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3 Sorbonne Université, Faculté des Sciences, CNRS, Institut des Nanosciences de Paris (INSP), 75005
Paris, France
4 Ann and H. J. Smead Department of Aerospace Engineering Sciences, University of Colorado Boulder,
Colorado 80309, United States of America
5 Department of Physics, University of Colorado Boulder, Colorado 80302, United States of America
6 JILA, University of Colorado and NIST, Boulder, CO 80309, United States of America

E-mail: 083623jinyabin@tongji.edu.cn and mih@colorado.edu

Received 11 July 2020, revised 15 December 2020
Accepted for publication 12 January 2021
Published 6 September 2021

Abstract
The introduction of engineered resonance phenomena on surfaces has opened a new frontier in
surface science and technology. Pillared phononic crystals, metamaterials, and metasurfaces
are an emerging class of artificial structured media, featuring surfaces that consist of
pillars—or branching substructures—standing on a plate or a substrate. A pillared phononic
crystal exhibits Bragg band gaps, while a pillared metamaterial may feature both Bragg band
gaps and local resonance hybridization band gaps. These two band-gap phenomena, along
with other unique wave dispersion characteristics, have been exploited for a variety of
applications spanning a range of length scales and covering multiple disciplines in applied
physics and engineering, particularly in elastodynamics and acoustics. The intrinsic placement
of pillars on a semi-infinite surface—yielding a metasurface—has similarly provided new
avenues for the control and manipulation of wave propagation. Classical waves are admitted in
pillared media, including Lamb waves in plates and Rayleigh and Love waves along the
surfaces of substrates, ranging in frequency from hertz to several gigahertz. With the presence
of the pillars, these waves couple with surface resonances richly creating new phenomena and
properties in the subwavelength regime and in some applications at higher frequencies as well.
At the nanoscale, it was shown that atomic-scale resonances—stemming from
nanopillars—alter the fundamental nature of conductive thermal transport by reducing the
group velocities and generating mode localizations across the entire spectrum of the
constituent material well into the terahertz regime. In this article, we first overview the history
and development of pillared materials, then provide a detailed synopsis of a selection of key
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research topics that involve the utilization of pillars or similar branching substructures in
different contexts. Finally, we conclude by providing a short summary and some perspectives
on the state of the field and its promise for further future development.

Keywords: surface vibrational resonance, pillared plate, pillared surface, phononic crystal,
acoustic/elastic metamaterial, acoustic/elastic metasurface, nanophononic metamaterial

(Some figures may appear in colour only in the online journal)

1. General introduction

Light and sound are two key information carriers that pro-
vide physical platforms for vast opportunities for technological
advancement [1–6]. In recent decades, we have witnessed a
revolution in our ability to manipulate and control photons and
phonons, respectively, through the design of functional mate-
rial systems with properties that extend well beyond what is
found in nature and in conventional materials. Inspired by an
analogy with the quantum mechanical band theory of solids,
in which electronic wave fields interact with a periodically
arranged atomic lattice to form energy bands separated by
band gaps [7], Yablonovitch [8] and John [9] proposed the
concept of a photonic crystal in 1987. In a photonic crystal,
the atoms are replaced by macroscopic media with differing
dielectric constants and the periodic potential is replaced by
a periodic dielectric function. The outcome was a new type
of engineered material that exhibits photonic band gaps in
which light is prevented from propagating in certain directions
at specific frequency ranges. The notion of phononic crystals
has then followed by further analogy. In contrast to electro-
magnetic waves, which only permit transverse polarization,
elastic waves admit coupled longitudinal and transverse polar-
izations—a trait that makes the design of band gaps more
challenging, but also provides a wider scope of opportuni-
ties for discovery and manipulation of new phenomena. The
search for material structures with elastic band gaps and the
concept of phononic crystals were independently proposed
by Sigalas and Economou [10, 11] and by Kushwaha et al
[12]. This added to earlier investigations of waves in periodic
media in the structural dynamics community [13]. The mate-
rial systems investigated exhibit partial and full band gaps for
propagation of acoustic/elastic waves in periodic composites
consisting of an array of inclusions placed in a background
host medium, or a periodic arrangement of structural compo-
nents. It is worth mentioning that the constituting media, either
in the inclusions or in the background, may be a solid or a
fluid (liquid or gas). While ‘fluid materials’ support only lon-
gitudinal modes, solid materials admit both longitudinal and
shear waves [14]. Similarly, a periodic medium composed of
interconnected structural components may comprise multiple
phases.

The field has experienced a burst of interest following
these discoveries and increasingly acquired a multidisciplinary

character involving both bulk and surface materials with engi-
neering of features at the macroscale, microscale, and/or
nanoscale. Now generally referred to as phononics7, this
emerging field encompasses a wide range of interrelated disci-
plines including condensed matter physics, materials science,
acoustics, mechanical engineering, and electrical engineering,
among others. In more general terms, a phononic crystal is
an artificial material consisting of a periodic inhomogeneous
elastic medium that can manipulate the propagation of acous-
tic waves in fluids (or fluid-like solids) and elastic waves in
solids. The propagation of acoustic/elastic waves in a phononic
crystal is governed by Bloch’s (or Floquet’s) theorem (sim-
ply expressed as having the eigenstates of the Hamiltonian
satisfy ψ (r + R) = eik·Rψ(r), where r, R, and k denote the
position vector, lattice vector, and Bloch wave vector, respec-
tively) [7]. This fundamental theorem provides the founda-
tion to computing the band structure (dispersion relationship)
over the Brillouin zone [15], which may be described as the
primitive cell of the periodic medium expressed in reciprocal
space [16]. Similar to photonic crystals, band gaps appear-
ing in a phononic band structure represent frequency ranges
where acoustic/elastic waves are prohibited from propagation
and are instead attenuated. In periodic materials, the origin of
a band gap is the well-known mechanism of Bragg scattering,
which is based on destructive interferences of waves scattered
by inclusions, holes, internal interfaces, etc, orderly arranged
in a spatially repeated fashion. The underlying condition for
this linear form of scattering is that the path difference between
the interfering waves must be equal to an integer multiple of
their wavelength [17]. Since the path difference depends on
the lattice constant of a crystal, when the wavelength is com-
parable to the lattice constant, the Bragg scattering mechanism
occurs.

In an alternate and fundamentally different mechanism,
band gaps may form from the avoided crossing of two or
more bands of the same symmetry, where at least one of the
bands originates from a localized resonance mode of an indi-
vidual particle, inclusion, or substructure. The emerging band
gap in this case is termed a local resonance band gap or a

7 Phononics has developed into a discipline with an established society, the
International Phononics Society, and a biannual conference series, Phononics
20xx whose inaugural edition was Phononics 2011 in Santa Fe, New Mexico,
May 29–June 2, 2011 (http://phononics.org) [370].
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hybridization band gap8. This concept sparked the field of
acoustic/elastic metamaterials, and was first manifested by the
proposition of ‘locally resonant sonic materials’ by Sheng and
colleagues [19]. In parallel, a similar thrust emerged for res-
onant electromagnetic metamaterials initiated by Pendry et al
[20] and demonstrated experimentally by Smith et al [21]. The
first embodiment of an acoustic metamaterial took the form
of a matrix of silicone-coated metallic spheres embedded in
epoxy. Distinct from the Bragg scattering mechanism, the rel-
evant wavelength corresponding to the lowest local resonance
may be orders of magnitude larger than the size of the unit cell
or the size of the resonating element; this in turn has opened
the door for low-frequency, subwavelength band gaps. This in
particular raised the opportunity of achieving sound isolation
in the kilohertz range, while keeping the size of the unit cell
reasonably small (of the order of a few centimeters). Indeed,
with the acoustic velocities of common materials, the unit cell
needs to be of the order of meters to pull a Bragg gap into
the sonic regime. Some of the above concepts may be easily
understood within the framework of simple academic mod-
els in one dimension as briefly described in section 2.1. The
reader is referred to a collection of recent books [2–4, 6] and
review articles [22–25] on this continuously growing field of
research.

The prime focus of this review article is to present prop-
erties and functionalities of a unique type of phononic mate-
rial proposed just over a decade ago consisting of a periodic
array of pillars (or any form of standing substructures) on a
plate or on a substrate [26, 27]. This configuration is charac-
teristically a two-dimensional (2D) material, i.e. has a Bril-
louin zone that can be fully defined in two dimensions, with
the branching pillars acting as the local resonators. There-
fore, similar to Sheng’s bulk acoustic metamaterial, the mech-
anism of local resonance and hybridization gaps exists in a
pillared 2D medium or surface. The concept also applies to
a 1D medium or surface. Furthermore, Bragg band gaps may
form as well due to the spatial periodicity of the placement
of the pillars (see the simple models covered in section 2.1).
Because of this dual aspect, material systems belonging to this
class effectively behave both as phononic crystals and metama-
terials, although the metamaterial aspect is in principle inde-
pendent of periodicity. Furthermore, when the pillars lie on
a surface, the outcome may be defined as an elastic metasur-
face. For example, a line of gradient pillars on a surface may
be regarded as an elastic metasurface with the characteristic
pillar diameter falling well within the subwavelength regime.
When considering a reduced dimension material, i.e. 2D or 1D,
the attachment of pillars or any similar form of branching sub-
structure provides a practical way for the introduction of local
resonators9; thus this topic practically encompasses the notion
of reduced-dimension locally resonant acoustic and elastic

8 The shortened term ‘hybridization gap’ has also been widely used in the field
of acoustic and elastic metamaterials [18] inspired by the use of the term in
condensed matter physics.
9 An alternative is to embed softly coated inclusions (as done in 3D bulk
materials in reference [18]), soft inclusions [371], or concentrated masses in
viscoelastic cavities [372] in the main body of the 2D or 1D material.

metamaterials. Since their proposition, a sizable body of work
has been devoted to the investigation of this class of mate-
rials/surfaces/structures and their functionalities as described
throughout this review. A general summary is given first as
follows.

Pillared metamaterials with low-frequency band gaps were
first studied by Pennec et al [26] and Wu et al [27] in 2008. In
both studies, periodic plates with a single pillar in the unit cell
were considered. It was reported that if one suitably chooses
the geometric parameters of the pillar’s diameter and height,
and the thickness of the plate on which it is supported, a low-
frequency band gap may appear below the first Bragg band
gap in the dispersion curves—this subwavelength band gap
originates from an avoided crossing between a pillar’s local
resonance mode and a dispersion branch (or more than one
branch) of the plate. Low-frequency band gaps in the kilohertz
[27–31] and megahertz [32] frequency ranges were subse-
quently experimentally validated. Since a low-frequency band
gap depends on both the pillar’s mode and a plate’s mode
involved in the coupling, a range of possibilities are available
for modifying the geometric parameters or material compo-
sition to tune the properties of the band gap, especially its
width. It is found that designing the connection between the
pillars and the plate such that it consists of a relatively narrow
neck [33, 34], a conic angle [35, 36], or a soft material such
as rubber [37–42] allows us to shift the low-frequency gap
downwards. These changes are effectively analogous to reduc-
ing the ‘stiffness’ in a branching mass–spring system, which
may be used as an idealized model for studying the mech-
anism of local resonance band-gap formation [43–45]. The
shapes of the deposited resonators (cylindrical pillar, square
rod [46–50], sphere [51], spiral [52] or Gaussian surface [53])
and the lattice symmetry of the periodic arrangement (trian-
gular [54–56], square [54–58], hexagonal [57], honeycomb
[54, 58], hybrid [59, 60], or random [61, 62]) have direct
impact on the properties of the engineered local resonance
band gap, such as its width and position in the frequency
domain. Having pillars on both sides of a plate provides an
additional avenue for enriching the design space [63–67].
Given that local resonance behavior does not depend on peri-
odicity, a hybridization band gap may appear in aperiodic or
disordered systems [30, 61, 62]. Localized modes correspond-
ing to low-frequency band gaps may be further synthesized by
introducing hollow parts in the pillars [68–70]. Moreover, the
band-gap width may be enhanced with multiconcentric hollow
pillars [71, 72]. Filling the hollow pillars with a liquid enables
the generation of solid–liquid coupling modes, which can be
actively tuned by controlling the filling height [69, 73] and uti-
lized toward the realization of tunable phononic circuits [74].
In addition to altering the design of the pillar(s), removal of
material from the plate portion also provides an opportunity for
performance enhancement and further broadening of the band-
gap width, giving rise to the notion of a trampoline metama-
terial [75] where the base acts as a springboard with reduced
stiffness. The trampoline concept was pursued in a variety of
settings and configurations [50, 52, 59, 70, 76–79]. Moreover,
active tuning of band-gap properties is possible by an applied
external magnetostatic field [49] or by shunted piezoelectric
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transducers [48, 80–85]. Similar to pillars on a plate, pillars on
a substrate were also theoretically and experimentally inves-
tigated with a view on their local resonance band gaps [32,
86–91]. It is further reported that the number of elements in
a phononic crystal can be reduced by designing a pillar-in-
hole instead of a pillar-on-surface as its band-gap attenuation
is about one order of magnitude larger [92]. The coupling of
photonics and phononics has added yet another thrust of appli-
cations. For example, a periodic array of pillars deposited on
a thin plate may be designed to exhibit dual phononic and
photonic band gaps, holding promise for the simultaneous con-
finement and tailoring of sound and light waves [54, 93, 94].
The reader is referred to [95] for a discussion on ‘phononic
plate waves’ including waves in pillared plates.

In the characterization of acoustic/elastic metamaterials,
generally a monopole resonance relates to negative effective
compressibility and a dipole resonance relates to negative
effective mass density when evaluated within the range of a
hybridization band gap. However, a pillared metamaterial ele-
ment tends to bring more difficulties in analyzing negative
effective compressibility or mass density than conventional
1D, 2D, or 3D metamaterial elements. This is due to the lack
of a precise effective medium theory describing the complex
pillar’s vibrations in free space associated with its base. Never-
theless, a pillared metamaterial may be considered as a homo-
geneous plate with anisotropy in the effective mass density
matrix [96] or effective wavenumber [97], exhibiting negativ-
ity in the effective density [96–98], effective Young’s modulus
[97], or effective stiffness [99]. Indeed, the monopolar or dipo-
lar resonant frequencies of a pillar may be easily tuned by a
proper choice of height and/or diameter [100], resulting in eas-
ily being able to probe the conditions for either the effective
mass density negativity or the effective modulus negativity.
The effect of pillar resonances in the context of scattering and
transmission of a single or a line of resonant pillars subject to
an incident surface wave is also a problem of interest. In such
a configuration, the pillars emit waves that can interact with
an incident wave, allowing for a phase/amplitude shift in the
transmission. Fano resonance can be induced by introducing
two dissimilar pillars in one unit cell along one row of pillars
[101]; see reference [102] for evidence of Fano resonance-like
attenuation profiles in a nonpillared locally resonant elastic
metamaterial. A new geometry proposed recently consists of
replacing a homogeneous pillar with a multilayer material, a
kind of 1D phononic crystal [103], allowing confinement of
modes inside a cavity or at the interface between the pillar
and the substrate. In such a geometry, these highly confined
modes of pillars result in very sharp Fano resonances—or the
acoustic analog of electromagnetically induced transparency
(EIT)—when they interact with an incident surface Rayleigh
[104, 105] or Love [106, 107] mode. More generally, owing to
the recent growing interest in the topic of metasurfaces, where
a very thin (subwavelength) structure containing phase-array
elements can manipulate the propagation of sound (or light)
and give rise to various new effects such as anomalous refrac-
tion and reflection and focusing or imaging phenomena, a line
of resonant pillars on a plate or a substrate provides a new tool

for exhibiting similar features by manipulating the propagation
of plate and surface waves.

As mentioned earlier, the pillared medium architecture may
also be realized for a 1D system, e.g. consisting of a slender
tube or beam with stubs (another term often used to describe
pillars) grafted on a single side or both sides—in this case, the
Brillouin zone stretches along only one dimension. The first
study on acoustic band gaps with such structures was published
by Kushwaha et al [108] in 1998. They found that a periodic
pattern of large stop bands is obtained with the lowest gap
extending possibly down to zero frequency. Large magnonic
[109] and photonic [110] band gaps were subsequently found
with the same structure. The grafted stubs can behave as res-
onators to induce Fano resonances when the resonance is sit-
uated between two zeros of transmission [111], and can even
exhibit the acoustic analog of EIT [101, 112] and trapped mode
phenomena [113]. If the stubstructures are placed between two
slender tubes, selected transfer of a single propagating state
from one tube to the other is possible, with all other neighbor-
ing states remaining unaffected. This result has been applied to
filtering or multiplexing [114]. The characteristics of the band
structure and wave transmission when the stubs are grafted to
the tube in a single side [115–117], double symmetric sides
[118–121], and asymmetric sides [122] were theoretically and
experimentally investigated. Theoretical investigations on the
connection between the transmission properties of continuous
stubbed models and macroscale thermal transport have been
proposed [123, 124].

In the realm of applications, pillared phononic crystals,
metamaterials, and metasurfaces make it possible to control
and manipulate acoustic and/or elastic waves with many poten-
tial benefits in modern information processing and communi-
cation, among other avenues. To follow is a synopsis of six
possibilities: (I) negative refraction and superlenses. With a
proper choice of pillar geometry in pillared periodic media, a
negative refractive effect can be achieved (i) when a disper-
sion branch reveals opposite signs between the group velocity
and the phase velocity, yielding a negative effective refractive
index [125–127], and (ii) when the group velocity is never in
the opposite direction to the phase velocity but the convex-
ity of the isofrequency contours of a branch leads to negative
refraction with a positive effective index [128]. This latter sce-
nario demonstrates subwavelength high resolution in super-
lensing applications. A far-field super-resolution experiment
has been demonstrated for a metamaterial made out of long
pillars attached to a plate with the one-channel inverse filter
[129]. (II) Waveguides, defect states, and filtering applica-
tions. If the traveling frequencies are located within a Bragg
or hybridization band gap of the background pillared struc-
tures, waveguides may be constructed consisting of differ-
ent sizes of pillars or line- or curved-shape defects [68, 87,
90, 130–141]. Such design interventions can produce local-
ized modes inside the Bragg or hybridization band gaps of
the phononic crystal, hence allowing the propagation of con-
fined modes in the waveguide. (III) Vibration attenuation. The
existence of Bragg and local resonant band gaps in pillared
phononic crystals and metamaterials plays an important role
in the design of sound [98, 143] and elastic [27–32, 37, 142,
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144] wave insulators. As mentioned earlier, an extra-wide band
gap combining both Bragg and local resonant band gaps was
proposed by tailoring the plate connection between neighbor-
ing pillars [59, 70, 75–79]; these systems serve as excellent
candidates for vibration attenuation in solids, in passive form
and even with tunable properties [145]. If the pillar resonators
are on the meter scale, a pillared metamaterial may in prin-
ciple prevent Rayleigh modes in seismic wave propagation
[146, 147] or even shape seismic wave flow [148]. Guided or
localized modes enhanced by band gaps can also be used for
energy harvesting [149–151]. (IV) Graded resonant devices.
Combining a resonant pillar with a gradient-index (GRIN)
lens [152–157], a focusing point can be achieved beyond the
diffraction limit [158]. By gradually varying the height of the
pillars, resonant GRIN metalenses for flexural waves [159]
and metasurfaces for converting surface Rayleigh waves to
bulk shear waves [160] have been proposed. The guiding of
elastic waves with a graded radius of pillars in a phononic
crystal plate has also been investigated [161]. (V) Phononic
graphene. Pillars placed in a hexagonal lattice on a plate can
be regarded as spring-loaded resonators, providing a promis-
ing platform for investigation of the elastic analog of graphene
[162], as well as the quantum valley Hall effect [163] and the
quantum spin Hall effect [164] (in analogy to corresponding
systems in quantum mechanics and condensed matter physics)
with novel phonon transport behavior such as pseudo diffusion
[165], the Zitterbewegung effect [165], the zigzag edge state
[162], and topologically protected edge [166–169] and cor-
ner [170, 171] modes. (VI) Pillared metasurfaces. One view
of a metasurface is that it can be considered as a slice of a
bulk metamaterial with a subwavelength thickness; such a sur-
face is able to steer wavefronts at will by designing an abrupt
phase profile on the surface [172–178]. A growing interest is
devoted to these metasurfaces due to their broad functionali-
ties such as anomalous reflection and refraction, or focusing
and imaging phenomena. Following the generalized Snell’s
law [179], a line of pillars can be designed to manipulate vari-
ous wavefront functionalities from the discrete phase response
of an array of resonant pillars [100]. This is quite attractive
in view of the potential practical applications of controlling
the propagation of Lamb waves on a plate or surface acous-
tic waves (SAWs) on a substrate. Such pillared metasurfaces
also demonstrate diverse resonant phenomena [101, 112]; for
example, the acoustic analog of a bound state in a continuum,
EIT, Autler–Townes splitting (ATS), and others [180].

