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The combined analysis of the fracture toughness enhancement of carbon nanotube (CNT)-reinforced
composites is herein carried out on the basis of atomistic simulation, shear-lag theory and facture
mechanics. It is found that neither longer reinforced CNTs nor stronger CNT/matrix interfaces can defi-
nitely lead to the better fracture toughness of these composites. In contrast, the optimal interfacial chem-
ical bond density and the optimal CNT length are those making the failure mode just in the transition
from CNT pull-out to CNT break. To verify our theory, an atomic/continuum finite element method
(FEM) is applied to investigate the fracture behavior of CNT-reinforced composites with different inter-
facial chemical bond densities. Our analysis shows that the optimal interfacial chemical bond density
for (6,6) CNTs is about 5–10% and that increasing the CNT length beyond 100 nm does not further
improve fracture toughness, but can easily lead to the self-folding and clustering of the CNTs. The pro-
posed theoretical model is also applicable to short fiber-reinforced composites.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Carbon nanotubes (CNTs) possess exceptionally superior physi-
cal and mechanical properties, such as high strength and low den-
sity, and therefore hold great promise for employment as
reinforcements in advanced composites [1–10]. However, experi-
mental and numerical studies show that the performance of such
composites depends critically on the CNT/matrix interfacial char-
acteristics [11–13]. Interface strength and interface length are
two of the most important factors that affect the mechanical prop-
erties of CNT-reinforced composites and therefore have drawn the
attention of many researchers.

Prior experimental and numerical studies of CNT-reinforced
composite materials have shown only minor improvements in
their mechanical properties [14–19], primarily because the CNTs
are often easily pulled out due to weak van der Waals interactions
between the CNTs and the matrix [19–21]. Therefore, research ef-
forts are currently aimed at strengthening this interface. Some
experimental and numerical studies have demonstrated that
strengthening the interface by covalent bonds can improve the
mechanical properties of CNT-reinforced composites significantly
[11,16]. Thus, researchers have tried in various ways, such as non-
ll rights reserved.
ionic surfactant and ion bombardment [11,16,22,23], to form cova-
lent bonds between CNTs and the matrix. At the same time,
theoretical studies of fiber-reinforced composites have shown that
the interface length is also an important influential factor.
Researchers have thus attempted to prepare CNTs as long as possi-
ble. The longest CNTs produced to date are in the order of centime-
ters [24,25], but the mass production of CNTs of this length at low
cost remains a huge challenge.

Such research efforts also prompt an important question: do
longer CNTs and stronger interfaces definitely result in CNT-rein-
forced composites with better mechanical properties? If the an-
swer is no, what is the optimal CNT length and interface
strength? This paper aims to provide answers to these two ques-
tions by investigating the effects of CNT length and interface
strength on the fracture toughness of CNT-reinforced composites.
2. Roadmap for the failure analysis of CNT-reinforced
composites

In CNT-reinforced composites with macroscopic cracks, CNTs
of a high degree of strength can retard crack propagation, and a
fracture zone bridged by CNTs at the crack tip is formed, as
shown in Fig. 1a. This toughening effect of bridging CNTs is
equivalent to that of nonlinear springs connecting the upper
and lower crack surfaces, as shown in Fig. 1b. The force–displace-
ment relation for these springs can be obtained by studying the
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Fig. 1. Schematic diagram of three-level failure analysis models: (a) fracture zone
bridged with CNTs at the crack tip; (b) macroscopic-level model with equivalent
bridging nonlinear springs; (c) mesoscopic-level model for studying CNT-fiber
failure and obtaining the force–displacement relation of equivalent nonlinear
spring; (d) atomistic-level failure model for characterizing CNT/matrix interfacial
bond breaking.

