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The conventional finite element method is difficult to converge for a non-positive definite stiffness
matrix, which usually occurs when the material displays softening behavior or when the system
is near the state of bifurcation. We have developed two stable algorithms for a non-positive defi-
nite stiffness matrix, one for the direct linear equation solver and the other for the iterative solver
in the finite element method for minimization problems. For a direct solver with non-positive defi-
nite stiffness matrix, energy minimization of a system with multiple degrees of freedom (DOF) is
decomposed to the minimization of many 1-DOF systems, and for the latter an efficient and robust
minimization method is developed to ensure that the system energy decreases in every incremental
step, regardless of the positive definiteness of the stiffness matrix. For an iterative solver, the stiff-
ness matrix is modified to ensure the convergence, and the modified stiffness matrix indeed leads
to the correct solution. An example of a single wall carbon nanotube under compression is studied
via the proposed algorithms.
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1. INTRODUCTION

Minimization (or optimization) is an important branch in

scientific computation. Many minimization methods for

multi-dimensional systems, such as the steepest descend

method and conjugate gradient method (e.g., Ref. [1]), have

been developed and widely used in molecular mechanics.

Recently, Liu et al.2�3 proposed an atomic-scale finite ele-

ment method (AFEM) to study the discrete system of atoms

using the finite element method. They observed that AFEM

is a more efficient minimization method than the steepest

descend method and conjugate gradient method, which is

briefly discussed in the following.

For a system with N nodes (or atoms in AFEM), the

total energy is

Etot�x�= Utot�x�−
N∑
i=1

F̄i ·xi (1)

where x = �x1�x2� � � � �xN �
T represents the position of all

atoms, and F̄i is the external force (if there is any) exerted

on atom i. The state of minimal energy corresponds to

�Etot

�x
= 0 (2)

∗Author to whom correspondence should be addressed.

The Taylor expansion of Etot around an initial guess x�0� =
�x�0�1 �x�0�2 � � � � �x�0�N �T of the equilibrium state gives

Etot�x� ≈ Etot�x
�0��

+�Etot

�x

∣∣∣∣
x=x�0�

·�x−x�0��

+1

2
�x−x�0��T · �

2Etot

�x�x

∣∣∣∣
x=x�0�

·�x−x�0�� (3)

Its substitution into Eq. (2) yields the following governing

equation for the displacement u= x−x�0�,

K ·u= P (4)

where K = �2Etot/�x�x�x=x�0� = �2Utot/�x�x�x=x�0� is the

stiffness matrix, P = −�Etot/�x�x=x�0�
= F̄− �Utot/�x�x=x�0�

is the non-equilibrium force vector, and F̄ =
�F̄1� F̄2� � � � � F̄N �

T . Equation (4) is identical to the gov-

erning equation in FEM. For linear systems, the minimal

energy state x= x�0�+u can be obtained by solving Eq. (4)

only once. For nonlinear system, however, Eq. (4) must be

solved iteratively until P reaches zero, P = 0. During each

iteration step, the state variables are updated via x�0�new =
x�0�old +u, K = �2Etot/�x�x�x=x�0�new

, and P = −�Etot/�x�x=x�0�new
.
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Liu et al.2�3 constructed a new element in AFEM to account

for atomistic interactions, and demonstrated that AFEM is

an order-N method for systems with sparse stiffness matrix

K, and is much faster than the widely used conjugate

gradient method which is an order-N 2 method.

For minimization problems, FEM will converge and

be stable if the total energy Etot decreases during every

iteration step. Since the non-equilibrium force P =
−�Etot/�x�x=x�0�new

represents the steepest descent direction

of Etot, the stability and convergence are ensured if

u ·P > 0 (5)

where u is the displacement increment. A sufficient con-

dition for Eq. (5) is that the stiffness matrix K is positive

definite. For problems involving material softening or non-

linear bifurcation, the stiffness matrixes K is non-positive

definite, and some measures should be taken to ensure the

stability condition in Eq. (5). We develop several algo-

rithms in this paper to stabilize the FEM simulation for

energy minimization problems. These are discussed in

Sections 2 and 3 for direct linear equation solvers and for

iterative solvers, respectively.

2. STABLE ALGORITHM FOR THE DIRECT
LINEAR EQUATION SOLVER IN FEM

Examples of the direct linear equation solver include the

Gaussian elimination or LU decomposition methods.

2.1. Single Degree of Freedom

We first study the simplest minimization problem—the

system with a single degree of freedom. Figure 1 shows

a schematic diagram of the total energy Etot as a function

of position x, and the point A corresponds to the energy

minimum. If the point B is taken as the initial guess x�0� =
xB, it is clear that PB = −�Etot/�x�x=xB

< 0 and KB =
�2Etot/�x

2�x=xB
> 0 such that u = x− xB = PB/KB < 0�

X

Etot

Ci

C2

C1

C

A
B

Δ Δ

Fig. 1. A schematic diagram for one-dimensional minimization.

which moves towards the minimum state A. By repeat-

ing this process the energy minimum is reached quickly.

