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pressure and velocity boundary conditions for D3Q27 lattice Boltzmann model is estab-
lished. Then, the closed-form solutions of extended distribution functions are derived. Last,
the Fukushima nuclear plant Cesium-137 penetration case is discussed.
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1. Introduction

As one of the most popular fluid simulation method, lattice Boltzmann method has been widely applied in studying the
fluid problem, and a lot of landmark achievements have been obtained [1–16]. On boundary condition aspect, Frisch et al.
[17] developed a hexagonal lattice gas model and modeling the 2D Navier–Stokes equation. Jeremy et al. [18] present a
cellular automaton model to simulate the process of seismogenesis. Maier et al. [10] proposed a supplementary rule for
computing the boundary distribution, and presented 3D body-centered-cubic lattices are presented for Poiseuille flow. Noble
et al. [11] developed a hydrodynamic boundary condition for lattice Boltzmann simulations. Zou and He [9] give the pres-
sure and velocity boundary for 2D/3D lattice Boltzmann BGK model.

Extended fluid (electronic-ionic, thermal, magnetic, electric and force) flow pore-crack network problem is an interdisci-
plinary issues, which can help to study extended fluid flow mechanism in various porosity composites and analyze the
extended fluid flow varying mechanism on coseismal slip. But there is little research about the extended pressure and
velocity boundary condition lattice Boltzmann model under multiple coupled fields.
. All rights reserved.

fax: +86 010 88256485.
hu).

http://dx.doi.org/10.1016/j.apm.2011.08.015
mailto:cynosureorion@gucas.ac.cn
http://dx.doi.org/10.1016/j.apm.2011.08.015
http://www.sciencedirect.com/science/journal/0307904X
http://www.elsevier.com/locate/apm


2032 H. Cheng et al. / Applied Mathematical Modelling 36 (2012) 2031–2055
In this paper, the extended hybrid electronic-ionic, thermal, electromagnetic (weak and strong coupled cases) and force
couple fields pressure and velocity boundary conditions for the lattice Boltzmann model is established. First, the D3Q19 elec-
tronic and ionic lattice cubic, the D3Q15 thermal lattice cubic, the D3Q13 Maxwell equation lattice cubic, the D3Q13 electric
lattice cubic, the D3Q7 magnetic lattice cubic and the D3Q19 force lattice cubic are established, respectively. The closed-form
distribution functions for pressure and velocity condition under six flow directions (west-east, south-north, front-rear) are
obtained. Then, the extended hybrid multiple coupled D3Q27 lattice cubic is created, and the relatively pressure and velocity
condition for the lattice Boltzmann model is derived. Finally, a numerical model of an extended fluid flow driven pore-crack
network is proposed to examine the accurate of the hybrid boundary condition. The simulation verify that the precision, sta-
bility and convergent valid is satisfied.
2. Boundary conditions for the electronic and ionic field

In lattice Boltzmann method, the Navier–Stokes equations are solved via following the evolution of a set of distribution
functions f ei

i ðX; tÞ. It is shown in Fig. 1, a D3Q19 lattice cubic is employed for electronic and ionic fields. The lattice velocity
emi

i (i = 0,18) at position X(x,y,z) and time t for the D3Q19 model are listed in the Table 1.
The extended electronic and ionic density and the macroscopic flow velocity are defined in terms of the particle distri-

bution function by
qmi
in iniu

mi
a ¼

X18

i¼0

f mi
i emi

ia qmi
in ¼

X18

i¼0

f mi
i ; ð1Þ
where a = 1 � 3, the extended electronic and ionic equilibrium distribution functions for incompressible model and com-
pressible model can be written as follows [19–21],
f eq mi
i incomðx; tÞ ¼ ami

i qmi
in þ ami

i qmi
in ini

emi
i umi

a

c2
s
þ
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i umi
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i qmi
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i qmi
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þ
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i umi
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� �2

2c4
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�

umi
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� �2

2c2
s
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; ð2Þ
where ami
i ¼ 1

3 di0 þ 1
18 dim þ 1

36 din m ¼ 1 � 6 n ¼ 7 � 18

2.1. Front-rear flow

As shown in Fig. 1a, when the electronic and ionic flow direction is from front to rear, after streaming, the unknown dis-
tribution functions are f mi

fr:i (i = 15,9,16,3,7), on the contrary, after streaming, the unknown distribution functions are f mi
rf :i

(i = 17,10,18,4,8).
Fig. 1. Cubic lattice D3Q19 for simulating the electronic and ionic field.



Table 1
The lattice velocity emi

i ðX; tÞ (i = 0,18) for electronic and ionic field.

emi
0 emi

1 emi
2 emi

3 emi
4 emi

5 emi
6 emi

7 emi
8 emi

9 emi
10 emi

11 emi
12 emi

13 emi
14 emi

15 emi
16 emi

17 emi
18

emi
i1

0 1 �1 0 0 0 0 1 1 �1 �1 1 �1 1 �1 0 0 0 0

emi
i2

0 0 0 1 �1 0 0 1 �1 1 �1 0 0 0 0 1 1 �1 �1

emi
i3

0 0 0 0 0 1 �1 0 0 0 0 1 1 �1 �1 1 �1 1 �1

C E W R F S N RE FE RW FW SE SW NE NW SR NR SF SF

H. Cheng et al. / Applied Mathematical Modelling 36 (2012) 2031–2055 2033
2.1.1. Pressure boundary condition (PC)
For the front inlet and rear outlet case, using Zou and He method [9], the f p:mi

fr:i (i = 15,9,16,3,7) can be derived from the
Eqs. (1) and (2), and the explicit expressions can be defined as
f p:mi
fr:3 ¼ f mi

4 þ qp:mi
fr:in up:mi

fr:y =3 f p:mi
fr:7 ¼ f mi

10 þ qmi
fr:inup:mi

fr:y =6� cmi
fr:1=4 f p:mi

fr:9 ¼ f mi
8 þ qp:mi

fr:in up:mi
fr:y =6þ cp:mi

fr:1 =4; ð3Þ

f p:mi
fr:15 ¼ f mi

18 þ qp:mi
fr:in up:mi

fr:y =6� cmi
fr:2=4 f p:mi

fr:16 ¼ f mi
17 þ qp:mi

fr:in up:mi
fr:y =6þ cp:mi

fr:2 =4: ð4Þ
For the rear inlet and front outlet case, f p:mi
rf :i (i = 17,10,18,4,8) can be defined as
f p:mi
rf :4 ¼ f mi

3 � qp:mi
rf :inup;mi

rf :y =3 f p:mi
rf :10 ¼ f mi

7 � qmi
rf :inup:mi

rf :y =6þ cmi
fr:1=4 f p:mi

rf :8 ¼ f mi
9 � qp:mi

rf :inup:mi
rf :y =6� cmi

fr:1=4; ð5Þ

f p:mi
rf :18 ¼ f mi

15 � qp:mi
rf :inup:mi

rf :y =6þ cmi
fr:2=4 f p:mi

rf :17 ¼ f mi
16 � qp:mi

rf :inup:mi
rf :y =6� cp:mi

fr:2 =4; ð6Þ
where
cmi
fr:a ¼ f mi

14 � f mi
1 þ f mi

2 � f mi
11 þ f mi

12 � f mi
13

� �
d1a þ f mi

6 � f mi
5 � f mi

11 � f mi
12 þ f mi

13 þ f mi
14

� �
d2a; ð7Þ

up:mi
fr:y ¼ 1� 2 f mi

4 þ f mi
8 þ f mi

10 þ f mi
17 þ f mi

18

� �
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11 þ f mi
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12 þ f mi
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6 þ f mi

13

� �
=qp:m

fr:in; ð8Þ
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3 þ f mi
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16

� �
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2 þ f mi

14 þ f mi
6 þ f mi

13

� �
=qp:mi

rf :in: ð9Þ
2.1.2. Velocity boundary condition (VC)
At the situation, the macroscopic flow velocity should be defined as
um
a ¼

X18

i¼0

fiem
ia: ð10Þ
After instead the Eq. (1) with above equation, through the similar derivation of pressure boundary condition, we can obtain
the unknown distribution functions for velocity boundary condition. For the front inlet and rear outlet case, f v :mi

fr:i

(i = 15,9,16,3,7), can be defined as
f v:mi
fr:3 ¼ f mi

4 þ
qv:mi

fr:in uv :mi
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3
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10 þ
qv:mi
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� � ; ð11Þ
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For the rear inlet and front outlet case, f v :mi
rf :i (i = 17,10,18,4,8) can be defined as
f v:mi
rf :4 ¼ f mi
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7 �
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15 �
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rf :in uv :mi
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þ

qv:mi
rf :in cmi
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6
�
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rf :in cv:mi

fr:2
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; ð14Þ
where
qv:mi
fr:in ¼ �uv:mi

fr:y þ 2 f mi
4 þ f mi

8 þ f mi
10 þ f mi

17 þ f mi
18

� �
þ f mi

0 þ f mi
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11 þ f mi
5 þ f mi
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13 ; ð15Þ
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13 : ð16Þ
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2.2. South-north flow

As shown in Fig. 1b, when the electronic and ionic flow direction is from south to north, after streaming, the unknown
distribution functions are f mi

sn:i (i = 5,11,12,15,17), on the contrary, the unknown distribution functions are f mi
ns:i

(i = 6,13,14,16,18).

2.2.1. PC
For the south inlet and north outlet case, f p:mi

sn:i (i = 5,11,12,15,17) can be defined as
f p:mi
sn:5 ¼ f mi

6 þ qp:mi
sn:inup:mi

sn:z =3 f p:mi
sn:11 ¼ f mi

14 þ qp:mi
sn:inup:mi

sn:z =6� cmi
sn:1=4 f p:mi

sn:12 ¼ f mi
13 þ qp:mi

sn:inup:mi
sn:z =6� cp:mi

sn:1=4; ð17Þ

f p:mi
sn:15 ¼ f mi

18 þ qp:mi
sn:inup:mi

sn:z =6þ cp:mi
sn:2=4 f p:mi

sn:17 ¼ f mi
16 þ qp:mi

sn:inup:mi
sn:z =6� cp:mi

sn:2=4: ð18Þ
For the north inlet and south outlet case, f p:mi
ns:i (i = 6,13,14,16,18) can be defined as
f p:mi
ns:6 ¼ f mi

5 � qp:mi
ns:inup:mi

ns:z =3 f p:mi
ns:14 ¼ f mi

11 � qp:mi
ns:inup:mi

ns:z =6� cp:mi
sn:1=4 f p:mi

ns:13 ¼ f mi
12 � qp:mi

ns:inup:mi
ns:z =6þ cp:mi

sn:1=4; ð19Þ

f p:mi
ns:18 ¼ f mi

15 � qp:mi
ns:inup:mi

ns:z =6� cmi
sn:2=4 f p:mi

ns:16 ¼ f mi
17 � qmi

in up:mi
sn:z =6þ cp:mi

sn:2 =4; ð20Þ
where
cp:mi
sn a ¼ f mi

1 � f mi
2 þ f mi

7 þ f mi
8 � f mi

9 � f mi
10

� �
d1a þ f mi

3 � f mi
4 þ f mi

7 � f mi
8 þ f mi

9 � f mi
10

� �
d2a; ð21Þ

up:mi
sn:z ¼ 1� 2 f mi

6 þ f mi
13 þ f mi

14 þ f mi
16 þ f mi

18

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
10 þ f mi

2 þ f mi
9 þ f mi

8 þ f mi
1 þ f mi

7

� �
=qp:mi

sn:in; ð22Þ

up:mi
ns:z ¼ 1� 2 f mi

5 þ f mi
11 þ f mi

12 þ f mi
15 þ f mi

17

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
8 þ f mi

1 þ f mi
7 þ f mi

10 þ f mi
2 þ f mi

9

� �
=qp:mi

ns:in: ð23Þ
2.2.2. VC
For the south inlet and north outlet case, f v :mi

sn:i (i = 5,11,12,15,17) are defined as
f v :mi
sn:5 ¼ f mi

6 þ
qv:mi

sn:inumi
z

3
f v:mi
sn:11 ¼ f mi

14 þ
qv:mi

sn:inumi
z

6
� qv:mi

sn:incmi
sn 1

2 qv:mi
sn:in � 3

� � f v :mi
sn:12 ¼ f mi

13 þ
qv:mi

sn:inumi
z

6
� qv:mi

sn:incv:mi
sn 1

2 qv:mi
sn:in � 3

� � ; ð24Þ

f v :mi
sn:15 ¼ f mi

18 þ
qv:mi

sn:inumi
z

6
þ qv:mi

sn:incv:mi
sn 2

2 qv:mi
sn:in � 3

� � f v:mi
sn:17 ¼ f mi

16 þ
qv:mi

sn:inumi
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6
� qv:mi

sn:incv:mi
sn 2

2 qv :mi
sn:in � 3

� � : ð25Þ
For the north inlet and south outlet case, f v :mi
ns:i (i = 6,13,14,16,18) are defined as
f v :mi
ns:6 ¼ f mi

5 �
qv:mi

ns:inumi
z

3
f v:mi
ns:14 ¼ f mi

11 �
qv:mi

ns:inumi
z

6
� qv:mi

ns:incv:mi
sn 1

2 qv:mi
ns:in � 3

� � f v :mi
ns:13 ¼ f mi

12 �
qv:mi

ns:inumi
z

6
þ qv:mi
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sn 1

2 qv:mi
ns:in � 3

� � ; ð26Þ

f v :mi
ns:18 ¼ f mi

15 �
qv:mi

ns:inum
z

6
� qv:mi

ns:incmi
sn 2

2 qv:mi
ns:in � 3

� � f v :mi
ns:16 ¼ f mi

17 �
qv:mi

ns:inumi
z

6
þ qv:mi

ns:incmi
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2 qv:mi
ns:in � 3

� � ; ð27Þ
where
qv:mi
sn:in ¼ umi

z þ 2 f mi
6 þ f mi

13 þ f mi
14 þ f mi

16 þ f mi
18

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
10 þ f mi

2 þ f mi
9 þ f mi

8 þ f mi
1 þ f mi

7 ; ð28Þ

qv:mi
ns:in ¼ umi

z þ 2 f mi
5 þ f mi

11 þ f mi
12 þ f mi

15 þ f mi
17

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
8 þ f mi

1 þ f mi
7 þ f mi

10 þ f mi
2 þ f mi

9 : ð29Þ
2.3. West-east flow

As shown in Fig. 1c, when the electronic and ionic flow direction is from west to east, after streaming, the unknown dis-
tribution function are f mi

we:i (i = 1,7,8,11,13), on the contrary, the unknown distribution functions are f mi
ew:i (i = 2,9,10,12,14).