Finally, the pillared plate configuration has also found
application on smaller scales. In the gigahertz regime, pil-
lared configurations have been investigated giving rise to
‘hypersonic phononic crystal and metamaterials’ [181–185]
where band gaps have been observed by Brillouin light scatter-
ing spectroscopy. At the far extreme of scales, reaching down
to a few nanometers, the concept of a nanophononic metama-
terial (NPM) was proposed by Hussein et al for the reduc-
tion of the lattice thermal conductivity [186–191]. An NPM
in the form of a suspended silicon membrane with a periodic

array of nanopillars was proposed as a particularly advanta-
geous configuration for not only thermal conductivity reduc-
tion but also thermoelectric energy conversion. In this configu-
ration, the nanopillars generate local resonances that, similar to
macroscopic systems, couple and hybridize with the underly-
ing dispersion curves. However, here the interest is in creating
a very large number of local resonances (possibly of the order
of millions or more) spanning the entire spectrum of thermal
transport—which may reach up to tens of terahertz. A recent
theoretical study using lattice dynamics (LD) calculations and
molecular dynamics (MD) simulations predicted two orders
of magnitude of reduction in the in-plane thermal conductiv-
ity of a silicon membrane stemming from the introduction of
nanopillars with a shape, size, and spacing carefully selected
with respect to the base membrane thickness [190, 191]. In par-
ticular, it was shown that increasing the height and width of the
nanopillars (up to a limit dictated by the phonon mean free path
(MFP) distribution) increases the level of thermal conductivity
reduction [190, 191]. Other research examined diffuse phonon
scattering at the interface between pillars and a substrate [192].

In this article, we provide a review of the authors’ orig-
inal contributions to the study and development of pillared
materials—for both macroscale elastic waves and nanoscale
thermal transport—as well as the progress that emerged after-
ward by the phononics community at large. The paper is orga-
nized into seven sections. The current section has provided
a background and an overview of the state of the art in pil-
lared materials and structures. In the second section, we review
the vibrational properties of pillared phononic crystal plates
for wave transport and multiphysical interaction. In the third
section, we cover pillared metamaterial plates with enhanced
low-frequency band gaps and super-resolution focusing. In
the fourth section, we review pillared acoustic metasurfaces
with anomalous resonant and transmitted properties. The fifth
section focuses on topological pillared phononic plates that
exhibit topologically protected edge states with immunity to
local perturbations. In the sixth section, we review the concept
of a NPM, which, as an example, is based on a silicon thin
film or membrane with a periodic array of nanopillars erected
on one or two of the free surfaces. Finally, we conclude with
a summary and an outlook on the future promise of continued
research on pillared systems at various length scales and for a
variety of applications.

2. Wave propagation properties of pillared plates

2.1. Basic model

Some of the concepts related to phononic crystals, and in
particular pillared structures, can easily be understood in the
frame of very simple and academic models in one dimen-
sion. For instance, assume a linear monoatomic chain of period
a, composed of atoms of mass m connected to each other
by a force constant β (figure 1(a)). By writing the equation
of motion for atom n, m∂2un/∂t2 = β(un+1 + un−1 − 2un)
where un(t) is the displacement of atom n at time t, and insert-
ing a propagating wave solution for the displacement, un (t) =
A ei(kna−ωt), the phonon dispersion curve is straightforwardly
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Figure 1. Mass–spring models and corresponding dispersion curves. (a) (Top) A linear monoatomic chain composed of identical atoms.
(Middle) Dispersion curves inside the first Brillouin zone; the blue and red curves respectively correspond to the real and imaginary parts of
the wave vector. (Bottom) Eigenfunction of a localized mode associated with a light defect atom (m′ = m/2) at site n = 0. For the sake of
clarity, the displacement amplitude of each atom is represented by a vertical bar. (b) (Top) A biatomic linear chain comprising two different
atom types with m < M. (Middle) Dispersion curves of the perfect crystal as well as the frequency of a localized mode in the band gap when
the central atom of mass m is replaced by a defect atom of mass m′. The latter should be heavier than m. (Bottom) Eigenfunction of a localized
mode associated with a defect of mass m′ = 2.5m the frequency of which is shown by a dot in the band gap of the dispersion curves. (c) (Top)
A side atom is attached to the monoatomic linear chain. (Middle) In front of the dispersion curves of the monoatomic linear chain shown
on the left, we present the transmission coefficient (middle) displaying a zero at the resonance frequency and the behavior of the dynamical
effective mass M(ω) (right). (d) (Top) A periodic array of side atoms is attached to the linear chain to form a locally resonant periodic chain.
An equivalent model where each atom has a resonating internal degree of freedom is also displayed on the right. (Bottom) Dispersion curves
of the infinite periodic structure with side atoms showing the opening of a hybridization band gap around the resonance frequency represented
by the gray horizontal bar. The blue and red curves correspond to the real and imaginary parts of the wave vector, respectively. The imaginary
parts are presented in continuation of the real parts.

derived as mω2 = 2β[(1 − cos(ka)], where k andω are respec-
tively the phonon wavenumber and frequency (figure 1(a)).
The wavenumber takes a real value as long as the frequency
does not exceed ωmax =

√
4β/m. Above this frequency, it

becomes complex (k = k′ + ik′′ = π/a + ik′′), which means
that the vibration will be attenuated and is not permitted to
propagate along the chain. Now, if a defect in the form of a
light mass m′ < m is inserted at the site n = 0 of the chain,
the equations of motion will admit a solution associated with
a localized mode at a frequency above ωmax, with an eigen-
function that decays exponentially on both sides far from the

defect. An example corresponding to m′ = m/2 is shown in the
lower panel of figure 1(a). This is a simple analog of a cav-
ity mode inside a phononic crystal. It should be noted that if
m′ > m, the defect cannot produce a localized mode but will
disturb the local density of states (DOS) in the frequency range
of the pass band. This approach can be extended to the case
of a biatomic linear chain consisting of two different alternate
masses m and M (with m < M) connected by the same spring
of force constant β. The acoustic and optical phonon branches
are now separated by a gap at the edge of the Brillouin zone
(figure 1(b)). Again, by inserting a defect of mass m′ at site
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Figure 2. Geometry of a phononic crystal plate consisting of
periodic pillars deposited on a thin plate. The plate thickness is
denoted by e, the radius of the pillars by r, and the height of the
pillars by h.

0 occupied by an atom of mass m, the crystal can exhibit a
localized mode associated with the defect inside the band gap
and the variation of the corresponding frequency is presented
in the figure as a function of the ratio m′/m. An example of the
eigenfunction decay on both sides of the defect is shown in the
lower panel of figure 1(b) for m′ = 2.5m.

A new situation is encountered when a side atom of mass m′

is attached to the monoatomic linear chain at site n = 0, with
a force constant β ′ (figure 1(c)). This is the simplest analog of
a pillar attached to a plate and provides a simple model for the
introduction of the concept of a local resonance band gap. Let
us call v the displacement of the side atom. Then, the equations
of motion of this atom and the atom at site ‘0’ are respectively
−m′ω2v = β′(u0 − v) and −mω2u0 = β(u1 + u−1 − 2u0) +
β′(v − u0). By eliminating the degree of freedom v associated
with this additional mass, the equation of motion for atom ‘0’
becomes −M(ω)ω2u0 = β(u1 + u−1 − 2u0) with M(ω) = m +

β′m′

β′−m′ω2 .
This exactly describes the situation of an atomic linear

chain containing a mass defect M(ω) at site n = 0, but now
the latter mass becomes a dynamical mass depending on the
frequency. At very low frequency, this mass starts at m + m′,
then increases until it diverges to +∞ at a ‘resonance’ fre-
quency ω0 =

√
β′/m′, then jumps to −∞ and remains neg-

ative until a frequency of ω′
0 =

√
β′(m + m′)/mm′ where it

vanishes before becoming again positive and going to m at
very high frequencies (figure 1(c)). The most interesting obser-
vation is that at the local resonance frequency ω0 =

√
β′/m′,

the dynamical mass behaves like a very heavy mass which
will prevent any transmission (assuming that the parameters
are chosen in a such a way that ω0 falls in the range of the
propagating waves in the linear chain) and produces a zero
in the transmission coefficient (figure 1(c) corresponding to
m = m′ and β = β′). Moreover, the additional mass and the
atom at site 0 vibrate in phase just below ω0 and out of phase
just above this frequency. Finally, if a periodical array of side
atoms is attached to the linear chain (figure 1(d)), the zero of
transmission widens into a local resonance hybridization band
gap, as sketched in figure 1(d). Of profound importance is the
notion that the resonance frequency may be chosen to be very

low, which opens up the field of effective medium theory for
metamaterials as will be discussed in depth later. An equiv-
alent model to the one discussed above is also presented in
figure 1(d) where each atom of the lattice has a resonating
internal degree of freedom. The reader is referred to refer-
ences [193, 194] for analytical derivations of band-gap prop-
erties, such as bounds on bandwidth and attenuation strength,
in strings or beams with attached mass resonators, and to ref-
erence [195] for a characterization of the transition between
a Bragg band gap and a subwavelength local resonance band
gap for a beam with attached resonators.

2.2. Dual aspects of phononic crystals and metamaterials

Many efforts have been devoted to the study of absolute band
gaps in phononic crystals, particularly for applications such as
confinement, waveguiding, and filtering. In this subsection, we
review the basic band structure properties of phononic crys-
tal plates, which comprise a periodic arrangement of pillars
placed on top of a thin homogeneous plate as displayed in
figure 2, forming a square array. Bragg and hybridization band
gaps can be simultaneously observed in such phononic plates
and as such they may be dually classified as phononic crys-
tals and acoustic metamaterials. The illustrations are given for
pillars made of steel on a silicon plate. The elastic constants
and mass densities of these materials are found in reference
[26]. Dispersion curves are calculated by the finite-element
method along the 2D irreducible Brillouin zone and presented
in the form of reduced frequency Ω = ωa/(2πvt), where vt is
the transverse bulk velocity of silicon.

The dispersion curves in figure 3 are calculated for the
parameters: pillar radius r/a = 0.42, pillar height h/a = 0.6,
and plate thickness e/a = 0.1. At low frequencies, the three
lowest bands appear at the Γ point (the center of the Brillouin
zone)—these are the antisymmetric (A0), shear-horizontal
(SH0), and symmetric (S0) Lamb modes. As the frequency
increases, the three branches bend in such a way as to give
rise to the opening of a narrow hybridization band gap (shaded
in blue). At this frequency, the wavelengths of the S0 and
A0 Lamb modes are about 15 and 2 times the lattice con-
stant a, respectively. In fact, the bending mode of the pillars
generates a negative effective in-plane mass density within
one frequency range, and the compressional mode of the
pillars provides a negative effective out-of-plane mass den-
sity within another frequency range where, within the over-
lapped frequency range, the total effective mass densities
are negative, resulting in the opening of the low-frequency
hybridization band gap [196]. The simultaneous bending of the
acoustic branches and the existence of this band gap are inti-
mately related to the choice of geometrical parameters, as
will be discussed below. Besides, with a choice of parameters
within the common range for actual materials and devices, one
can also observe the existence of a broad Bragg band gap; see
the region shaded in red in figure 3.

To provide a deeper insight into the origin of the modes
leading to the opening of the hybridization gap, we have cal-
culated the spatial distribution of the eigenmodes at the high-
symmetry point X of the Brillouin zone and plotted them in
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Figure 3. Dispersion curves for the following pillared plate: steel pillar radius r/a = 0.42, pillar height h/a = 0.6, and silicon plate thickness
e/a = 0.1. The red and blue dashed zones indicate Bragg and local resonance hybridization band gaps, respectively. Eigenmodes (real part of
the out-of-plane displacement uz) corresponding to the three points A, B and C at X are displayed on the right. The blue and red colors stand
for −max and max values, respectively. Reprinted figure with permission from [26], Copyright (2008) by the American Physical Society.

Figure 4. Evolution of the band structure for different values of the height of the pillar: (left) h/a = 0.6, (middle) h/a = 1.2 and (right)
h/a = 1.8. The other geometrical parameters are e/a = 0.2 and r/a = 0.42. Reprinted figure with permission from [26], Copyright (2008) by
the American Physical Society.

figure 3. The modes A and C are clearly associated with a
bending of the pillar together with, respectively, a weak and
a strong bending of the plate. The vibration of mode B corre-
sponds to a compressional mode, in the z direction, correlated
with a strong vertical displacement of the plate. More specifi-
cally, the motions of branches A and B are strongly correlated
with the opening of the absolute low-frequency hybridization
band gap.

In figure 4, we have fixed the values of the radius of the pil-
lar r/a = 0.42 and the thickness of the plate e/a = 0.2 while
changing the height of the pillar as h/a = 0.6, 1.2, and 1.8.
For h/a = 0.6, we note the existence of the low-frequency
hybridization and the high-frequency Bragg band gaps dis-
cussed previously. The lowest one closes for h/a = 1.2 and

the central frequency of the higher one decreases, but appears
to change its type. This is observed in the middle panel of
figure 4, which also shows that the band structure there exhibits
a new band gap, occurring at the reduced frequency 0.42.
When increasing h/a to 1.8, the central frequencies of the first
two band gaps move downward together with the dispersion
curves, whereas a new additional absolute band gap appears
again at higher frequencies. It is interesting to remark that, for
some of these band gaps, their opening results from the cross-
ing of the normal acoustic branches with almost flat bands,
which is the key mechanism that characterizes locally resonant
materials.

We have also studied the evolution of the band gaps with
the thickness of the plate e, keeping constant h/a= 1.8 mm and
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Figure 5. (a) Evolution of the absolute band gaps in the right panel of figure 4 as a function of the thickness of the plate, keeping constant
the other geometrical parameters (h/a = 1.8 and r/a = 0.42). (b) Representation of the dispersion curves for a thick plate (e/a = 1). The
triangular gray area corresponds to the sound cone of the silicon plate. The blue (red) area shows the existence of a partial (absolute) band
gap for SAWs. Reprinted figure with permission from [26], Copyright (2008) by the American Physical Society.

r/a = 0.42 (right panel of figure 4). This is useful for demon-
strating the evolution of the branches when transitioning from
a thin plate to a thick plate mimicking a substrate. When
increasing e/a from 0.1 to 1.0 (figure 5(a)), we observe a slow
variation of the central frequency of the gaps. In addition,
most of the gaps close at e/a = 0.7, because many dispersion
branches move upwards, except for the hybridization one at
low frequency, which appears more robust and closes for e/a
> 1. In parallel, when increasing the thickness of the plate from
0.3a to a and higher, the Lamb waves gradually tend to become
confined at the two opposite surfaces of the thick plate, ren-
dering them as SAWs or Rayleigh waves on each of the two
sides. In the illustration of the dispersion curves, the separation
between SAW and bulk waves can be achieved by drawing a
sound line that corresponds to the lower phase velocity in the
bulk substrate, silicon in our example. Figure 5(b) represents
the dispersion curves obtained for a thickness e/a = 1 in which
the sound cone of silicon is represented by the gray shaded
area. This means that the modes below the sound cone can only
propagate at the surface. In contrast, inside the cone, the modes
can be radiative and coupled to the bulk silicon modes. From
this analysis, we extend the notion of band gaps to SAWs by
highlighting among the corresponding branches the frequency
areas that are free of modes. Indeed, in figure 5(b), the blue
shaded areas correspond to partial band gaps in one direction
ΓX orΓM of the Brillouin zone while the red area corresponds
to an absolute band gap for SAWs.

Finally, we have also investigated the robustness and per-
sistence of the low-frequency hybridization band gap upon
different combinations of materials constituting the pillars and
the plate among a set of five materials displaying very dif-
ferent acoustic properties: tungsten, steel, silicon, aluminum,
and epoxy. In the left panel of figure 6, we show the limits of
the low-frequency gap by changing the material of the plate
when the pillars are made of steel. Similarly, the right panel
of figure 6 displays the gap limits for various materials in the
pillars for a plate made of silicon. One can notice the persis-
tence of the hybridization band gap even if the constituting
materials are identical. This supports the understanding that
the origin of the gap is related to the geometrical rather than
the constituent material parameters of the extended structure.

Figure 6. Evolution of the lowest-frequency band gap limits for
different combinations of constituting materials. (Left) Steel pillars
on a plate of different materials. (Right) Various pillars on a silicon
plate. The length of each vertical mark represents the width of the
band gap for each case. The geometrical parameters are e/a = 0.1,
h/a = 0.6, and r/a = 0.42. For an epoxy pillar on a silicon plate, the
lowest-frequency band gap disappears. Reprinted figure with
permission from [26], Copyright (2008) by the American Physical
Society.

On the other hand, the central frequency of the gap is very
dependent upon the choice of the materials and happens at
lower frequencies when we combine a high-density material,
steel, in the cylinders with a low-density material, epoxy, in
the plate. It is noteworthy that with this choice one can obtain
a gap in the audible frequency range, around 2 kHz, for a
period of a = 20 mm and the other parameters being scaled
accordingly. Such solid systems could be used practically
as a vibrationless environment for high-precision mechanical
systems.

2.3. Phononic transmission and waveguiding

From the calculation of both transmission coefficients and
dispersion relations of pillared phononic crystal plates, we
illustrate here the phenomenon of wave guiding when remov-
ing one row of pillars in a perfect crystal. The flexibility of
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Figure 7. (Left and right) Transmission calculation (black solid line for S0 Lamb wave excitation and red dashed line for A0 Lamb wave
excitation) through a phononic crystal plate consisting of a square lattice of steel pillars deposited on a silicon plate. The geometrical
parameters are h/a = 0.6, r/a = 0.42 and e/a = 0.2. (Middle) Dispersion curves calculated along the high-symmetry axes ΓX and ΓM of the
Brillouin zone. The blue areas correspond to the position of the low- and high-frequency absolute band gaps. Reprinted figure with
permission from [130], Copyright (2009) by the American Physical Society.

tuning the acoustic/elastic properties, especially for waveg-
uides, makes it particularly suitable for diverse applications
from transducer technology to filtering and guiding of acous-
tic/elastic waves.

Figure 7 shows the transmission coefficient for a pillared
phononic crystal plate made of a square array of steel pil-
lars deposited on a thin silicon plate. The band structure is
reported in the middle panel in the reduced frequency range
(0, 0.45) along the high-symmetry axes ΓX and ΓM of the
first Brillouin zone. The choice of the geometrical parameters
ensures the existence of two absolute band gaps, respectively
at low and high frequencies (relative to the frequency range
displayed). We also show the computed transmission spectra
in the directions ΓX and ΓM of the Brillouin zone, displayed
on each side of the central band diagram. The transmission
spectra are given both for an S0 and an A0 incident Lamb
wave.

We now investigate the possibility of guiding wave modes
in both the low- and high-frequency gaps inside an extended
linear defect designed by removing one line of pillars as seen
in figure 8(a). The length of the waveguide is assumed to
be seven periods of the unit cell. In the super-cell calcula-
tions, the neighboring waveguides are separated from each
other by four lines of full pillars in order to minimize their
coupling and hence the leakage effect. Figure 8(b) presents
the transmission spectra where the incident wave is an S0

(upper) or an A0 Lamb wave (lower). For comparison, we
also provide the transmission through the perfect (red dashed
lines) phononic crystal. The shaded blue areas represent
the positions of the two band gaps from the corresponding
dispersion curves. One can see the occurrence of a trans-
mitted signal in the higher band gap for both the S0 and
A0 Lamb wave excitations. In contrast, the transmission in
the low-frequency gap essentially occurs for S0 Lamb wave
excitation while it remains very low for A0. To highlight
the wave guiding properties through the gaps, we show in
figure 8(c) the propagation of two monochromatic waves,

corresponding respectively to an S0 Lamb mode at the reduced
frequency of 0.393 and to an A0 mode at frequency 0.108.

