds
(
LδT

)
· L = (LT ) · Lδ, and then, by

eq.(41), the right-hand member of the above equality transforms into

δLT ·D − Ṫ
L
·Dδ =

[
D −

(
K

L
)−1

: Ṫ
L
]
· δLT (47)

due to the symmetry of δLT , Ṫ
L
and K

L
.

By definition, the bracketed term in eq.(47) is the macroscopic rate of plastic

deformation associated with the rate Ṫ
L
; it will be denoted by DpL. This is equivalent

with assuming that the overall stress-strain response must be, in rate form:

Ṫ
L
= K

L
:
(
D −D

pL
)

(48)

Consequently, by eqs.(46) and (47), for any macro-elastic direction δLT , the macro-
rate of plastic deformation satisfies

D
pL·δLT =

J

|Ωt|

∫

Ωt

1

J
δLτ ·dpLdx ⇐⇒ D

pL =
J

|Ωt|

∫

Ωt

1

J

(
B

L
)T

: dpLdx(49)

Excluding pathological cases , the set of macro-elastic directions has a non-empty
interior and hence it contains six (the dimension of the space of symmetric second order
tensors) linearly independent elements. Then the second equality in eq.(49) follows by
employing eq.(42); it demonstrates that the macro-rate of plastic deformation enjoys
an unequivocal representation in terms of the plastic deformation taking place within
the aggregate represented by the macroscopic particle X .

With arguments similar to those in sections 2 and 4, once equations (48) and
(49) have been formulated by one observer, they can be reformulated in terms of any
reference frame. For later reference we state here the main formulas. For the Jaumann
rate Ṫ

J
:= Ṫ+TW−WT , the corresponding tensor of instantaneous moduli is defined

by K
J
: A = K

L
: A + TA +AT for any symmetric second order tensor A, and is

symmetric and positive definite; the corresponding stress-strain relationship reads:

Ṫ
J
= K

J
: (D −D

p) , with D
p :=

(
K

J
)−1

K
L
: DpL (50)

More generally, for an arbitrary stress-rate Ṫ
Z
:= Ṫ

J
−Z(T ,D) with Z linear with

respect to D, the tensor K
Z

defined by K
Z

: A = K
J

: A − Z(T ,A), for any
symmetric second order tensor A, is symmetric and positive definite and:

Ṫ
Z
= K

Z
:
(
D −D

pZ
)
, with D

pZ :=
(
K

Z
)−1

K
J
: Dp (51)

Finally, the following sequence of equalities holds, by virtue of the invariance property
in eq.(20), which is equally valid at macroscopic level, and by eq.(49):

D
pZ · δZT = D

p · δJT = D
pL · δLT =

J

|Ωt|

∫

Ωt

1

J
δLτ · dpLdx (52)
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5.3 Macroscopic yield surface

The macroscopic elastic domain is, by definition, the set of all stress states that can
be attained from the current stress by purely elastic deformation, [9]; the macroscopic
yield surface is the boundary of the elastic domain. Eq.(52) shows the invariance of
the relationship between the macroscopic rate of deformation and the macroscopic
yield surface. It is therefore sufficient to discuss the nature of this relationship for
one description and the conclusions will transfer unchanged to any other description.
In the present Eulerian framework, the most convenient description is that associated
with the Jaumann rate.

Let T (t) denote the current macro-stress, and τ (x, t) its corresponding stress field
within the aggregate. During any elastic deformation originating at T and driven by

an evolution L = L(t + θ) at the boundary, with Ṫ
J
(t + θ) = K

J
(t + θ) : D(t + θ),

for θ in some interval ∈ (0, θ∗], the local stress field τ (x, t+ θ) satisfies at any t+ θ