2.3.1. PC
For the west inlet and east outlet case, f p:mi

we:i (i = 1,7,8,11,13) as defined as
f p:mi
we:1 ¼ f mi

2 þ
qmi

in up:mi
we:x

3
f p:mi
we:7 ¼ f mi

10 þ
qmi

in up:mi
we:x

6
� cmi

we 1

4
f p:mi
we:8 ¼ f mi

9 þ
qmi

in up:mi
we:x

6
þ cmi

we 1

4
; ð30Þ

f p:mi
we:11 ¼ f mi

14 þ
qmi

in up:mi
we:x

6
þ cmi

we 2

4
f p:mi
we:13 ¼ f mi

12 þ
qmi

in up:mi
we:x

6
� cmi

we 2

4
: ð31Þ
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For the east inlet and west outlet case, f p:mi
ew:i (i = 2,9,10,12,14) are defined as,
f p:mi
ew:2 ¼ f mi

1 �
qmi

in up:mi
ew:x

3
f p:mi
ew:9 ¼ f mi

8 �
qmi

in up:mi
ew:x

6
� cmi

we 1

4
f p:mi
ew:10 ¼ f mi

7 �
qmi

in up:mi
ew:x

6
þ cmi

we 1

4
; ð32Þ

f p:mi
ew:12 ¼ f mi

13 �
qmi

in up:mi
ew:x

6
þ cmi

we 2

4
f p:mi
ew:14 ¼ f mi

11 �
qmi

in up:mi
ew:x

6
� cmi

we 2

4
; ð33Þ
where
cmi
we a ¼ �f mi

3 þ f mi
4 � f mi

15 � f mi
16 þ f mi

17 þ f mi
18

� �
d1a þ f mi

5 � f mi
6 þ f mi

15 � f mi
16 þ f mi

17 � f mi
18

� �
d2a; ð34Þ

up:mi
we:x ¼ 1� 2 f mi

2 þ f mi
9 þ f mi

10 þ f mi
12 þ f mi

14

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
5 þ f mi

17 þ f mi
15 þ f mi

18 þ f mi
6 þ f mi

16

� �
=qm

in; ð35Þ
up:mi

ew:x ¼ 1� 2 f mi
1 þ f mi

7 þ f mi
8 þ f mi

11 þ f mi
13

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
5 þ f mi

17 þ f mi
15 þ f mi

18 þ f mi
6 þ f mi

16

� �
=qmi

in : ð36Þ
2.3.2. VC
For the west inlet and east outlet case, f v :mi

we:i (i = 1,7,8,11,13), are defined as
f v:mi
ew:1 ¼ f mi

2 þ
qv:mi

ew:inumi
x

3
f v :mi
ew:7 ¼ f mi

10 þ
qv:mi

ew:inumi
x

6
� qv:mi

ew:incmi
we 1

2 qv:mi
ew:in � 3

� � f v:mi
ew:8 ¼ f mi

9 þ
qv:mi

ew:inumi
x

6
þ qv:mi

ew:incm
we 1

2 qv:mi
ew:in � 3

� � ; ð37Þ

f v:mi
ew:11 ¼ f mi

14 þ
qv:mi

ew:inumi
x

6
þ qv:mi

ew:incm
we 2

2 qv:mi
ew:in � 3

� � f v:mi
ew:13 ¼ f mi

12 þ
qv:mi

ew:inumi
x

6
� qv:mi

ew:incmi
we 1

2 qv:mi
ew:in � 3

� � : ð38Þ
For the east inlet and west outlet case, f v :mi
ew:i (i = 2,9,10,12,14) are defined as,
f v:mi
we:2 ¼ f mi

1 �
qv:mi

we:inumi
x

3
f v:mi
we:10 ¼ f mi

7 �
qv:mi

we:inumi
x

6
þ qv:mi

we:incmi
we 1

2 qv:mi
we:in � 3

� � f v:mi
we:9 ¼ f mi

8 �
qv :mi

we:inumi
x

6
� qv:mi

we:incmi
we 1

2 qv:mi
we:in � 3

� � ; ð39Þ

f v:mi
we:14 ¼ f mi

11 �
qv:mi

we:inumi
x

6
� qv:mi

we:incmi
we 2

2 qv:mi
we:in � 3

� � f v:mi
we:12 ¼ f mi

13 �
qv:mi

we:inumi
x

6
þ qv:mi

we:incmi
we 2

2 qv:mi
we:in � 3

� � ; ð40Þ
where
qv:mi
ew:in ¼ umi

x þ 2 f mi
2 þ f mi

9 þ f mi
10 þ f mi

12 þ f mi
14

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
5 þ f mi

17 þ f mi
15 þ f mi

18 þ f mi
6 þ f mi

16

� �
; ð41Þ

qv:mi
we:in ¼ umi

x þ 2 f mi
1 þ f mi

7 þ f mi
8 þ f mi

11 þ f mi
13

� �
þ f mi

0 þ f mi
4 þ f mi

3 þ f mi
5 þ f mi

17 þ f mi
15 þ f mi

18 þ f mi
6 þ f mi

16

� �
: ð42Þ
After we define similar the lattice velocity ef
i and the distribution function f f

i (i = 0,18) at position X(x,y,z) and time t for the
fluid flow, we can obtained the similar pressure and velocity boundary conditions for fluid flow problem (force field).
3. Boundary conditions for the thermal field

It is shown in Fig. 2. A D3Q15 lattice cubic is employed for the thermal field. The lattice velocity et
i (i = 0,14) at position

X(x,y,z) and time t for the D3Q15 model are listed in the Table 2.
The extended thermal flow density and the macroscopic flow velocity are defined in terms of the particle distribution

function by
qt
in iniu

t
a ¼

X14

i¼0

f t
i et

ia qt
in ¼

X14

i¼0

f t
i : ð43Þ
The extended thermal flow equilibrium distribution functions for incompressible model and compressible model can be
written as follows [19–21],
f eq t
i ðx; tÞ ¼ at

iq
t
in þ at

iq
t
in ini

et
i u

t
a

c2
s
þ

9 et
i u

t
a

� �2

2c4
s
�

3 ut
a

� �2

2c2
s

" #
f eq t
i ðx; tÞ ¼ at

iq
t
in þ at

iq
t
in

et
i u

t
a

c2
s
þ

9 et
i u

t
a

� �2

2c4
s
�

3 ut
a

� �2

2c2
s

" #
; ð44Þ
where at
i ¼ 2

9 di0 þ 1
9 dim þ 1

72 din m ¼ 1 � 6 n ¼ 7 � 14
3.1. Front-rear flow

As shown in Fig. 2a, when the thermal fluid flow direction is from front to rear, after streaming, the unknown distribution
functions are f t

fr:i (i = 3,7,9,12,14), on the contrary, after streaming, the unknown distribution functions are f t
rf :i

(i = 10,11,4,8,13).



Table 2
The lattice velocity et

i ðX; tÞ (i = 0,14) for the thermal field.

et
0 et

1 et
2 et

3 et
4 et

5 et
6 et

7 et
8 et

9 et
10 et

11 et
12 et

13 et
14

et
i1 0 1 �1 0 0 0 0 1 �1 1 �1 1 �1 1 �1

et
i2 0 0 0 1 �1 0 0 1 �1 1 1 �1 1 �1 1

et
i3 0 0 0 0 0 1 �1 1 �1 �1 1 1 �1 �1 1

C E W R F S N NRE SFW SRW NFW NFE SRW SFE NRW

Fig. 2. Cubic lattice D3Q15 for simulating the thermal field.
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3.1.1. PC
For the front inlet and rear outlet case, using Zou and He method [9], the f p:t

fr:i (i = 3,7,9,12,14) can be derived from the Eqs.
(43) and (44), and the explicit expressions can be defined as
f p:t
fr:3 ¼ f t

4 þ
qp:t

fr:inup:t
fr:y

3
f p:t
fr:7 ¼ f t

8 þ
qp:t

fr:in up:t
fr:x þ up:t

fr:y þ up:t
fr:z�

� �
12

f p:t
fr:9 ¼ f t

10 þ
qp:t

fr:in up:t
fr:x þ up:t

fr:y � up:t
fr:z

� �
12

; ð45Þ

f p:t
fr:12 ¼ f t

11 þ
qp:t

fr:in �up:t
fr:x þ up:t

fr:y � up:t
fr:z

� �
12

f p:t
fr:14 ¼ f t

13 þ
qp:t

fr:in �up:t
fr:x þ up:t

fr:y þ up:t
fr:z

� �
12

; ð46Þ
For the rear inlet and front outlet case, f p:t
rf :i (i = 4,8,10,11,13) can be defined as
f p:t
rf :4 ¼ f t

3 �
qp:t

rf :inup;t
rf :y

3
f p:t
rf :8 ¼ f t

7 �
qp:t

rf :in �up:t
rf :x þ up:t

rf :y þ up:t
rf :z

� �
12

f p:t
rf :10 ¼ f t

9 �
qp:t

rf :in up:t
rf :x þ up:t

rf :y � up:t
rf :z

� �
12

; ð47Þ

f p:t
rf :13 ¼ f t

14 �
qp:t

rf :in �up:t
rf :x þ up:t

rf :y � up:t
rf :z

� �
12

f p:t
rf :11 ¼ f t

12 �
qp:t

rf :in �up:t
rf :x þ up:t

rf :y � up:t
rf :z

� �
12

; ð48Þ
where
up:t
fr:x ¼

3qp:t
fr:in

2
f t
1 � f t

2

� �
up:t

fr:z ¼ �1þ 6
5

f t
5 � f t

6 þ qp:t
fr:inup:t

fr:x�
p:t
fr:inup:t

fr:y

� �
; ð49Þ

up:t
fr:y ¼ 1� 2 f t

4 þ f t
8 þ f t

10 þ f t
11 þ f t

13

� �
þ f t

2 þ f t
6 þ f t

1 þ f t
0 þ f t

5

� �
=qp:t

fr:in; ð50Þ

up:t
rf :x ¼

3qp:t
rf :in

2
f t
2 � f t

1

� �
up:t

rf :z ¼
6
5

f t
6 � f t

5 � qp:t
rf :inup:t

rf :x þ qp:t
rf :inup:t

rf :y

� �
; ð51Þ

up:t
rf :y ¼ 1� 2 f t

7 þ f t
9 þ f t

12 þ f t
14 þ f t

3

� �
þ f t

2 þ f t
6 þ f t

1 þ f t
0 þ f t

5

� �
=

p:t
rf :in: ð52Þ
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At the situation, the macroscopic flow velocity should be defined as
ut
a ¼

X14

i¼0

f t
i et

ia: ð53Þ
After instead the Eq. (43) with above equation, through the similar derivation of pressure boundary condition, we can obtain
the unknown distribution functions for velocity boundary condition. For the front inlet and rear outlet case, f v :t

fr:i

(i = 3,7,9,12,14), can be defined as
f v:t
fr:3 ¼ f t

4 þ
qv:t

in ut
fr:y

3
f v:t
fr:7 ¼ f t

8 þ
qv:t

in ut
fr:x þ ut

fr:y þ ut
fr:z

� �
12

f v:t
fr:9 ¼ f t

10 þ
qv:t

in ut
fr:x þ ut

fr:y � ut
fr:z

� �
12

; ð54Þ

f v:t
fr:12 ¼ f t

11 þ
qv:t

in �ut
fr:x þ ut

fr:y � ut
fr:z

� �
12

f v:t
fr:14 ¼ f t

13 þ
qv:t

in �ut
fr:x þ ut

fr:y þ ut
fr:z

� �
12

: ð55Þ
For the rear inlet and front outlet case, f v :t
fr:i (i = 17,10,18,4,8) can be defined as
f v:t
rf :4 ¼ f t

3 �
qv:t

in ut
rf :y

3
f v:t
rf :8 ¼ f t

7 �
qv:t

in �ut
rf :x þ ut

rf :y þ ut
rf :z

� �
12

f v:t
rf :10 ¼ f t

9 �
qv:t

in ut
rf :x þ ut

rf :y � ut
rf :z

� �
12

; ð56Þ

f v:t
rf :13 ¼ f t

14 �
qv:t

in �ut
rf :x þ ut

rf :y � ut
rf :z

� �
12

f v:t
rf :11 ¼ f t

12 �
qv:t

in �ut
rf :x þ ut

rf :y � ut
rf :z

� �
12

; ð57Þ
where
qv:t
fr:in ¼ ut

y þ 2 f t
4 þ f t

8 þ f t
10 þ f t

11 þ f t
13

� �
þ f t

2 þ f t
6 þ f t

1 þ f t
0 þ f t

5

� �
; ð58Þ

qv:t
rf :in ¼ ut

y þ 2 f t
7 þ f t

9 þ f t
12 þ f t

14 þ f t
3

� �
þ f t

2 þ f t
6 þ f t

1 þ f t
0 þ f t

5

� �
; ð59Þ

ut
rf :z ¼

6 f t
5 � f t

6

� �
� qv:t

rf :inut
rf :y þ qv:t

rf :inut
rf :x

qv:t
rf :in � 6

ut
fr:x ¼

3
qv :t

fr:in � 3
f t
2 � f t

1

� �
ut

rf :x ¼
3

qv:t
fr:in � 3

f t
1 � f t

2

� �
ut

fr:z

¼
6 f t

6 � f t
5

� �
� qv:t

fr:inut
fr:x þ qv:t

fr:inut
fr:y

qv:t
fr:in � 6

: ð60Þ
3.2. South-north flow

As shown in Fig. 2b, when the thermal fluid flow direction is from south to north, after streaming, the unknown distri-
bution functions are f t

sn:i (i = 5,7,10,11,14), on the contrary, the unknown distribution functions are f t
ns:i (i = 6,8,9,12,13).