However, when point C is taken as the initial guess, PC =
−�Etot/�x�x=xC

< 0 and KC = �2Etot/�x
2�x=xC

< 0 such that

u = x−xC = PC/KC > 0, it moves in the opposite direc-

tion towards the energy minimum. Therefore, for K =
�2Etot/�x

2 ≤ 0, we use only the first order derivative of

the total energy, P =−�Etot/�x, to search for the minimal

energy. We write the displacement as

u= sign�P�� (6)

where sign(.) is the sign function, namely,

sign�P�=
⎧⎨
⎩

1� P > 0

0� P = 0

−1� P < 0

(7)

and � is a positive constant. The displacement can then be

written as

u=
{
P/K� for K > 0

sign�P��� for K ≤ 0
(8)

Figure 1 illustrates the above approach, and the constant

displacement increment � is marked in the figure. For

the initial guess C at which KC = �2Etot/�x
2�x=xC

< 0 and

PC =−�Etot/�x�x=xC
< 0, the resulting point after the first

iteration is xC1
= xC −�, which serves as the initial guess

in the next iteration, and the corresponding KC1
and PC1

can be computed. Since KC1
< 0 and PC1

< 0 (Fig. 1),

the next resulting point is xC2
= xC1

−�. The above itera-

tion process is repeated until KCi
> 0, and then Eq. (4) is

used to determine the next u. It should be pointed out that

the magnitude of constant displacement increment � has

a strong influence on the speed of convergence. Small �
leads to a large number of iteration steps in the region with

negative K= �2Etot/�x
2, but large � may miss the minimal

energy.

Equation (8) provides an efficient and robust way to

find the energy minimum for one-degree-of-freedom sys-

tem. The systems with multiple degrees of freedom are

discussed in the following.

2.2. Multiple Degrees of Freedom

For the system with multiple degrees of freedom, the

Taylor expansion of the total energy becomes

Etot = E
�0�
tot −PT ·u+ 1

2
uT ·K ·u (9)

where E
�0�
tot = Etot�x

�0��, and u = x − x�0�, P =
−�Etot/�x�x=x�0� , and K = �2Etot/�x�x�x=x�0�which is real

and symmetric, and can be expressed via the LU decom-

position as

K = L ·U = L ·D ·LT (10)
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where L is a lower triangular matrix, U is an upper trian-

gular matrix, and D is a diagonal matrix. Without losing

generality, we assume the diagonal components of L are 1.

The substitution of Eq. (10) into Eq. (9) yields

Etot = E
�0�
tot −PT ·u+ 1

2

(
uT ·L) ·D · (LT ·u) (11)

Let

ũ≡ LT ·u (12)

and Eq. (11) becomes

Etot = E
�0�
tot −

(
L−1 ·P)T · ũ+ 1

2
ũT ·D · ũ

= E
�0�
tot − P̃T · ũ+ 1

2
ũT ·D · ũ (13)

where

P̃ ≡ L−1 ·P (14)

Since D is a diagonal matrix, the energy in Eq. (13)

becomes

Etot = E
�0�
tot +

∑
i

(
−ũiP̃i+

1

2
Diiũ

2
i

)
(15)

i.e., the total energy can be decomposed into the sum of

energy associated with each degree of freedom, and the

approach in Section 2.1 for one-degree-of-freedom system

can be adopted. We use ũ+ and ũ− to denote ũ for the pos-

itive and negative Dii, respectively, and they are given by

ũ+
i =

⎧⎪⎪⎨
⎪⎪⎩

P̃i

Dii

� if Dii > 0

0� if Dii ≤ 0

(16a)

ũ−
i =

⎧⎨
⎩
0� if Dii > 0

sign�P̃i�� if Dii ≤ 0

(16b)

Equation (12) then gives the corresponding parts for the

displacement as

u+ = L−T · ũ+ (17a)

u− = L−T · ũ− (17b)

The displacement in this iteration step can be written as

the linear superposition of these two parts as

u= �u++	u− (18)

where � and 	 are positive numbers given in the following.