τ̇
J = K

J : d = K
J
A

S : D = K
J
A

S
(
K

J
)−1

: Ṫ
J
= B

J : Ṫ
J

(53)

where derivatives are taken with respect to θ and the last equality from the above
sequence serves as definition of the operator BJ . In order to obtain a representation
of the local field τ (t + θ∗) in terms of T ∗ := T (t + θ∗), the localization operators
AS and AA in eqs.(39) and (40) may be considered as known; the operator BJ is
then known, as well as the field w = wi + W , where wi := AA : D, eq.(40). With
W we associate the macro-rotation R satisfying Ṙ = WR; with wiR := RTwiR

we associate the rotation field Q(x, t + θ) defined by Q̇ = wiRQ and Q(t) = I (and
note that Q is completely determined by the initial condition and the evolution of
the boundary condition); we also define the so called rotated stresses TR := RTTR,
TRQ := QTTRQ, τR := RT τR, and τRQ := QT τRQ, and note that, for example,

Ṫ
J
= R

(
dTR/dθ

)
RT . Under these assumptions, eq.(53) becomes an ordinary differ-

ential equation, which, after employing the just defined rotated objects, acquires the
equivalent form

d

dθ
τ

RQ = Q
T
R

T

{
B

J :

[
R

(
d

dθ
T

R

)
R

T

]}
RQ = Γ :

d

dθ
T

R

with the second equality serving as definition for the fourth order operator Γ. Inte-
grating between θ = 0 and θ = θ∗ there follows

τ
RQ(t+ θ∗)− τ

R(t) =

∫ θ∗

0

Γ : dTR

In particular, the above integral vanishes for closed cycles (by the assumed elastic
behavior), and hence there exists a tensor function Φ = Φ(TR) potential for its
integrand; then the stress field within the aggregate admits the representation

τ
RQ(t+ θ∗) = τ

R(t) +Φ(TR(t+ θ∗))−Φ(TR(t)) (54)

Consider next the evolution of the slip systems of a constituent during elastic
unloading. In the context of Section 4, we shall detail, as illustrations of a general
argument, the cases of rigidly rotating slip systems and of convecting slip systems. For
the first, the evolution of the slip direction mα and of the slip plane normal nα is of
the type:

d

dθ
m(t+ θ) = (wi +W )(t+ θ) : m(t+ θ)

Recalling the definitions of the rotations R and Q, these may be recognized as funda-
mental matrices of equations of the above type. Then straightforward arguments lead
to the representations

m
α(t+ θ) = R(t+ θ)Q(t+ θ)RT (t) : mα(t)

n
α(t+ θ) = R(t+ θ)Q(t+ θ)RT (t) : nα(t)
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from where it follows that

a
α(t+ θ) = (RQ) (t+ θ)

[
R

T (t)aα(t)R(t)
]
(RQ)T (t+ θ) (55)

Substituting the representations in eqs.(54) and (55) into eq.(21), one obtains the
characterization of the current macroscopic elastic domain as the set of all stress
states T ∗ satisfying the set of inequalities

τ
RQ(t+θ∗) ·(aα)R (t) =

[
τ

R(t)−Φ(TR(t)) +Φ(T ∗R)
]
·(gα)R (t) < ταcr(t), (56)

∀x ∈ Ωt and ∀α ∈ S .
In the case of convecting slip systems, the slip directions evolve during elastic

unloading according to

d

dθ
m(t+ θ) = l(t+ θ) : m(t+ θ) =

(
w

i +W + d
)
(t+ θ) : m(t+ θ) (57)

With the substitution m(t + θ) = R(t + θ)Q(t + θ)m̃(t + θ), the rotational parts
associated with the spins wi and W are eliminated, m̃ satisfying

d

dθ
m̃(t+ θ) = d

RQ(t+ θ) : m̃(t+ θ)

where dRQ := (RQ)T d (RQ). WithM(t+θ) denoting the fundamental matrix/operator
of the above equation, satisfying M(t) = I, m̃ acquires the representation m̃(t+ θ) =
M(t+ θ) : m̃(t); the solution of eq.(57) is then

m(t+ θ) = R(t+ θ)Q(t+ θ)M(t+ θ)RT (t) : m(t) (58)