3.2.1. PC
For the south inlet and north outlet case, f p:t

sn:i (i = 5,7,10,11,14) can be defined as
f p:t
sn:5 ¼ f t

6 �
qp:t

sn:inup:t
sn:z

3
f p:t
sn:10 ¼ f t

9 �
qp:t

sn:in up:t
sn:x � up:t

sn:y þ up:t
sn:z

� �
12

f p:t
sn:14 ¼ f t

13 �
qp:t

sn:in �up:t
sn:x þ up:t

sn:y þ up:t
sn:z

� �
12

; ð61Þ

f p:t
sn:7 ¼ f t

8 �
qp:t

sn:in �up:t
sn:x � up:t

sn:y þ up:t
sn:z

� �
12

f p:t
sn:11 ¼ f t

12 �
qp:t

sn:in up:t
sn:x � up:t

sn:y þ up:t
sn:z

� �
12

: ð62Þ
For the north inlet and south outlet case, f p:t
ns:i (i = 6,8,9,12,13) can be defined as
f p:t
ns:6 ¼ f t

5 þ
qp:t

ns:inup:t
ns:z

3
f p:t
ns:9 ¼ f t

10 þ
qp:t

ns:in up:t
ns:x � up:t

ns:y þ up:t
ns:z

� �
12

f p:t
ns:13 ¼ f t

14 þ
qp:t

ns:in �up:t
ns:x þ up:t

ns:y þ up:t
ns:z

� �
12

; ð63Þ

f p:t
ns:8 ¼ f t

7 þ
qp:t

ns:in �up:t
ns:x � up:t

ns:y þ up:t
ns:z

� �
12

f p:t
ns:12 ¼ f t

11 þ
qp:t

ns:in up:t
ns:x � up:t

ns:y þ up:t
ns:z

� �
12

; ð64Þ
where
up:t
sn:y ¼

3qp:t
sn:in

2
f t
2 � f t

1

� �
up:t

sn:x ¼
6
5

f t
6 � f t

5 � qp:t
sn:inup:t

s:y þ qp:t
sn:inup:t

sn:z

� �
; ð65Þ

up:t
sn:z ¼ 1� 2 f t

12 þ f t
9 þ f t

6 þ f t
8 þ f t

3

� �
þ f t

1 þ f t
6 þ f t

2 þ f t
3 þ f t

4

� �
=qp:t

sn:in; ð66Þ

up:t
ns:y ¼

3qp:t
ns:in

2
f t
1 � f t

2

� �
up:t

ns:x ¼
6
5

f t
3 � f t

4 þ qp:t
ns:inup:t

sn:y � qp:t
ns:inup:t

sn:z

� �
; ð67Þ

up:t
ns:z ¼ 1� 2 f t

14 þ f t
7 þ f t

5 þ f t
10 þ f t

11

� �
þ f t

1 þ f t
0 þ f t

2 þ f t
3 þ f t

4

� �
=qp:t

ns:in: ð68Þ
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For the south inlet and north outlet case, f v :t

sn:i (i = 5,7,10,11,14) are defined as
f v :t
sn:5 ¼ f t

6 �
qv :t

sn:inut
sn:z

3
f v:t
sn:10 ¼ f t

9 �
qv :t

sn:in ut
sn:x � ut

sn:y þ ut
sn:z

� �
12

f v:t
sn:14 ¼ f t

13 �
qv:t

sn:in �ut
sn:x þ ut

sn:y þ ut
sn:z

� �
12

; ð69Þ

f v :t
sn:7 ¼ f t

8 �
qv :t

sn:in �ut
sn:x � ut

sn:y þ ut
sn:z

� �
12

f v :t
sn:11 ¼ f t

12 �
qv :t

sn:in ut
sn:x � ut

sn:y þ ut
sn:z

� �
12

: ð70Þ
For the north inlet and south outlet case, f v :t
ns:i (i = 6,8,9,12,13) are defined as
f v :t
ns:6 ¼ f t

5 þ
qv :t

ns:inut
ns:z

3
f v:t
ns:9 ¼ f t

10 þ
qv:t

ns:in ut
ns:x � ut

ns:y þ ut
ns:z

� �
12

f v:t
ns:13 ¼ f t

14 þ
qv:t

ns:in �ut
ns:x þ ut

ns:y þ ut
ns:z

� �
12

; ð71Þ

f v :t
ns:8 ¼ f t

7 þ
qv :t

ns:in �ut
ns:x � ut

ns:y þ ut
ns:z

� �
12

f v :t
ns:12 ¼ f t

11 þ
qv :t

ns:in ut
ns:x � ut

ns:y þ ut
ns:z

� �
12

; ð72Þ
where
ut
ns:x ¼

6 f t
3 � f t

4

� �
� qv:t

ns:inut
ns:y þ qv:t

ns:inut
ns:z

qv:t
ns:in � 6

ut
sn:y ¼

3
qv:t

sn:in � 3
f t
1 � f t

2

� �

ut
sn:x ¼

6 f t
3 � f t

4

� �
� qv:t

sn:inut
sn:z þ qv:t

sn:inut
sn:y

qv:t
sn:in � 6

ut
ns:y ¼

3
qv:t

ns:in � 3
f t
2 � f t

1

� �
; ð73Þ

qv:t
ns:in ¼ ut

z þ 2 f t
14 þ f t

7 þ f t
5 þ f t

10 þ f t
11

� �
þ f t

1 þ f t
0 þ f t

2 þ f t
3 þ f t

4

� �
; ð74Þ

qv:t
sn:in ¼ ut

z þ 2 f t
12 þ f t

9 þ f t
6 þ f t

8 þ f t
3

� �
þ f t

1 þ f t
6 þ f t

2 þ f t
3 þ f t

4

� �
: ð75Þ
3.3. West-east flow

As shown in Fig. 2c, when the thermal fluid flow direction is from west to east, after streaming, the unknown distribution
function are f t

we:i (i = 1,7,9,11,13), on the contrary, the unknown distribution functions are f t
ew:i (i = 2,8,10,12,14).

3.3.1. PC
For the west inlet and east outlet case, f p:t

we:i (i = 1,7,9,11,13) as defined as
f p:t
we:1 ¼ f t

2 þ
qp:t

we:inup:t
we:x

3
f p:t
we:9 ¼ f t

10 þ
qp:t

we:in up:t
we:x � up:t

we:y � up:t
we:z

� �
12

f p:t
we:13 ¼ f t

14 þ
qp:t

we:in up:t
we:x � up:t

we:y þ up:t
we:z

� �
12

; ð76Þ

f p:t
we:7 ¼ f t

8 þ
qp:t

we:in up:t
we:x � up:t

we:y � up:t
we:z

� �
12

f p:t
we:11 ¼ f t

12 þ
qp:t

we:in up:t
we:x þ up:t

we:y � up:t
we:z

� �
12

: ð77Þ
For the east inlet and west outlet case, f p:t
ew:i (i = 2,8,10,12,14) are defined as,
f p:t
ew:2 ¼ f t

1 �
qp:t

ew:inup:t
ew:x

3
f p:t
ew:10 ¼ f t

9 �
qp:t

ew:in up:t
ew:x � up:t

ew:y � up:t
ew:z

� �
12

f p:t
ew:14 ¼ f t

13 �
qp:t

ew:in up:t
ew:x � up:t

ew:y þ up:t
ew:z

� �
12

; ð78Þ

f p:t
ew:8 ¼ f t

7 þ
qp:t

ew:in up:t
ew:x þ up:t

ew:y � up:t
ew:z

� �
12

f p:t
ew:12 ¼ f t

11 þ
qp:t

ew:in up:t
ew:x þ up:t

ew:y � up:t
ew:z

� �
12

; ð79Þ
where
up:t
we:z ¼

3qp:t
we:in

2
f t
3 � f t

4

� �
up:t

we:y ¼
6
5

f t
6 � f t

5 þ qp:t
we:inup:t

we:x � qp:t
we:inup:t

we:z

� �
; ð80Þ

up:t
we:x ¼ 1� 2 f t

7 þ f t
11 þ f t

1 þ f t
9 þ f t

13

� �
þ f t

3 þ f t
0 þ f t

4 þ f t
5 þ f t

6

� �
=qp:t

we:in; ð81Þ

up:t
ew:z ¼

3qp:t
ew:in

2
f t
4 � f t

3

� �
up:t

ew:y ¼
6
5

f t
5 � f t

6 � qp:t
ew:inup:t

ew:z � qp:t
ew:inup:t

ew:x

� �
; ð82Þ

up:t
ew:x ¼ 1� 2 f t

14 þ f t
10 þ f t

2 þ f t
12 þ f t

8

� �
þ f t

3 þ f t
0 þ f t

4 þ f t
5 þ f t

6

� �
=qp:t

ew:in: ð83Þ
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For the west inlet and east outlet case, f v :t

we:i (i = 1,7,9,11,13), are defined as
f v:t
we:1 ¼ f t

2 þ
qv :t

we:inut
we:x

3
f v :t
we:9 ¼ f t

10 þ
qv:t

we:in ut
we:x � ut

we:y � ut
we:z

� �
12

f v:t
we:13 ¼ f t

14 þ
qv:t

we:in ut
we:x � ut

we:y þ ut
we:z

� �
12

; ð84Þ

f v:t
we:7 ¼ f t

8 þ
qv :t

we:in ut
we:x � ut

we:y � ut
we:z

� �
12

f v:t
we:11 ¼ f t

12 þ
qv :t

we:in ut
we:x þ ut

we:y � ut
we:z

� �
12

: ð85Þ
For the east inlet and west outlet case, f v :t
ew:i (i = 2,8,10,12,14) are defined as,
f v:t
ew:2 ¼ f t

1 �
qv :t

ew:inut
ew:x

3
f v :t
ew:10 ¼ f t

9 �
qv:t

ew:in ut
ew:x � ut

ew:y � ut
ew:z

� �
12

f v:t
ew:14 ¼ f t

13 �
qv:t

ew:in ut
ew:x � ut

ew:y þ ut
ew:z

� �
12

; ð86Þ

f v:t
ew:8 ¼ f t

7 þ
qv :t

ew:in ut
ew:x þ ut

ew:y � ut
ew:z

� �
12

f v:t
ew:12 ¼ f t

11 þ
qv :t

ew:in ut
ew:x þ ut

ew:y � ut
ew:z

� �
12

; ð87Þ
where
uv:t
we:z ¼

3qv:t
we:in

2
f t
3 � f t

4

� �
uv:t

ew:z ¼
3qv:t

ew:in

2
f t
4 � f t

3

� �
uv:t

ew:y ¼
6
5

f t
5 � f t

6 � qv:t
ewvn:inut

ew:z � qv:t
ew:inut

ew:x

� �
uv:t

we:y

¼ 6
5

f t
6 � f t

5 þ qv :t
we:inut

we:x � qv:t
we:inut

we:z

� �
; ð88Þ
qv:t
we:in ¼ ut

we:x þ 2 f t
7 þ f t

11 þ f t
1 þ f t

9 þ f t
13

� �
þ f t

3 þ f t
0 þ f t

4 þ f t
5 þ f t

6

� �
; ð89Þ
qv:t
ew:in ¼ ut

ew:x þ 2 f t
14 þ f t

10 þ f t
2 þ f t

12 þ f t
8

� �
þ f t

3 þ f t
0 þ f t

4 þ f t
5 þ f t

6

� �
: ð90Þ
4. Boundary conditions for the strong coupled electromagnetic field

It is shown in Fig. 3a. D3Q13 lattice cubic is employed for the strong coupled electromagnetic field. The lattice velocity
emw

i (i = 0,12) at position X(x,y,z) and time t for the D3Q13 model are listed in the Table 3.
Fig. 3. Cubic lattice D3Q13 for simulating the strong coupled electromagnetic field.