2.4. Example configuration: hollow pillars and
whispering-gallery modes

2.4.1. Whispering-gallery modes of hollow pillars. The study
of whispering-gallery modes (WGMs) dates back to the work
of Rayleigh in 1910 on the propagation of sound around a
gallery in St Paul’s Cathedral, London [197]. High-quality-
factor WGM resonators may be applied to sensing [198], fil-
ters [199], and modulators [200], among other applications in
optics and photonics, areas that have been receiving increas-
ing attention in recent years. In this subsection, hollow pillars
are employed instead of full-solid pillars in phononic crys-
tal plates. Indeed, the hollow structure can introduce WGMs
with a high quality factor owing to their confinement and this
parameter can even be significantly enhanced by insertion of
an additional full pillar at the bottom of the hollow pillar to iso-
late the WGM from the plate. We consider a hollow pillared
phononic crystal plate with a square lattice array and the entire
structure made of silicon. An example of a hollow pillar unit
cell is displayed in figure 9(d).

We first present the band structure of a full pillared
phononic crystal plate along the direction ΓX of the reduced
Brillouin zone as shown in figure 9(a). The geometrical param-
eters are: height of pillar h/a = 0.45, radius of pillar r/a = 0.4,
and plate thickness e/a = 0.1, where a is the lattice con-
stant. Similar to earlier figures, the dispersion curves are plot-
ted in the form of the reduced frequency Ω = ωa/(2πvt).
As explained in the previous subsections, this pillar struc-
ture exhibits both a Bragg band gap and a low-frequency
hybridization band gap simultaneously and therefore behaves
as a phononic crystal or as an elastic metamaterial depend-
ing on the context. Then, the full pillar is replaced by a hol-
low pillar, the geometric parameters of which are the same
except for the inner radius, which is chosen as ri/a = 0.145.
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Figure 8. (a) Schematic view of a line-defect waveguide; (b) S0 Lamb wave excitation (upper) and A0 Lamb wave excitation (lower)
transmission through the waveguide (black solid lines) and through the perfect (red dashed lines) phononic crystal. (c) Example of guided
mode for an S0 Lamb wave (top right) and an A0 Lamb wave (bottom right) at the reduced frequencies of 0.393 and 0.108, respectively. The
blue and red colors stand for 0 and max values, respectively. Reprinted figure with permission from [130], Copyright (2009) by the
American Physical Society.

Figure 9. (a) Dispersion curves along the ΓX direction for a full pillar unit cell in a square lattice; (b) same as in (a) but for a hollow pillar
case; (c) the corresponding transmission curve with respect to (b); (d) real part of the z-displacement component of the eigenmode of the red
and pink bands at the Γ point. The geometric parameters are: height of pillar h/a = 0.45, radius of pillar r/a = 0.4, inner radius of hollow
pillar ri/a = 0.145, and plate thickness e/a = 0.1, where a is the lattice constant. The blue and red colors stand for −max and max values,
respectively. Reprinted figure with permission from [68], Copyright (2016) by the American Physical Society.

The dispersion curves of the hollow pillar unit cell are pre-
sented in figure 9(b), where two new bands in red and pink
appear in the Bragg band gap; meanwhile, all the black bands
remain almost unchanged. In figure 9(c), the corresponding
transmission curve is calculated with the fundamental anti-
symmetric (A0) Lamb mode excitation and the propagation
direction along the x-coordinate. One observes that only the
red band can generate a transmission peak p, while the pink
band behaves as a deaf mode. This is attributed to the sym-
metry of the eigenmodes of the two bands, as illustrated by
the real part of the z-displacement component of the two
bands at the Γ point in figure 9(d). Both the red and pink
bands are characterized by the quadrupolar WGM (WGM4).
The displacement field of WGM4 (red band) is symmet-
ric with respect to the x–z plane and is therefore compat-
ible with the symmetry of the incident A0 Lamb wave, so

that WGM4 can be excited. However, it is antisymmetric for
WGM4-deaf (pink band), resulting in a mode that cannot
be observed in transmission. It should be mentioned that the
quality factor of WGM4 can be significantly enhanced by
inserting an additional full pillar part between the hollow pillar
and the plate.

The acoustic path of WGM around the hollow pillar of
WGM is a multiple integer of the wavelength, equal to 2 for
the presented WGM4. Therefore, the wavelength qualitatively
behaves in the form of λ= π(r + ri)/2. By increasing the inner
radius, the frequency of WGM4 will redshift even to a low-
frequency band gap. It has been shown [68] that the WGMs can
be efficiently tuned to cross a wide frequency band by varying
the inner radius of the hollow pillars.

As the WGMs can be designed to cover the full Bragg band
gap by varying the inner radii of the hollow pillars, several
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Figure 10. Application of WGM4 in a multichannel wavelength
multiplexer (a) and a monochannel wavelength multiplexer (b). The
upper and lower panels correspond to two different narrow pass
bands for each column. The blue and red colors stand for 0 and max
values, respectively. Reprinted figure with permission from [68],
Copyright (2016) by the American Physical Society.

narrow pass bands can be expected for a mixed system com-
posed of different inner radii. Here, we demonstrate the design
of mono- and multichannel wavelength division multiplexers
by inserting appropriate waveguides in a (5 × 5) supercell
phononic crystal plate.

For the multichannel wavelength multiplexer, the phononic
plate contains two linear hollow pillar waveguides separated
from each other by a line of full pillars, which prevents leak-
age between the two waveguides as shown in figure 10(a).
We present the displacement fields of the transmitted wave
through the two waveguides corresponding to two narrow pass
bands in the Bragg band gap. Actually, the transmission of
two narrow pass bands does not need two separate waveg-
uides. In figure 10(b), a monochannel wavelength multiplexer
is considered, where the waveguide is constituted by alternat-
ing hollow pillars with two different inner radii. It is able to
transport two different wavelengths through the same channel,
as clearly observed in the displacement fields in figure 10(b).
The wave transmission originates from evanescent waves that
allow for the overlapping of the elastic fields between two next
nearest neighbor hollow pillars with the same inner radius. In
figure 10(b), the displacement fields at two different passing
frequencies are exhibited, where the enhancement of the fields
inside the corresponding hollow pillars is obviously observed
for each frequency.

Other ways to obtain a high-quality-factor pass band may
also be realized based on WGMs, for instance by designing a
cavity oriented perpendicularly to the direction of propagation
[68]. It is worth noting that such applications of WGMs can
also be realized inside a low-frequency hybridization band gap
instead of a Bragg gap [68].

2.4.2. Tunable properties by liquid filling of hollow pillars.
The existence of hollow pillars provides the possibility of fill-
ing them with a liquid. As the liquid and solid parts are cou-
pled, the frequencies of the WGMs are affected by the acoustic

properties of the liquid (e.g. the type of the liquid and its tem-
perature) as well as its height level inside the hollow pillar. In
general, for a given inner radius, increasing the height level
of the liquid will decrease the frequency of the WGM; how-
ever, there is room for anomalies. For example, for a given
inner radius and height level of the liquid, the frequency of the
WGM is lower when the liquid is mercury than that when it is
water—since the impedance of mercury is much higher than
that of water [69].

The liquid-filled hollow pillars will also give rise to new
localized modes inside the band gaps, such as compressional
modes of the liquid. Figure 11(a) shows the dispersion curves
of a phononic crystal where the hollow pillars are fully filled
with water. In this example, the height of each pillar is
h/a = 0.4, the outer and inner radii are respectively r/a = 0.4
and ri/a = 0.1, and the plate thickness is e/a = 0.1. The param-
eters of water are taken at room temperature (25 ◦C), namely a
density of 998 kg m−3 and an acoustic velocity of 1490 m s−1.
In figure 11(a), the new blue and cyan bands appear in addition
to the black bands associated with the solid. The pressure fields
for these two bands reveal that they respectively correspond to
the first compressional mode (blue band) and the second com-
pressional mode (cyan band). This can be well explained by
the simple physical model of a tube of height hliq with rigid
lateral and bottom boundaries and a free upper boundary. The
expression of the (n + 1)th compressional mode is f n+1 = (2n
+ 1)cliq/4hliq, where n is the resonant integer number as 0, 1, 2,
. . . and cliq is the acoustic velocity of the liquid. One can easily
notice that the frequency of the second mode is three times that
of the first mode, f 2 = 3f 1, which is also verified by the blue
and cyan bands in figure 11(a).

The liquid compressional modes have high quality factors
and, owing to their sensitivity to acoustic velocity, they are
good candidates for sensing applications. For instance, the
acoustic velocity of water will increase when the temperature
T rises. In figure 11(b), we show that the frequency of the
second liquid compressional mode increases within the Bragg
band gap when temperature rises from 0 to 70 ◦C, demon-
strating the application of this structure for temperature sens-
ing in water [69]. In addition, this configuration may also be
applied to other application fields involving a dependence with
the acoustic velocity, such as the identification of molar ratio
for a mixture of two different liquids. It is to be noted that a
solid/liquid coupled mode can also be generated by liquid fill-
ing in the hollow pillars whose frequency is sensitive to both
the height level of the liquid and the inner radius of the hollow
part.

2.5. Vibration of multilayer pillars

We show here an illustration of a phononic crystal made of an
array of multilayered pillars for SAW control. Here, each pillar
is comprised of a periodic stack of alternating layers as seen in
figure 12(a). We refer to this as a phononic pillar. The yellow
layers correspond to polymethyl methacrylate (PMMA) and
the blue ones to silicon. The novelty of this structure is that
the pillar in the unit cell behaves like a 1D phononic crystal,
so it allows band gaps that prohibit wave propagation along the
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Figure 11. (a) Dispersion of a hollow pillar unit cell fully filled with water. The first and second liquid compressional modes are displayed in
blue and cyan bands, respectively, along with the corresponding pressure fields. The blue and red colors stand for 0 and max values,
respectively. (b) Temperature sensing application of the second compressional mode. This figure is based on results from [69].

Figure 12. (a) Phononic crystal structure consisting of a square array of multilayer phononic pillars on a silicon substrate surface. The
yellow and blue layers correspond to PMMA and silicon, respectively. The set of geometrical parameters are a = 1 μm, h = hsilicon =
hPMMA = 3.5 μm and the pillar diameter is d = 5 μm. (b) Band structure for SAW propagation along the ΓX direction. (c) Total
displacement field in the unit cell for modes denoted A1, A2, and B in (b). Reprinted figure with permission from [105], Copyright (2018)
by the American Physical Society.

pillar’s vertical axis. Therefore, it can support localized modes
in a cavity or at its top surface that are very well confined
and can interact with the SAWs of the substrate to give rise
to Fano resonances or other sharp features relevant for sensing
applications.

Figure 12(b) represents the corresponding dispersion
curves in the ΓX direction within the Brillouin zone. Below
the silicon sound line, the modes are localized at the surface of
the silicon substrate and/or inside the pillars. However, among
these modes, three specific modes noted A1, A2, and B appear
in the orange shaded regions which correspond to the band gap
of the periodic multilayer pillars. In contrast, the displacement
fields of the other SAW branches are distributed throughout

the pillars. The displacement field amplitude together with the
vibration of these three modes plotted in figure 12(c) show that
their vibrations are mainly localized at the bottom of the pillar,
i.e. at the interface of the pillars with the substrate. Moreover,
one can see that the motions of modes A1 and A2 resemble
the bending vibrations of the pillar, while mode B looks like a
compressional vibration.

Next, we consider one row of such pillars arranged on the
surface and study the interaction of an incident Rayleigh wave
with this line of pillars as shown in figures 13(a) and (b).
The transmission spectrum plotted in figure 13(c) shows SAW
attenuation in the shaded region where the amplitude of the
uz component decreases to 0.4 at 161 MHz. The shaded area
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Figure 13. (a) Schematic view of the transmission through one row of phononic pillars. (b) Unit cell used in the simulation. (c) Transmission
results: normalized amplitude of out-of-plane displacement uz. The shaded region corresponds to the band gap of the PMMA/Si pillar.
(d) Total displacement field in the pillar as well as the uz component in the silicon substrate for SAW. Reprinted figure with permission from
[105], Copyright (2018) by the American Physical Society.

corresponds to the band gap of the phononic pillar. At this fre-
quency, we plot in figure 13(d) the total displacement field in
the phononic pillar as well as the uz component in the substrate.
We deduce that the SAW attenuation is caused by the excita-
tion of a localized mode as the confined mode denoted A1 in
figure 12(b). This mode is localized at the bottom of the pillar.

2.6. Pillared plate encompassing multiphysics

The simultaneous existence of photonic and phononic band
gaps and the confined phonon–photon interaction has opened
up the field of cavity optomechanics [201]. This section first
provides a brief overview on the existence of phoXonic (dual
phononic–photonic) band gaps in a material configuration
comprised of a periodic array of pillars deposited on a plate
of finite thickness [54]. Then, we give an example of the inter-
action between elastic waves and localized surface plasmon
modes in a system of gold nanocylinders separated from a thin
gold film by a very thin dielectric spacer of few nanometers
[202, 203]. This model is used to investigate the efficiency of
the coupling between an elastic deformation and the plasmonic
modes.

2.6.1. Dual phononic and photonic band gaps. Here, we the-
oretically examine the simultaneous existence of phononic
and photonic band gaps in a periodic array of silicon pillars
deposited on a homogeneous thin silica plate. Square, triangu-
lar, and honeycomb lattices have been investigated. We discuss
the most suitable cases for dual phononic–photonic band gaps,
especially in comparison to the traditional structures made
out of periodic holes in a plate. The calculations are focused

on a structure where silicon pillars are deposited on a silica
plate. Besides the technological interest in silicon structures,
the selection of these materials is also important for the simul-
taneous existence of phononic–photonic band gaps. The exis-
tence of phononic gaps is not greatly affected by the choice
of materials, as discussed earlier, although the frequency and
width of the gaps are material-dependent.

In the closely related field of photonics, Johnson et al [204]
have studied the band structure of a periodic array of silicon
rods in air and shown the existence of a band gap for odd sym-
metric modes only (in a plane magnetic field). However, in this
work, the height of the pillars was taken as equal to two times
the lattice parameter and the result displayed similarity with
the case of an infinite 2D structure where only a transverse
magnetic gap can be created. It is observed that decreasing
the height of the rods to values lower than the lattice param-
eter allows the opening of a complete photonic gap for the
guided modes. Therefore, one can expect that the low refrac-
tive index of SiO2 may enable us to keep such a property even
in the presence of the thin plate. In reference [54] a detailed
study of both the phononic and photonic band structures was
conducted. A search for the situations displaying band gaps
for both excitations was also reported [54]. In figure 14, we
give an illustration of the dispersion curves for the three types
of lattices investigated: namely, square, triangular, and honey-
comb. In these figures, the reduced (dimensionless) frequency
is defined as Ω = ωa/2πv where a is the lattice parameter and
v = clight is the velocity of light in vacuum for electromagnetic
waves and v = vt is the transverse velocity of sound in silicon
for elastic waves. It can be seen that it is more suitable to search
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Figure 14. Photonic (left) and phononic (right) dispersion curves calculated for (a) a square array with the set of parameters e/a = 0.2, hSi/a
= 0.8 and the filling fraction as 0.4, (b) a triangular array with the set of parameters e/a = 0.5, hSi/a = 0.8 and the filling fraction as 0.5, and
(c) a honeycomb array with the set of parameters e/a = 0.4, hSi/a = 0.7 and the filling fraction as 0.3. Reprinted figure with permission from
[54], Copyright (2010) by the American Physical Society.

for a photonic gap around or below the reduced frequency 0.4,
since above this range the band gap will be restricted only to
a small part of the Brillouin zone below the light cone. The
actual frequencies in figure 14 are inversely proportional to the
lattice parameter. To give a practical example, one can focus
on a device operating at the telecommunication wavelength
around 1550 nm for the optical waves. Then, all the other geo-
metrical parameters become fully determined and the acoustic
band gaps fall in the range of a few gigahertz. For instance,
in the case of the square lattice, the geometrical parameters
become: lattice constant a = 682 nm, radius and height of the
pillars r = 245 nm and h = 546 nm, and thickness of the SiO2

plate e = 136 nm. The corresponding photonic and phononic
band gaps, respectively, occur in the range 1508–1590 nm and
2.51–3.0 GHz. More details for the other lattices are given in
[54]. In particular, it is shown that the triangular lattice pro-
vides the best flexibility for the choice of geometrical param-
eters. Moreover, unlike the square lattice, the triangular and
honeycomb lattices do not require a very thin layer of SiO2.

2.6.2. Elastoplasmonic interaction. First, let us note that a
great level of attention has been devoted to the study of
localized surface plasmons that can be supported by metallic
nanoparticles due to their high abilities to confine and enhance
electromagnetic waves in subwavelength volumes [205]. In
the case of pillared-type structures, plasmonic designs have
been realized to cover a wide range of optical resonances [39]
and even to manipulate heat generation depending on the pil-
lar aspect ratio [206]. Furthermore, mechanical vibrations of
metallic nanoparticles [39, 207, 208] or plasmonic molecules
[209] have been investigated by exploiting phonon–plasmon
interactions.

Here, we provide an illustration of the theoretical and
numerical investigation of the coupling between elastic
and localized surface plasmon modes in a system of gold
nanocylinders separated from a thin gold film by a dielec-
tric spacer a few nanometers thick [202, 203]. This system
supports plasmon modes confined between the bottom of the
nanocylinder and the top of the gold film, which arise from
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Figure 15. (a) Geometry of the model. (b) Elastic modes at two frequencies where the left is the total displacement field and the right is the
deformation under the pillar. (c) Evolution of the absorbance spectra for different values of the elastic phase for the elastic modes at 4.2 and
5.6 GHz, around the wavelength of the main (n, p) = (1, 2) MIM-LSP mode. Reprinted figure with permission from [202], Copyright (2016)
by the American Physical Society.

the formation of interference patterns by short-wavelength
metal-insulator-metal propagating plasmons. The deforma-
tions induced by the elastic vibrations periodically modify the
plasmonic properties such as absorption spectra or eigenval-
ues. Hence, these properties are modulated at the period of the
elastic mode. The highest coupling rates are obtained for those
elastic modes that produce the strongest modulations of the
plasmonic features.

The structure is displayed in figure 15(a), and consists of
a square array of gold nanopillars deposited on a multilayered
membrane composed of gold and silica. The simultaneous con-
sideration of the plasmonic, elastic, and coupled elastoplas-
monic aspects has been numerically studied using the finite-
element method. In order to characterize the elastoplasmonic
interaction, we use a quasistatic approximation, which consists
of a recalculation of the shape of the elastic modes at sev-
eral selected instants of an elastic period (or several selected
phases) where the shape of the structure is fixed at these
instants. This is justified by the fact that the plasmonic fre-
quency is several orders of magnitude larger than the elastic
frequency.

Figure 15(b) shows two elastic modes at f = 4.2 GHz
and f = 5.6 GHz (adopting the notation used in [202]),
which correspond to a quadrupolar mode and a verti-
cal compressional mode, respectively. The incident visi-
ble light is launched normally to the substrate as shown
in figure 15(a). The evolution of the absorbance spec-
trum around the wavelength of the metal–insulator–metal
localized-surface-plasmon (MIM-LSP) mode at 750 nm for
these two modes is shown in figure 15(c). The deformed
geometry of each mode is calculated for different phases
ψ = ωt = 2πft during half an acoustic period. At 4.2 GHz, the
mode has observable modifications in the absorption spectrum
for different phases. More obvious modifications are induced
for 5.6 GHz in the range of wavelengths where the MIM-LSP
modes are excited. Indeed, the latter elastic mode produces
an efficient compression and dilatation of the dielectric spacer

between the Au film and the Au nanocylinder, hence produc-
ing a significant modulation of the localized plasmon mode
frequency.