On the other hand, normal directions evolve during elastic unloading according to

d

dθ
n(t+ θ) = −l

T (t+ θ) : n(t+ θ) =
(
w

i +W − d
)
(t+ θ) : n(t+ θ) (59)

With M invertible, as fundamental operator, it can be verified that the solution of
the above equation is

n(t+ θ) = R(t+ θ)Q(t+ θ)M−T (t+ θ)RT (t) : n(t) (60)

Eqs. (58) and (60) then lead to

a
α(t+ θ) = (RQ) (t+ θ)

[
M̃(t+ θ) : (gα)R (t)

]
(RQ)T (t+ θ) (61)

with the definition M̃(t+ θ) : (gα)R (t) := M(t+ θ) (gα)R (t)M−1(t+ θ) +M−T (t+

θ)
[
(gα)R (t)

]T
MT (t+ θ).

Thus, in the case of convecting slip systems, the current macroscopic elastic domain
is the set of all stress states T ∗ satisfying the set of inequalities

{
M̃

T
(t+ θ∗) :

[
τ

R(t)−Φ(TR(t)) +Φ(T ∗R)
]}

· (gα)R (t) < ταcr(t), (62)

∀x ∈ Ωt and ∀α ∈ S .
It may be concluded from the above analysis that there exists at least a qualitative

difference between the elastic domain associated with rigidly rotating slip systems,
eq.(56), and the elastic domain associated with convecting slip systems, eq.(62). More
generally, each type of slip systems evolution leads to a specific definition of the yield
surface. In all cases, the macroscopic yield surface may be represented as the level set of
a yield function having as principal argument the rotated stress TR :=

(
RTTR

)
(t+θ).
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The yield surface associated with convecting slip systems is special; we shall distinguish
it by adding the subscript L; thus we write

fR
L (TR, ...) = 0 and fR

W (TR, ...) = 0 (63)

for the macroscopic yield surfaces generated by assuming convective and, respectively,
any other type of slip systems evolution at constituent level. Dots are to represent
any additional macro-variables that may be required for the description of the yield
surface, e.g. hardening variables, structural tensors, etc. The superscript R is meant
to indicate that the stress argument of the function is the rotated stress; by defin-
ing fW (T , ...) := fR

W (TR, ...), and fL(T , ...) := fR
L (TR, ...), one obtains corresponding

descriptions of the yield surface in terms of the Kirchhoff stress (referred to the labora-
tory frame). Obviously, fW and fL must be isotropic functions; in case of anisotropic
plastic properties, the case of most interest in practice, this implies the presence of
additional arguments in the form of structural tensors, e.g., [3], [16]; in this sense,
the Schmid stress may be regarded as the prototype example (the dot product of two
tensors being invariant to orthogonal transformations).

5.4 The relationship between the macroscopic rate of plas-

tic deformation and the yield surface. Plastic spin

No matter what characterization is obtained for the macroscopic yield surface, a
generic yield surface described as fR(TR, ...) = 0 = f(T , ...), has the property that,
for elastic unloading from a current yielding state T (t), along an arbitrary stress path
T (t + θ), there holds fR(TR(t + θ), ...) − fR(TR(t), ...) < 0, for θ > 0, whence, by
dividing by θ and taking the limit θ → 0:

d

dθ
fR(TR, ...)

∣∣∣∣
θ=0

≤ 0 ⇐⇒ δTR ·
∂fR

∂TR
(TR(t)) ≤ 0 ⇐⇒ δJT ·

∂f

∂T
(T (t)) ≤ 0 (64)

Implicit in the above argument is that, besides the stress state, no other variable of the
yield function is affected during elastic unloading. It is assumed that the yield surface
is smooth; thus the gradient is well defined in the classical sense and at least part of
the set of elastic directions δTR = RT (t)

(
δJT

)
R(t) spans the half space bounded by

the tangent hyperplane at T (t).
Let again T (t) denote the current macro-stress state; it is assumed that T (t) is

a yielding state. Then given an arbitrary elastic direction δTR, originating at the
current stress, by eq.(52) there holds