Y.L. Chen et al. / Composites Science and Technology 70 (2010) 1360–1367 1361
pulling force F and pull-out displacement d of a single CNT, as
shown in Fig. 1c. This F–d curve depends on the interfacial atomic
bond properties, i.e., on the interaction between atoms, as shown
in Fig. 1d. Therefore, CNT-reinforced composites have three
failure mode levels: a bond break mode at the atomistic level,
CNT fiber failure mode at the mesoscopic level and macroscopic
crack propagation at the macroscopic level. To better understand
and optimize the fracture toughness of CNT-reinforced composites,
this paper presents three-level failure analysis. We first adopt
continuum mechanics to investigate CNT fiber and macroscopic-
level failure in Section 3, and carry out the fracture toughness
optimization analysis in Section 4, then employ the combined
atomic/continuum finite element method (FEM) to investigate
atomic bond and CNT fiber-level failure in Section 5. Our conclusions
are summarized in the last section.
3. Continuum analysis on the fracture toughness of CNT-
reinforced composites

It should be pointed out that, there are already a large amount
of continuum mechanics studies on the fracture toughness of fiber-
reinforced composites, especially the widely-used shear-lag theory
[26–36]. Chon and Sun [27] studied stress distribution along a sin-
gle reinforcing fiber of a randomly oriented chopped-fiber compos-
ite on assumption of perfect bonding. Lawrance [28] assumed the
stiffness of the fiber is lower than that of the matrix and investi-
gated fiber pull-out from an elastic matrix. For ceramic composites,
Marchall et al. [29] studied the cracking in brittle-matrix, Hutchin-
son and Jensen [30] treated debonding process as a mode 2 crack to
study fiber debonding and pull-out, and based on these studies,
Budiansky et al. [31] accounted for an interfacial debonding resis-
tance and studied the effects of debonding and initial stress on
overall composite toughness. Many of these models are also appli-
cable to CNT-reinforced composites. However, for the complete-
ness and convenience to readers, the related analysis is briefly
presented in this section.

According to the shear-lag theory, the interaction between CNTs
and the matrix that results from the chemical bonds shown in
Fig. 2 is shear stress, which is related to the relative displacement
between the CNT fiber and the matrix Du. A bond break occurs
when Du reaches the critical shear displacement db, which depends
only on the type of functionalization bond at the interface, whereas
the corresponding interface strength sb also depends on the inter-
face bond density. The interface shear stress s is assumed to be
proportional to the relative displacement Du, i.e.,

sðxÞ ¼ kDuðxÞ ¼ k½umðxÞ � uf ðxÞ� ð1Þ

where k ¼ sb=db is the shear stiffness of the interface, and umðxÞ and
uf ðxÞ are the axial or x-direction displacements of the matrix and
the CNT fiber respectively.

Suppose the CNT and the matrix are both linear elastic, with the
Young’s modulus Ef and Em, respectively. A representative volume
element (RVE) including a single CNT with embedded length L
and diameter d, as shown in Fig. 2, is adopted for analysis. With
the balance conditions of the fiber and the matrix, the shear stress
distribution can be derived [28]

sðxÞ ¼ F
ffiffiffiffiffiffiffiffi
sb

Cdb

r
�

1
EmAm

cosh x
ffiffiffiffiffiffi
Csb
db

q� �
þ 1

Ef Af
cosh ðx� LÞ

ffiffiffiffiffiffi
Csb
db

qh i
sinh L

ffiffiffiffiffiffi
Csb
db

q� � ð2Þ

where Af and Am are the cross-section areas of the CNT and the ma-
trix in the RVE, F is the pulling force, and C depends on the material
constants and geometry parameters as

C ¼ pd
1

Ef Af
þ 1

EmAm

� �
ð3Þ

The distribution of the axial normal stress in the CNT can also be
derived as

rðxÞ ¼ 1
Af

F �
Z x

0
pdsðxÞdx

� �
ð4Þ

The two main fiber-level failure modes are usually interfacial
debonding and fiber break.