This study may highlight the coupling mechanisms between
localized plasmon modes and elastic modes, which is based
primarily on the fact that the localization of the elastic vibra-
tions and the plasmon resonance occurs in two different
parts of the structure; namely, the ‘elastic function’ [202,
203] is mostly supported by the gold nanoparticle while the
‘plasmonic function’ is essentially supported by the dielectric
cavity under the nanoparticle. This aspect, which is in contrast
to previously investigated systems, gives additional flexibil-
ity for the engineering of elasto-plasmonic devices with the
possibility of loading or changing the volume of the nanopar-
ticle in order to tune the frequencies of elastic modes without
significantly affecting the plasmonic aspects. Furthermore, the
interaction between the elastic and plasmonic modes may be
influenced by using spacers with different mechanical prop-
erties but similar refractive indices. Finally, this work was
recently extended to the interaction between localized plas-
mon and propagating SAWs (referred to as Rayleigh–Sezawa
waves) to show that some of the latter may also provide a
strong phonon–plasmon coupling [203].

3. Pillared metaplates: advanced geometric
configurations

3.1. Engineering of large low-frequency band gaps

3.1.1. Trampoline metamaterials. In most applications in
phononics, including metamaterials and metasurfaces, a large
band-gap size is generally desirable. Maximization of band-
gap size by unit-cell optimization has been actively pursued
for phononic crystals [38, 40, 41, 63–66, 210–213]; in con-
trast, less attention has been focused on band-gap widening in
locally resonant acoustic/elastic metamaterials. In this subsec-
tion, we review the dispersion characteristics of locally res-
onant elastic metamaterials formed by the erection of pillars
on the solid regions in a plate patterned by a periodic array of
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Figure 16. Demonstration of a trampoline metamaterial. The top panel shows schematics of (a) a standard phononic crystal plate (consisting
of a periodic array of holes), (b) an elastic metamaterial in the form of a periodic array of pillars on a plate, and (c) a trampoline metamaterial
consisting of a periodic array of pillars on a plate intertwined with a periodic array of holes. Hole and pillar diameters are denoted dh and dp,
respectively. The solid material is silicon with properties: density ρ=2330 kg m−3, and Lamé constants λL =85.502 GPa, μL =72.835 GPa.
The dispersion diagram of the three configurations for wave propagation in the ΓX direction is shown in the bottom panel with the frequency
normalized with the respect to the longitudinal bulk velocity vl. In the frequency range displayed, the phononic crystal has no band gaps. (d)
The standard pillared plate exhibits a subwavelength band gap with a relative size of 0.19 (e), and the proposed trampoline plate features an
enhanced subwavelength band gap with a relative size of 0.48. Reprinted from [75], with the permission of AIP Publishing.

holes [67]. The solid regions effectively act as springboards
that enhance the resonance behavior by the pillars when com-
pared to the nominal case of pillars on a plate with no holes.
This local resonance amplification phenomenon, which has
been defined as the trampoline effect, has been shown to cause
subwavelength band gaps to increase in size by up to a factor
of 4.

To demonstrate the trampoline effect, we will examine a
plate configuration formed by the merger of a periodically pil-
lared plate foundation (figure 16(b)) with a standard phononic
crystal plate created by removal of a periodic array of holes
(figure 16(a)) [67]. The outcome is a locally resonant elastic
metamaterial consisting of pillars standing on the solid regions
of a phononic crystal plate (figure 16(c)). This architecture
allows each pillar to be rooted in a more compliant base due
to the presence of the holes, thus rendering the base to behave
effectively as a springboard that allows the pillars’ resonant
motion to be enhanced. This enhancement is reflected in the
relative size of the locally resonant subwavelength band gap,
which is seen to experience an enlargement in size by a factor
of approximately 2.5 compared to the pillared plate with no
holes.

To further examine the trampoline effect, the problems
shown in figures 16(b) and (c) were extended for a range of
values of pillar height and hole diameter. A map of the size and
location of the lowest band gap (also along the ΓX direction)

as a function of pillar height for a hole diameter of dh = 5a/8
is given in figure 17(a). The same results are also presented in
figure 17(b) but in the form of a plot of the relative band-gap
size Δω/ωcenter versus pillar height, where ωcenter is the band-
gap central frequency. The blue solid line in figure 17(b) is for
the standard, unholed pillared plate and is provided for com-
parison. The dotted, dashed, and solid red lines represent the
relative band-gap size for the trampoline metamaterial config-
uration for different values of dh. In addition to dh = 5a/8, two
other hole diameters are considered, dh = 3a/8 and dh = 4a/8
(noting a constant increment of a/8 between the three diame-
ters). It is observed that for the two additional trampoline plate
cases, the relative band-gap size is larger than the case of the
standard unholed pillared plate. This shows that the trampoline
effect is present also in the lower-hole-diameter cases. How-
ever, the incremental enlargement of relative band gap size is
more significant at higher values of hole diameter, which is
due to the quadratic decrease in the springboard area as dh is
increased.

The increase in relative band-gap size attainable by the
trampoline effect is remarkable. For the parameter set of
dh = 5a/8 and hp/a = 0.4, the size of the relative band
gap is close to 0.6 (i.e. 60%). This is a significant improve-
ment over reported relative band gap sizes in the literature
for acoustic/elastic metamaterials in general and specifically
for pillared metamaterials, which usually fall within the range
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Figure 17. Map of absolute (a) and relative (b) band gap as a
function of normalized pillar height for a trampoline plate
(consisting of pillars and holes) compared to a standard pillared
plate (consisting of only pillars). In (a), the shaded region represents
the size and location of the lowest band gap. The trampoline effect
results in an increase of the subwavelength locally resonant band
gap by a factor ranging from roughly 2 to 4 for geometries, where
the original Δω/ωcenter is greater than or equal to 0.1. Reprinted
from [75], with the permission of AIP Publishing.

of 20%–30% for a partial band gap in single-sided pillared
plates. The trampoline effect may be enhanced even further
by introducing pillars on both sides of the plate, where partial
band gaps exceeding 50% were reported in the absence of the
trampoline effect [63].

These results demonstrate that the trampoline effect in a
plate facilitates the utilization of subwavelength metamaterial
properties over relatively broader frequency ranges than in the
case when only pillars are employed.

3.1.2. Tailored metamaterials. In the previous section, tram-
poline metamaterial plates were reviewed as a concept for
widening and lowering a local resonance hybridization band
gap. In this section, we discuss a mechanism to significantly
widen the Bragg band gap and extend it to the low-frequency
domain; meanwhile, the relative width of the low-frequency
hybridization band gap is also enlarged. The physical model is
based on the pillared unit cell configuration of section 2.4.1. As
seen in the inserts of three geometries in figure 18, the pillars
are connected to each other by cross bars with tunable widths
instead of the use of a homogeneous plate as a common base
medium. The widths of the bars are b/a = 1, 0.5, and 0.1 at the
left, middle and right panels, respectively. The lattice constant
is a. The entire unit cell in this example is made of silicon.

To explain the mechanism behind the trend observed in
figure 18, let us first start with the case b/a = 1. A Bragg

Figure 18. Dispersion for pillared phononic crystals connected by
thin bars with widths b/a = 1 (left), 0.5 (middle), and 0.1 (right).
The Bragg and hybridization band gaps are respectively marked in
blue and red. The geometries of the unit cells are displayed on top of
each dispersion curve. The eigenmodes of bands A and B at the Γ
point are also represented on the left where the blue and red colors
stand for 0 and max values, respectively. Reproduced from [70]. ©

IOP Publishing Ltd. All rights reserved.

(blue) and a hybridization (red) band gap appear in the disper-
sion curves along the ΓX direction with relative sizes 0.45 and
0.26, respectively. The relative size of a band gap is defined
as Δω/ωcenter, where, as defined earlier, Δω is the width and
ωcenter the central frequency of the gap. The Bragg band gap is
divided into two parts by a narrow band denoted A, for which
the eigenmode at the Γ point is also displayed in figure 18. One
can clearly notice that this branch A exhibits a high localization
in the plate at the four corners of the unit cell. In addition, a rel-
atively flat band B falling in the frequency domain of the bulk
bands below the Bragg gap is associated with the torsional res-
onance of the pillars, as seen from its eigenmode. The presence
of band A and the interaction between band B and other bulk
bands affect the property of the Bragg gap. To eliminate these
two effects, we propose the concept of a tailored metamaterial
that consists of a pillar connected by two tunable crossing bars.

Indeed, when the width of the bar reduces to 0.5, the four
corners of the unit cell turn into eight new corners of the two
crossed bars. Since the distance of the two corners at one edge
of the bar is equal to the bar width and decreases, the fre-
quency of mode A moves to a higher frequency, about 0.85 for
b/a = 0.5. Meanwhile, the torsional mode B downshifts to a
lower frequency. These two changes result in a wider Bragg
band-gap with a drop in the lower band-gap edge—the rela-
tive band-gap size increases to 0.76 as seen in the middle panel
of figure 18. Meanwhile, the hybridization band gap is also
enlarged slightly and moves to lower frequencies with a rela-
tive size of 0.41. When the width of the bar further decreases to
0.1, the Bragg band gap extends to the low-frequency domain
and its relative size greatly increases to 1.22 while the rela-
tive size for the hybridization band gap increases to 0.52. The
unit cell with narrow bars makes the pillar easier to rotate and
bend, so that band B and the hybridization band gap exhibit
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Figure 19. (Left) Evolution of the Bragg (blue) and hybridization (red) band gaps as a function of bar width b/a. Cyan represents band A.
(Right) Relative size of band gaps as a function of bar width b/a. Reproduced from [70]. © IOP Publishing Ltd. All rights reserved

red shift. Such dispersion properties have potential for utiliza-
tion in subwavelength studies of acoustic/elastic metamateri-
als. For instance, the torsional mode of the pillars can con-
tribute to the realization of a negative effective shear modulus,
which can be further explored for polarization filtering, mode
conversion, and abnormal refraction [214].

The evolutions of the Bragg and hybridization band gaps in
the ΓX direction as a function of the bar width are summarized
in the left panel of figure 19, where band A is shown in cyan.
As the bar width reduces, the frequency of mode A drifts out-
side the Bragg band gap. The Bragg band gap becomes much
wider and remarkably extends to the low-frequency domain,
hence becoming an extra-wide band gap. The hybridization
band gap gradually moves to lower frequencies. The evolutions
of the relative sizes of the two gaps are presented in the right
panel of figure 19. Since the width of the Bragg gap obviously
enlarges when the width b/a is smaller than 0.7, its relative size
almost linearly increases, nearly three times for b/a = 0.1 to 1.
On the other hand, the relative size of the hybridization band
gap gradually increases and becomes two times higher. As a
result, engineering dispersion bands by tuning the width of the
cross-connecting bars is proven to be an effective approach for
widening and lowering band gaps.

3.2. Pillared GRIN phononic plate

3.2.1. Introduction. Focusing of acoustic or elastic waves via
flat phononic lenses is definitely one of the most striking phe-
nomena that arise from the artificial periodicity of phononic
crystals. After the first experimental demonstration of the phe-
nomenon was achieved in 2008 [215], intense activity has
developed to optimize the geometrical and physical parame-
ters of acoustical lenses in order to realize exceedingly high
spatial resolution [216–221]. These promising perspectives for
acoustic imagery relate to the key characteristic that phononic
crystals are systems in which one can control the wave propa-
gation at the wavelength scale, making it possible to overcome
the diffraction limit. It should be noted that it is not possible
for a conventional lens to produce an image containing details
that are finer than half the wavelength of the light or sound
being focused. This drawback applies regardless of the type
of wave, electromagnetic or elastic/acoustic. This is a conse-
quence of the evanescent waves that emerge from the object
but that do not contribute to the resolution of the image because

of the exponential decay of their amplitude in any lens made
of a positive-index material. In contrast, in lenses with nega-
tive index, the evanescent waves have their own amplitude that
increases during the transmission through the medium. While
the waves decay again down to their initial level after emerg-
ing from the lens, they can still contribute to the resolution of
the image.

From the perspective of super-resolved imaging—which
has emerged as one of the ‘hottest’ topics in the field—
phononic crystals suffer from some drawbacks that may pre-
vent them from wide dissemination. First, as a consequence of
the exponentially decaying amplitude of the evanescent waves,
the super-resolution attribute applies only to near-field imag-
ing. Actually, if the source is located at a distance from the
lens that is greater than one wavelength, the decay turns out
to be prohibitive to the evanescent component reaching the
lens and the super-focusing effect cannot be achieved. Then,
in phononic crystals, the negative refraction of elastic waves,
which is the starting point of the super-focusing effect, can be
controlled through the band structure. In fact, this phenomenon
is a direct consequence of band folding and therefore relates to
the negative slope of some acoustic branches [222]; only elas-
tic waves with frequencies above the first band gap can con-
tribute to the superlensing effect. Their wavelengths are thus
comparable to or even smaller than the period of the phononic
crystal, and the propagation therein comes with large and even
prohibitive scattering of the waves.

Using phononic crystals to focalize elastic waves with fre-
quencies in the first branch of the Brillouin zone where neg-
ative refraction effects are not involved is, however, possible
if considering gradient-index phononic crystals (GRIN PCs)
[152, 223–233]. These 2D systems are engineered with a grad-
ual variation of their constitutive parameters (e.g. filling factors
[228, 232, 234], geometry of the inclusions [152], or material
properties [223]) along one direction. As a result, they feature
a sound velocity gradient along that direction, making it possi-
ble for collimation, convergence, or focalization of an incident
wave. When an acoustic beam propagates through a 2D GRIN
PC, it encounters redirection at every virtual interface between
layers, resulting in successive reorientations of the acoustic
beam inside the structure. Thus, by gradually modulating the
parameters of a GRIN PC, one may create a curved path for
the acoustic waves [152, 223, 225, 226, 228–232]. Inspired by
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Figure 20. (a) Scanning electron microscope (SEM) image of the
back side of a sample of a trampoline GRIN structure. (b) SEM
image of a silicon pillar centered between four air holes on the front
side of the sample. Reprinted figure with permission from [158],
Copyright (2016) by the American Physical Society. The width of
the sample is denoted by L.

optical devices that already exist, different designs for acous-
tic waves have been proposed, including Maxwell’s fish eyes
[235] and circular Luneburg lenses optimized for simultane-
ously focalizing the three elastic modes that may propagate
in a plate, namely shear horizontal, symmetric, and antisym-
metric Lamb modes [154]. However, whether it is for optical
waves [236–238] or for elastic waves [152, 223, 228, 232,
234, 239] none of the proposed designs has allowed for over-
coming the diffraction limit to date; this is because of total
internal reflection of waves with high wavevectors k, which
hinders the transmission to the background for external focus-
ing. On the optics side, it was further proposed to use meta-
materials featuring extraordinary refractive properties instead
of photonic crystals [229, 231, 233, 240, 241], and the resolu-
tion beyond the diffraction limit for visible light was actually
demonstrated analytically [240]. However, such success has
not been obtained with elastic waves in solids so far [229, 231,
233, 241], nor has it been investigated how large the acous-
tic refractive index (i.e. ratio of the wave vector in the lens
to the wave vector in the background) should be to attain this
objective. Metamaterials with local resonances generally ful-
fill this latter requirement since they may display very slow
sound velocity, at least near resonances [19, 26, 30, 75, 86,
96, 130, 131, 144, 221, 242–247]. Besides, depending on the
shape and dimensions of the resonant inclusions, the reso-
nances may arise at a very low frequency compared to the
Bragg gap, in a region of the reduced Brillouin zone where
effective theories apply. This has been demonstrated both the-
oretically and experimentally, with 2D phononic crystals made
out of an array of cylindrical pillars regularly erected on a
homogeneous thin slab [26, 86, 96, 130, 131, 144, 246]. This
structure, in particular, deserves special attention. Indeed, a
single pillar on a plate has compressional and bending reso-
nances that may lead to the dynamic effective modulus and
mass density both being negative when a number of them are

Figure 21. Band structure (dotted curves) of the trampoline GRIN
structure along the central layer of the acoustic lens. The A0 band is
highlighted by the overlapping red line while the black line indicates
the A0 band along the central layer without pillars. Inset shows the
normalized modal displacements of the A0 mode at the X point in
the Brillouin zone. Reprinted figure with permission from [158],
Copyright (2016) by the American Physical Society.

gathered to form a metamaterial. Moreover, since the compres-
sional resonant frequency and the bending resonant frequency
are mainly sensitive to the height and to the diameter of the
pillar respectively, they can be tuned almost independently
from each other [100]. When associated with a GRIN phononic
lens on a plate, it is expected that the bending resonances and
the Lamb waves propagating in the plate exhibit polarization
coherency, thus allowing for the enhancement of the evanes-
cent waves and, in turn, for the formation of a spot at the focus
containing finer information.

3.2.2. Beam path in trampoline GRIN structure. Based on
the GRIN phononic plate concept, Zhao et al [158] designed
acoustic lenses built on a silicon plate by drilling a square lat-
tice of air holes with a period of a and with radii gradually
tailored along the transverse direction, as shown by the SEM
image in figure 20(a). An array of identical silicon pillars was
erected on one face of the plate, on each junction between each
set of four air holes. This represents a combination of the tram-
poline metamaterial concept [75] and the GRIN concept. The
basic unit is shown in figure 20(b). They have shown in refer-
ence [158] that such a structure, which we may describe as a
trampoline GRIN structure, allows for the focalization of an A0

Lamb mode within the homogeneous substrate behind the met-
alens, over a spot with a transverse size beyond the diffraction
limit.

In the low-frequency region, where the wavelength is much
larger than the lattice parameter, the refractive index along
each line of inclusions (i.e. the ratio of the wavenumber along
ΓX to the wavenumber in the background)was designed to fea-
ture a hyperbolic secant profile. This profile, which can be for-
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mally written as n2 (y) = 1 +
(
n2

0 − 1
)

sech2(αy) where α is
the gradient coefficient, and n0 is the refractive index along the
central line of inclusions at the working frequency, allows for
an exact determination of the acoustic rays. Moreover, a lens
with an index featuring a hyperbolic secant profile is free of
aberration, i.e. any ray normally incident on the lens converges
to a single point on the axis [50, 212].

The band diagram of the trampoline GRIN structure shown
in figure 21 explains the formation of a subwavelength spot at
the focus of the lens. In this figure, the antisymmetric Lamb
mode A0 is drawn for a structure with (red solid line) and
without (black solid line) pillars. The inset displays the nor-
malized modal displacements associated with the A0 mode for
propagation along ΓX at the frequency of the red flat branch.
Unambiguously, the hybridization between the A0 mode in the
air/silicon phononic crystal, polarized on the x–z plane, and
the lowest-order flexural resonance of the pillar governs the
displacement field—which is totally dominated by a vibration
localized on the pillars.

It can be deduced from these dispersion curves that, at res-
onance, the pillars act as elastic sources emitting in the plate
Lamb waves at the frequency of the bending eigenmode [100],
which in turn allows for enhancement of the evanescent waves
emerging from the lens.

Any ray normally incident on a GRIN lens featuring a
refractive index with a secant hyperbolic profile converges
to a single point on the axis, at the focal length f length. This
length only depends on the gradient coefficient α through
f length = π/2α. However, deviation between the focal distance
predicted by this formula and that derived from numerical
simulations, or even experimental measurement, may some-
times be significant, even in the homogenization frequency
range [152, 223, 228]. There are several reasons for this possi-
ble deviation. First, the actual 2D acoustic lenses feature dis-
cretized indices, which may be imperfectly represented by a
continuous gradient. However, this is probably not the most
relevant reason since small deviations of a few percent were
observed for a wavelength only five times larger than the
period [152, 223, 228]. The observed disagreement between
the theory and numerical simulations can be explained to a
larger extent by the overall shape of the equifrequency con-
tours (EFCs). Actually, in phononic crystals with large fill-
ing factors, the EFCs may depart from a circle, even at low
frequency [152, 223, 228]; therefore, analyzing the trajec-
tories in terms of an effective index may not be relevant.
Instead, the effects of anisotropy are better described by con-
sidering both the group velocity and the k vector as the local
parameters [248]. Based on the same idea, a Hamiltonian
optics approach has been proposed to study light propagation
in graded phononic crystals in the short-wavelength regime
[249]. However, there have only been a few theoretical works
able to perform a quantitative analysis of the ray trajectory in
the homogenization range [250]. This was done, for instance,
in reference [251] where an empirical approach allowed accu-
rate interpretation of both the position and the size of the spot
experimentally measured in GRIN PC lenses with either a

square lattice (the holes have different diameters and are regu-
larly spaced along the y-axis) or a rectangular lattice (the holes
have identical diameter but their separating distance varies
along the y-axis).