δTR ·
[
R

T (t)Dp(t)R(t)
]
=

J

|Ωt|

∫

Ωt

1

J
δLτ · dpL dx (65)

In case of convecting slip systems, the integrand is always less than or equal to zero,
by eq.(26), and hence, in the context of eq.(64), the macroscopic rate of deformation
is along the exterior normal to the yield surface:

δTR ·
(
R

T
D

p
R
)
≤ 0, ∀ δTR =⇒ D

p = λ̇R
∂fR

L

∂TR
(TR)RT = λ̇

∂fL
∂T

(T ) (66)

the scalar λ̇ > 0 characterizing the magnitude of Dp.
In the general case, of slip system evolution, let us employ the representation in

eq.(30), for the Jaumann rate, in the inequality in eq.(25), then substitute in the result
the representation δJτ = BJ : δJT , obtained from eq.(53), and then average over the
current domain of the aggregate, to obtain

δJT ·

{
J

|Ωt|

∫

Ωt

1

J

(
B

J
)T

:

[
d
p +

(
K

J
)−1

: Ψ

]
dx

}
≤ 0 (67)
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Let us define the symmetric second order tensor D̂
p
by

D̂
p
:=

J

|Ωt|

∫

Ωt

1

J

(
B

J
)T

:

[
d
p +

(
K

J
)−1

: Ψ

]
dx (68)

Inequality (67) becomes δJT · D̂
p
≤ 0; hence the following normality rule holds:

δTR ·
(
R

T
D̂

p
R
)
≤ 0, ∀ δTR =⇒ D̂

p
= λ̇R

∂fR
W

∂TR
(TR)RT = λ̇

∂fW
∂T

(T )(69)

To interpret the above flow rule, let us first note that employing the definition of
the macro-rate Dp in eq.(50), the representation of DpL in eq.(49), the definition of
the tensor BL in eq.(42), and finally the relationship between dp and dpL in eq.(11),

with the symmetry of the tensors KJ , K
J
and KL, K

L
, one obtains the following

representation of Dp in terms of microstructure events:

D
p =

J

|Ωt|

∫

Ωt

1

J

(
B

J
)T

: dp dx (70)

Next, let us define the symmetric second order tensor Ψ by

Ψ := K
J
:

{
J

|Ωt|

∫

Ωt

1

J

(
B

J
)T

:

[(
K

J
)−1

: Ψ

]
dx

}
=

=
J

|Ωt|

∫

Ωt

1

J

(
A

S
)T

: Ψ dx

(71)

where in the last equality the definition of the tensor BJ in eq.(53) has been em-
ployed. With eqs.(68), (70) and (71), the macro-rate of plastic deformation admits

the decomposition Dp = D̂
p
−

(
K

J
)−1

: Ψ, and eq.(69) becomes:

D
p +

(
K

J
)−1

: Ψ = λ̇
∂fW
∂T

(T ) (72)

This is the flow rule relating the direction of the rate of plastic deformation, Dp,
with the exterior normal of the yield surface fW . Thus, besides the yield surface, an
additional macro-variable, Ψ, is required to completely characterize the direction of
the rate of plastic deformation.

An alternative interpretation will lead us to the concept of plastic spin. Let VT

denote the subspace of symmetric second order tensors that commute with the current
macro-stress T , that is, VT := {D |TD = DT }; since VT consists of all second order
tensors that have the same eigenvectors as T , it is a three dimensional space. Let

V⊥
T denote its orthogonal complement; the macro-variable Ψ admits the orthogonal

decomposition Ψ = ΨT +Ψ
⊥
T , where ΨT ∈ VT and Ψ

⊥
T ∈ V⊥

T . One can then define
an antisymmetric second order tensor W p as the solution of the equation

TW
p −W

p
T = Ψ

⊥
T (73)

Substituting the decomposition Dp = D̂
p
−

(
K

J
)−1

: Ψ and eq.(73) into eq.(50),

leads to the following reformulation of the stress-strain relationship (50) and of the
flow rule (72):