(i) Critical condition for CNT fiber break

CNT break occurs when the maximum axial normal stress
reaches CNT strength rb

f , and the corresponding critical pulling
force is

Fr
max ¼ rb

f Af ð5Þ

(ii) Critical condition for interfacial debonding

According to Eq. (2) and noting Ef Af > EmAm for CNT-reinforced
composites, the maximum shear stress on the interface can be
found at the x = L position, and

sðxÞjmax ¼ sðLÞ ¼ F
ffiffiffiffiffiffiffiffi
sb

Cdb

r
�

1
EmAm

cosh L
ffiffiffiffiffiffi
Csb
db

q� �
þ 1

Ef Af

sinh L
ffiffiffiffiffiffi
Csb
db

q� � ð6Þ

When the maximum shear stress reaches the interface strength
sb, the interfacial chemical bonds break, and the CNT is pulled out.
The corresponding critical pulling force is

Fs
max ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
Csbdb
p

sinh L
ffiffiffiffiffiffi
Csb
db

q� �
1

EmAm
cosh L

ffiffiffiffiffiffi
Csb
db

q� �
þ 1

Ef Af

ð7Þ

Together with Eqs. (5) and (7), the transition condition between
the pull-out and break failure modes is
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Fig. 2. Schematic diagram of shear-lag model for the interactions between the CNT and the matrix (a) and the geometric parameters (b).
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i.e., a weak interface results in interfacial debonding and fiber pull-
out, whereas a strong interface leads to fiber break.

Corresponding to these two failure modes, there are two types
of F–d (pulling force and displacement) curves as shown in
Fig. 3a and b, and the corresponding relations are given as follows,
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Fig. 3. The relation between the pulling force and the pull-out displacement for the
two CNT-fiber failure modes (a) CNT breaking and (b) interfacial debonding.
(iii) CNT break case
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where a ¼ EmAm=ðEf Af Þ is the stiffness ratio of the matrix to the
CNT, and
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(iv) CNT pull-out case
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It is interesting to note that the curve in Fig. 3b for CNT pull-out
case includes both hardening and softening stages.

In CNT-reinforced composites, crack propagation is retarded by
the pulling force of the CNTs at the crack surface, which is the so-
called ‘‘bridge-toughening effect”. The displacement of the crack
surface (i.e., half of the crack opening displacement) is [37]

d ¼ 2ð1� m2
mÞK IC

Em

ffiffiffiffiffi
2r
p

r
¼ gK IC

ffiffiffi
r
p

ð13Þ

where r is the distance to the crack tip, and
g ¼ 2

ffiffiffi
2
p
ð1� m2

mÞ=ðEm
ffiffiffiffi
p
p
Þ depends only on Young’s modulus Em

and Poisson’s ratio mm. According to Eq. (9) or (11), the pulling force
FðdÞ can be expressed as a function of distance r, i.e.,
F(d) = F(d(r)) = F(r). The homogenized traction on the crack surface
is then

pðrÞ ¼ FðrÞðAf þ AmÞ�1 ð14Þ

and the fracture toughness enhancement DK can be computed as
[38]

DK ¼
Z 1

0

ffiffiffi
2
p

pðrÞffiffiffiffiffiffi
pr
p dr ð15Þ
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From Eqs. (9)–(15), the fracture toughness enhancement DK can
be summarized as follows.

DK¼

ffiffiffiffiffiffiffiffi
2db
pCsb

q ðrb
f
Þ2 Af

ðAfþAmÞgK IC
�
cosh L

ffiffiffiffiffi
Csb
db

q� �
þ1

a

Ef sinh L

ffiffiffiffiffi
Csb
db

q� � ðCNT fiber breakingÞ

aEf Af

ffiffiffiffiffiffi
Csb

p
d3=2

bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pð1�a2Þ
p

ðAfþAmÞgK IC
p�2arctan

acosh L

ffiffiffiffiffi
Csb
db

q� �
þ1

sinh L

ffiffiffiffiffi
Csb
db

q� � ffiffiffiffiffiffiffiffi
1�a2
p

2
4

3
5

8<
:

9=
;ðinterfacial debondingÞ

8>>>>>>><
>>>>>>>:

ð16Þ
4. Factors affecting the fracture toughness enhancement DK
and their optimization

Eq. (16) indicates that the fracture toughness enhancement DK
depends on many factors. Here, we focus on a discussion of the ef-
fects of interface length L and interface strength sb.
4.1. The effect of interface length L