Experimental evidence of subdiffraction focusing with the
trampoline structure is shown in figure 22(a). In this figure, the
maximum of the out-of-plane displacement is measured on the
free surface of the lens using an interferometric method. The
displacement field is symmetric on both sides of the central
layer at y= 0, with the overall maximum just behind the lens, at
the distance x = 0.6a from the outlet interface. The agreement
with the numerical simulations shown in figure 22(b), includ-
ing both the focal position and the pattern of the displacement
field, is excellent.

Figures 22(c) and (d) display experimental and numerical
snapshots respectively recorded at a moment when the ampli-
tude is at a maximum at the focus. The phase patterns in the two
snapshots are in good agreement with each other. To further
analyze the respective roles of the propagative and evanescent
waves, the calculated ray trajectories are drawn in figure 22(c):
the gray solid lines are for the wave with |ky| < kback along
the exit interface (ky is the component along the y-axis of the
wave vector in the lens, and kback is the wavenumber in the
background), leading to propagative waves behind the lens,
whereas the red dashed lines represent waves with |ky| > kback,
resulting in evanescent waves in the background. The rays
corresponding to the propagative waves converge to a small
zone just at the focal position as shown by the experimental
results in figures 22(a) and (c) and by the numerical results
in figures 22(b) and (d), giving rise to an overall maximum
displacement just behind the lens. Figure 23 depicts the trans-
verse profile of the normalized maximum uz, measured exper-
imentally (circular markers), computed using a finite-element
method (solid line), or analytically derived (dashed black line)
[252].

The experimental data and the simulation and analytical
results are in good agreement with each other. Actually, the
full width at half maximum of the central peak equates to
0.42λback, 0.43λback, and 0.40λback, respectively, i.e. less than
half a wavelength, and subdiffraction focusing is achieved.
However, the analytical results differ from the other two
through the lateral peaks, which are predicted to be smaller
and sharper than it was experimentally and numerically found.
Actually, it is assumed in reference [55] that there is identi-
cal contribution of each component ky at the focus. However,
in practice, the elastic waves undergo dissipation because of
internal reflection and impedance losses at the interface. As
a consequence, the normal displacements are smaller in the
central portion of the lens |y| < 2.5a than they are in the
edges |y| > 2.5a (figure 22(d)). In other words, the losses
are larger when |ky| < kback than they are when |ky| > kback

along the outlet interface. Accordingly, both in simulations
and in experiments the focus gathers a rate of propagative
(evanescent) waves smaller (larger) than that predicted by the
theory; this leads to a focus along the y-axis featuring large side
peaks.
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Figure 22. (a) Experimental and (b) numerical distribution of the normalized maximum uz behind the acoustic lens at the X point in the
Brillouin zone (7.2 MHz), together with (c) experimental and (d) numerical snapshots of the near field focusing at 7.2 MHz. (c) Gray solid
lines and red dashed lines represent ray trajectories with |ky| < kback and |ky| > kback, respectively. Reprinted figure with permission from
[158], Copyright (2016) by the American Physical Society.

Figure 23. Experimental (circle markers), numerical (blue solid
line), and theoretical (black dashed line) transverse profiles of the
normalized maximum uz at the focus. Reprinted figure with
permission from [158], Copyright (2016) by the American Physical
Society.

4. Metaline of pillars

A metaline of pillars may be viewed as a planar metamaterial
with a subwavelength thickness; it allows us to ‘shape’ arbi-
trary wavefronts by introducing in-plane variations in the wave
responses. This has potential applications in practice such

as vibration isolation, ultrasonic detection, energy harvesting,
and filtering, among others [253–255].

4.1. Properties of a single pillar on a plate

4.1.1. Basic model. A pillar may exhibit bending (dipolar)
and compressional (monopolar) resonances, which are related
to negative effective mass density and elastic modulus for a pil-
lared metamaterial [196]. The vibrational property of a single
pillar deserves to be studied as it is the fundamental element
of a pillared metastructure.

Let us consider a pillar deposited on a plate, as shown
in figure 24(a). The whole structure is made of silicon. Four
points are marked on top of the pillar where displacements are
detected. We define two orthogonal states |α〉 and |β〉 stand-
ing for a compressional and a bending mode, respectively. We
assume that they can be combined into two other states |ψ1〉 =
cos θ |α〉+ sin θ |β〉 and |ψ2〉 = − sin θ |α〉+ cos θ |β〉 with a
coupling factor θ. Then, the vibration on top of the pillar can be
defined as |ψ〉 = A eiψ1 |ψ1〉+ B eiψ2 |ψ2〉. For a compressional
mode, all points on top of the pillar have the same vibration,
so that we can write the vibration of point 1 as

|ψp1〉 = |ψ〉 = [A eiψ1 cos θ − B eiψ2 sin θ] |α〉

+ [A eiψ1 sin θ + B eiψ2 cos θ] |β〉. (4.1)

For a bending mode, if the bending direction is along the
point 1–point 3 line, the vibration of point 3 can consequently
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Figure 24. (a) Model for a single pillar on top of a plate, (b) resonant mode characterizations and (c) variations of three resonant modes
against diameter and height of the pillar (left), thickness of the plate (middle), and conical angle of the plate (right). Reprinted figure with
permission from [100], Copyright (2017) by the American Physical Society.

be written as

|ψp3〉 = [A eiψ1 cos θ − B eiψ2 sin θ] |α〉

− [A eiψ1 sin θ + B eiψ2 cos θ] |β〉 . (4.2)

Therefore, we can further acquire

|ψp1 〉+ |ψp3〉
2

= [A eiψ1 cos θ − B eiψ2 sin θ] |α〉 (4.3)

|ψp1 〉 − |ψp3〉
2

= [A eiψ1 sin θ + B eiψ2 cos θ] |β〉 . (4.4)

From the above two expressions of equations (4.3) and
(4.4), we can recover the compressional and bending modes
by considering the vibrations at points 1 and 3 with addition
and subtraction computations [256].

As an example, we choose the geometric parameters: plate
thickness 145 μm, pillar diameter 50 μm, and pillar height
245 μm. The fundamental antisymmetric Lamb wave is
excited with the wavefront perpendicular to the point 1–point
3 line. The out-of-plane displacement is detected at points
1 and 3, and operated on with equations (4.3) and (4.4) by nor-
malizing to that of a point on a pure plate without the pillar.
The first/second bending and compressional modes are clearly
characterized by black and red solid lines in figure 24(b) with
the associated vibrating motions, which provides a validation
of the above method.

The resonant frequency of the pillar depends on the geo-
metric parameters. From figure 24(c), the bending modes sig-
nificantly depend on the pillar diameter, especially the second
bending mode which will upshift to a much higher frequency,
even overlapping the compressional mode, when the diame-
ter increases. In addition, it is seen that the resonant frequency
decreases with increasing pillar height, decreasing plate thick-
ness, and increasing conical angle. The most salient feature

is that the frequencies of the second bending and compres-
sional modes will superpose when the diameter of the pillar
is around 100 μm, which may provide some useful properties
as discussed in the next section.

4.1.2. Resonant and scattering properties. When a pillar is
in a resonant state, it scatters a wave radially. A scattered
wave field can be acquired by subtracting the incident wave
field from the total wave field. For the pillar displayed in
figure 24(a), the frequency response of three key resonant
states is shown in figure 24(b). Their scattered wave fields are
derived and presented in figure 25, from where the dipolar and
monopolar field properties are observed for bending and com-
pressional modes, respectively. Therefore, the resonant pillar
behaves as a point source.

4.1.3. Huygens–Fresnel principle. The Huygens–Fresnel
principle is a well-known concept in the theory of diffraction
which says that each point on a wavefront can be regarded as
a secondary-point wave source. Conversely, the interference
of a set of point sources will generate a wavefront whose
function can be designed. As a simple example, in figure 26
we demonstrate that a line of identical point sources will
generate a plane wavefront.

The phase and amplitude of a scattered wave by a com-
pressional pillar mode are exhibited in column (a) upper
and lower panels, respectively. Mathematically, five identi-
cal point sources are arranged in a line. The resulting field
after interference is exhibited in column (b). The same oper-
ation but for nine identical point sources is done for column
(c). The scattering field by a real line of nine resonant pillars
is displayed in column (d). Comparing columns (c) and (d),
one can observe that their scattering patterns are almost the
same, which generates a plane wavefront as explained by the
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Figure 25. Amplitude distribution of the scattered Lamb wave by the pillar at the first (left) and second (middle) bending and compressional
(right) resonant modes. The blue and red colors stand for 0 and max values, respectively. Reprinted figure with permission from [100],
Copyright (2017) by the American Physical Society.

Figure 26. Phase (upper panel) and amplitude (lower panel) of the scattered wave for (a) a single pillar at a compressional mode; (b) adding
five single sources with an inter-distance of 200 μm numerically; (c) similar to (b) but for nine single sources; (d) one real line of nine pillars
with an inter-distance of 200 μm. Reprinted figure with permission from [100], Copyright (2017) by the American Physical Society.

Huygens–Fresnel principle. Any other functional wavefront
can be designed by manipulating the phase distribution along
the line, being a pillared metasurface.

4.2. Properties of a metaline of pillars

4.2.1. Metasurface by phase engineering. Thanks to the
Huygens–Fresnel principle, as demonstrated in the previous
section, the properties of a line of pillars are discussed in this
subsection. We first consider the pillar as in figure 24(b), with
an internal distance of 200 μm. The transmission curve and
complex phase diagram of a scattered wave normalized to
an incident wave are calculated in figure 27(a). One can see
that three transmission dips occur corresponding to the first
and second bending modes and the compressional mode, as
marked in blue, black, and red, respectively. The three intrin-
sic modes produce ellipses in the complex phase diagram
of the scattered field. In this complex plot, when a point is
located at the +x, +y, −x and −y axes, this indicates that the
phase of the scattered wave is 0, π/2, π, and −π/2, respec-
tively, with respect to the incident wave. The three ellipses are

symmetric with respect to −x axis, but cut the −x axis at dif-
ferent positions of x = −0.92, x = −0.59, and x = −0.96,
respectively. As the full wave field is a sum of incident and
scattered waves, the transmission amplitudes are consequently
0.08, 0.41, and 0.04, respectively, after destructive interference
between the incident and scattered waves.

The second bending mode and the compressional mode can
be easily tuned to be superposed by adjusting the diameter, as
already shown in figure 24(c). The overlapped mode charac-
terization is displayed in figure 27(b) as black and red solid
lines. Although the transmission curve still shows a dip for
this superposed mode, the amplitude is much higher than their
individual ones at 0.57. From the complex phase diagram, the
two ellipses merge into a bigger new ellipse that cuts the −x
axis at x = −1.57, explaining the amplitude of transmission
dip after destructive interference. It should be noted that the
phase of the transmitted wave at the superposed frequency is
out of phase with respect to the incident wave, which is differ-
ent from separated modes. The out-of-phase property indicates
that a line of pillars is possible for any possible phase within
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Figure 27. (a) (Left) Transmission curve for a line of pillars with three separate intrinsic modes. (Right) Complex phase diagram of the
scattered field exhibiting three ellipses corresponding to the three modes. (b) (Left) Transmission and mode characterization curves for a line
of pillars for which the second bending and compressional modes are superposed. (Right) Complex phase diagram of the scattered field
exhibiting a bigger size ellipse that results from the superposition of the compressional and second bending resonances of the pillars. (c)
Illustration of the focusing effect by a line of different pillars the phase of which is designed based on the generalized Snell’s law. Reprinted
figure with permission from [100], Copyright (2017) by the American Physical Society.

the range [−π, π]; thus, the generalized Snell’s law can be
applied to efficiently design metasurface wavefront functions.
The amplitude and phase of the transmitted wave can also be
actively controlled by applying an external force on top of the
pillar [257].

According to the generalized Snell’s law, the phase
response can be locally designed nonlinearly along an inter-
face between the two media, as any possible distribution profile
according to the wavefront function’s requirement. In prac-
tice, the thickness of the ‘interface’ is much smaller than the
working wavelength; thus, a ‘metasurface’ is named. As an
example, figure 27(c) shows a line of pillars the local phase
responses of which are designed according to a focusing func-
tion [258]. The pillared metasurface transfers the incident
plane wave into focusing at the other side, being a promis-
ing direction for the manipulation of Lamb waves for compact
applications [258]. The same function for bulk phononic crys-

tals and metamaterials requires the thickness size to be much
larger than the working wavelength.

4.2.2. Fano resonance and EIT/ATS. In the previous section,
the periodic spacing of the considered metasurface unit is
200μm with a pillar diameter of 50μm. Here, we first consider
two pillars in the unit cell, which means the interval between
two neighboring pillars is 100 μm. Fano resonance appears in
this system, originating from the coupling between the neigh-
boring pillars, which results in an asymmetric profile in the
transmission curve. If we fix one pillar’s height as h = 245 μm
and change the other pillar’s height to hj/h, the evolution of the
two dips and the peak in the transmission curve is exhibited
in figure 28(a), where the red solid line presents the resonant
frequency of the fixed pillar and the green solid line presents
the resonant frequency of the varying pillar. The correspond-
ing quality factors are shown in the right panel of figure 28(b).
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Figure 28. (Top) Pillared metasurface with two pillars in one unit cell with a lattice constant of 200 μm (interval 100 μm): (a) evolution of
dips and peak of Fano transmission profile by changing the height of the pillar j while fixing the height of the other pillar as 245 μm; (b)
corresponding quality factors in (a). (a), (b) Reproduced from [98]. © IOP Publishing Ltd. All rights reserved. (Bottom) Pillared metasurface
with two lines of pillars: (c) acoustic analogue of EIT with Fano interference by asymmetrically adjusting the two pillar heights while
keeping the two-line distance as 230 μm; (d) acoustic analog of ATS without Fano interference where only one height is changed while
keeping the two-line distance as 100 μm. (c), (d) Reproduced from [112]. © IOP Publishing Ltd. All rights reserved.

When hj approaches h, the two transmission dips avoid cross-
ing each other, and the first dip and the peak get closer to each
other with significantly increasing quality factors, about three
orders of magnitude higher. In the vicinity of hj = h, the qual-
ity factor of the Fano resonance tends to be infinity, rendering
a ‘trapped mode.’

Then, we consider two lines of pillars to study the inter-
action of two metasurfaces. When the distance between the
two identical lines is 230 μm, Fabry–Pérot resonance appears
with a frequency equal to that of the pillars, as the wavelength
in the plate is double the distance. The transmission of these
three resonators is displayed as a blue solid line in figure 28(c),
showing only one dip that reveals the role of Fabry–Pérot res-
onance as a bound state in the continuum. If we asymmetri-
cally adjust the heights of two pillars, the Fabry–Pérot res-
onance becomes visible and results in a sharp transmission
peak from the original dip, as shown in other solid lines in
figure 28(c). The frequencies of the two dips follow the res-
onant frequencies of the two pillars and the peak is induced
by Fano interference from Fabry–Pérot resonance, being an
acoustic analog of EIT. When the distance between the two
identical lines is 100 μm, the Fabry–Pérot resonance is out-
side the studied frequency domain, so no Fano interference is

involved. When the two pillars are identical, h1 = h2 = 245
μm, two transmission dips (black solid line in figure 28(d))
are observed with frequencies different from the individ-
ual resonant frequencies (red or blue circle-dotted lines).
This is a splitting effect by strong coupling between the
two resonant pillars, resulting in an acoustic analog of ATS.
If h2 deviates from 245 μm, the coupling effect between
the two pillars weakens and finally disappears. As is seen,
the two dips exactly meet the individual resonances for
h2 = 220 μm or h2 = 270 μm in figure 28(d), not as ATS
anymore.

The transparent windows in the transmission curves for
EIT and ATS are usually similar and difficult to discern.
Many efforts have been made to realize differences between
them using proposed numerical methods in classical systems
such as optomechanics, microresonators, photonic crystals,
and plasmonics, among others. In our studies, we proposed a
fundamental discerning method by utilizing their physical
mechanisms. The principle of the method is also extended
to an acoustic system with Helmholtz resonators grafted to a
tube which is supported by analytical, numerical, and experi-
mental validations as well as the common Akaike information
criterion method [180].
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Figure 29. Pillared metagrating. (a) Each unit of the grating consists of three pillars. For an incident flexural wave, the grating reflects and
refracts with different diffraction modes. (b) Full wave distribution of the grating unit with an incident angle and only the n = −1 refracted
diffraction mode. (c) Full wave field function as in (b) but for a finite number of 30 units. The blue and red colors stand for −max and max
values, respectively. Reprinted figure with permission from [260], Copyright (2019) by the American Physical Society.

4.2.3. Metagrating by diffraction engineering. A metasurface
requires a gradient profile (e.g. phase response) along the sur-
face to achieve wavefront functions. Another way is to design
a grating that can channel a wave at a desired diffraction order
while eliminating other orders. The idea was first realized by
Torrent [259] with inverse design for an acoustic wave and
applied to an acoustic carpet cloak by Jin et al [178]. After-
ward, it was extended to a flexural wave in a thin plate with a
pillar-like resonator [260].

Despite the complex vibrations of an actual pillar configu-
ration, it can be simplified as a mass resonator connected to a
plate with a spring. Implementing the Kirchhoff plate equation
with Newton’s second law and Hooke’s law, the equation of
motion can be solved for the multiple scattering problem with
a given incident wave for periodically arranged pillar scat-
terers. In other words, if the positions and physical param-
eters are known, the reflective and refractive properties can
be consequently acquired. For the wave function considered,

reflection and transmission coefficients can be first controlled
through the grating design, and the physical properties of pillar
scatterers may then be inversely derived.

In figure 29(a), a cluster is shown that consists of three
different scatterers with a given position pattern that is peri-
odically arranged as a line on a thin plate. For a given fre-
quency and incident angle, the object of the wave function is
to keep the n = −1 refractive diffraction order while elimi-
nating all other diffraction orders. In order to obtain a unique
solution, the position pattern of the cluster is linear as shown
in figure 29(b). The impedance of the scatterers can be finally
solved. The field of the diffraction of a plane wave by infinite
grating is computed and displayed in figure 29(b), showing the
exact n = −1 refractive diffraction effect. In figure 29(c), the
full wave distribution for a finite grating of 30 clusters is pre-
sented with the same diffraction effect. It should be noted that
clusters of different diffraction effects can also be composed
in a grating to design focusing lenses, cloaks, etc.
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Figure 30. (a) Structure exhibiting the acoustic analog of the
quantum valley Hall effect for flexural waves by breaking inversion
symmetry in the unit cell. Reprinted figure with permission from
[166], Copyright (2019) by the American Physical Society.
(b) Structure exhibiting the acoustic analog of the pseudospin Hall
effect for flexural waves by shrinking the six-resonator unit size.
Reproduced from [275]. CC BY 4.0. (c) Elastic higher-order
topological insulator with topologically protected corner states by a
shrunken unit cell with six resonators. Reprinted figure with
permission from [170], Copyright (2019) by the American Physical
Society.