Ṫ
Je

:= Ṫ + TW
e −W

e
T = K

J
:

(
D −

̂̂
D

p
)
, where W

e := W −W
p (74)

̂̂
D

p

+
(
K

J
)−1

: ΨT = λ̇
∂fW
∂T

(T ) (75)
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where
̂̂
D

p

:= D̂
p
−

(
K

J
)−1

: Ψ
⊥
T . The tensor W p is what is usually referred to

as the plastic spin, e.g., [6]. There is, however, a qualitative difference between the
above defined plastic spin and the one mentioned in the literature; the latter is always
assumed, either based on analogies inspired by the physics of plastic deformation
at crystal level, e.g., [17] or [5], or by phenomenological axiomatization, e.g., [7], to
describe an overall rigid body rotation of the yield surface, with respect to the material,
while the rate of plastic deformation is collinear with the exterior normal to the yield

surface. This is equivalent with stating that Ψ = Ψ
⊥
T , or that ΨT = 0, and hence

with Ψ · D = 0, for any D ∈ VT ; letting dD = AS : D denote the elastic field
generated via BVP(38) by the application of D on the boundary of the aggregate, and
employing the definition in eq.(71) and the representation in eq.(30), this is further
equivalent to

0 =

∫

Ωt

1

J
Ψ · dD dx =

∫

Ωt

1

J
ψ dx, ∀D ∈ VT (76)

Thus, a plastic spin in the sense defined currently in the literature exists if and only
if the deviation from normality averages to zero for all fields dD. This is unlikely to
happen for arbitrary deformations.

To see this, let us consider two particular cases. For rigidly rotating slip systems,
with eq.(27), the above equality becomes:

0 =

∫

Ωt

(σwp −w
p
σ) · dD dx =

∫

Ωt

(
σd

D − d
D
σ
)
·wp dx, ∀D ∈ VT

Given the heterogeneity of wp, for an arbitrary polycrystal, it is likely that the con-
dition σdD = dDσ, for all D, is not only sufficient, but also necessary; considering,
for the purpose of illustration, that (1/J)KL is isotropic and constant, there holds
dD = D; then given the heterogeneity of the current stress field, it is likely that
σD 6= Dσ holds for at least some non-negligible subset of Ωt.

For unit convecting slip systems, recalling that GA = −I ⊗mα ⊗mα and GB =
I ⊗ nα ⊗ nα, substituting the representation of Ψ in eq.(30) into eq.(76) obtains:

0 =

∫

Ωt

1

J

∑

α∈A

γ̇αταcr

[(
d
D : nα

)
· nα −

(
d
D : mα

)
·mα

]
dx, ∀D ∈ VT

Again, given the heterogeneity of the plastic deformation at constituent level, it is
likely that the above condition holds for arbitrary deformations only if the bracketed
object vanishes (almost) everywhere; this is possible only if dD ≡ I.

Hence the plastic spin, as defined by eq.(73) is always accompanied by a deviation
of the macro-rate of plastic deformation from the gradient of the yield surface. When
structural changes (in the form of texture effects) are neglected, that is, when it
assumed that wp ≡ 0, one has Ψ ≡ 0 in the case of rigidly rotating slip systems;
hence the plastic spin and the deviation from the gradient of the yield surface both
vanish, and the macro-model recovers the normality structure. This is not the case
for all types of slip systems evolution; for unit convecting slip systems, neglecting
texture effects does not imply that Ψ ≡ 0, and hence, with or without texture effects
considered, the structure of the macro-model remains the same.