From the pull-out/break critical condition (Eq. (8)), we know
that if sb < ðrb

f Af Þ2=ðCE2
mA2

mdbÞ, then the failure mode should al-
ways be the CNT pull-out, as shown in Fig. 4a. In this case, the frac-
ture toughness enhancement DK increases with an increase in
interface length L, finally going asymptotically to a constant:
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Fig. 4. Schematic diagram for the effect of the interface length on the fracture
toughness enhancement, (a) for lower interface strength, the only possible failure
mode is interfacial debonding; (b) for higher interface strength, with the increase of
the interface length the failure mode converts from interfacial debonding to CNT
breaking.
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It is also found that DK approaches this asymptotic value
quickly with an increase in interface length L, and any further
lengthening of the CNTs improves the fracture toughness of the
composites only slightly. This is just the case that if only van der
Waals interactions are present at the interface of the CNTs and
the matrix, the fracture toughening effect is very weak and cannot
be improved effectively simply by increasing the CNT length.

For the other case, sb > ðrb
f Af Þ2=ðCE2

mA2
mdbÞ, as shown in Fig. 4b, a

critical length LC exists and can be determined from the pull-out/
break critical condition by Eq. (8):
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ffiffiffiffiffiffiffiffi
db

Csb

s
ln

rb
f Af a

ffiffiffiffiffiffi
db

Csb

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdbEmAmÞ2 �

ðrb
f

Af Þ2db

Csb
ð1� a2Þ

r

dbEmAm � rb
f Af

ffiffiffiffiffiffi
db

Csb

q ð18Þ

When L < LC , the CNT is pulled out, and the fracture toughness
enhancement DK increases with an increase in interface length L. If
L is further increased beyond the critical length LC, the failure mode
is converted from CNT pull-out to CNT break, and DK drops signif-
icantly. In this regime, the fracture toughness enhancement DK de-
creases with an increase in L, and finally approaches the following
value:

DKbreakjL!1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
2db

pCsb

s
ðrb

f Þ
2Af

ðAf þ AmÞgK ICEf
ð19Þ

It is interesting to note that, in this case, lengthening the inter-
face beyond the critical length can even decrease the fracture
toughness. Therefore, both cases indicate that improving the com-
posite fracture toughness by increasing the CNT length is effective
only for very short CNTs.

4.2. The effect of interface strength sb

Another important factor affecting the toughness enhancement
is interface strength sb, and its effect is shown in Fig. 5. When sb is
small, the failure mode is CNT pull-out, and the fracture toughness
enhancement DK increases with an increase in sb. Further increas-
ing sb beyond the critical interface strength sc

b, which can be deter-
mined by the pull-out/break critical condition (Eq. (8)), leads the
failure mode to be converted from CNT pull-out to CNT break
and DK to drop significantly. In this regime, the toughness
enhancement DK decreases with an increase in sb. Therefore, for
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Fig. 5. Schematic diagram for the effect of the interface strength on the fracture
toughness enhancement.
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CNTs of a given length, the maximum fracture toughness of the
composite is achieved when sb is only slightly smaller than sc

b. This
result agrees with the experimental and numerical studies of Xia
et al.’s work on ceramic-matrix composites [39,40].

In the following, we attempt to optimize the composite fracture
toughness by tailoring both the interface length L and interface
strength sb, which is essentially a bivariate optimization problem.
For convenience, we use another group of variables, normalized
interface length L̂ ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Csb=db

p
and sb, instead. According to Eqs.

(8) and (16), the maximum DK with a given L̂ can be achieved
when

sb ¼ soptimal
b ðL̂Þ ¼

rb
f

Ef

1
a coshðL̂Þ þ 1

sinhðL̂Þ

 !2,
ðCdbÞ ð20Þ

Substituting the foregoing expression into Eq. (16) means that
the DK for the interfacial debonding mode can be expressed as a
function of L̂ alone, as follows.

DK ¼
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f Af dbffiffiffiffiffiffiffi
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p
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1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2
p

� coshðL̂Þ þ a
sinhðL̂Þ
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Fig. 6 shows the normalized fracture toughness enhancement

DK̂ ¼ DK � ðAfþAmÞgKIC

rb
f

Af db
versus L̂ for cases with different stiffness ratios:

a ¼ EmAm=ðEf Af Þ. It is found that when L̂!1, DK reaches its opti-

mal value, DKoptimal, which can be obtained from Eq. (21) as

DKoptimal ¼ DKjL̂!1 ¼
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f Af db

ðAf þ AmÞgK IC

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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Table 1
The parameters of CNT and matrix (polyethylene) in numerical simulation.