5. Topological pillared phononic plate

5.1. Introduction

Mechanical analogs of topologically protected edge states
have been widely studied, including analogs with the quan-
tum Hall, quantum spin Hall, and quantum valley Hall effects
for which pioneering bodies of work in condensed matter
physics were awarded the Nobel Prize10—in 1985 for ‘the dis-
covery of the quantized Hall effect’ [261], in 1998 for ‘the
discovery of a new form of quantum fluid with fractionally
charged excitations’ [262, 263], and most recently in 2016 for
‘theoretical discoveries of topological phase transmissions and
topological phase of matter’ [264–266]. The reader is referred
to reference [267] as one of the early treatments of topological

10 Source: http://nobelprize.org

systems for elastic waves. Detailed information on the appli-
cation of topological principles to acoustic/elastic systems is
found in recent reviews [268–270] and a recent monograph
[271].

Phononic crystal plates consisting of periodic pillars
deposited on a thin plate are able to exhibit topologically pro-
tected edge states, a concept that originates from electronic
systems. An analytical formulation was developed for a pil-
lared phononic plate in terms of flexural waves, by considering
the pillar as a point-like resonator connected to the plate by
a spring for out-of-plane vibrations [272]. For a honeycomb
lattice of such resonators, Torrent et al [162] used this ana-
lytical formulation and demonstrated Dirac cones due to the
lattice symmetry as an elastic analog of graphene and found
analytical expressions for both Dirac frequency and velocity.
The Dirac cone is protected by inversion symmetry and time-
reversal symmetry. By breaking either the inversion symmetry
within the honeycomb unit cell or the time-reversal symme-
try, the degeneracy at the Dirac point is lifted, giving rise to
the opening of a gap. The upper and lower bands surrounding
the gap have nonzero Chern number (topological invariant),
which reveals a nontrivial property for the gap and allows the
existence of topologically protected edge states at the interface
between two topologically different crystals. Of note, topolog-
ical Fano resonance can be generated by combining both topo-
logical bright and dark modes in a pillared beam [273, 274].

5.2. Topologically protected states

Based on an analytical model of pillar-like point resonators on
a plate, Pal and Ruzzene [163] introduced topologically pro-
tected edge states by breaking inversion symmetry. This was
further experimentally demonstrated with an actual pillar con-
figuration [166], with the geometry shown in figure 30(a). The
double-sided hexagon was shown to possess a Dirac cone at
the K/K′ point in the Brillouin zone when the masses of the
pillars were identical. If the mirror symmetry of the unit cell
is broken by introducing different masses (through changing
the height of the pillars, for example), the Dirac cone degen-
eracy is lifted and a nontrivial band gap is formed with valley
Chern number of an upper or lower band equal to 1/2 or −1/2
at the K or K′ points, which shows opposite polarizations of
their eigenmodes; this illustrates an analogy with the quantum
valley Hall effect. The symmetry-broken unit can be further
taken to build a finite strip with an interface separating two
lattices. The dispersion of the strip supports an interface band
in the bulk nontrivial band gap, the eigenmodes of which are
localized at the interface units, as a topologically protected
edge state. Other investigations of pillared systems examin-
ing topologically protected edge modes are found in reference
[166–168].

Chaunsali et al [164, 275] demonstrated the pseudospin
Hall effect for flexural waves with local resonators as shown
in figure 30(b). The arrangement of six bolt-like pillars in
a hexagonal lattice has different sizes, shrunk or expanded.
Since the bigger unit cell with six resonators is chosen instead
of the unit cell with two resonators, it is possible for a
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Figure 31. (a) Topologically protected zigzag interface state against a defect. (b) Same zigzag state against a minimized bulk size with only
one hexagon unit beside the interface. (c) (Left) Transmission property versus height disorder level of the pillars of the interface. (Right)
Flexural wave propagation field for four selected height disorders. The blue and red colors stand for 0 and max values, respectively.
Reprinted figure with permission from [168], Copyright (2018) by the American Physical Society.

double Dirac cone at the Γ point to be constructed by adjust-
ing the proper radius and zone-folding of bands. It should
be noted that it is also possible for the double Dirac cone
to occur at the K/K′ point for a patterned plate with proper
parameters [276, 277]. A Bragg band gap is formed from
the degeneracy of the double Dirac cone when the six res-
onators expand due to the change in translational period-
icity. However, a nontrivial band gap is formed when they
shrink and the degenerated bands have a nonzero spin Chern
number. Therefore, the emergence of topological edge modes
appears at the interface that separates trivial and nontriv-
ial lattices. This bolt–resonator configuration was recently
used to construct Kekule-distorted mechanical graphene and
a topologically bound state was demonstrated. A mechanical
analog of Majorana bound states is also demonstrated by cre-
ating a Kekule distortion vortex on a bolt–resonator hon-
eycomb superlattice [278]. Very recently, a double-sided
pillared phononic plate drilled with patterned holes was shown
to emulate the quantum spin Hall and quantum valley Hall
effects with different Lamb modes [279, 280]. The quantita-
tive robustness of topological states in twisted patterns was
also studied [281].

Similar to the geometry in figure 30(a), the dispersion of a
large unit cell containing six resonators (marked by the green
hexagon in figure 30(c)) can exhibit a double Dirac cone at

the Γ point due to band folding. The lattice can be expanded
or shrunk by tuning the red and blue connecting bars, which
degenerates the double Dirac cone and forms a band gap.
A hexagonal sample with shrunken unit cells as shown in
figure 30(c) displays gapped edge modes, topological corner
modes, and trivial corner modes in the degenerated band gap.
When defects are applied to the red-dotted boxes, the trivial
corner modes shift frequencies while the edge and topological
corner modes are robust [170].

5.3. Robustness of topologically protected edge states

Topology is an effective tool to describe the properties of
wavefunctions over a band and it may be utilized to produce
waveguides that are robust against certain perturbations [269].
It is widely demonstrated that a topologically protected edge
state is immune to the backscattering effect, thus enabling it to
propagate through a sharp corner without backscattering. With
respect to the existence of defects, the topologically protected
edge state is robust to such local perturbation without any influ-
ence on wave transport. This is illustrated in figure 31(a) where
a point defect is added along a zigzag topologically protected
edge state.

If local perturbations are strong enough for the nontrivial
band gap to be closed or the edge band to be disturbed, the
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Figure 32. Three silicon membrane configurations: (a) uniform, (b) NPC, and (c) NPM.

robustness of the topologically protected edge states will con-
sequently fail to preserve edge propagations. In figure 31(b),
we minimize the size of the bulk structures surrounding the
zigzag interface. When there is only one hexagon surround-
ing the interface, more leaky waves are observed, especially
at the sharp corners. The wave amplitude decreases signifi-
cantly after two sharp corners; meanwhile, the zigzag interface
propagating is still preserved. It is further found that once the
surrounding bulk media for the sharp corners continue to be
minimized, the edge wave cannot even pass the first corner
and the zigzag interface propagation disappears. It is suggested
that two or more hexagons should be considered for the size of
the bulk structures in order to preserve the nontrivial band gap
[170].

In figure 31(c), we discuss the transmission along a lin-
ear edge when all the pillars along the interface are subject to
height disorder. A disorder degree of x% means that the heights
of all the pillars at the interface can randomly be increased
or decreased within a range of x%. From the left panel of
figure 31(c), it is noticed that the transmission through the
topologically protected interface state is not affected for a wide
range of height disorder and the transmission remains close
to unity up to a disorder degree of about 40%. However, an
abrupt drop occurs in transmission when the height disorder
increases from 40% to 50%, and then the transmission oscil-
lates around 0.4 for a higher degree of disorder. The sudden
drop behaves like a transition threshold in the propagating
states that can be seen from the wave fields in the right panel
of figure 31(c). The transmission is close to unity for values
of height disorder of 8.3% and 25%. For higher disorders of
42% and 66%, it is seen that the incident wave hardly enters
the interface as the interface mode disappears. As such, the
low transmission value is from the wave-reflecting effect at the
entrance [170].

6. Nanophononic metamaterials: nanopillared
membranes for thermal conductivity reduction

6.1. Introduction

The previous sections provide a thorough review of pillared
phononic crystals, metamaterials, and metasurfaces at the
‘macroscale’ where the phenomena of interest pertain either
to acoustic or elastic waves. The length scales relevant to this
class of problems are typically of the order of micrometers and

larger, reaching meters, and the frequencies range from hertz
to megahertz and possibly gigahertz. The most common and
effective modeling framework of macrophononics lies within
the continuum hypothesis.

In this section, we transition to a fundamentally differ-
ent class of problems where we enter into the domain of
nanophononics. Here, the interest is primarily in heat transfer
by conduction; the length scales are in the nanometer range,
and the relevant frequencies are in terahertz—often span-
ning tens of terahertz. Because of the very high frequencies
and the size dependence of the underlying physics (among
other factors), the modeling paradigm for nanoscale ther-
mal transport is necessarily atomistic. This regime has been
investigated within the nanoscale heat transfer community for
the past few decades, primarily focusing on low-dimensional
materials [282–287] until recently, when a merge with con-
cepts and themes from phononic crystals and metamaterials
began taking shape, attracting a growth in cross-disciplinary
research.

6.1.1. Nanophononic crystals. The notion of a phononic crys-
tal at the nanoscale, i.e. nanophononic crystal (NPC), was first
explored in the context of 1D layered crystals [288, 289] and
shortly afterward was advanced to two [290–295] and three
dimensions [296–298]; see, for example, the figure 32(a) and
(b) schematics of a uniform membrane and a membrane in the
form of a NPC, respectively. While the interest in macroscopic
phononic crystals is usually dominated by the presence of band
gaps, at the nanoscale (when a 3D crystal is modeled atomisti-
cally) a complete band gap is unlikely to emerge [297]. The
interest, instead, is primarily in the flattening of the dispersion
curves that arise due to Bragg scattering. Flatter dispersion
curves have lower group velocities and this, in turn, leads to
a reduction in the lattice thermal conductivity. This mapping
between the group velocities and the total lattice thermal con-
ductivity (i.e. not considering thermal transport by electrons) is
best understood by examining the integrand in the Boltzmann
transport equation following the single-mode-relaxation time
approximation [299, 300]; for a membrane-like material, this
equation is

kT =
1
V

Ac

4π

∑
m

∫
κ

C(κ, m)v2
g(κ, m)τ (κ, m)κdκ, (6.1)
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where kT is the in-plane lattice thermal conductivity, Ac is the
unit cell base, V is the total volume of the system, C is the
specific heat, and vg and τ denote the group velocity and the
scattering time constant (lifetime), respectively. The integra-
tion is over all phonon wavenumbers for branch number m and
the summation is over all the phonon branches. The division by
V stems from the fact that kT is an intrinsic volumetric property
[190]. From equation (6.1), it is seen that a prediction of kT is
constructed by summing over all phonon modes in the spec-
trum and integrating along the direction of interest over the
Brillouin zone. The thermal conductivity is therefore depen-
dent on the phonon band structure, which in turn is affected
by the unit cell structure and lattice symmetry. The integrand
consists of a product of the specific heat, the group veloc-
ity squared, and the lifetime—all quantities defined for each
mode of phonon motion as determined by the dispersion spec-
trum. An NPC membrane consisting of a host semiconducting
material, silicon for example, and a periodic array of nanoscale
holes or inclusions may exhibit a lower in-plane thermal con-
ductivity compared to a corresponding uniform membrane due
to substantial flattenings in the dispersion curves. A practi-
cal disadvantage, however, is that the surfaces of the periodic
features, e.g. the holes or inclusions, must be very smooth to
preserve the phase information required for the Bragg effects
to take place—especially when the features are of relatively
large sizes compared to the phonon wavelengths [294, 301,
302]. At a more fundamental level, the degree and intensity
of group-velocity reductions are limited to what the available
Bragg interference patterns can provide, which is somewhat
modest, leading usually to an order of magnitude reduction
at most [294]. One possibility is to allow the boundaries or
interfaces of the holes or inclusions to be rough, which would
induce mostly boundary scattering, possibly in combination
with some level of Bragg scattering. In this scenario, one may
increase the size and concentration of the holes or inclusions to
the point where the phonon motion is inhibited excessively by
the scattering component. Here, the effective thermal conduc-
tivity in the overall medium may be reduced significantly, how-
ever at the expense of having extremely small/thin segments of
the host material, e.g. in reference [298]. This approach would
therefore not be favorable if the interest is to reduce the ther-
mal conductivity without negatively impacting the electrical
conductivity—as needed in thermoelectrics [303–305].

6.1.2. Nanophononic metamaterials. The notion of a meta-
material for the reduction of the thermal conductivity by local
resonances has been introduced by Hussein and co-workers,
first in 2014 [186, 187] followed by a series of systematic
investigations [188–191, 306]. The underlying concept in this
new class of metamaterials, termed NPM, is to intrinsically
introduce nanoresonating substructures to a host crystalline
material, typically a semiconductor, such that a very large
number of local resonances emerge and contribute through
several mechanisms to the reduction of the overall lattice
thermal conductivity. The local resonances couple with heat-
carrying phonon modes of the host medium. This atomic-scale
coupling phenomenon gives rise to a resonance hybridiza-
tion between pairs of the wavenumber-independent vibration

modes of the local substructure (vibrons) and wavenumber-
dependent wave modes of the host medium (phonons)11.
Vibron–phonon couplings create dispersions curve flattenings
and, consequently, reductions in the group velocities and hence
the overall thermal conductivity. Stronger couplings produce
sharper curve flattenings and larger reductions in the group
velocities. The local resonances also confine the atomic modal
motion within the nanoresonators, which in turn causes further
reduction in the thermal conductivity. In addition, the phonon
lifetimes drop due to changes in the scattering environment,
including both phonon–phonon scattering and boundary scat-
tering, as long as these two processes are kept in moderation to
keep the phonon MFP relatively high for the aforementioned
wave effects to take place. The power of this approach stems
from the fact that the local resonances may be tuned by design
to be numerous and span the entire phonon spectrum of the
host material, and, moreover, conform in their DOS distribu-
tion to the host material phonon DOS (see sections 6.2.1 and
6.4), thus maximizing the intensity of the wave-based mecha-
nism mentioned above and increasing the thermal conductivity
reduction. In the limit, the number of local resonances is three
times the number of atoms in a unit nanoresonator.

It is worth noting the fundamental contrast with conven-
tional metamaterials where the aim is to generate subwave-
length band gaps or create negative long-wave effective prop-
erties, as is the case for locally resonant electromagnetic [20,
21], acoustic [19], and elastic [26, 27, 307] metamaterials
(sections 2–5 focus on conventionalmetamaterials). The target
in NPM design is to optimally enable the thermal conductivity
reduction mechanisms: group velocity reduction, energy local-
ization, and lifetime reduction. Another practical goal is to do
so without affecting the electrical properties in order to effec-
tively increase the thermoelectric energy conversion figure of
merit ZT [190, 191].

The NPM configuration proposed in references [186–191]
consists of an array of silicon nanopillars distributed on the
surface(s) of a freestanding silicon membrane with no interior
scatterers; see illustration in figure 32(c). Here, the nanopil-
lars act as the resonating substructures. Since the nanopillars
are located outside the main body of the membrane, which
serves as the transport zone, the electronic band structure is
only mildly affected and electron scattering occurs only near
the membrane surfaces and not in the interior. Compared to
all common phonon-scattering-based approaches (where the
scatterers are in the main body of the transport medium), this
NPM configuration therefore provides the unique advantage
of practically decoupling the lattice thermal conductivity from
the Seebeck coefficient and the electrical conductivity—which
is essential to creating significant increases in ZT. In addition,
an NPM in the form of a nanopillared membrane naturally
exhibits dimensionality reduction (compared to the bulk form).
Therefore, the powerful rewards of resonance-induced thermal

11 The term ‘phonon’ may generally be used to denote either propagating or
localized modes; here we refer to the standing vibration modes associated with
a nanoresonator specifically as ‘vibrons.’
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conductivity reduction are gained over and above the bene-
fits of phonon confinement [308] and surface roughness in the
membrane portion [309] (as well as the benefits to the electri-
cal properties [310]). Equation (6.1) applies to an NPM as it
does for an NPC, keeping in consideration that for a nanopil-
lared NPM the volume V includes both the base membrane and
nanopillar portions12.

Since the publication of reference [186] in 2014, several
investigations of NPMs by other groups have followed. Several
papers have computationally examined a variety of NPM con-
figurations for thermal conductivity reduction. Using atomic-
level modeling, Wei et al explored the effects of varying
the nanopillar spacing and dimensions in silicon nanopillared
membranes and analyzed mode localization [311]. Xiong et al
studied silicon NPMs in the form of rods/wires with branch-
ing structures and explored the effects of alloying and tem-
perature [312]. More recent investigations of rod/wire-based
NPMs were conducted by Ma et al considering orthogonal
‘cross junctions’ as nanoresonators [313] and by Zhang et al
considering spiral extrusions as nanoresonators [314]; Ma et al
studied local resonant effects in 3D silicon nanowire cages
[315]; and Zhu et al [316] considered bulk silicon with internal
amorphous regions acting as the nanoresonators (see reference
[317] for a survey of potential configurations using atomi-
cally disordered inclusions). Thermal conductivity reduction
in branched nanoribbon materials composed of molybdenum
disulfide (MoS2) was reported by Liu et al [318]. Giri and
Hopkins [319] and Yang and co-workers [320] extended the
NPM theme to carbon nanotubes and graphene sheets, respec-
tively. Another intriguing NPM architecture is based on a
graphene sheet decorated with branching fullerene nanores-
onators [321]. The impact of nanopillars on the heat capac-
ity was investigated by Iskandar et al using both theory and
experiments [322]. The NPM concept has also been employed
for thermal rectification, in indium arsenide nanowires [323,
324], nanopillared graphene structures [325], and graphene
nanoribbons [326]. A range of possible NPM geometric
configurations, including 1D, 2D, and 3D systems, is given in
reference [187], noting that one of the unique features of NPMs
is that they may be realized using a wide range of materials for
both the host medium and the nanoresonator medium. Other
studies examined NPMs using finite-element analysis as often
done for macroscale acoustic or elastic metamaterials [124,
192, 327–329]. While linear continuous modeling may pro-
vide some insights, atomistic modeling is necessary for accu-
rate qualitative and quantitative capturing of the effects of the
three key NPM mechanisms responsible for thermal conduc-
tivity reduction. This can be seen in the inherent dependence of
the thermal conductivity on (1) the number, range, and detailed
characteristics of the dispersion branches in the phonon band
structure, as evidenced in equation (6.1) and the intricate band
structures of figures 34(b) and 35 (noting that these figures

12 An alternative membrane-based NPM configuration involves replacing the
nanopillars with nanowalls to serve as the nanoresonators [187, 190, 373]. A
nanowall features a larger value of V compared to a nanopillar which implies
a larger number of vibrons and hence stronger thermal conductivity reduction,
as well as an opportunity to realize an anisotropic thermal conductivity tensor.

Figure 33. (a) Conventional eight-atom unit cell for silicon and unit
cells for a (b) uniform membrane, (c) NPC with cubic nanohole, (d)
single-pillared NPM, and (e) double-pillared NPM. In (b)–(d), the
unit cell is repeated in the x and y directions, and the top and bottom
surfaces are free. Heat conduction takes place in the in-plane
directions along a uniform membrane and, correspondingly, along
the membrane portion of an NPM. Reprinted figure with permission
from [190], Copyright (2018) by the American Physical Society.

only show a small portion of the spectrum), and (2) the anhar-
monic interatomic interactions. A study of the convergence
of the FE-based thermal conductivity reduction predictions to
those obtained by atomic modeling is given in the supplemen-
tary material accompanying reference [186]. The importance
of atomic resolution and nonlinear effects is further reinforced
by observation of the profound size and geometry dependence
of the underlying physics of nanoscale thermal transport in
NPMs [190].

6.1.3. NPMs versus NPCs. Compared to NPCs, NPMs are
not dependent on periodicity and phased traveling wave inter-
ferences, and are therefore more robust to disorder in the
arrangement of the nanoresonators and to surface roughness.
Furthermore, the intensity of group-velocity reductions, mode
localizations, and controlled lifetime reductions may be con-
tinuously enhanced by simply increasing the size and packing
efficiency of the nanoresonators [189, 311]. Future research
may consider a hybrid between an NPC with nanoholes and an
NPM with nanopillars, that is, a nanoscale version of the tram-
poline configuration of section 3.1.1. In this way, additional
Bragg scattering from the nanoholes and relatively lower reso-
nance frequencies from the ‘more compliant’ nanopillars may
be realized. As long as there is enough spacing between the
nanoholes not to impede the electron transport, it is conceiv-
able that this mixed nanohole–nanopillar configuration would
harness better-performing thermoelectric energy conversion
compared to only nanopillars.

