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Abstract

In the continuous theory of defects in nonlinear elastic solids, it is known that a distribution of disclina-
tions leads, in general, to a non-trivial residual stress field. To study this problem we consider the particular
case of determining the residual stress field of a cylindrically-symmetric distribution of parallel wedge discli-
nations. We first use the tools of differential geometry to construct a Riemaniann material manifold in
which the body is stress-free. This manifold is metric compatible, has zero torsion, but has non-vanishing
curvature. The problem then reduces to embed this manifold in Euclidean 3-space following the procedure of
a classical nonlinear elastic problem. We show that this embedding can be elegantly accomplished by using
Cartan’s method of moving frames and compute explicitly the residual stress field for various distributions
in the case of a neo-Hookean material.

1 Introduction

Disclinations were introduced by Volterra [1907] more than a century ago. Disclinations are the rotational
counterpart of dislocations (translational defects) but are not as well studied. For classical works on disclinations
see [Anthony, 2002; de Wit, 1960, 1972, 1973; Eshelby, 1966; Kossecka and de Wit, 1977; Kroner and Anthony,
1975; Kroupa and Lejéek, 2002; Kuo and Mura, 1972; Romanov and Vladimirov, 1983; Romanov, 1993] and
references therein. See also [Romanov, 2003; Romanov and Kolesnikova, 2009] for recent reviews. Here, we are
interested in the continuum mechanics of nonlinear solids with distributed disclinations and the residual stress
field generated by distributed disclinations. Most of the existing treatments are linear with the exception of the
monograph of Zubov [1997].

In §2 we briefly review some definitions and concepts from differential geometry and, in particular, Cartan’s
moving frames. In §3 we start with a single wedge disclination in an infinite body and motivated by Volterra’s
construction, we build a manifold with a singular distribution of Riemann curvature. We then look at the
problem of a parallel cylindrically-symmetric distribution of wedge disclinations in §4. Using Cartan’s structural
equations we obtain an orthonormal coframe field and hence the material metric. Having the material metric
we calculate the residual stress field. Conclusions are given in §5.

2 Cartan’s Moving Frames and Geometric Elasticity

Throughout this paper, we rely on a comprehensive formulation of anelastic problems [Yavari and Goriely, 2011]
using differential geometry. We tersely review the theory before proceeding with the application to disclinations.

Differential Geometry. We first review some facts about affine connections on manifolds and geometry of
Riemann-Cartan manifolds. For more details see Nakahara [2003]. Let w : E — B be a vector bundle over a
manifold B and let £(B) be the space of smooth sections of E. A connection in F is a map V : X(B) x £(B) —
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E(B) such that V f, f1, fo € C*(B), ¥V a1,a2 € R:

Z) vle1+f2X2Yv = flVX1Y+f2vX2Y7 (21)
i) Vx(a1Yi+a2Ys) =a1Vx(Y1)+a2Vx(Ya),
i) Vx(FY) = fTxY + (X)Y.

A linear connection on B is a connection in T8, ie., V : X(B) x X(B) — X(B). In a local chart {X4},
Vo,0p = I'C A0c, where T'C 4 5 are the Christoffel symbols of the connection and 94 = 8% are natural bases
for the tangent space corresponding to a coordinate chart {#}. A linear connection is said to be compatible
with a metric G of the manifold if

Vx (Y, Z)q = (VxY,Z)g + (Y, VxZ)g, (2.4)

where ((.,.))g is the inner product induced by the metric G. It can be shown that V is G-compatible if and
only if VG = 0, or in components

oG
Gapic = aTACB —I%caGsp — TP 0pGas = 0. (2.5)

We consider an n-dimensional manifold B with the metric G and a G-compatible connection V. Then (B, G, V)
is called a Riemann-Cartan manifold [Cartan, 1924, 1955, 2001].
The torsion of a connection is a map T : X (B) x X(B) — X(B) defined by

T(X,Y)=VxY - VyX — [X,Y]. (2.6)