CNT

Chirality Length (nm) Material D
q

(6,6) 7.2 Polyethylene
(–CH2–)n
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Fig. 6. The normalized fracture toughness enhancement DK̂ as a function of the
normalized interface length L̂ with different stiffness ratio a ¼ EmAm=ðEf Af Þ and
optimal interface strength.
According to Eq. (20), the corresponding optimal interface
strength is then

soptimal
b

			
L̂!1
¼

ðrb
f Þ

2Af

pddbEf að1þ aÞ ð23Þ

It is interesting to note from Fig. 6 that when L̂ > 5, the differ-
ence between DK and DKoptimal is less than 1%. Therefore, further
increasing the normalized interface length L̂ has little effect on
the fracture toughness enhancement. Moreover, longer CNTs are
more likely to self-fold [41], which dramatically reduces the
strength and toughness of the CNT-reinforced composites of which
they are a part. We thus suggest that L̂ ¼ 5 is sufficiently long to
achieve good toughness enhancement. For (6,6) CNT-reinforced
composites, if the stiffness ratio a ¼ EmAm=ðEf Af Þ is 1% and only
van der Waals interactions are present, then the interface length
for L̂ ¼ 5 is 32.5 nm, and a stronger interface requires only a short-
er interface length based on L̂ ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Csb=db

p
. Therefore, 100 nm is

sufficiently long, that is, longer CNTs do not further improve the
fracture toughness in this case. For CNTs with finite length, we still

suggest soptimal
b

			
L̂!1

as the optimal interface strength, since it leads

to pull-out failure and is very close to the critical interface
strength.

In preparing CNT-reinforced composites, the interface strength
sb can be tailored by adjusting the interface functionalization bond
density, and the statistically mean value of the interface length hLi
can be controlled by the CNT length l. Suppose that the CNTs are
unidirectionally distributed in the matrix. Then, when a macro-
scopic crack goes through the composite, the bridging CNT is di-
vided into two parts, and the shorter part is likely to be pulled
out or break on the crack plane. Since the probabilities of the crack
reaching each cross section of the CNT are the same, the average
interface length hLi ¼ l=4 .

It should be noted that this fracture toughness optimization
method is also suitable for the composites with defective CNTs.
Both modulus and strength of the CNTs are reduced due to the de-
fects [42]. Replacing Ef and rb

f by reduced values in all the equa-
tions, a lower optimal interface strength is obtained comparing
with the perfect CNT composites.

5. Computational investigation of atomistic-level failure via the
multi-scale finite element method

The analysis in Section 4 indicates that the maximum fracture
toughness corresponds to an optimal interfacial chemical bond
density that prompts the failure mode to convert from CNT break
to CNT pull-out. To verify this result for a CNT-reinforced compos-
ite, we adopt a multi-scale FEM in this section. Combined with the
continuum FEM, the atomic-scale finite element method (AFEM),
which is essentially an effective and accurate molecular statics
method [43,44], is employed to account for the interactions be-
tween the atoms and the breaking of the chemical bonds
accurately.

A (6,6) CNT/polyethylene composite is studied in this paper, and
its parameters are given in Table 1. Fig. 7a shows the simulation
model. We investigate both CNT-fiber-level failure and the relation
between the pulling force F and the pull-out displacement d. The
Matrix

ensity
(g/cm3)

E (GPa) m Size (nm3)

.71 2.7 0.3 4 � 4 � 12
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continuum FEM is used to simulate the deformation of the matrix,
whereas the AFEM is employed to model the failure process of the
CNT and the interface. At the atomic-scale level, the interaction at
the interface depends on the atom (or atom-group) distributions
on the CNT and matrix sides. In our simulation, the atom-groups
in the matrix are assumed to be uniformly distributed, and the
average distance between the groups is

d ¼ Mgroup

qm

� �1
3

ð24Þ

where Mgroup is the mass of the atom-group, and qm is the density of
the matrix. For the polyethylene investigated in this paper, the
average distance between the (–CH2–) groups can be estimated as
d ¼ 0:32 nm with the mass of the (–CH2–) group and the density
of polyethylene. Suppose that the interface is constructed by C–C
bonds, and the bonds are distributed randomly on the interface.
The interfacial chemical bond density is denoted by the ratio of
the bonding atom number to the number of all the atoms on the
CNT interface. If the interfacial chemical bond density is absent,
only the van der Waals interaction is considered.