6.2. Lattice dynamics and vibron–phonon couplings

In an NPM, the substructure resonances—denoted as
vibrons—are distinct from phonons by virtue of their
wavenumber-independent standing-wave character. The
frequency spectrum of vibrons may be designed to couple
with heat-carrying wavenumber-dependent phonon modes
belonging to all or most of the dispersion branches across the
full spectrum of the host medium. As described in section 6.1,
this atomic-scale coupling mechanism gives rise to a reso-
nance hybridization between pairs of vibrons and phonons.
This phenomenon may be demonstrated theoretically using
LD calculations on a unit cell of the NPM.
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Figure 34. (a) Schematics and (b) phonon band structure for a uniform membrane, an NPC membrane, and an NPM membrane. For the
NPC, the size of the unit cell is 3.26 nm × 3.26 nm × 3.26 nm and the size of the centrally located nanohole is 2.17 nm × 2.17 nm ×
2.17 nm. For the NPM, the size of the base membrane is 3.26 nm × 3.26 nm × 3.26 nm and the size of the centrally located nanopillar is
2.17 nm × 2.17 nm × 3.26 nm. The dimensions of the uniform membrane unit cell are 3.26 nm × 3.26 nm × 3.26 nm.

Here, we review the wave propagation characteristics of
two freestanding NPM configurations: a membrane with
nanopillars (i) on one surface (single-nanopillared) and (ii) on
each of the surfaces (double-nanopillared). In all cases, both
the base membrane and nanopillar(s) are made of defect-free
single-crystal silicon. Figure 33 displays the unit cells of these
two configurations as well as the structure of a conventional
cell (CC) and a unit cell of a corresponding uniform (unpil-
lared) membrane. The geometry of a membrane with nanopil-
lars on each surface is represented as b × b × e + c × c
× hT + c × c × hB nm (which may be converted to CC by
dividing each dimension by the atomic spacing a). The last
two terms represent the size of the top and bottom nanopil-
lars, respectively, and these are dropped when representing an
unpillared membrane. If only a single nanopillar is included
in the unit cell, the nanopillar height is denoted simply by h.
All geometric parameters are pictorially defined in figure 33.
Unless explicitly specified, all the analyses presented in this
section are at a room temperature of T = 300 K, and the
Stillinger–Weber empirical potential is used in all models to
represent the interatomic interactions [330]. Additionally, to
keep our focus on the core effects of local resonances, we only
consider defect-free crystals.

Figure 34 shows a portion of the dispersion curves for an
NPM in the form of a nanopillared membrane and, for com-
parison, the corresponding dispersion curves for an NPC in the
form of a membrane with nanoholes. The NPC has the same
membrane thickness as the NPM and the cross-sectional size
of the nanoholes is chosen to be equal to that of the nanopillars.
Moreover, for comparison, dispersion curves for a uniform
membrane with the same thickness are shown. Compared to
the uniform membrane, the NPC curves appear to be flatter,
especially at the rhs edge of the Brillouin zone—this is a man-
ifestation of Bragg scattering. In contrast to the NPC, the NPM
features vibron local resonances, appearing as horizontal lines
that veer off (i.e. create avoided crossings with) the underly-
ing phonon dispersion curves of the membrane. Because the
nanopillars are laid out periodically, curve flattenings at the

edge of the Brillouin zone due to Bragg scattering are also
observed. The reader is referred to references [2–4, 6, 22, 24]
for more discussion on the difference between a phononic crys-
tal and a locally resonant metamaterial in general, regardless
of scale.

Figure 35 provides a more in-depth demonstration of
the resonance hybridization phenomenon, as manifested in
the phonon band structure, group-velocity distributions, and
associated mode shapes. For this purpose, we consider a
9.78 × 9.78 × 9.78 + 6.52 × 6.52 × 19.55 nm NPM unit
cell (consisting of 88128 atoms). To economically obtain the
phonon band structure for such a large unit cell, we used
the reduced Bloch mode expansion technique [331] to solve
the corresponding eigenvalue problem over the 0–0.5 THz
range. The effects of the phonon–vibron mode coupling phe-
nomenon are clearly displayed in both the dispersion diagram
and the corresponding group velocity diagram, as shown in
figure 35(a). The profound reduction in the group velocities is
evident across the entire frequency range plotted (and the same
effect extends throughout the entire spectrum). As noted ear-
lier, a reduction in phonon group velocities directly implies a
reduction in the thermal conductivity. Figure 35(b) focuses on
a particular mode in the band structure and displays the unit
cell mode shape without and with resonance hybridization.
The confinement of the atomic motion solely in the nanopil-
lar region represents a case of extreme localization of energy.
This localization phenomenon in itself also contributes to the
reduction in the thermal conductivity.

Impact of mode localization on the thermal conductivity.
As noted earlier, while the nanopillar adds modes (vibrons) to
the total unit cell system, most of these modes are severely
localized (i.e. exhibiting zero group velocity in the band struc-
ture except near the phonon–vibron coupling regions). There-
fore, even though these modes add to the number of terms
summed in equation (6.1), the actual additional quantities that
are summed are not significant. Given that the entire integra-
tion is finally divided by the total volume of the NPM material
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Figure 35. Illustration of local resonances and the resonance hybridization phenomenon from an LD perspective. (a) Phonon band structure
and group velocity distribution of a silicon membrane with (green) or without (red) silicon nanopillars erected on one surface. (b) Uniform
membrane atomic displacements for a heat-carrying phonon mode in the acoustic regime contrasted with NPM atomic displacements of the
same mode upon resonance hybridization. Significant motion within the uniform membrane is seen. In contrast, the atomic displacements of
the NPM hybridized mode reveal localized nanopillar motion and almost no motion in the base membrane portion. In (a), a zoom-in is
provided for two hybridization zones including the one illustrated in (b). A magnification factor of 2000 is applied to the atomic
displacements in the mode-shape images. Reprinted figure with permission from [190], Copyright (2018) by the American Physical Society.

in the unit cell (since all atoms contribute to the coupled dis-
persion spectrum and the specific heat), the net effect on the
thermal conductivity is that it decreases. This summarizes the
cause of thermal conductivity reduction by atomic-scale mode
localization.

6.2.1. Conformity of phonon and vibron density of states. As
described earlier, the coupling between phonons and vibrons
is the key enabling factor for the thermal conductivity reduc-
tion mechanisms in an NPM. The phonon motion is con-
fined to the in-plane directions within the base membrane
and the vibron motion is limited primarily to the domain of
each nanopillar. At each phonon–vibron coupling, the phonon
group velocities decrease, a pathway opens up for localization,
and the phonon–phonon scattering increases. The more we
have of these couplings across the full spectrum, the stronger
the net reduction in the thermal conductivity. In figure 36,
we examine how the overall size of the nanopillar affects the
phonon and vibron DOS distributions, collectively (i.e. when
considering the integrated nanopillared membrane unit cell),
and separately (i.e. when considering isolated membrane and
nanopillar components). For the collective DOS picture, one
can observe a subtle change in the DOS distribution due to
the addition of a nanopillar. A more refined picture is seen
from the separate DOS distributions. A key factor is the degree
of phonon DOS and vibron DOS conformity, which may be
quantified. For this purpose, we have introduced a metric to
represent the inverse of conformity, namely, the nonconformity
factor R̂pv [190]. This factor is defined as

R̂pv = ‖Rpv − Rpp‖, (6.2)

where Rpv is the cross-correlation between the separate
phonon and vibron DOS, Rpp is the autocorrelation of the
phonon DOS, and ‖ ‖ denotes the double norm. The reader

may refer to Rabiner and Gold (1975) [332] for the def-
initions of correlation functions. The nonconformity factor
varies between 0 (perfect conformity) and ∞ (no confor-
mity). We see in figure 36 that for the same base mem-
brane size within the unit cell, the value of the noncon-
formity factor is significantly lower (i.e. the level of con-
formity is significantly higher) when the size (width and
height) of the nanopillars is increased for a given base-
membrane thickness. This characteristic of the phonon–vibron
conformity provides an opportunity for an upscaling design
pathway that creates vibron compensation (Honarvar and Hus-
sein 2018) [190]. Vibron compensation is achieved by having
the size of the nanopillar increased at a higher rate than that of
the base membrane when an NPM is scaled up in size. The out-
come is that not only (1) the phonon band structure is enriched
with a higher vibrons-to-phonons ratio, but also (2) the level of
conformity between the phonon and vibron DOS distributions
across the full spectrum is significantly increased. Both these
factors lead to increased reduction of the thermal conductivity
upon upscaling.

6.2.2. Size limitation of NPMs. While the design process of
upscaling with vibrons compensation yields improved NPM
performance with size, there is a limit to the sizes that may
be reached. Improvement in performance will be realized as
long as the characteristic length scales of the individual com-
ponents of an NPM, the base membrane and the nanopillars,
are considerably within the span of the phonon MFP distri-
bution at the temperature of interest. As the NPM feature
sizes start approaching the far end of the MFP distribution,
phonon–phonon scattering mechanisms will dominate and
the impact of the resonance-induced mechanisms that reduce
the thermal conductivity will gradually diminish. This under-
scores the design necessity of preserving the NPM system
within the realm of the nanoscale.
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Figure 36. (a) Relative DOS distributions of all modes (black),
phonons in the base membrane (red), and vibrons in the nanopillars
(blue) for an NPM configuration with a small nanopillar, i.e. small
V r (left), and a large nanopillar, i.e. large V r (right). The DOS
quantity is denoted ρDOS. The quantity V r represents the ratio of the
volume of the nanopillar to the volume of the base membrane. The
vibron DOS distribution is obtained by considering the nanopillar as
an independent nanostructure with free boundary conditions. All
quantities are normalized with respect to their maximum values.
A large nanopillar with a large packing concentration leads to higher
phonon–vibron conformity, which corresponds to lower values of
R̂pv and a more intense resonance hybridization effect. Reprinted
figure with permission from [190], Copyright (2018) by the
American Physical Society.

6.3. Molecular dynamics and spectral energy density
analysis: evidence of localized resonances and resonance
hybridizations

The NPM phonon band structures shown in figures 34(b) and
35 display the occurrence of local resonances, which fea-
ture as horizontal lines, and also the resonance hybridization
phenomenon, which manifests as avoided crossings between
these horizontal lines and the original dispersion curves of
the base membrane. These phonon band structure diagrams,
however, are obtained by solving an eigenvalue problem for
the quasiharmonic (i.e. linear) version of the problem. In
reality, the atomic interactions are anharmonic (i.e. nonlin-
ear) at finite temperatures. The anharmonicities give rise to
phonon–phonon scattering, which is noncoherent. Further-
more, the top and bottom surfaces of the unit cell are not nec-
essarily ideal surfaces, which implies the possibility of bound-
ary scattering at the surfaces, including the surfaces of the
nanopillars. This too is a noncoherent effect.

In order to examine whether the vibrons and the resonance-
hybridization mechanism do indeed exist and unfold in the
presence of these nonlinearities (and other scattering mech-
anisms), we resort to equilibrium MD simulations and seek to
obtain the dispersion behavior (if it exists) straight from the
simulations. This is done by computing the spectral energy
density (SED) [333–337], which is a quantity effectively rep-
resenting the space–time Fourier transform of the simulated
nonlinear response. There are two SED formulations reported

Figure 37. Phonon dispersion of an NPM and a corresponding
uniform membrane with the same thickness. (a) and (b) show the
SED spectrum for the uniform membrane and NPM, respectively.
The SED spectrum of the NPM considering only the membrane
atoms is displayed in (c). Dispersion curves obtained by
quasiharmonic LD calculations are overlaid in dashed red lines. The
NPM unit cell dimensions are 3.26 × 3.26 × 3.26 + 1.09 × 1.09 ×
1.63 nm; the uniform membrane unit cell dimensions are 3.26 nm ×
3.26 nm × 3.26 nm. Each inset presents a schematic of the unit cell
analyzed, with the orange color representing the portion accounted
for in the SED calculation. Reprinted figure with permission from
[188], Copyright (2016) by the American Physical Society.

in the literature for phonon transport problems. In one SED
formulation, referred to as Φ, the MD atom velocities are pro-
jected onto the phonon normal modes of the constituent unit
cell, which are obtained separately from quasiharmonic LD
calculations. In an alternative formulation, referred to as Φ′,
the SED expression requires knowledge of only the crystal unit
cell structure and does not require any a priori knowledge of
the phonon mode eigenvectors. Both theΦ andΦ′ formulations
allow for an accurate prediction of both phonon frequencies
and lifetimes [337]. In reference [188], we intentionally seek
the Φ′ version of the technique since it enables us to establish
whether or not wave behavior (including local resonances and
resonance hybridization) is present in the simulations without
any enforcement of wave characteristics in the calculations.

As provided in [333], the SED expression for Φ′ is a
function of wave vector k and frequency ω, and is given by
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(6.3)

where ms is the atomic mass (which is the mass of a silicon
atom for the cases considered in this section), τ 0 is the total
simulation time, r0 is the equilibrium position vector of the
lth unit cell, and u̇α is the α component of the velocity of
the sth atom in the lth unit cell at time t. There is a total of
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N = Nx × Ny × Nz unit cells in the simulated com-
putational domain with n atoms per unit cell. We note
that in equation (6.3), the phonon frequencies can only
be obtained at the set of allowed wave vectors as dic-
tated by the crystal structure. For our model, the ΓX-
path wave vectors are kx = 2πj/(NxAx), j = 0 to Nx/2.
We consider a single-nanopillared unit cell of dimensions
3.26× 3.26× 3.26+ 1.09× 1.09× 3.26 nm, i.e. b= 3.26 nm,
c = 1.09, e = 3.26 nm, and h = 3.26 nm. For the compu-
tational domain, we set Nx = 50 and Ny = Nz = 1, which
gives a ΓX wave-vector resolution of Δkx = 0.04. Room tem-
perature MD simulations under NVE (constant mass, volume,
and energy) ensembles were executed for this system for 222

time steps and based on a time-step increment Δt = 0.5 fs.
Equation (6.3) is evaluated by computing the SED field corre-
sponding to the velocity trajectories extracted every 25 steps.
The results from these calculations are shown in figure 37. As
a reference, the phonon band structure as obtained from stan-
dard quasiharmonic LD calculations is shown in dashed red
lines in figure 37(a) for a uniform membrane with the same
t and in figures 37(b) and (c) for the NPM. The full SED
spectrum is shown in figure 37(a) for the uniform membrane
and in figure 37(b) for the NPM. Only the frequency range
0 � ω � 1.5 THz is shown because higher frequencies are rel-
atively difficult to distinguish in the SED field. This frequency
range is responsible for a significant portion of the total lat-
tice thermal conductivity [186]. We observe that the phonon
dispersion emerging from the MD simulations matches very
well with that obtained by the independent LD calculations,
thus providing direct evidence for the existence of vibrons and
phonon–vibron coupling. In particular, the first two nanopil-
lar local resonances (present at nearly 0.2 THz) are clearly
observed in the NPM SED spectrum, appearing as horizontal
lines. Moreover, the interaction of these resonances with the
acoustic branches of the underlying membrane are distinctly
observed and closely follow the hybridization profiles featured
in the LD dispersion curves. Resonance hybridizations are also
clearly observed at higher frequencies in the figure where local
resonance modes interact with optical dispersion branches.

Given our interest in the effects of the nanopillar reso-
nances on the heat-carrying phonons within the base mem-
brane, we also calculated the SED spectrum for the NPM
considering only the contributions of the atoms housed in
the base membrane (i.e. discounting the SED contributions
of the nanopillar atoms). The outcome of this calculation is
shown in figure 37(c), where we see clearly that the nanopillar
resonances alter the fundamental nature of the phonon trav-
eling waves within the membrane. These alterations in the
phonon band structure result in a significant reduction in the
phonon group velocities at each location in the band struc-
ture where an interaction takes place, and in mode localiza-
tion around and away from the coupling regions. Both these
effects contribute significantly to a reduction in the in-plane
lattice thermal conductivity as analyzed in the next subsection.
While phonon–phonon and phonon–boundary scatterings are
still important mechanisms in the membrane-based systems

we have considered, the results are consistent with the under-
standing that the MFP distribution for silicon at room temper-
ature comfortably spans, at a minimum, the length scale of
the membrane thickness [338]. Such an MFP distribution is
sufficiently broad to allow at least a portion of the nanopillar
standing waves to impact the phonons traveling in-plane across
the entire cross section of the membrane.

6.4. Thermal conductivity predictions: size effects and the
vibron compensatory effect

In this section, we review some recent predictions we obtained
for the reduction in the thermal conductivity of NPMs at room
temperature, and consider (1) the effect of the size of the
nanopillar (for example, by varying its height) while keeping
the base membrane thickness and the nanopillar lattice spacing
constant, and (2) the effect of the membrane thickness while
keeping the nanopillar-height-to-membrane-thickness aspect
ratio constant. For this purpose, we used equilibrium MD sim-
ulations followed by post-processing of the results using the
Green–Kubo (GK) [339–341] method. In the GK method, the
lattice thermal conductivity tensor is calculated from the heat
current autocorrelation function (HCACF) by

kT =
1

kBVT2

∫
〈J (0) ⊗ J (t)〉 dt, (6.4)

where kB is the Boltzmann constant, V is the total volume
of the system including both base membrane and nanopillar
portions (as defined earlier), J is the heat current vector (in
units of energy times length per unit time) computed over all
atoms in the system, and ⊗ denotes the tensor product oper-
ation. Following common notation, T is the temperature and
t is the time. The integrand represents the time average of the
HCACF. The evaluation of the heat current vector is done using
the stress-based formula

J = −
∑

Sivi, (6.5)

where Si and vi, respectively, denote the virial stress tensor and
the velocity vector for atom i.

The equilibrium MD simulations were conducted on a set
of NPM models and corresponding uniform membrane models
(similar to the configurations shown in figure 33). The compu-
tational domain for the NPM and uniform membrane models
consists in each case of one unit cell with standard periodic
boundary conditions applied at the in-plane boundaries and
free boundary conditions applied at the top and bottom sur-
faces in the z-direction [188–190]. The results we present are
for systems that were initially equilibrated for 1 ns, with a time
step Δt = 0.8 fs, under the NPT ensemble (zero-pressure cell
size based on constant number of atoms, pressure, and tem-
perature). The simulations were subsequently allowed to run
under the NVE ensemble for an additional 6 ns to collect heat
fluxes that were recorded every 4 fs. The 6 ns time span is suf-
ficiently long compared to the longest phonon lifetime to reli-
ably predict the thermal conductivity. With these parameters,
the HCACFs generally converged within the first 1 ns, with
the rate of convergence depending on the type of material sys-
tem (e.g. uniform membrane or NPM). The smaller the value
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Figure 38. Thermal conductivity ratio kr versus nanopillar height
for a membrane with a thickness of 9.78 nm. Numbers in
parentheses indicate the thermal conductivity reduction due to
addition of the nanopillar, given as a multiplication factor (first
number) and as a percentage (second number). Due to the elevated
V r values, the curve demonstrates very strong dependence of the
thermal conductivity reduction on the nanopillar height. Reprinted
figure with permission from [190], Copyright (2018) by the
American Physical Society.

of the predicted thermal conductivity, the shorter the conver-
gence time. LAMMPS software [342] was used for the imple-
mentation of the simulations. To minimize modeling error, we
focused our attention on the reduction of the thermal conduc-
tivity when a nanopillar (or more) is added to an otherwise
uniform membrane. This reduction is expressed as the ratio
kr = kNPM/kuniform, where kNPM and kuniform denote the in-plane
lattice thermal conductivity of the NPM and corresponding
uniform membrane, respectively.