6 Conclusions

Assuming slip is the only mechanism of plastic deformation at crystal level and that
Schmid law governs slip activity, the basic structure of the rate equations modeling
the plastic deformation of metals at macroscopic level can be deduced, by entirely rig-
orous arguments, and under general conditions, from the properties of the constituent
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crystals. Among these, the evolution of the slip systems of a constituent has been
found to have a significant effect upon the structure of the macroscopic constitutive
model. In any case, a macroscopic rate of deformation Dp can be defined unequivo-
cally in terms of constituent properties and this is related to the Jaumann stress rate

Ṫ
J
:= Ṫ + TW −WT of the Kirchhoff macro-stress T by the classical relationship

Ṫ
J
= K

J : (D −D
p) (77)

where KJ is the corresponding tensor of instantaneous elastic response, symmetric
and positive definite, and D and W are the macro-rate of deformation and spin.

In an Eulerian framework, the macroscopic yield surface can be represented as
f(T , ...) = 0, with dots representing the rest of the arguments of the yield function
f , which may be required for a complete and accurate model (hardening variables,
structural tensors, etc). In general, the yield surface depends on the type of slip
system evolution adopted at crystal level and, with one exception, the direction of the
macro-rate Dp features deviations from the exterior normal to the yield surface at the
current stress-state.

Only if the slip systems convect with the lattice, the corresponding yield surface,
say fL(T , ...) = 0, is such that the classical normality rule holds:

D
p = λ̇

∂fL
∂T

(78)

with λ̇ a scalar multiplier characterizing the magnitude of Dp (via the consistency
condition).

For any other type of slip system evolution, there exists an additional macro-
variable, denoted here Ψ, such that the following relationship between the macro-
rate of plastic deformation and the exterior normal to the yield surface, described as
fW (T , ...) = 0, holds:

D
p +

(
K

J
)−1

: Ψ = λ̇
∂fW
∂T

(79)

An alternative formulation can be obtained if one considers the decomposition

Ψ = ΨT +Ψ
⊥
T , where Ψ

⊥
T is the component of Ψ that is orthogonal to the subspace

of symmetric second order tensors that commute with the current macro-stress T .
Then there exists W p, an antisymmetric tensor, solution of the equation

TW
p −W

p
T = Ψ

⊥
T (80)

and, by defining D̃
p
= Dp −

(
KJ

)−1
: ΨT , and W e := W − W p, the constitutive

system (77), (79) acquires the equivalent reformulation

Ṫ
Je

:= Ṫ + TW
e −W

e
T = K

J :
(
D − D̃

p
)

(81)

D̃
p
+

(
K

J
)−1

: ΨT = λ̇
∂fW
∂T

(82)

The tensor W p is the plastic spin; contrary to what is commonly assumed, it is always
accompanied by a deviation of the macro-rate of plastic deformation from the normal
to the yield surface, that is, for general deformations there holds ΨT 6= 0.
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Appendix A

Symmetry and positive definiteness of the tensor of instantaneous moduli

In the context of Section 5.1, let Lδ
1 and Lδ

2 denote two elastic macro-velocity gradients,
with corresponding local elastic fields lδ1, δ

L
1 τ and lδ2, δ

L
2 τ , respectively. Applying

Hill’s Lemma to the equilibrated field (1/J)
(
δL1 τ + lδ1τ

)
and to the compatible field

lδ2 results in

(
δL1 T +L

δ
1T

)
·Lδ

2 =
J

|Ωt|

∫

Ωt

1

J

(
δL1 τ + l

δ
1τ

)
· lδ2 dx (83)

By the (major) symmetry of KL and the identity
(
lδ1τ

)
· lδ2 =

(
lδ2τ

)
· lδ1, there holds

(
δL1 τ + l

δ
1τ

)
· lδ2 =

(
K

L : dδ
1 + l

δ
1τ

)
· lδ2 =

(
K

L : dδ
2 + l

δ
2τ

)
· lδ1 =

(
δL2 τ + l

δ
2τ

)
· lδ1(84)

allowing us to write, by employing once again Hill’s Lemma,

J

|Ωt|

∫

Ωt

1

J

(
δL1 τ + l

δ
1τ

)
·lδ2 dx =

J

|Ωt|

∫

Ωt

1

J

(
δL2 τ + l

δ
2τ

)
·lδ1 dx =

(
δL2 T +L

δ
2T

)
·Lδ

1(85)

Substituting into eq.(83), employing the identity
(
Lδ

1T
)
·Lδ

2 =
(
Lδ

2T
)
·Lδ

1 and eq.(41),
results in

(
K

L
: Dδ

1

)
·Dδ

2 =
(
K

L
: Dδ

2

)
·Dδ

1 (86)

identity valid for any symmetric second order tensors Dδ
i = (Lδ

i + LδT
i )/2, i = 1, 2,

hence proving the (major) symmetry of K
L
.