Table 3
The lattice velocity emw

i ðX; tÞ (i = 0,12) for the strong-coupled electromagnetic field.

emw
0 emw

1 emw
2 emw

3 emw
4 emw

5 emw
6 emw

7 emw
8 emw

9 emw
10 emw

11 emw
12

emw
i1 0 1 �1 1 �1 1 �1 1 �1 0 0 0 0

emw
i2 0 1 �1 �1 1 0 0 0 0 1 �1 1 �1

emw
i3 0 0 0 0 0 1 �1 �1 1 1 �1 �1 �1

C RE FW FE RW NE SW SE NW NR SF SR NF
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The extended strong couple electromagnetic density and the macroscopic flow velocity are defined in terms of the
particle distribution function by
qmw
in iniu

mw
a ¼

X12

i¼0

f mw
i emw

ia qmw
in ¼

X12

i¼0

f mw
i : ð91Þ
The strong couple electromagnetic equilibrium distribution functions for incompressible model and compressible model can
be written as follows [19–21],
f eq mw
i ðx; tÞ ¼ amw

i qmw
in þ amw

i qmw
in ini

3emw
i umw

a

c2
s

þ
9 emw

i umw
a

� �2

4c4
s

�
3 umw

a

� �2

2c2
s

" #

f eq mw
i ðx; tÞ ¼ amw

i qmw
in þ amw

i qmw
in

emw
i umw

a

c2
s
þ

9 emw
i umw

a

� �2

4c4
s

�
3 umw

a

� �2

2c2
s

" #
; ð92Þ
where amw
i ¼ 0di0 þ 1

8 dim m ¼ 1 � 12

4.1. Front-rear flow

As shown in Fig. 3a, when the electromagnetic fluid flow direction is from front to rear, after streaming, the unknown
distribution functions are f mw

fr:i (i = 1,4,9,11), on the contrary, after streaming, the unknown distribution functions are f mw
rf :i

(i = 2,3,10,12).

4.1.1. PC
For the front inlet and rear outlet case, using Zou and He method [9], the f p:mw

fr:i (i = 1,4,9,11) can be derived from the Eqs.
(91) and (92), and the explicit expression can be defined as
f p:mw
fr:1 ¼ f mw

2 þ
3qp:mw

fr:in up:mw
fr:x þ up:mw

fr:y

� �
4

f p:mw
fr:4 ¼ f mw

3 þ
3qp:mw

fr:in up:mw
fr:y � up:mw

fr:x

� �
4

f p:mw
fr:9 ¼ f mw

10 þ
3qp:mw

fr:in up:mw
fr:y þ up:mw

fr:z

� �
4

f p:mw
fr:11 ¼ f mw

12 þ
3qp:mw

fr:in up:mw
fr:y � up:mw

fr:z

� �
4

: ð93Þ
For the rear inlet and front outlet case, f p:mw
rf :i (i = 2,3,10,12) can be defined as
f p:mw
rf :12 ¼ f mw

11 �
3qp:mw

rf :in up:mw
rf :y � up:mw

rf :z

� �
4

f p:mw
rf 2 ¼ f mw

1 �
3qp:mw

rf :in up:mw
rf :x þ up:mw

rf :y

� �
4

f p:mw
rf :10 ¼ f mw

9 �
3qp:mw

rf :in up:mw
rf :y þ up:mw

rf :z

� �
4

f p:mw
rf :3 ¼ f mw

4 �
3qp:mw

rf :in up:mw
rf :y � up:mw

rf :x

� �
4

; ð94Þ
where
up:mw
fr:x ¼ 2qp:mw

fr:in �f mw
5 þ f mw

6 � f mw
7 þ f mw

8

� �
up:mw

fr:z ¼ 2qp:mw
fr:in �f mw

5 þ f mw
6 þ f mw

7 � f mw
8

� �
; ð95Þ

up:mw
fr:y ¼ 1� 2 f mw

2 þ f mw
3 þ f mw

10 þ f mw
12

� �
þ f mw

8 þ f mw
5 þ f mw

0 þ f mw
6 þ f mw

7

� �
=qp:mw

fr:in ; ð96Þ
up:mw

rf :x ¼ 2qp:mw
rf :in f mw

5 � f mw
6 þ f mw

7 � f mw
8

� �
up:mw

rf :z ¼ 2qp:mw
rf :in f mw

5 � f mw
6 � f mw

7 þ f mw
8

� �
; ð97Þ

up:mw
rf :y ¼ 1� 2 f mw

1 þ f mw
4 þ f mw

9 þ f mw
11

� �
þ f mw

8 þ f mw
5 þ f mw

0 þ f mw
6 þ f mw

7

� �
=qp:mw

rf :in : ð98Þ
4.1.2. VC
At the situation, the macroscopic flow velocity should be defined as
umw
a ¼

X12

i¼0

f mw
i emw

ia : ð99Þ
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After instead the Eq. (91) with above equation, through the similar derivation of pressure boundary condition, we can obtain
the unknown distribution functions for velocity boundary condition. For the front inlet and rear outlet case, f v:mw

fr:i

(i = 1,4,9,11), can be defined as
f v:mw
fr:1 ¼ f mw

2 þ
3qv:mw

fr:in uv:mw
fr:x þ uv:mw

fr:y

� �
4

f v :mw
fr:9 ¼ f mw

10 þ
3qv:mw

fr:in uv:mw
fr:y þ uv:mw

fr:z

� �
4

f v:mw
fr:4 ¼ f mw

3 þ
3qv:mw

fr:in �uv:mw
fr:x þ uv:mw

fr:y

� �
4

f v:mw
fr:11 ¼ f mw

12 þ
3qv :mw

fr:in uv:mw
fr:y � uv:mw

fr:z

� �
4

: ð100Þ
For the rear inlet and front outlet case, f v :mw
rf :i (i = 2,3,10,12) can be defined as
f v:mw
rf 2 ¼ f mw

1 �
3qv:mw

rf :in uv:mw
rf :x þ uv:mw

rf :y

� �
4

f v :mw
rf :3 ¼ f mw

4 �
3qv:mw

rf :in �uv:mw
rf :x þ uv:mw

rf :y

� �
4

f v:mw
rf :10 ¼ f mw

9 �
3qv:mw

rf :in uv:mw
rf :y þ uv:mw

rf :z

� �
4

f v :mw
rf :12 ¼ f mw

11 �
3qv:mw

rf :in uv:mw
rf :y � uv:mw

rf :z

� �
4

; ð101Þ
where
uv:mw
fr:x ¼ 2

3qv:mw
fr:in � 2

�f mw
5 þ f mw

6 � f mw
7 þ f mw

8

� �
uv:mw

fr:z ¼ 2
3qv:mw

fr:in � 2
�f mw

5 þ f mw
6 þ f mw

7 � f mw
8

� �
; ð102Þ

qv:mw
fr:in ¼ uv :mw

fr:y þ 2 f mw
2 þ f mw

3 þ f mw
10 þ f mw

12

� �
þ f mw

8 þ f mw
5 þ f mw

0 þ f mw
6 þ f mw

7

� �
; ð103Þ

uv:mw
rf :x ¼ 2

3qv:mw
rf :in � 2

f mw
5 � f mw

6 þ f mw
7 � f mw

8

� �
uv :mw

rf :z ¼ 2
3qv:mw

rf :in � 2
f mw
5 � f mw

6 � f mw
7 þ f mw

8

� �
; ð104Þ

qv:mw
rf :in ¼ uv :mw

rf :y þ 2 f mw
1 þ f mw

4 þ f mw
9 þ f mw

11

� �
þ f mw

8 þ f mw
5 þ f mw

0 þ f mw
6 þ f mw

7

� �
: ð105Þ
4.2. South-north flow

As shown in Fig. 3b, when electromagnetic fluid flow direction is from south to north, after streaming, the unknown dis-
tribution functions are f mw

sn:i (i = 5,8,9,12), on the contrary, the unknown distribution functions are f mw
ns:i (i = 6,7,10,11).

4.2.1. PC
For the south inlet and north outlet case, f p:mw

sn:i (i = 5,8,9,12), can be defined a
f p:mw
sn:8 ¼ f mw

7 þ
3qp:mw

sn;in up:mw
sn:z � up:mw

sn:y

� �
4

f p:mw
sn:12 ¼ f mw

11 þ
3qp:mw

sn;in up:mw
sn:x þ up:mw

sn:zð Þ
4

f p:mw
sn:9 ¼ f mw

10 þ
3qp:mw

sn;in up:mw
sn:z � up:mw

sn:xð Þ
4

f p:mw
sn:5 ¼ f mw

6 þ
3qp:mw

sn;in up:mw
sn:y þ up:mw

sn:z

� �
4

: ð106Þ
For the north inlet and south outlet case, f p:mw
ns:i (i = 6,7,10,11) can be defined as
f p:mw
ns:7 ¼ f mw

8 �
3qp:mw

ns;in up:mw
ns:z � up:mw

ns:y

� �
4

f p:mw
ns:11 ¼ f mw

12 �
3qp:mw

ns;in up:mw
ns:x þ up:mw

ns:zð Þ
4

f p:mw
ns:10 ¼ f mw

10 þ
3qp:mw

ns;in �up:mw
ns:x þ up:mw

ns:zð Þ
4

f p:mw
ns:6 ¼ f mw

5 þ
3qp:mw

ns;in up:mw
ns:y þ up:mw

ns:z

� �
4

; ð107Þ
where
up:mw
sn:z ¼ 2qp:mw

sn;in �f mw
3 þ f mw

4 � f mw
1 þ f mw

2

� �
up:mw

sn:x ¼ 2qp:mw
sn;in �f mw

3 þ f mw
4 þ f mw

1 � f mw
2

� �
; ð108Þ

up:mw
sn:x ¼ 1� 2 f mw

7 þ f mw
6 þ f mw

10 þ f mw
11

� �
þ f mw

2 þ f mw
3 þ f mw

0 þ f mw
4 þ f mw

1

� �
=qp:mw

sn;in ; ð109Þ
up:mw

ns:z ¼ 2qp:mw
ns;in f mw

3 � f mw
4 þ f mw

1 � f mw
2

� �
up:mw

ns:x ¼ 2qp:mw
ns;in f mw

3 � f mw
4 � f mw

1 þ f mw
2

� �
; ð110Þ

up:mw
ns:x ¼ 1� 2 f mw

8 þ f mw
12 þ f mw

9 þ f mw
5

� �
þ f mw

2 þ f mw
3 þ f mw

0 þ f mw
4 þ f mw

1

� �
=qp:mw

ns;in : ð111Þ
4.2.2. VC
For the south inlet and north outlet case, f v :mw

sn:i (i = 5,8,9,12) are defined as
f v:mw
sn:5 ¼ f mw

6 þ
3qv:mw

sn;in uv:mw
sn:y þ uv:mw

sn:z

� �
4

f v:mw
sn:8 ¼ f mw

7 þ
3qv:mw

sn:in �uv:mw
sn:y þ uv:mw

sn:z

� �
4

f v:mw
sn:9 ¼ f mw

10 þ
3qv:mw

sn:in �uv:mw
sn:x þ uv:mw

sn:z

� �
4

f v:mw
sn:12 ¼ f mw

11 þ
3qv :mw

sn:in uv :mw
sn:x þ uv :mw

sn:z

� �
4

: ð112Þ
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For the north inlet and south outlet case, f v :mw
ns:i (i = 6,7,10,11) are defined as
f v :mw
ns:7 ¼ f mw

8 �
3qv:mw

ns:in �uv:mw
ns:y þ uv:mw

ns:z

� �
4

f v:mw
ns:11 ¼ f mw

12 �
3qv:mw

ns:in uv :mw
ns:x þ uv:mw

ns:z

� �
4

f v :mw
ns:10 ¼ f mw

10 þ
3qv:mw

ns:in �uv :mw
ns:x þ uv :mw

ns:z

� �
4

f v:mw
ns:6 ¼ f mw

5 þ
3qv:mw

ns:in uv:mw
ns:y þ uv:mw

ns:z

� �
4

; ð113Þ
where
uv:mw
sn:z ¼

2
3qv:mw

sn:in � 2
�f mw

3 þ f mw
4 � f mw

1 þ f mw
2

� �
up:mw

sn:x ¼
2

3qv :mw
sn:in � 2

�f mw
3 þ f mw

4 þ f mw
1 � f mw

2

� �
; ð114Þ

qv:mw
sn:in ¼ uv:mw

sn:x þ 2 f mw
7 þ f mw

6 þ f mw
10 þ f mw

11

� �
þ f mw

2 þ f mw
3 þ f mw

0 þ f mw
4 þ f mw

1

� �
; ð115Þ

uv:mw
ns:z ¼

2
3qv:mw

ns:in � 2
f mw
3 � f mw

4 þ f mw
1 � f mw

2

� �
uv:mw

ns:x ¼
2

3qv:mw
ns:in � 2

f mw
3 � f mw

4 � f mw
1 þ f mw

2

� �
; ð116Þ

qv:mw
ns:in ¼ uv:mw

ns:x þ 2 f mw
8 þ f mw

12 þ f mw
9 þ f mw

5

� �
þ f mw

2 þ f mw
3 þ f mw

0 þ f mw
4 þ f mw

1

� �
: ð117Þ
4.3. West-east flow

As shown in Fig. 3c, when the electromagnetic fluid flow direction is from west to east, after streaming, the unknown dis-
tribution function are f mw

we:i (i = 1,3,5,7), on the contrary, the unknown distribution functions are f mw
ew:i (i = 2,4,6,8).