As shown in Fig. 7a, the matrix is meshed with node spacing of d
on the interface. The interface nodes therefore represent discrete
(–CH2–) groups and interact with the CNTs via carbon atoms be-
tween them. The interfacial chemical bonding and van der Waals
forces are simulated in the AFEM by the second-generation Bren-
ner potential [45] and the Lennard–Jones 6–12 potential [46],
respectively. For efficiency, the continuum elements in the matrix
farther away from the interface are coarsened gradually.

Fig. 7b shows the relations between the pulling force and pull-
out displacement for different interfacial chemical bond densities
from the simulation. The CNT-bridging stiffness is represented by
the ratio of the pulling force to the pull-out displacement at the ini-
tial stage, i.e., the initial slope of the curve in Fig. 7b. It is found that
a remarkable improvement in CNT-bridging stiffness occurs when
only 1% of the atoms on the surface of the CNT bond with the ma-
trix. This stiffness increases with an increase in bond density, but
becomes almost saturated when the bond density goes beyond 5%.

Fig. 7b also indicates that the CNT-bridging strength increases
with an increase in bond density when the interfacial chemical
density is low, but then decreases when the bond density is higher
than 10%. The curves in Fig. 7b exhibit different shapes after the
maximum pulling force has been reached, and the atomic configu-
ration is also examined to identify the corresponding failure
modes. It is found that when the interfacial chemical bond density
falls between 1% and 5%, the entire CNT is pulled out from the ma-
trix, whereas CNT break occurs in the cases of 10%, 15% and 20%.
Therefore, when the interfacial chemical bond density is around
5–10%, the failure mode lies just in the transition from interfacial
debonding to CNT break, as shown in Figs. 7c and d, which corre-
sponds to the optimal CNT-bridging stiffness, strength and tough-
ness (see Fig. 7b). These results agree well with our theoretical
analysis in Section 4.
6. Conclusions

Combining multi-scale simulation, the shear-lag model and
fracture mechanics, we have carried out the three-level failure
analysis of CNT-reinforced composites, reaching the following
conclusions.

(i) Longer reinforced CNTs do not definitely confer better frac-
ture toughness on composites. In a strong CNT/matrix inter-
face, the failure mode is converted from CNT pull-out to CNT
break with an increase in CNT length, and the fracture
toughness drops suddenly during this transition. In a weak
CNT/matrix interface, although the CNT failure mode is
CNT pull-out, the fracture toughness improvement due to
the reinforced CNTs quickly becomes saturated with an
increase in CNT length of hundreds of nanometers at most.

(ii) Stronger CNT/matrix interfaces do not definitely imply that
the overall fracture toughness of the composites is better.
If the reinforced CNT length is fixed, the failure mode is con-
verted from CNT pull-out to CNT break with an increase in
interface strength, and the fracture toughness also declines
suddenly during this transition.

(iii) If both the reinforced CNT length and the interface strength
can be tailored, keeping in mind that longer CNTs wind, self-
fold and cluster more easily, the optimal interface strength
and CNT length for maximum fracture toughness are those
given in this paper.

Moreover, based on our analysis, we suggest investigating the
fractography of CNT-reinforced composites in practical experi-
ments to make an approximate judgment of whether the optimal
interfacial chemical bond density and CNT length have been
achieved. If most of the CNTs on the fracture section are pulled
out, the interfacial chemical bond density or CNT length needs to
be increased; if most of these CNTs are broken, in contrast, the
interfacial chemical bond density or CNT length needs to be de-
creased. It should be noted that the theoretical analysis and con-
clusions drawn in this paper can also be extended to fiber-
reinforced composites.
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