First, we examined an NPM unit cell with the following
dimensions: 9.78 nm × 9.78 nm × 9.78 nm for the base
membrane and 8.69 nm × 8.69 nm × 9.78 nm for a single
nanopillar. The predicted kr for this configuration is 0.27; this
corresponds to a reduction in thermal conductivity by 73%
(a factor of 3.7) compared to a uniform membrane with the
same thickness. A valid question concerning this result is
whether the nanopillars cause this reduction primarily due to
the introduction of local resonances, or if it is simply due to
the changes incurred to the scattering environment. To address
this question, we considered a few more NPM configurations
with the same dimensions except for the nanopillar height,
which was varied. The kr predictions for these systems are
plotted in figure 38, where we see a significant dependence
on the nanopillar height. The drop in kr extends from the
already significant value of 73% reduction (with a 9.78 nm
tall single nanopillar, which is the same height as the mem-
brane thickness) to a significant value of 98.7% reduction (with
a 586.5 nm tall nanopillar, which is 60 times taller than the
membrane thickness). The latter value corresponds to a fac-
tor of 75.1 reduction compared to a uniform membrane with
the same thickness. The display of such strong dependence
on the nanopillar height is consistent with what we expect
from the local resonance mechanism because, as described ear-
lier, the number of local resonances (vibrons) is proportional

to the nanoresonator size, and therefore a tall nanopillar pro-
duces more sizable mode localizations as well as more group-
velocity reductions for the heat-carrying phonons compared
to a short nanopillar. These results are obtained by compar-
ing, and replotting in a different format, several data points
reported in [190]. The observed dependency on nanopillar
height is in contrast to the conclusions drawn in [328] where
the authors select for their analysis data points from [190]
that correspond to an NPM with a smaller membrane thick-
ness and smaller nanopillar-to-base membrane volume frac-
tion—where the effect of increasing the nanopillar height is
less profound.

The overall size of the NPM determines the strength of the
dependency of kr on the nanopillar height [190]. To examine
this aspect of the problem, we refer to a broader set of results
from reference [190], where we consider three sets of NPMs
of different membrane thicknesses and nanopillar spacings
and widths, for both cases with a single nanopillar (top) and
cases with double nanopillars (top and bottom). Using compact
notation, the cases we consider are NPMs with the following
dimensions: 6α× 6α× 6α+ (6α− 2) × (6α− 2) × 6α CC,
6a× 6a × 6a + (6α− 2) × (6α− 2) × 6α2 CC, and 6α× 6α
× 6α + (6α − 2) × (6α − 2) × 6αβ CC (for single nanopil-
lars) or 6α × 6α × 6α + (6α− 2) × (6α − 2) × 6αβ + (6α
− 2) × (6α − 2) × 6αβ CC (for double nanopillars), where
CC denotes units of conventional cells, α is a scaling size fac-
tor, and β = h/e. Figure 39 provides a summary of the results
for a selection of NPM configurations corresponding to α =

1, 2, and 3 and β = 20, 30, and 60. To guide the eye, schemat-
ics of the considered unit cells are shown in figures 39(a)
and (b). As explained in [190], the higher the value of α in
these cases, the greater the reduction in thermal conductivity
obtained by an increase in nanopillar height. In other words,
the larger the value of α, the more delayed the saturation of kr

with nanopillar height. This is because the larger the width of
the base membrane, the more width is available for a nanopil-
lar with a given height—this attribute is encoded in selecting
the nanopillar width to be (6α− 2) × (6α− 2), instead of, for
example, 5α× 5α. A larger nanopillar width corresponds to a
larger volume and number of atoms, which in turn means more
vibrons are available for contribution to the thermal conductiv-
ity reduction. The ratio of nanopillar volume to base membrane
volume V r is ultimately the key quantity that determines the
performance of a nanopillared NPM.

Figure 39(c) collects the results for the largest h in each of
the three α sets. For the double-nanopillar case with a mem-
brane thickness of e = 9.78 nm and a nanopillar height of
586.55 nm, an exceptionally strong value of thermal conduc-
tivity reduction is recorded: a factor of 130.0 reduction com-
pared to a corresponding uniform membrane. Not only is this
a very promising result for thermoelectric energy conversion,
it is also advantageous from a practical point of view because
it demonstrates the ability to maintain high performance with
upscaling of the size of the NPM unit cell—via the vibron
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Figure 39. Thermal conductivity ratio kr versus nanopillar height for a variety of (a) single-pillared and (b) double-pillared membranes with
progressively increasing membrane thickness, nanopillar spacing, nanopillar width, and nanopillar height. The relative geometries are based
on the α-formulae provided in the text; V r values are noted. (c) Thermal conductivity ratio kr versus membrane thickness for configuration
6a × 6a × 6a + (6α − 2) × (6α − 2) × 6αβ + (6α − 2) × (6α − 2) × 6αβ CC (single) and 6a × 6a × 6a + (6α − 2) × (6α − 2) ×
6αβ + (6α − 2) × (6α − 2) × 6αβ CC (double) and a nanopillar height selected such that the aspect ratio is β = h/e = 60. Numbers in
parentheses indicate the thermal conductivity reduction due to addition of the nanopillar, given as a multiplication factor (first number) and
as a percentage (second number). It is shown that the onset of saturation with nanopillar height is delayed as we advance the α value in these
formulae. Reprinted figure with permission from [190], Copyright (2018) by the American Physical Society.

compensation scheme described earlier. This latter advan-
tage is vital for enabling industrial-scale deployment
for waste heat conversion to electricity and for cooling and
refrigeration.

As discussed in section 6.2.1, the degree of conformity
between the phonon and vibron DOS directly influences the
strength of the thermal conductivity reduction. High confor-
mity means more matching between the nanopillar local reso-

nance frequencies and the base membrane phonon dispersion
curves. This, in turn, means a greater decrease in kr due to
higher occurrence of the three resonance-related effects men-
tioned earlier: namely, the phonon group velocity reductions,
the mode localizations, and the reduction in lifetimes associ-
ated with the changes in the dispersion curves. MD simulations
with the same run-time parameters mentioned above were con-
ducted on the two NPM unit cells featured in figure 36. The
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unit cell with the smaller nanopillar (shown in figure 36(a))
has a nonconformity factor of R̂pv = 654 and a value of
kr = 0.41. In contrast, the unit cell with the larger nanopillar
(shown in figure 36(b)) has a nonconformity factor of R̂pv = 47
and a value of kr = 0.19. This confirms the direct correla-
tion between phonon–vibron DOS conformity and reduction
in thermal conductivity.

A recent study of NPMs produced results that are perfectly
explained by the phonon–vibron DOS conformity measure
and its relation to the strength of thermal conductivity reduc-
tion. Ma et al [320] investigated a graphene nanoribbon with
a periodic arrangement of branched substructures acting as
nanoresonators. The substructures, also referred to as pillars in
their work, branched out perpendicularly from the sides along
the main axis of the nanoribbon. Several MD simulations were
conducted where in each simulation a different isotope of car-
bon was used for the atoms forming the pillars, while all atoms
in the central region of the graphene sheet (i.e. the backbone
region where the pillars are branching from) was formed from
C12. The thermal conductivity along the axis of the nanoribbon
was calculated for each case. The results showed that the low-
est thermal conductivity is for the case where the isotope used
in the pillars was C12, i.e. the same isotope as the one used
in the central region. As the isotope mass in the pillars was
decreased or increased from C12, the level of thermal conduc-
tivity reduction decreased (i.e. the absolute thermal conductiv-
ity increased compared to the optimal case). This result pro-
vides an indication that the prime cause of thermal conductiv-
ity reduction is the presence of pillar local resonances. When
the pillars and the central regions are made out of the same
carbon isotope, the degree of conformity between the phonon
and vibron DOS is maximized, similar to the case shown in
figure 36(b). As the isotope of the pillars deviates from that of
the central region, the pillar vibron DOS distribution alters due
to shifts in the local resonances, and therefore deviates from
the DOS of the phonons propagating in the central region. The
degree of conformity weakens as the value of the difference
in atomic mass between the pillar and central region isotopes
increases. The lower the conformity, the less intense the mode
localization, resonance hybridizations, and resonance-related
lifetime drops, and therefore the smaller the reduction in ther-
mal conductivity. A possible exception would be a case where
the mass of the nanopillar atoms is significantly higher than
the mass of the base membrane atoms to cause very substan-
tial reductions in the frequencies of the vibrons, which as a net
effect might be favorable for thermal conductivity reduction.
The results by Ma et al [320] also suggest that the reduction
cannot be primarily due to boundary scattering. This is because
their pillar sizes and shapes are kept constant; thus, if boundary
scattering was the prime effect then the thermal conductivity
reduction verses pillar isotope value curve would have been
mostly constant rather than exhibiting a strong minimum value
at the point where the isotopes of the pillars and the central
region are equal. For the analysis of this system to be com-
plete, the effects of interface scattering across materials with
dissimilar isotopes should also be taken into account.

6.5. Summary

In this section, the concept of an NPM has been reviewed and
discussed with a focus on the particular configuration of a
nanopillared membrane. Similar to the pillared elastic meta-
materials discussed in the previous sections, at the nanoscale
we also benefit from the phenomenon of local resonance and
its coupling with the underlying dispersion curves of the base
membrane (or plate). The differences, however, are both fun-
damental and numerous. First, NPMs are engineered to manip-
ulate nanoscale thermal transport properties; therefore, they
are necessarily formed at very small scales corresponding to
frequencies reaching a few terahertz. This is in significant con-
trast to the frequencies at least an order of magnitude lower at
larger size scales. Second, the interest here is not in subwave-
length band gaps and/or effective properties. Instead, the target
resonance-induced effects are (1) the flattenings of the disper-
sion curves, (2) the mode localizations (within the nanopillars),
and (3) the moderate reductions in the phonon lifetimes due
to changes in the dispersion curves. The notion of phonon
lifetimes in itself underscores yet another key contrast with
most macroscale metamaterials, because it is a manifestation
of the highly nonlinear nature of nanoscale thermal transport.
Third, and of critical importance, all these effects take place
due to the presence of an extremely large number of local
resonances, referred to as vibrons in this context, that span
the entire frequency spectrum covered by the phonon disper-
sion curves characterizing wave motion in the host medium.
Unlike macroscopic metamaterials, an NPM benefits from
local resonances in both the subwavelength and superwave-
length regimes. When the unit cell of the nanopillared mem-
brane is designed such that (1) the number of vibrons is max-
imized and (2) the overall conformity between the vibron
and phonon DOS across the spectrum is maximized, the total
impact of these three effects in turn is maximized, and so is
the reduction in the in-plane lattice thermal conductivity of the
NPM.

Maximizing these NPM design factors requires the ratio V r

of nanopillar volume to base membrane volume to be as large
as possible. A large nanoresonator increases both the num-
ber of vibrons and the DOS conformity factor; the latter is
illustrated in figure 36. Increasing V r requires the membrane
width in the unit cell to be as large as possible, as this enables
ample increase in nanopillar width. The rewards of increas-
ing the nanopillar height become more significant for wider-
sized NPM unit cells, as illustrated in figure 39. Increasing
the base membrane size, however, should not reach the point
where the ratio of noncoherent-to-coherent phonon transport
becomes excessively large [190]. Key to this limitation is the
range and distribution of the phonon MFP at the tempera-
ture of interest. As the dimensions of the NPM components
increase, less of the phonon MFP distribution becomes avail-
able for the resonance-induced wave effects to take place. An
immense advantage of silicon is that it exhibits a wide MFP
that ranges from a few nanometers to a few micrometers at
room temperature [338]. It is also noteworthy that as the size
of the nanopillar increases in width and/or height, eventually
the spectrum starts to become saturated with vibrons, which
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also contributes to the slowing rate of the thermal conductivity
reduction observed in figure 38. The reader is referred to refer-
ence [190] for a comprehensive investigation on the impact of
base membrane and nanopillar size on the reduction of thermal
conductivity in NPMs.

7. Summary and perspective

Since the seminal works published in 2008 on pillared plates,
pillared materials and surfaces have been witnessing contin-
uous growth as a new form of phononic crystals, metama-
terials, and metasurfaces by researchers from a broad range
of disciplines. In these systems, numerous avenues are avail-
able for manipulation of wave dispersion along the base plate
or substrate by tailoring the local resonance properties of the
branching pillar(s). This platform continues to inspire new fun-
damental and applied research. In this review, we first gave an
overview of the historical developments as well as the current
state of the art of pillared phononic crystals, metamaterials,
and metasurfaces. Then, we reviewed the mechanism for open-
ing a low-frequency hybridization band gap and discussed its
tunability and applications such as waveguiding. The interac-
tion with electromagnetic waves was covered, especially con-
sidering the simultaneous existence of phononic and photonic
band gaps, a phenomenon which has been termed phoXonic
band gaps. The support of elastoplasmonic interaction was
also presented with an elaboration on the fundamental cou-
pling mechanisms between localized plasmon modes and elas-
tic modes. In addition, the tunability and application of WGMs
and liquid compressional modes were discussed for phononic
crystal plates with hollow pillars. In the third section, we
reviewed the metamaterial aspect of pillared plates. Trampo-
line and tailored metamaterial plates were analyzed for widen-
ing and lowering band gaps. We reviewed acoustic metalenses
with locally resonant pillars and discussed how these allow for
nearfield subdiffraction focusing. It was explained that polar-
ization coherence between flexural resonances of the pillars
and the antisymmetric Lamb mode in a base plate enhances
the evanescent wave along the interface through elastic energy
re-emitted by the resonators. In the fourth section, we dis-
cussed how intrinsic resonances of a single pillar or a line of
pillars can provide a second source to emit Lamb waves that
interfere with incident Lamb waves, a mechanism that results
in a dip in amplitude and/or phase change of the transmitted
wave. Wavefront manipulation by phase and diffraction engi-
neering of pillared metasurfaces was reviewed. The existence
and behavior of Fano resonance, EIT, and ATS were also dis-
cussed. In the fifth section, the basic concept of a topological
mechanism for a pillared phononic plate was described. We
reviewed the robustness of topologically protected edge sates
against backscattering, defects, and random perturbations. In
the sixth section, the concept of an NPM for thermal con-
ductivity reduction was reviewed. Unlike macroscopic meta-
materials, including pillared acoustic/elastic metamaterials, an
NPM is a highly nonlinear medium that utilizes resonances
across the entire spectrum and not only in the subwavelength
regime. The NPM resonances may be in the millions. We pro-
vided an overview of the three resonance-induced effects that

cause thermal conductivity reduction in a nanopillared mem-
brane: namely, group velocity reduction of the heat-carrying
phonons in the base membrane, mode localizations in the
nanopillars, and controlled reductions in the lifetimes due to
changes in the dispersion curves. We also discussed the key
aspect of size dependence in this class of problems, and how
NPM design may be optimized for sustained performance with
upscaling in size up to the limit where the transport transitions
from primarily wave-based to completely diffusive transport.

Pillared phononic crystals, metamaterials, and metasur-
faces have been proven to provide a fertile platform for a
wide range of novel physical phenomena and potentially high-
impact applications in industry and everyday life. A nonex-
haustive list of some challenges, opportunities, and open topics
for the future includes:

(a) A pillar can be regarded as a complex resonator exhibit-
ing a multitude of compressional, bending, and torsional
modes with different orders. By combining plate the-
ory and the plane-wave expansion method, simplified
mathematical models considering out-of-plane displace-
ment (antisymmetric Lamb mode) and a pillar’s compres-
sional mode were developed [162, 164, 343]. However,
there is still an opportunity for the development of rig-
orous mathematical treatments—using techniques such
as the homogenization method and the multiple scatter-
ing method—considering in-plane displacements and the
pillar’s full modes using 3D continuous elastic models.
Full utilization of a 3D pillar’s diverse modal content
will provide new prospects for applications. Furthermore,
the realization of resonating attachments in the form of
mechanical mechanisms that induce inertial amplification
is an area that has tremendous potential for new prospects
in band-gap engineering [44].

(b) The interplay between local resonances and dissipation
triggers a rich dynamical regime. Known as metadamp-
ing [344, 345], this interplay may be tuned to enhance
[344–350] or reduce [346–349] dissipation compared to a
statically equivalent material. The tuning of metadamping
with a 3D pillar adds to the complexity of the problem due
to the presence of a crowded band structure and numer-
ous resonance hybridizations. Future work will finetune
this design process to realize practical configurations for
effective loss engineering. Analogous avenues may also
be pursued in examining the interplay between local res-
onances and nonlinearity [351–353].

(c) Most studies of pillared phononic crystals and metama-
terials consider pillars arranged on a periodic lattice. On
the other hand, random systems have rich physical prop-
erties in their own right and also a potentially wide spec-
trum of applications. Random induced effects on band
gaps, localizations, acoustic transmission, mode conver-
sion, phase transition, and nanoscale thermal transport,
among others, provide potential for new advancements in
applied physics or related disciplines. This can take shape
in the form of disordered pillared phononic crystals or
completely random pillared metamaterials, since the key
local resonance effects do not depend on periodicity.
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(d) Robust wave phenomena under topological protection in
a pillared platform provide a range of yet-to-be-explored
avenues. In addition to the conventional elastic wave the-
ory based on Newtonian equations, topological concepts
provide new tools to describe band theory and to synthe-
size wave functionality based on novel properties. As long
as introduced local perturbations are not overly strong to
close nontrivial band gaps, the generalized properties of
wavefunctions sweeping a band described by topology are
conserved against these local perturbations. In a pillared
platform, there is strong potential in achieving robust elas-
tic wave states as a mechanical analog of higher-order
topological insulators, Anderson topological insulators,
topological bound states in a continuum, and topological
phases in Moiré superlattices, among others. A wide range
of applications such as nanomechanical devices, on-chip
phononic networks, and information processing stand to
benefit from this quantum-mechanics-inspired track of
research.

(e) There is a growing interest in the field of metasurfaces
where very thin (subwavelength) structures with a modu-
lation of the transmission and reflection (phase and ampli-
tude) properties of the constitutive unit cells enable var-
ious functionalities for anomalous refraction and imag-
ing. The rich resonant properties of an array of pillars
open opportunities towards design of a metaline of pil-
lars [258]—in analogy to a metasurface—to steer elastic
waves (Lamb waves, Rayleigh waves, transverse beam
waves, etc) in configurations exhibiting salient properties,
for example, nonlocally resonant [348, 354–358], non-
Hermitian [359, 360], and parity-time symmetry systems
[361, 362]. Promising diverse applications such as cloak-
ing, energy absorbing, asymmetric transmission, realiza-
tion of topological states or bound states in a continuum,
wave isolation, focusing, wave deflection, and energy har-
vesting, among others, can be achieved at different size
scales and with the possibility of controlled interaction
with other physical fields. The pillar platform is natu-
rally of particular interest in view of the engineering
applications of Lamb waves and SAWs.

(f) Deep learning, which is an artificial intelligence method
for the exploration of new horizons of recognition and
processing of data, is growing significantly and penetrat-
ing multiple disciplines such as device design in optics
[363], acoustics [364], plasmonics [365, 366] and meta-
materials [367]. With the help of deep learning and large-
data science, pillared phononic crystals, for example, will
be able to detect and predict objects faster and more effi-
ciently [368], or be used for inverse design of topolog-
ical edge states [369]. More opportunities for pillared
phononic crystals, metamaterials, and metasurfaces are
anticipated in this area.

(g) The upscaling of NPMs and their effective integration
into practical thermoelectric device architectures are two
key steps for the near future. This presents both a rich
material physics problem because of the inherent size
effects of conductive thermal transport, and a challenging

technological problem because of the need for both high
efficiency and low cost for industrial competitiveness.

The notion of a surface represents a fundamental natural
boundary for a material. In this article, we reviewed an emerg-
ing and vibrant body of research dedicated to the physics of
2D and semi-infinite acoustic/elastic/condensed-matter media
featuring surfaces enriched with substructures designed to
manipulate the very nature of surface waves and related phe-
nomena. The science of surface vibrational resonances is tak-
ing shape as a thriving subdiscipline of phononics and applied
physics. While rooted in boundary effects, the scope of this
area of research appears boundless for the foreseeable future.
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