To investigate the conditions under whichK
L
may be positive definite, let us apply

Hill’s Lemma to the equilibrated field (1/J)
(
δLτ + lδτ

)
and to the compatible field

lδ, both corresponding to the boundary condition Lδ = Dδ, where Dδ is an arbitrary
second order symmetric tensor :

(
δLT +DδT

)
·Dδ = (J/|Ωt|)

∫
Ωt

(1/J)
(
δLτ + lδτ

)
·

lδ dx ; since δLT ·Dδ =
(
K

L
: Dδ

)
·Dδ, this identity may be rewritten in the form

(
K

L
: Dδ

)
·Dδ =

J

|Ωt|

∫

Ωt

1

J

(
K

L : dδ
)
·dδ dx+

J

|Ωt|

∫

Ω

σ·
(
l
δT

l
δ
)
dx−T ·

(
D

δ
)2

(87)

With KL being positive definite, for γ := min
{(

KL : d
)
· d, ||d|| = 1

}
> 0 we obtain

by employing eq.(39):

J

|Ωt|

∫

Ωt

(
K

L : dδ
)
· dδ dx

J
≥

J

|Ωt|

∫

Ωt

γdδ · dδ dx

J
=

(
A

S
: Dδ

)
·Dδ (88)

where A
S
:=

(
J/|Ωt|

) ∫
Ωt
γ
(
AS

)T
AS(dx/J); the tensor A

S
is (symmetric and) posi-

tive definite, since
[(
AS

)T
AS : Dδ

]
·Dδ = ||dδ||2 ≥ 0. Then with

γ := min
{(

A
S
: D

)
·D, ||D|| = 1

}
> 0

there holds

J

|Ωt|

∫

Ωt

1

J

(
K

L : dδ
)
· dδ dx ≥ γ ||Dδ||2 (89)

On the other hand, since lδ(x) = A(x) : Dδ , one can write σ ·
(
lδT lδ

)
=

(
N : Dδ

)
·Dδ,

where Nabcd := σijAkiabAkjcd ; then (J/|Ωt|)
∫
Ωt

σ ·
(
lδT lδ

)
dx =

(
N : Dδ

)
·Dδ, where
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N := (J/|Ωt|)
∫
Ωt

N dx. Since D −→
(
N : D

)
· D is continuous, there exists and is

finite η := max
{∣∣(N : D

)
·D

∣∣ , ||D|| = 1
}
, and η ≥ 0. Thus:

∣∣∣∣
J

|Ωt|

∫

Ωt

σ ·
(
l
δT

l
δ
)
dx

∣∣∣∣ ≤ η||Dδ||2 (90)

Next, by working with respect to a frame in which T is diagonal, we have

T ·
(
D

δ
)2

=
∑

i

Tii

(
Dδ

ii

)2

=
∑

i

Tii

∑

k

(
Dδ

ik

)2

=⇒

∣∣∣∣T ·
(
D

δ
)2

∣∣∣∣ ≤ µ ||Dδ||2, (91)

where µ := max {|Tii| , i = 1, 2, 3}. From eqs.(87), (89), (90) and (91) it follows that a

sufficient condition for K
L
to be positive definite is that: γ > (η+ µ). Let us observe

now that η and µ are of the order of the current yielding stress while γ is of the same
order as the elastic moduli. Since in metals the elastic moduli are two to three orders
of magnitude greater than the flow stresses, we can safely assume that the above in-

equality is always satisfied and hence conclude that K
L
is positive definite.
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