In components in a local chart {X4}, T4pc = ' e — 'cp. The connection V is symmetric if it is torsion-
free, i.e. VxY — VyX = [X,Y]. It can be shown that on any Riemannian manifold (B, G) there is a unique
linear connection V that is compatible with G and is torsion-free with the following Christoffel symbols

0Ggep . 0Gap 0Gap
0x4 0XB oxpP )

1
I%ap = 5GCD (2.7)

This is called the Levi-Civita connection. In a manifold with a connection, the curvature is a map R : X(B) x
X(B) x X(B) — X(B) defined by

R(X,Y)Z = VxVvZ - VyVxZ — Vix v|Z, (2.8)

or in components
or4cp  olpp
RA = — MeuT™ep —T4cuTMpp. 2.9
BCD OXB 9xC +1% Ml b cml™ BD (2.9)

Cartan’s Moving Frames. We consider a frame field {e,})_; that forms, at every point of a manifold B,
a basis for the tangent space. We assume that this frame is orthonormal, i.e. ((es,€s))q = dap. This is, in
general, a non-coordinate basis for the tangent space. Given a coordinate basis {J4} an arbitrary frame field
{e,} is obtained by an SO(N,R)-rotation of {94} as e, = Fo*94. We know that for the coordinate frame
[04,0B] = 0 but for the non-coordinate frame field we have

[€q,€q] = =" apey, (2.10)

where ¢?,g are components of the object of anhonolomy.
Connection 1-forms are defined as
Ve, =e, Quw,. (2.11)

The corresponding connection coefficients are defined as Ve e, = (Wa,ep) ey, = wgqe,. In other words
Wl = w75a195. Similarly, we have
VI = —w*,97, (2.12)
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and, Ve, 0% = —wg,497. In the non-coordinate basis, torsion has the following components
Ty = wgy —wyp + "y (2.13)

Similarly, the curvature tensor has the following components with respect to the frame field
R gap = 0w au — Orw gy + W pews s — Wrew® g + W g (2.14)

The metric tensor has the simple representation G = o9 ® 98, Assuming that the connection V is
G-compatible, we obtain the following metric compatibility constraints on the connection 1-forms:

Oayw? g + dgyw™o = 0. (2.15)
Torsion and curvature 2-forms are defined as

T = d9*+w s AIP, (2.16)
'Raﬂ = dwaBera’y/\ww,B, (2.17)

where d is the exterior derivative. These are called Cartan’s structural equations. Bianchi identities read:

DT™ AT+ ws ANTP =R5 NP, (2.18)
DR = dRg+w s AR"g—wig AR =0, (2.19)

where D is the covariant exterior derivative.

Geometric Elasticity. Next we review a few of the basic notions of geometric continuum mechanics. A
body B is identified with a Riemannian manifold B and a configuration of B is a mapping ¢ : B — S, where
S is another Riemannian manifold. The set of all configurations of B is denoted by C. A motion is a curve
c:R — C;t + ¢ in C. It is assumed that the body is stress free in the material manifold'. For a fixed t,
0t (X) = ¢(X, t) and for a fixed X, px(t) = (X, t), where X is position of material points in the undeformed
configuration B. The material velocity is the map Vy : B — T, (x)S given by

Op(X,t d
Vi(X) = V(X,t) = 7@(&5 ) _ Zex(t). (2.20)
Similarly, the material acceleration is defined by
OV (X, t d
AdX) = A(X, 1) = % = ZVx(). (2.21)

In components, A% = %Lta + 7% VPVe, where 74 is the Christoffel symbol of the local coordinate chart {z}.
Note that A does not depend on the connection coeflicients of the material manifold. Here it is assumed
that ; is invertible and regular. The spatial velocity of a regular motion ¢; is defined as vy : ¢:(B) —
T,.x)S, vi = Viop, ! and the spatial acceleration a; is defined as a = v = %;’ + Vyv. In components
a® = %L: + g—;:vb + y%.0P0v¢. The deformation gradient is the tangent map of ¢ and is denoted by F = T'p.
Thus, at each point X € B, it is a linear map

F(X) :TxB — Tw(x)s. (222)
If {x%} and {X“} are local coordinate charts on S and B, respectively, the components of F are

Op®
= oxaX):

1A material manifold is a differentiable manifold B equipped with the appropriate geometry such that the body is stress free.
The appropriate geometry is problem dependent.