4.3.1. PC
For the west inlet and east outlet case, f p:mw

we:i (i = 1,3,5,7) as defined as
f p:mw
we:1 ¼ f mw

2 þ 3qp:mw
we:in up:mw

we:x � up:mw
we:zð Þ

4
f p:mw
we:3 ¼ f mw

4 þ 3qp:mw
we:in up:mw

we:x þ up:mw
we:zð Þ

4

f p:mw
we:7 ¼ f mw

8 þ
3qp:mw

we:in up:mw
we:x � up:mw

we:y

� �
4

f p:mw
we:5 ¼ f mw

6 þ
3qp:mw

we:in up:mw
we:x þ up:mw

we:y

� �
4

: ð118Þ
For the east inlet and west outlet case, f p:mw
ew:i (i = 2,4,6,8) are defined as,
f p:mw
ew:2 ¼ f mw

1 � 3qp:mw
ew:in up:mw

ew:x � up:mw
ew:zð Þ

4
f p:mw
we:4 ¼ f mw

3 þ 3qp:mw
ew:in up:mw

ew:x þ up:mw
ew:zð Þ

4

f p:mw
ew:6 ¼ f mw

5 �
3qp:mw

ew:in up:mw
ew:x þ up:mw

ew:y

� �
4

f p:mw
ew:8 ¼ f mw

7 þ
3qp:mw

ew:in up:mw
ew:x � up:mw

ew:y

� �
4

; ð119Þ
where
up:mw
we:y ¼ 2qp:mw

we:in �f mw
12 þ f mw

11 þ f mw
10 � f mw

9

� �
up:mw

we:z ¼ 2qp:mw
we:in �f mw

12 þ f mw
11 � f mw

10 þ f mw
9

� �
; ð120Þ

up:mw
we:x ¼ 1� 2 f mw

2 þ f mw
4 þ f mw

6 þ f mw
8

� �
þ f mw

9 þ f mw
12 þ f mw

0 þ f mw
11 þ f mw

10

� �
=qp:mw

we:in ; ð121Þ
up:mw

ew:y ¼ 2qp:mw
ew:in f mw

12 � f mw
11 � f mw

10 � f mw
9

� �
up:mw

ew:z ¼ 2qp:mw
ew:in �f mw

3 þ f mw
4 þ f mw

1 � f mw
2

� �
; ð122Þ

up:mw
ew:x ¼ 1� 2 f mw

3 þ f mw
1 þ f mw

5 þ f mw
7

� �
þ f mw

2 þ f mw
3 þ f mw

0 þ f mw
4 þ f mw

1

� �
=qp:mw

ew:in : ð123Þ
4.3.2. VC
For the west inlet and east outlet case, f v :mw

we:i (i = 1,3,5,7), are defined as
f v :mw
we:1 ¼ f mw

2 þ
3qv:mw

we:in uv:mw
we:x � uv:mw

we:z

� �
4

f v :mw
we:3 ¼ f mw

4 þ
3qv:mw

se:in uv:mw
we:x þ uv:mw

we:z

� �
4

f v :mw
we:5 ¼ f mw

6 þ
3qv:mw

we:in uv:mw
we:x þ uv:mw

we:y

� �
4

f v:mw
we:7 ¼ f mw

8 þ
3qv:mw

we:in uv:mw
we:x � uv :mw

we:y

� �
4

: ð124Þ
For the east inlet and west outlet case, f v :mi
ew:i (i = 2,4,6,8) are defined as,
f v :mw
ew:2 ¼ f mw

1 �
3qv:mw

ew:in uv:mw
ew:x � uv:mw

ew:z

� �
4

f v:mw
ew:4 ¼ f mw

3 þ
3qv:mw

ew:in uv:mw
ew:x þ uv:mw

ew:z

� �
4

f v :mw
ew:6 ¼ f mw

5 �
3qv:mw

ew:in uv:mw
ew:x þ uv:mw

ew:y

� �
4

f v:mw
ew:8 ¼ f mw

7 þ
3qv:mw

ew:in uv:mw
ew:x � uv :mw

ew:y

� �
4

; ð125Þ
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where
Table 4
The latt

em
i1

em
i2

em
i3
uv:mw
we:y ¼

2
3qv:mw

we:in � 2
�f mw

12 þ f mw
11 þ f mw

10 � f mw
9

� �
uv:mw

we:z ¼
2

3qv:mw
we:in � 2

�f mw
12 þ f mw

11 � f mw
10 þ f mw

9

� �
; ð126Þ

qv:mw
we:in ¼ uv :mw

we:x þ 2 f mw
2 þ f mw

4 þ f mw
6 þ f mw

8

� �
þ f mw

9 þ f mw
12 þ f mw

0 þ f mw
11 þ f mw

10

� �
; ð127Þ

up:mw
ew:y ¼

2
3qv:mw

ew:in � 2
f mw
12 � f mw

11 � f mw
10 � f mw

9

� �
up:mw

ew:z ¼
2

3qv:mw
ew:in � 2

�f mw
3 þ f mw

4 þ f mw
1 � f mw

2

� �
; ð128Þ

qv:mw
ew:in ¼ up:mw

ew:x þ 2 f mw
3 þ f mw

1 þ f mw
5 þ f mw

7

� �
þ f mw

2 þ f mw
3 þ f mw

0 þ f mw
4 þ f mw

1

� �
: ð129Þ
After we define similar the lattice velocity ee
i and the distribution function f e

i (i = 0,12) at position X(x,y,z) and time t for the
electric fluid flow, we can obtained the similar pressure and velocity boundary conditions for electric fluid flow field.

5. Boundary conditions for magnetic field

It is shown in Fig. 4a. D3Q7 lattice cubic is employed for the magnetic field. The lattice velocity em
i (i = 0,6) at position

X(x,y,z) and time t for the D3Q7 model are listed in the Table 4.
The extended magnetic density and the macroscopic flow velocity are defined in terms of the particle distribution func-

tion by
qm
in iniu

m
a ¼

X6

i¼0

f m
i em

ia qm
in ¼

X6

i¼0

f m
i : ð130Þ
The extended magnetic equilibrium distribution functions for incompressible model and compressible model can be written
as follows [19–21], " #
f eq m
i ðx; tÞ ¼ am

i qm
in þ am

i qm
in ini

3em
i um

a

c2
s
þ

9 em
i umi

a

� �2

4c4
s

�
3 um

a

� �2

2c2
s

f eq m
i ðx; tÞ ¼ am

i qm
in þ am

i qm
in

3em
i um

a

c2
s
þ

9 em
i um

a

� �2

4c4
s

�
3 um

a

� �2

2c2
s

" #
; ð131Þ
where ami
i ¼ 1

6 di0 þ 1
72 dim þ 1

36 din m ¼ 1 � 4 n ¼ 5 � 6
Fig. 4. Cubic Lattice D3Q7 for simulating the magnetic field.

ice velocity em
i ðX; tÞ (i = 0,6) for the magnetic field.

em
0 em

1 em
2 em

3 em
4 em

5 em
6

0 1 �1 0 0 0 0
0 0 0 1 �1 0 0
0 0 0 0 0 1 �1
C E W R F S N
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5.1. Front-rear flow

As shown in Fig. 4a, when the magnetic fluid flow direction is from front to rear, after streaming, the unknown distribu-
tion functions are f m

fr:3, on the contrary, after streaming, the unknown distribution functions are f mi
rf :4.

5.1.1. PC
For the front inlet and rear outlet case, using Zou and He method [9], the f p:m

fr:3 can be derived from the Eqs. (130) and (131),
and the explicit expression can be defined as
f p:m
fr:3 ¼ f m

4 þ qp:m
fr:in � 2f m

4 � f m
0 � f m

1 � f m
5 � f m

2 � f m
6

� �
=3: ð132Þ
For the rear inlet and front outlet case, f p:m
rf :4 can be defined as
f p:m
rf :4 ¼ f m

3 � �qp:m
rf :in þ 2f m

3 þ f m
0 þ f m

1 þ f m
5 þ f m

2 þ f m
6

� �
=3: ð133Þ
5.1.2. VC
At the situation, the macroscopic flow velocity should be defined as
um
a ¼

X6

i¼0

f m
i em

ia: ð134Þ
After instead the Eq. (130) with above equation, through the similar derivation of pressure boundary condition, we can ob-
tain the unknown distribution functions for velocity boundary condition. For the front inlet and rear outlet case, f v :m

fr:3 , can be
defined as
f v :m
fr:3 ¼ f m

4 þ uv:m
fr:y �um

y þ 2f m
4 þ f m

0 þ f m
1 þ f m

5 þ f m
2 þ f m

6

� �
=3: ð135Þ
For the rear inlet and front outlet case, f v :m
rf :4 , can be defined as
f v :m
rf :4 ¼ f m

3 � uv:m
rf :y �um

y þ 2f m
3 þ f m

0 þ f m
1 þ f m

5 þ f m
2 þ f m

6

� �
=3: ð136Þ
5.2. South-north flow

As shown in Fig. 4b, when the magnetic fluid flow direction is from south to north, after streaming, the unknown distri-
bution functions are f m

sn:5, on the contrary, the unknown distribution functions are f mi
ns:6.

5.2.1. PC
For the south inlet and north outlet case, f p:m

sn:5 can be defined as
f p:m
sn:5 ¼ f m

6 þ qp:m
sn:in � 2f m

6 � f m
0 � f m

4 � f m
3 � f m

2 � f m
1

� �
=3: ð137Þ
For the north inlet and south outlet case, f p:m
ns:6 can be defined as
f p:m
ns:6 ¼ f m

5 � qp:m
ns:in � 2f m

5 � f m
0 � f m

4 � f m
3 � f m

1 � f m
2

� �
=3: ð138Þ
5.2.2. VC
For the south inlet and north outlet case, f v :m

sn:5 is defined as
f v :m
sn:5 ¼ f m

6 þ uv:m
sn:z um

z þ 2f m
6 þ f m

0 þ f m
4 þ f m

3 þ f m
2 þ f m

1

� �
=3: ð139Þ
For the north inlet and south outlet case, f v :m
ns:6 is defined as
f v :m
ns:6 ¼ f m

5 � uv:m
ns:z um

z þ 2f m
5 þ f m

0 þ f m
4 þ f m

3 þ f m
1 þ f m

2

� �
=3: ð140Þ
5.3. West-east flow

As shown in Fig. 4c, when the magnetic fluid flow direction is from west to east, after streaming, the unknown distribu-
tion function is f m

we:1, on the contrary, the unknown distribution functions is f m
ew:2.
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5.3.1. PC
For the west inlet and east outlet case, f p:m

we:1 is defined as,
f p:m
we:1 ¼ f m

2 þ qp:m
we;in � 2f m

2 � f m
0 � f m

4 � f m
3 � f m

5 � f m
6

� �
=3: ð141Þ
For the east inlet and west outlet case, f p:m
ew:2 is defined as,
f p:m
ew:2 ¼ f m

1 � qp:m
ew;in � 2f m

1 � f m
0 � f m

4 � f m
3 � f m

5 � f m
6

� �
=3: ð142Þ
5.3.2. VC
For the west inlet and east outlet case, f v :m

we:1 are defined as
f v:m
we:1 ¼ f m

2 þ uv:m
we:x um

x þ 2f m
2 þ f m

0 þ f m
4 þ f m

3 þ f m
5 þ f m

6

� �
=3: ð143Þ
For the east inlet and west outlet case, f v :m
ew:2 are defined as,
f v:m
ew:2 ¼ f m

1 � uv:m
ew:x um

x þ 2f m
1 þ f m

0 þ f m
4 þ f m

3 þ f m
5 þ f m

6

� �
=3: ð144Þ
6. Boundary conditions for multiple coupled fields

The extended hybrid cubic lattice D3Q27 model is defined by combined D3Q19 (electric and ionic field) model, D3Q19
(force field) model, D3Q15 (thermal fields) model, D3Q13 (Maxwell equation-strong electromagnetic coupled field) model,
D3Q13 (electric field) model and D3Q7 (magnetic field) model for multiple coupled fields, the extended multiple coupled
pressure and velocity condition and derive the extended distribution functions for every kind of possible case was estab-
lished, see Figs. 5 and 6.

The brief presentations of the extended lattice velocity ei(X, t) (i = 0� 26) at position X(x,y,z) and time t, and the distribu-
tion functions for hybrid D3Q27 model are given in Table 5, where cl

kn ðl ¼ 1 � 27; k ¼ 1 � 6;n ¼ 1 � 6Þ is coupled coefficient
matrix (27 � 6 � 6), further details can be found in Refs. [22,23].

The extended multiple coupled fields density and the macroscopic flow velocity are defined in terms of the particle dis-
tribution function by
qin iniua ¼
X26

i¼0

fieia qin ¼
X26

i¼0

fi: ð145Þ
Fig. 5. Hybrid cubic Lattice D3Q27 multiple coupled fields.



Fig. 6. Extended boundary for hybrid cubic lattice D3Q27 model.