It is usually required that the increment of the equivalent

strain 
= 
 �u� (or any other scalar measurement of strain)

be less than a critical value 
limit, i.e.,


≤ 
limit (19)

In order to satisfy the above constraint, � and 	 can be

taken as

�=min

(
1�


limit

2
 �u+�

)
(20a)

	=min

(
1�


limit

2
 �u−�

)
(20b)

such that the strain due to �u+ is less than 
limit/2, and
so is the strain due to 	u−. If all Dii are positive (i.e.,

positive definite stiffness matrix K), 	 is one and 	ũ− van-

ishes since ũ− in Eq. (16b) and u− in Eq. (17b) vanish;

u+ is identical to that obtained from Eq. (4) for direct lin-

ear equations solver; and u= K−1 ·P represents the fastest

global searching direction for energy minimum. However,

for any Dii ≤ 0 (i.e., non-positive definite stiffness matrix

K�, u= K−1 ·P may give a slow or even wrong searching

direction, but Eqs. (17) and (18) still give the displace-

ment that is along the fastest global searching direction for

energy minimum.

3. STABLE ALGORITHM FOR THE
ITERATIVE LINEAR EQUATION
SOLVER IN FEM

It is sometimes advantageous to use an iterative solver

[e.g., x= f �x��or xn+1 = f �xn�] in the finite element if the

stiffness matrix K is positive definite. For a non-positive

definite K, we replace it with a modified, positive definite

stiffness matrix

K∗ = K+�B (21)

where B is a positive definite matrix, and � is a posi-

tive number to ensure the positive definiteness of K∗. The
resulting governing equation then becomes

K∗ ·u= P (22)

It is important to point out that the state of minimal energy

is independent of � because the energy minimum is char-

acterized by P = 0. At (or near) the state of minimum

energy, the stiffness matrix K is positive definite such that

the modification of K to K∗ is unnecessary and � becomes

zero. On the other hand, � should not be too large such

that K is not overwhelmed by �B in Eq. (21). We suggest

two choices for the positive definite matrix B. One is the

identity matrix I, and the other is the mass matrix M.

For an iterative solver, the positive definiteness of stiff-

ness matrix K (or K∗� can be determined from its small-

est eigenvalue. If the smallest eigenvalue is positive, K
(or K∗� is positive definite. For a sparse K (or K∗�, the
computation of the smallest eigenvalue is straightforward.

In fact, many commercial finite element programs (e.g.,

ABAQUS) inform the users whether the system has nega-

tive eigenvalues and therefore whether the stiffness matrix

is non-positive definite.

4. NUMERICAL EXAMPLE

We use the example of a 6 nm-long, (7,7) armchair car-

bon nanotube under compression to illustrate the stable

J. Comput. Theor. Nanosci. 5, 1–4, 2008 31253J. Comput. Theor. Nanosci. 5, 1251–1254, 2008
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0% 6% 7%

Fig. 2. Deformation patterns for a 6 nm-long (7,7) carbon nanotube

under compression. Two stable algorithms proposed in Sections 2 and 3

are used in the atomic-scale finite element method. Bifurcation occurs at

7% compressive strain.

algorithms proposed above. The atomic-scale finite ele-

ment method2�3 is used, in which each element consists of

ten carbon atoms (one master atom, three nearest-neighbor

atoms, and six second nearest-neighbor atoms) to account

for the multi-body atomistic interactions represented by

the interatomic potentials for carbon.4�5 These interatomic

potentials display softening behavior such that the result-

ing stiffness matrix K may become non-positive definite.

The non-positive definite K may also appear when the

system is near the state of bifurcation. Figure 2 shows

three stages of a carbon nanotube at the compression strain

of 0%, 6% (prior to buckling), and 7% (post-buckling).

The buckling pattern and the corresponding buckling

strain (7%) agree well with Yakobson et at.’s molecular

mechanics studies.6 The stiffness matrix K experiences

non-positive definiteness between the last two stages, but

becomes positive definite again near the final stage. The

proposed two algorithms in Sections 2 and 3 become nec-

essary for such a problem involving non-positive definite

stiffness matrix, and they give the same results shown in

Figure 2.

It should be pointed out that, for this problem, the algo-

rithm for the direct solver is more efficient (i.e., less incre-

mental steps) than the algorithm for the iterative solver.

This is because the algorithm for the direct solver uses

the stiffness matrix K in minimization, and K is the

second-order derivative of energy and governs the direc-

tion towards energy minimum. The algorithm for the iter-

ative solver, however, uses the modified stiffness matrix

K∗, which is not the second-order derivative of energy

anymore.

5. CONCLUDING REMARKS

We have developed two stable algorithms for the direct lin-

ear equation solver and iterative solver with non-positive

definite stiffness matrix. For a direct solver with non-

positive definite stiffness matrix, energy minimization of a

system with multiple degrees of freedom (DOF) is decom-

posed to the minimization of many 1-DOF systems, and

for the latter an efficient and robust minimization method

is developed to ensure that the system energy decreases

in every incremental step, regardless of the positive defi-

niteness of the stiffness matrix. For an iterative solver, the

stiffness matrix is modified to ensure the convergence, and

the modified stiffness matrix indeed leads to the correct

solution.
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