F*4(X)

(2.23)
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The transpose of F is defined by FT : T::S — Tx B, (FV,v))g = <<V,FTV>>G, forall Ve IxB, v € IxS. In

components (FT(X))4, = gap(x)F?5(X)GAB(X), where g and G are metric tensors on S and B, respectively.
F has the following local representation

0
F=F° ax4. 2.24
Afra ® (2.24)
The right Cauchy-Green deformation tensor is defined by
C(X):TxB— TxB, C(X)=FX)'F(X). (2.25)

In components, C4;, = (FT)4,F%p. Tt is straightforward to show that C’ = p*(g) = F*gF, ie. Oyp =
(gap © @) F*4F’p. The following are the governing equations of nonlinear elasticity in material coordinates
[Yavari, et al, 20006]

dpo

2P0 _ ), 2.26
o (2.26)

DivP + PQB = poA, (227)

=, (2.28)

where P is the first Piola-Kirchhoff stress and 7 = Jo is the Kirchhoff stress. o is the Cauchy stress, J =
V/det g/ det G det F is the Jacobian, and ¢%* = L Pa4F? .

Continuum mechanics of solids with distributed disclinations. A body with distributed disclinations
has residual stresses, in general. This means that classical nonlinear elasticity based on a stress-free reference
configuration cannot be directly used. One idea would be to locally decompose the deformation gradient into
elastic and in-elastic parts. This has been the main idea behind almost all the existing treatments of solids with
distributed defects. Here, instead we try to geometrically characterize a stress-free reference configuration. In
the case of solids with distributed disclinations this stress-free state can be realized as a Riemannian manifold
with a non-trivial geometry (see Fig. 2.1). This idea in the case of solids with distributed dislocations goes
back to Kondo [Kondo, 1955] and Bilby [Bilby, et al., 1955]. See also Yavari and Goriely [2011] for more
details. A similar idea was developed in [Ozakin and Yavari, 2009] for nonlinear thermoelasticity and in [Yavari,
2010] for solids with bulk growth. Here, we use a geometric framework for solids with distributed disclinations.
We assume a fixed given distribution of wedge disclinations and calculate the residual stress field induced by
disclinations.

Figure 2.1: Kinematic description of a continuum with distributed disclinations. The material manifold has a dynamic metric

G(t).

3 A Single Wedge Disclination

We start with a single wedge disclination in an infinite elastic solid. We use Volterra’s cut-and-weld approach
to construct the material manifold. We do this more systematically in the next section using Cartan’s method
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of moving frames. This was done elsewhere for dislocations [Yavari and Goriely, 2011].

zZ zZ
A

(A
&

Bo B

Figure 3.1: Material manifold of a single positive wedge disclination. B is constructed from Bo wusing Volterra’s cut-and-weld
operation.

Material manifold. Let us denote the Euclidean 3-space by By with the flat metric
dS? = dRj + R3d®§ + dZg, (3.1)

in the cylindrical coordinates (Rg, ®g, Zy). Now cut By along the half 2-planes &y = 0 and o = O (0 < B9 <
27). We remove the line R = 0 and the region 0 < ®y < Oy and then identify the two half 2-planes (see Fig.
3.1). We denote the identified manifold by B. Following Tod [1994] we define the following smooth coordinates
on B:

R=Ry, ®=p(Pg—0y), Z=2, (3.2)
where
_ 21
B 2m — @0 o
Note that if instead of removing the region 0 < ®; < ©( (positive disclination) we insert it in (negative
disinclination) we would have a wedge disclination of the opposite sign and in this case

B L. (3.3)

2w

/8:27T+@0<

1. (3.4)

In constructing B from By, the Z-axis is removed. In the new coordinate system the flat metric (3.1) has the
following form