Table 5
The lattice velocity ei (i = 0 �26) for the multiple coupled fields.

ei fi ei1 ei2 ei3

e0
P6

n¼1 f ei
0 c1

1n þ f f
0 c1

2n þ f t
0c1

3n þ f mw
0 c1

4n þ f e
0 c1

5n þ f m
0 c1

6n

� �
0 0 0 C

e1
P6

n¼1 f ei
1 c2

1n þ f f
1 c2

2n þ f t
1c2

3n þ f m
1 c2

6n

� �
1 0 0 E

e2
P6

n¼1 f ei
2 c3

1n þ f f
2 c3

2n þ f t
2c3

3n þ f m
2 c3

6n

� �
�1 0 0 W

e3
P6

n¼1 f ei
3 c4

1n þ f f
3 c4

2n þ f t
3c4

3n þ f m
3 c4

6n

� �
0 1 0 R

e4
P6

n¼1 f ei
4 c5

1n þ f f
4 c5

2n þ f t
4c5

3n þ f m
4 c5

6n

� �
0 �1 0 F

e5
P6

n¼1 f ei
5 c6

1n þ f f
5 c6

2n þ f t
5c6

3n þ f m
5 c6

6n

� �
0 0 1 N

e6
P6

n¼1 f ei
6 c7

1n þ f f
6 c7

2n þ f t
6c7

3n þ f m
6 c7

6n

� �
0 0 �1 S

e7
P6

n¼1 f ei
7 c8

1n þ f f
7 c7

2n þ f mw
1 c7

4n þ f e
1 c7

5n

� �
1 1 0 RE

e8
P6

n¼1 f ei
8 c9

1n þ f f
8 c9

2n þ f mw
3 c9

4n þ f e
3 c9

5n

� �
1 �1 0 FE

e9
P6

n¼1 f ei
9 c10

1n þ f f
9 c10

2n þ f mw
4 c10

4n þ f e
4 c10

5n

� �
�1 1 0 RW

e10
P6

n¼1 f ei
10c11

1n þ f f
10c11

2n þ f mw
2 c11

4n þ f e
2 c11

5n

� �
�1 �1 0 FW

e11
P6

n¼1 f ei
11c12

1n þ f f
11c12

2n þ f mw
5 c12

4n þ f e
5 c12

5n

� �
1 0 1 NE

e12
P6

n¼1 f ei
12c13

1n þ f f
12c13

2n þ f mw
8 c13

4n þ f e
8 c13

5n

� �
�1 0 1 NW

e13
P6

n¼1 f ei
13c14

1n þ f f
13c14

2n þ f mw
7 c14

4n þ f e
7 c14

5n

� �
1 0 �1 SE

e14
P6

n¼1 f ei
14c15

1n þ f f
14c15

2n þ f mw
6 c15

4n þ f e
6 c15

5n

� �
�1 0 �1 SW

e15
P6

n¼1 f ei
15c16

1n þ f f
15c16

2n þ f mw
9 c16

4n þ f e
9 c16

5n

� �
0 1 1 NR

e16
P6

n¼1 f ei
16c17

1n þ f f
16c17

2n þ f mw
11 c17

4n þ f e
11c17

5n

� �
0 1 �1 SR

e17
P6

n¼1 f ei
17c18

1n þ f f
17c18

2n þ f mw
12 c18

4n þ f e
12c18

5n

� �
0 �1 1 NF

e18
P6

n¼1f t
7c20

3n
0 �1 �1 SF

e19
P6

n¼1f t
7c20

3n
1 1 1 RNE

e20
P6

n¼1f t
8c21

3n
�1 �1 �1 FSW

e21
P6

n¼1f t
9c22

3n
1 1 �1 RSE

e22
P6

n¼1f t
10c23

3n
�1 �1 1 FNW

e23
P6

n¼1f t
11c24

3n
1 �1 1 FNE

e24
P6

n¼1f t
12c25

3n
�1 1 �1 RSW

e25
P6

n¼1f t
13c26

3n
1 �1 �1 FSE

e26
P6

n¼1f t
14c27

3n
�1 �1 1 RNW
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6.1. Front-rear flow

As shown in Fig. 6a, when the electronic and ionic flow direction is from front to rear, after streaming, the unknown dis-
tribution functions are ffr:i (i = 26,15,19,9,3,7,24,16, 21), on the contrary, after streaming, the unknown distribution func-
tions are frf:i (i = 22,17,23,10,4,8,20,18,25).
6.1.1. PC
For the front inlet and rear outlet case, the f p

fr:i (i = 26,15,19,9,3,7,24,16,21) can be defined as
f p
fr:26 ¼ f13 �

qp:t
in up:t

fr:x � up:t
fr:y � up:t

fr:z

� �
12

f p
fr:21 ¼ f10 þ

qt
in up:t

fr:x þ up:t
fr:y � up:t

fr:z

� �
12

f p
fr:24 ¼ f11 þ

qt
in �ut

fr:x þ ut
fr:y � ut

fr:z

� �
12

f p
fr:19 ¼ f8 þ

qp:t
in up:t

fr:x þ up:t
fr:y þ up:t

fr:z

� �
12

; ð146Þ

f p
fr:9 ¼

qmi
in umi

fr:y þ qf
inuf

fr:y

6
þ

4f 8 þ 4f 3 � f1 þ f2 � f11 þ f12 � f13 þ f14 þ 3qmw
in �umw

fr:x þ umw
fr:y

� �
þ 3qm

in �um
fr:x þ um

fr:y

� �
4

; ð147Þ

f p
fr:3 ¼

qmi
in umi

fr:y þ qmw
in umw

fr:y þ qf
inuf

fr:y þ qm
inum

fr:y þ 7f 4 � f0 � f1 � f5 � f2 � f6

3
; ð148Þ

f p
fr:7 ¼

qmi
in umi

fr:y þ qf
inuf

fr:y

6
þ

3qp:mw
in up:mw

fr:x þ up:mw
fr:y

� �
þ 3qp:e

in up:e
fr:x þ up:e

fr:y

� �
� 4f 10 � 4f 2 þ f1 � f2 þ f11 � f12 þ f13 � f14

4
; ð149Þ

f p
fr:15 ¼

qp:mi
in up:mi

fr:y þ qp:f
in up:f

fr:y

6
þ

3qp:mw
in up:mw

fr:y þ up:mw
fr:z

� �
þ 3qp:m

in up:m
fr:y þ up:m

fr:z

� �
þ 4f 18 þ 4f 10 � f5 þ f6 � f11 � f12 þ f13 þ f14

4
;

ð150Þ

f p
fr:16 ¼

qmi
in umi

fr:y þ qf
inuf

fr:y

6
þ

3qp:mw
in up:mw

fr:y � up:mw
fr:z

� �
þ 3qp:e

in up:e
fr:y � up:e

fr:z

� �
þ 4f 17 þ 4f 12 � f5 þ f6 � f11 � f12 þ f13 þ f14

4
:

ð151Þ
For rear inlet and front outlet case, f p
rf :i (i = 22,17,23,10,4,8,20,18,25) can be defined as
f p
rf :22 ¼ f9 �

qt
in up:t

rf :x þ up:t
rf :y � up:t

rf :z

� �
12

f p
rf :25 ¼ f14 �

qp:t
in �up:t

rf :x þ up:t
rf :y � up:t

rf :z

� �
12

f p
rf :23 ¼ f12 �

qp:t
in �up:t

rf :x þ up:t
rf :y � up:t

rf :z

� �
12

f p
rf :20 ¼ f7 �

qp:t
in �up:t

rf :x þ up:t
rf :y þ up:t

rf :z

� �
12

; ð152Þ

f p
rf :17 ¼

qp:mi
in up:mi

rf :y � qp:f
in up:f

rf :y

6
þ

3qp:mw
in up:mw

rf :y � up:mw
rf :z

� �
þ 3qp:e

in up:e
rf :y � up:e

rf :z

� �
� 3f 11 þ 4f 16 þ f5 � f6 þ f12 � f13 � f14

4
; ð153Þ

f p
rf :4 ¼

7f 3 � f0 � f1 � f5 � f2 � f6 þ qmi
in up;mi

rf :y þ qp:f
in up;f

rf :y þ qp:t
in up;t

rf :y þ qp:m
in up:m

u:y

3
; ð154Þ

f p
rf :8 ¼

4f 9 þ 4f 4 þ f1 � f2 þ f11 � f12 þ f13 � f14 � 3qp:mw
in �up:mw

rf :x þ up:mw
rf :y

� �
� 3qp:e

in �up:e
rf :x þ up:e

rf :y

� �
4

�
qp:mi

in up:mi
rf :y þ qp:f

in up:f
rf :y

6
;

ð155Þ

f p
rf :18 ¼

4f 15 þ 4f 9 � f5 þ f6 � f11 � f12 þ f13 þ f14 � 3qp:mw
in up:mw

rf :y þ up:mw
rf :z

� �
� 3qp:e

in up:e
rf :y þ up:e

rf :z

� �
4

�
qp:mi

in up:mi
rf :y � qp:f

in up:f
rf :y

6
:

ð156Þ
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6.1.2. VC
For the front inlet and rear outlet case, f v

fr:i (i = 26,15,19,9,3,7,24,16,21), can be defined as
f v
fr:26 ¼ f13 þ

qv :t
in �ut

fr:x þ ut
fr:y þ ut

fr:z

� �
12

f v
fr:24 ¼ f11 þ

qv:t
in ut

fr:y � ut
fr:x � ut

fr:z

� �
12

f v
fr:21 ¼ f10 þ

qv :t
in uv:t

fr:x þ uv:t
fr:y � uv :t

fr:z

� �
12

f v
fr:19 ¼ f8 þ

qv:t
in uv:t

fr:x þ uv:t
fr:y þ uv:t

fr:z

� �
12

; ð157Þ

f v
fr:15 ¼

qv:mi
fr:in uv:mi

y þ qv:f
fr:inuv:f

y

6
�

qv:mi
fr:in

qv:mi
fr:in � 3

þ
qv:f

fr:in

qv:f
fr:in � 3

 !
f6 � 4f 18 � 4f 10 � f5 � f11 � f12 þ f13 þ f14

2

� 	

þ
3qv:mw

fr:in uv :mw
fr:y þ uv:mw

fr:z

� �
þ 3qv :e

fr:in uv:e
fr:y þ uv:e

fr:z

� �
4

; ð158Þ

f v
fr:9 ¼

qv :mi
fr:in uv:mi

y þ qv:f
fr:inuv:f

y

6
þ

qv:mi
fr:in

qv:mi
fr:in � 3

þ
qv:f

fr:in

qv:f
fr:in � 3

 !
4f 8 þ 4f 3 þ f2 � f1 � f11 þ f12 � f13 þ f14

2

� 	

þ
3qv:mw

fr:in �uv:mw
fr:x þ uv:mw

fr:y

� �
þ 3qv:e

fr:in �uv:e
fr:x þ uv:e

fr:y

� �
4

; ð159Þ

f v
fr:3 ¼

qv :mi
fr:in uv:mi

y þ qv:e
fr:inuv:e

y þ qv:t
in uv:t

fr:y þ qv:m
in uv:m

fr:y þ 11f 4 þ f1 þ f5 þ f2 þ f6

3
; ð160Þ

f v
fr:7 ¼

qv :mi
fr:in uv:mi

y þ qv:f
fr:inuv:f

y

6
�

qv:mi
fr:in

qv:mi
fr:in � 3

þ
qv:f

fr:in

qv:f
fr:in � 3

 !
f2 � 4f 10 � 4f 2 � f1 � f11 þ f12 � f13 þ f14

2

� 	

þ
3qv:mw

fr:in uv:mw
fr:x þ uv:mw

fr:y

� �
þ 3qv:e

fr:in uv:e
fr:x þ uv:e

fr:y

� �
4

; ð161Þ

f¼fr:16

qv:mi
fr:in uv:mi

y þ qv :f
fr:inuv:f

y

6
þ

qv:mi
fr:in

qv:mi
fr:in � 3

þ
qv:f

fr:in

qv:f
fr:in � 3

 !
4f 17 þ 4f 12 þ f6 � f5 � f11 � f12 þ f13 þ f14

2

� 	

þ
3qv:mw

fr:in uv :mw
fr:y � uv:mw

fr:z

� �
þ 3qv :e

fr:in uv:e
fr:y � uv:e

fr:z

� �
4

; ð162Þ
For rear inlet and front outlet case, f v
rf :i (i = 22,17,23,10,4,8,20,18,25) can be defined as
f v
rf :22 ¼ f v

9 �
qv:t

in uv:t
rf :x þ uv:t

rf :y � uv :t
rf :z

� �
12

f v
rf :20 ¼ f7 �

qv :t
in �uv:t

rf :x þ uv:t
rf :y þ uv:t

rf :z

� �
12

f v
rf :23 ¼ f12 �

qv :t
in �uv:t

rf :x þ uv:t
rf :y � uv:t

rf :z

� �
12

f v
rf :25 ¼ f14 �

qv :t
in �uv:t

rf :x þ uv:t
rf :y � uv:t

rf :z

� �
12

; ð163Þ

f v
rf :17 ¼

qv:mi
rf :in uv:mi

y þ qv:f
rf :inuv:f

y

6
�

qv:mi
rf :in

qv :mi
rf :in � 3

þ
qv :f

rf :in

qv:f
rf :in � 3

 !
2f 16 þ f11 þ f6 � f5 � f12 þ f13 þ f14

2

� 	

�
3qv:mw

rf :in uv:mw
rf :y � uv:mw

rf :z

� �
þ 3qv :e

rf :in uv:e
rf :y � uv:e

rf :z

� �
4

; ð164Þ

f v
rf :10 ¼

qv:mi
rf :in

2 qv:mi
rf :in � 3

� �þ qv:e
rf :in

2 qv:e
rf :in � 3

� �
0
@

1
A 2f 7 þ f1 þ f2 � f11 þ f12 � f13 þ f14

2

� 	
�

qv:mi
in uv:mi

rf :y þ qv:e
in uv :e

rf :y

6

�
3qv:mw

rf :in uv:mw
rf :x þ uv:mw

rf :y

� �
þ 3qv :e

rf :in uv:e
rf :x þ uv:e

rf :y

� �
4

; ð165Þ

f v
rf :4 ¼

11f 3 � f0 � f1 � f5 � f2 � f6 � qv:mi
rf :in uv :mi

rf � qv:e
rf :inuv:e

rf � qv :t
in uv:t

rf :y � qv:m
in uv:m

rf :y

3
; ð166Þ
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f v
rf :8 ¼

qv:mi
rf :in

qv :mi
rf :in � 3

þ
qv :f

rf :in

qv:e
rf :in � 3

 !
2f 9 � f2 þ 2f 4 þ f1 þ f11 � f12 þ f13 � f14

2

� 	
�

qv:mi
rf :in umi

y þ qv:f
rf :inuv:f

y

6

�
3qv:mw

rf :in �uv:mw
rf :x þ uv:mw

rf :y

� �
þ 3qv:e

rf :in �uv:e
rf :x þ uv:e

rf :y

� �
4

; ð167Þ

f v
rf :18 ¼

qv:mi
rf :in

qv:mi
rf :in � 3

þ
qv:f

rf :in

qv:f
rf :in � 3

 !
2f 15 þ 2f 9 þ f6 � f5 � f11 � f12 þ f13 þ f14

2

� 	
�

qv :mi
rf :in uv:mi

y þ qv:f
rf :inuv:f

y

6

�
3qv:mw

rf :in uv :mw
rf :y þ uv :mw

rf :z

� �
þ 3qv:e

rf :in uv:e
rf :y þ uv:e

rf :z

� �
4

: ð168Þ
6.2. South-north flow

As shown in Fig. 6b, when the extended fluid flow direction is from south to north, after streaming, the unknown distri-
bution functions are fsn:i (i = 26,12,22,15,5,17,19,11,23), on the contrary, the unknown distribution functions are fns:i

(i = 20,14,24,18,6,16,25,13,21).

6.2.1. PC
For the south inlet and north outlet case, f p:mi

sn:i (i = 26,12,22,15,5,17,19,11,23) can be defined as
f p
sn:26 ¼ f t

13 �
qt

in �up:t
sn:x þ up:t

sn:y þ up:t
sn:z

� �
12

f p
sn:19 ¼ f8 �

qp:t
in �up:t

sn:x � up:t
sn:y þ up:t

sn:z

� �
12

f p
sn:26 ¼ f12 �

qp:t
in up:t

sn:x � up:t
sn:y þ up:t

sn:z

� �
12

f p
sn:22 ¼ f9 �

qp:t
in up:t

ns:x � up:t
ns:y þ up:t

ns:z

� �
12

; ð169Þ

f p
sn:12 ¼

3qp:mw
in �up:mw

sn:y þ up:mw
sn:z

� �
þ 3qp:e

in �up:e
sn:y þ up:e

sn:z

� �
� f8 þ 4f 13 þ 3f 7 � f1 þ f2 þ f9 þ f10

4
þ qp:mi

in up:mi
sn:z þ qp:f

in up:f
sn:z

6
; ð170Þ

f p
sn:15 ¼

qp:mi
in up:mi

sn:z þqp:f
in up:f

sn:z

6
þ4f 18þ4f 10þ f mi

3 � f mi
4 þ f mi

7 � f mi
8 þ f mi

9 � f mi
10 þ3qmw

in �up:mw
sn:x þup:mw

sn:zð Þþ3qp:e
in �up:e

sn:xþup:e
sn:zð Þ

4
;

ð171Þ

f p
sn:5 ¼

qp:mi
in up:mi

sn:z þ qp:e
in up:e

sn:z þ qp:m
in up:m

sn:z þ 7f 6 � f0 � f4 � f3 � f2 � f1

3
þ

3qp:e
in up:e

sn:y þ up:e
sn:z

� �
4

; ð172Þ

f p
sn:17 ¼

qp:mi
in up:mi

sn:z þ qp:f
in up:f

sn:z

6
þ 4f 16 þ 4f 11 � f3 þ f4 � f7 þ f8 � f9 þ f10 þ 3qp:mw

in up:mw
sn:x þ up:mw

sn:zð Þ þ 3qp:e
in up:e

sn:x þ up:e
sn:zð Þ

4
;

ð173Þ

f p
sn:11 ¼

qp:mi
in up:mi

sn:z þ qp:f
in up:f

sn:z

6
þ

4f 14 þ 4f 6 � f mi
1 þ f mi

2 � f mi
7 � f mi

8 þ f mi
9 þ f mi

10 þ 3qp:mw
in up:mw

sn:y þ up:mw
sn:z

� �
þ 3qp:e

in up:e
sn:y þ up:e

sn:z

� �
4

:

ð174Þ
For the north inlet and south outlet case, f p:mi
ns:i (i = 20,14,24,18,6,16,25,13,21) can be defined as
f p
ns:20 ¼ f7 þ

qp:t
in �up:t

ns:x � up:t
ns:y þ up:t

ns:z

� �
12

f p
ns:21 ¼ f10 þ

qp:t
in up:t

ns:x � up:t
ns:y þ up:t

ns:z

� �
12

f p
ns:24 ¼ f11 þ

qp:t
in up:t

ns:x � up:t
ns:y þ up:t

ns:z

� �
12

f p
ns:25 ¼ f14 þ

qp:t
in �up:t

ns:x þ up:t
ns:y þ up:t

ns:z

� �
12

; ð175Þ

f p
ns:14 ¼

3qp:mw
in up:mw

ns:y þ up:mw
ns:z

� �
þ 3qp:e

in up:e
ns:y þ up:e

ns:z

� �
� f1 þ f2 � f7 � f8 þ f9 þ f10 þ 2f 11 þ 2f 5

4
� qp:mi

in up:mi
ns:z þ qp:f

in up:f
ns:z

6
;

ð176Þ

f p
ns:18 ¼

2f 15þ2f 10� f3þ f4� f7þ f8� f9þ f10þ3qp:mw
in �up:mw

ns:x þup:mw
ns:zð Þþ3qe:mw

in �ue:mw
ns:x þue:mw

ns:z

� �
4

�qp:mi
in up:mi

ns:z þqp:f
in up:f

ns:z

6
;

ð177Þ
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f p
ns:6 ¼

qp:t
in up:t

ns:z þ qp:m
in up:m

ns:z � qp:mi
in up:mi

ns:z � qp:f
in up:f

ns:z � 11f 5 � f0 � f4 � f3 � f1 � f2

3
; ð178Þ

f p
ns:16 ¼

2f 17 þ 2f 12 þ f3 � f4 þ f7 � f8 þ f9 � f10 � 3qp:mw
in up:mw

ns:x þ up:mw
ns:zð Þ � 3qp:e

in up:e
ns:x þ up:e

ns:zð Þ
4

� qp:mi
in up:mi

sn:z þ qp:f
in up:f

sn:z

6
;

ð179Þ

f p
ns:13 ¼

4f 12 þ 5f 8 þ f1 � f2 þ f7 � f9 � f10 � 3qp:mw
in �up:mw

ns:y þ up:mw
ns:z

� �
� 3qp:e

in �up:e
ns:y þ up:e

ns:z

� �
4

� qp:mi
in up:mi

ns:z þ qp:f
in up:f

ns:z

6
: ð180Þ
6.2.2. VC
For the south inlet and north outlet case, f v :mi

sn:i (i = 26,12,22,15,5,17,19,11,23) are defined as
f v
sn:26 ¼ f13 �

qv :t
in �uv:t

sn:x þ uv:t
sn:y þ uv :t

sn:z

� �
12

f v
sn:19 ¼ f8 �

qv
in �uv:t

sn:x � uv :t
sn:y þ uv:t

sn:z

� �
12

f v
sn:22 ¼ f9 �

qv:t
in uv:t

sn:x � uv:t
sn:y þ uv :t

sn:z

� �
12

f v
sn:23 ¼ f12 �

qv:t
in uv:t

sn:x � uv:t
sn:y þ uv:t

sn:z

� �
12

; ð181Þ

f v
sn:12 ¼

qv:mi
sn:inumi

z þ qv :f
sn:inuv :f

z

6
� qv:mi

sn:in

qv:mi
sn:in � 3

þ qv:f
sn:in

qv:f
sn:in � 3

 !
f1 � f2 � f7 þ f8 � f9 � f10 � 2f 13

2

� 	

þ
3qv:mw

sn:in �uv:mw
sn:y þ uv:mw

sn:z

� �
þ 3qv:e

sn:in �uv:e
sn:y þ uv:e

sn:z

� �
4

; ð182Þ

f v
sn:15 ¼

qv:mi
sn:inumi

z þ qv :f
sn:inuf

z

6
þ qv :mi

sn:in

2 qv:mi
sn:in � 3

� �þ qv:f
sn:in

2 qv:f
sn:in � 3

� �
0
@

1
A f3 � f4 þ f7 � f8 þ f9 þ f10 þ 2f 18

2

� 	

þ
3qv:mw

sn:in �uv:mw
sn:x þ uv:mw

sn:z

� �
þ 3qv:e

sn:in �uv:e
sn:x þ uv:e

sn:z

� �
4

; ð183Þ

f v
sn:5 ¼

qv:mi
sn:inuv:mi

z þ qv:f
sn:inuv:f

z � qv:t
in uv:t

sn:z þ qv:m
in uv:m

sn:z þ 11f 6 þ f0 þ f4 þ f3 þ f2 þ f1

3
; ð184Þ

f v
sn:17 ¼

qv:mi
sn:inuv:mi

z þ qv :f
sn:inuv :f

z

6
� qv:mi

sn:in

qv:mi
sn:in � 3

þ qv :f
sn:in

qv:f
sn:in � 3

 !
f3 � f4 þ f7 � f8 þ f9 � f10 � 2f 16 � 2f 11

2

� 	

þ
3qv:mw

sn:in uv:mw
sn:x þ uv:mw

sn:z

� �
þ 3qv :e

sn:in uv:e
sn:x þ uv:e

sn:z

� �
4

; ð185Þ

f v
sn:11 ¼

qv:mi
sn:inuv:mi

z þ qv :f
sn:inuv :f

z

6
� qv:mi

sn:in

qv:mi
sn:in � 3

� qv :f
sn:in

qv:f
sn:in � 3

 !
f1 � f2 þ f7 þ f8 � f9 � f10 � 2f 14 � 2f 6

2

� 	

þ
3qv:mw

sn;in uv:mw
sn:y þ uv:mw

sn:z

� �
þ 3qv:e

sn;in uv:e
sn:y þ uv :e

sn:z

� �
4

: ð186Þ
For north inlet and south outlet case, f v :mi
ns:i (i = 20,14,24,18,6,16,25,13,21) are defined as
f v
ns:20 ¼ f7 þ

qv:t
in �uv:t

ns:x � uv:t
ns:y þ uv:t

ns:z

� �
12

f v
ns:21 ¼ f10 þ

qv :t
in uv:t

ns:x � uv :t
ns:y þ uv:t

ns:z

� �
12

f v
ns:24 ¼ f11 þ

qv :t
in ut

ns:x � ut
ns:y þ ut

ns:z

� �
12

f v
ns:25 ¼ f14 þ

qv:t
in �ut

ns:x þ ut
ns:y þ ut

ns:z

� �
12

; ð187Þ

f v
ns:14 ¼ �

qv:mi
ns:inuv:mi

z þ qv:f
ns:inuv:f

z

6
� qv:mi

ns:in

qv:mi
ns:in � 3

þ qv:f
ns:in

qv:f
ns:in � 3

 !
f7 � 2f 11 � 2f 5 þ f1 � f2 þ f8 � f9 � f10

2

� 	

þ
3qv:mw

ns:in uv:mw
ns:y þ uv:mw

ns:z

� �
þ 3qv:e

ns:in uv:e
ns:y þ uv :e

ns:z

� �
4

; ð188Þ
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f v
ns:18 ¼ �

qv:mi
ns:inuv:mi

z þ qv :f
ns:inuv :f

z

6
� qv:mi

ns:in

qv:mi
ns:in � 3

þ qv:f
ns:in

qv:f
ns:in � 3

 !
f7 � 2f 15 � 2f 10 � f3 � f4 þ�f8 þ f9 � f10

2

� 	

þ
3qv:mw

ns:in uv:mw
ns:z þ uv:mw

ns:x

� �
þ 3qv:e

ns:in uv :e
ns:z þ uv:e

ns:x

� �
4

; ð189Þ

f v
ns:6 ¼

f0 þ f4 þ f3 þ f1 þ f2 � 7f 5 � qv:mi
ns:inuv:mi

z � qv:f
ns:inuv:f

z � qv:t
in uv:t

ns:z � qm:t
in um:t

ns:z

3
; ð190Þ

f v
ns:16 ¼

qv:mi
ns:in

qv:mi
ns:in � 3

þ qv:f
ns:in

qv:f
ns:in � 3

 !
2f 17 þ 2f 12 þ f3 � f4 þ f7 � f8 þ f9 � f10

2

� 	
� qv :mi

ns:inuv:mi
z þ qv:f

ns:inuv:f
z

6

þ�
3qv:mw

ns:in uv:mw
ns:x þ uv:mw

ns:z

� �
þ 3qv :e

ns:in uv:e
ns:x þ uv:e

ns:z

� �
4

; ð191Þ

f v
ns:13 ¼

qv:mi
ns:in

qv:mi
ns:in � 3

þ qv:f
ns:in

qv:f
ns:in � 3

 !
f1 � f2 þ f7 þ f8 � f9 � f10 þ 2f 12 þ 2f 8

2

� 	
� qv:mi

ns:inuv:mi
z þ qv:f

ns:inuv:f
z

6

þ�
3qv:mw

ns:in uv:mw
ns:z � uv:mw

ns:y

� �
þ 3qv:e

ns:in uv:e
ns:z � uv :e

ns:y

� �
4

: ð192Þ
6.3. West-east flow

As shown in Fig. 6c, when the extended fluid flow direction is from west to east, after streaming, the unknown distribu-
tion functions are fwe:i (i = 23,11,19,8,1,7,25,13,21), on the contrary, the unknown distribution functions are few:i

(i = 22,12,26,10,2,9,20,14,24).

6.3.1. PC
For the west inlet and east outlet case, f p

we:i (i = 23,11,19,8,1,7,25,13,21) as defined as
f p
we:23 ¼ f12 þ

qp:t
in up:t

we:x þ up:t
we:y � up:t

we:z

� �
12

f p
we:21 ¼ f10 þ

qp:t
in up:t

we:x � up:t
we:y � up:t

we:z

� �
12

f p
we:25 ¼ f14 þ

qp:t
in up:t

we:x � up:t
we:y þ up:t

we:z

� �
12

f p
we:19 ¼ f8 þ

qp:t
in up:t

we:x � up:t
we:y � up:t

we:z

� �
12

; ð193Þ

f¼we:11
qp:mi

in up:mi
we:x þ qp;f

in up:f
we:x

6
þ

4f 14 þ 3f 6 þ f5 þ f15 � f16 þ f17 � f18 þ 3qp:mw
in up:mw

we:x þ up:mw
we:y

� �
þ 3qp:e

in up:e
we:x þ up:e

we:y

� �
4

; ð194Þ

f p
we:8 ¼

qp:mi
in up:mi

we:x þ qp:f
in up:f

we:x

6
þ 4f 9 þ 5f 4 � f3 � f15 � f16 þ f17 þ f18 þ 3qp:mw

in up:mw
we:x þ up:mw

we:zð Þ þ 3qp:e
in up:e

we:x þ up:e
we:zð Þ

4
; ð195Þ

f p
we:1 ¼

qp:mi
in up:mi

we:x þ qp:f
in up:f

we:x þ qp:t
in up:t

we:x þ qp:m
in up:m

we:x � f0 � f4 � f3 � f5 � f6 þ 7f 2

3
; ð196Þ

f p
we:7 ¼

qp:mi
in up:mi

we:x þ qp:f
in up:f

we:x

6
þ

4f 10 þ 4f 8 þ f3 � f4 þ f15 þ f16 � f17 � f18 þ 3qp:mw
in up:mw

we:x � up:mw
we:y

� �
þ 3qp:e

in up:e
we:x � up:e

we:y

� �
4

;

ð197Þ

f p
we:13 ¼

qp:mi
in up:mi

we:x þ qp:f
in up:f

we:x

6
�

4f 12 þ 4f 8 þ f5 � f6 þ f15 � f16 þ f17 � f18 þ 3qmw
in up:mw

we:x � up:mw
we:y

� �
þ 3qe

in up:e
we:x � up:e

we:y

� �
4

:

ð198Þ
For the east inlet and west outlet case, f p
ew:i (i = 22,12,26,10,2,9,20,14,24) are defined as,
f p
ew:22 ¼ f p:t

9 �
qp:t

in up:t
ew:x � up:t

ew:y � up:t
ew:z

� �
12

f p
ew:24 ¼ f11 þ

qp:t
in up:t

ew:x þ up:t
ew:y � up:t

ew:z

� �
12

f p
ew:20 ¼ f7 þ

qp:t
in up:t

ew:x þ up:t
ew:y � up:t

ew:z

� �
12

f p
ew:26 ¼ f13 �

qp:t
in up:t

ew:x � up:t
ew:y þ up:t

ew:z

� �
12

; ð199Þ
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f p
ew:12 ¼

qp:mi
in up:mi

ew:x þ qp:f
in up:f

ew:x

6
þ

4f 13 þ 4f 7 þ f5 � f6 þ f15 � f16 þ f17 � f18 þ 3qmw
in up:mw

ew:x � up:mw
ew:y

� �
þ 3qe

in up:e
ew:x � up:e

ew:y

� �
4

;

ð200Þ

f p:
ew:10 ¼ �

qp:mi
in up:mi

ew:x þ qp:f
in up:f

ew:x

6
þ 4f 7 þ 4f 1 � f3 þ f4 � f15 � f16 þ f17 þ f18 � 3qp:mw

in up:mw
ew:x � up:mw

ew:zð Þ � 3qp:e
in up:e

ew:x � up:e
ew:zð Þ

4
;

ð201Þ

f p
ew:2 ¼

9f 1 þ f0 þ f4 þ f3 þ f5 þ f6 � qp:mi
in up:mi

ew:x � qp:f
in up:f

ew:x � qp:t
in up:t

ew:x � qp:m
in

3
; ð202Þ

f p
ew:9 ¼ f8 þ f3 �

qp:mi
in up:mi

ew:x þ qp:f
in up:f

ew:x

6
��f3 þ f4 � f15 � f16 þ f17 þ f18 þ 3qp:mw

in up:mw
ew:x þ up:mw

ew:zð Þ þ 3qp:e
in up:e

ew:x þ up:e
ew:zð Þ

4
;

ð203Þ

f p
ew:14 ¼ f11 þ f5 �

qp:mi
in up:mi

ew:x þ qp:f
in up:f

ew:x

6
�
�f3 þ f4 � f15 � f16 þ f17 þ f18 � 3qp:mw

in up:mw
ew:x þ up:mw

ew:y

� �
� 3qp:e

in up:e
ew:x þ up:e

ew:y

� �
4

:

ð204Þ
6.3.2. VC
For the west inlet and east outlet case, f v

we:i (i = 23,11,19,8,1,7,25,13,21), are defined as
f v
we:23 ¼ f12 þ

qv:t
we:in uv :t

we:x þ uv:t
we:y � uv:t

we:z

� �
12

f v
we:25 ¼ f14 þ

qv:t
we:in uv :t

we:x � uv:t
we:y þ uv:t

we:z

� �
12

f v
we:21 ¼ f10 þ

qv:t
we:in uv :t

we:x � uv:t
we:y � uv:t

we:z

� �
12

f v
we:19 ¼ f8 þ

qv:t
we:in uv:t

we:x � uv :t
we:y � uv:t

we:z

� �
12

; ð205Þ

f v
ew:11 ¼

qv:mi
ew:in

qv:mi
ew:in � 3

þ qv:f
ew:in

qv:f
ew:in � 3

 !
f14 þ f5 þ f6 þ f15 � f16 þ f17 � f18

2

� 	
þ qv :mi

ew:inuv:mi
x þ qv:f

ew:inuv :f
x

6

þ
3qv:mw

we:in uv:mw
we:x þ uv:mw

we:y

� �
þ 3qv:e

we:in uv:e
we:x þ uv:e

we:y

� �
4

; ð206Þ

f v :mi
ew:8 ¼

qv:mi
ew:in

qv:mi
ew:in � 3

þ qv:f
ew:in

qv:f
ew:in � 3

 !
2f 9 � f3 � f4 � f15 � f16 þ f17 þ f18

2

� 	
þ qv:mi

ew:inuv:mi
x þ qv:f

ew:inuv:f
x

6

þ
3qv:mw

se:in uv:mw
we:x þ uv:mw

we:z

� �
þ 3qv :e

se:in uv :e
we:x þ uv:e

we:z

� �
4

; ð207Þ

f v
ew:1 ¼

qv:mi
ew:inuv:mi

x þ qv :f
ew:inuv:f

x þ qv:t
we:inuv:m

we:x þ qv:m
we:inuv :m

we:x þ 11f 2 þ f0 þ f4 þ f3 þ f5 þ f6

3
; ð208Þ

f v
ew:7 ¼

qv:mi
ew:in

qv:mi
ew:in � 3

þ qv :f
ew:in

qv:f
ew:in � 3

 !
f15 � f10 � f2 þ f3 � f4 þ f16 � f17 � f18

2

� 	
þ qv:mi

ew:inuv:mi
ew:x þ qv :f

ew:inuv:f
ew:x

6

þ
3qv:mw

we:in uv:mw
we:x � uv:mw

we:z

� �
þ 3qv:e

we:in uv:e
we:x � uv:e

we:z

� �
4

; ð209Þ

f v
ew:13 ¼

qv:mi
ew:in

qv:mi
ew:in � 3

þ qv:f
ew:in

qv:f
ew:in � 3

 !
f3 þ 2f 12 þ 2f 8 � f4 þ f15 þ f16 � f17 � f18

2

� 	
þ qv:mi

ew:inuv:mi
x þ qv :f

ew:inuv:f
x

6

þ
qv:mw

we:in uv:mw
we:x � uv:mw

we:z

� �
þ qv:e

we:in uv:e
we:x � uv:e

we:z

� �
4

: ð210Þ
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For the east inlet and west outlet case, f v
ew:i (i = 22,12,26,10,2,9,20,14,24) are defined as,
Fig. 7.
(1B)-15
� 141.6
f v
ew:26 ¼ f13 �

qv :t
ew:in uv:t

ew:x � uv:t
ew:y þ uv:t

ew:z

� �
12

f v
ew:22 ¼ f9 �

qv:t
ew:in uv:t

ew:x � uv:t
ew:y � uv:t

ew:z

� �
12

f v
ew:24 ¼ f11 þ

qv :t
ew:in uv:t

ew:x þ uv:t
ew:y � uv:t

ew:z

� �
12

f v
ew:20 ¼ f7 þ

qv:t
ew:in uv:t

ew:x þ uv:t
ew:y � uv:t

ew:z

� �
12

; ð211Þ

f v
ew:12 ¼

qv:mi
we:in

qv:mi
we:in � 3

þ qv:f
we:in

qv:f
we:in � 3

 !
2f 13 þ 2f 7 þ f5 � f6 þ f15 � f16 þ f17 � f18ð Þ

2
� qv:mi

we:inumi
x þ qv:f

we:inuv:f
x

6

þ
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Fukushima Cesium-137 penetration and diffusion D3Q27 model. (1A)-The land penetration and diffusion model [E140.25� � 141.021�;N37� � 39�];
0 Km range penetration and diffusion model [E139.4� � 142.4�;N35.8� � 38.8�]; (1C)-100 Km range penetration and diffusion model [E140.15�
5�;N36.55� � 38�]; (1D)-50 Km range penetration and diffusion model [E140.4� � 141.4�;N36.8� � 37.8�].



Fig. 8. Penetration and diffusion process as function of time and spatial variables. (A.) 6 months after 2009 Japan-Honshu 9.0 Earthquake; (B.) 12 months
after 2009 Japan-Honshu 9.0 Earthquake; (C.) 18 months after 2009 Japan-Honshu 9.0 Earthquake.
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7. Application

To verify the precision, stability and convergent valid of the extended hybrid boundary conditions, the typical extended
3D flow driven pore-crack network Fukushima nuclear plant leak accident model is considered and the penetration process
of Cesium-137 at different temporal spatial scales have been calculated.

As shown in Fig. 7, the multi temporal spatial scale Fukushima Cesium-137 penetration and diffusion D3Q27 LBM model
is established.

The penetration and diffusion process as function of time and spatial variables are shown in the Fig. 8. After the disaster,
Cesium-137 penetration and diffusion into seawater/stratum fastly and the preferred direction of diffusion is Pacific Ocean
zone. After six months, the nuclear leak will reach to the bottom of Pacific Ocean, and the preferred direction of diffusion is
change to crust zone. Over another twelve months the nuclear leak will diffuse to all zones (100 Km � 100 Km) and at this
time the content of Cesium-137 close to the surface of the Earth begin reduce. In engineer practice, this can help understand
the extended fluid flow mechanism in various porosity composites and analyze the extended fluid flow varying mechanism
on nuclear leak problem.
8. Conclusions

In this paper, the extended hybrid electronic-ionic, thermal, electromagnetic (weak and strong coupled conditions) and
force couple fields pressure and velocity boundary conditions for the lattice Boltzmann model is established.

The numerical model of an extended fluid flow driven pore-crack network is proposed to examine the accurate of the hy-
brid boundary condition. The simulation verify that the precision, stability and convergent valid is satisfied.
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