R?
dS? = dR? + ﬁdqﬂ +dZ>. (3.5)
Following Yavari and Goriely [2011], we define the following orthonormal coframe field

9 =dR, ¥?= %d@, 93 =dZ. (3.6)

Note that d9* = d9® = 0 but di* = 5dR A d® = 59" A 9. Note also that B has the following given singular
curvature 2-form:
BB

Rfq = —0pd(R)AR N d® = ——20" A, (3.7)

where 6%(R) is the 2-dimensional Dirac delta distribution. In the next section we show how to use Cartan’s
moving frames to systematically construct the material manifold without any need for Volterra’s cut-and-weld
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process. The material metric for the disclinated body has the following representation
1 0 0
G={o0 & o|. (3.8)
0 0 1

Residual stresses. In the absence of external forces we embed the body in the ambient space (S, g), which
is the flat Euclidean 3-space. We look for solutions of the form (r, ¢, z) = (r(R),®,Z). Note that putting the
disclinated body in the appropriate material manifold the anelasticity problem is transformed to an elasticity
problem from a material manifold with a non-trivial geometry to the Euclidean ambient space. The deformation
gradient is F = diag(r’(R), 1,1) and hence the incompressibility condition reads

J:\/jjsédetF:W:L (3.9)

Assuming that r(0) = 0 to fix the translation invariance, this tells us that r = ﬁR so that

1
VB

0 0
F= 0 1 0 |- (3.10)
0 01

For a neo-Hookean material we have [Marsden and Hughes, 1983]
PaA :/LFGBGAB _p(F—l)bAgab’ (311)

where p = p(R) is the unknown pressure field. The non-zero stress components read

R up® B .
Pt= 5= VBp(R), P ="pg — mp(R), P =p—p(R). (3.12)
The corresponding Cauchy stresses are
rr ps: B .
o :%—p(R), U¢¢:ﬁ_ﬁp(R% o*? = p - p(R). (3.13)

The only no-trivial equilibrium equation is PTA|A = 0, which reads (note that I''g = —R/B?, I'*re = 1/R)

oP™® 1 R
—PrR . —po? =y, 3.14
orR 'R /B (3.14)
Thus ap(R) ) )
P
- Z_ —. 1
) ( ; 5) ! (3.15)
If we consider a finite cylinder with outer radius R, and zero traction at R = R,,, we have
I 1 R
p(R) == — (5)111. 3.16
(=5 —n(s-5)mg (3.16)

The nonzero first Piola-Kirchhoff stress components read

‘R 1 R (B -1) R .z 1 1 R
PR_M\/B<E—6>IHRO, P¢‘1>_RQ(1+1nRO), PZ_“<1_B>+“<B_B)1DRO' (3.17)
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Similarly, the Cauchy stresses (expressed as functions of R) read

2 _
e T R O R

Remark 3.1. Note that in curvilinear coordinates, the components of a tensor may not have the same physical
dimensions. The stress components shown above are not the so-called physical components of Cauchy stress.
The following relation holds between the Cauchy stress components (unbarred) and its physical components
(barred) [Truesdell, 1953]

7" = 0" /Gaagey ~ MO summation on a or b, (3.19)

Note that the spatial metric in cylindrical coordinates has the form diag(1,72,1). This means that for the
nonzero Cauchy stress components we have

2 1
T =", 5% = 2% = %a¢¢ = <5 — B) <1n]§ + 1> , 07 =0, (3.20)

Remark 3.2. When 0y < 1, we have

—rr __ :u’@O E —odp __ MQU E —zz __ /1’@0 E 1
o = —— nRO, 0% =—= lnR0+1 , 0= lnRo—l—2 . (3.21)

These are identical to the classical solutions using linearized elasticity [Eshelby, 1966; de Wit, 1972] when v = %

4 A Parallel Cylindrically-Symmetric Distribution of Wedge Discli-
nations

Given a torsion 2-form one can integrate it over an infinitesimal 2-manifold. Given a dislocation distribution
with a known dislocation density tensor we know the torsion tensor. Therefore, we can compute the torsion 2-
form. Knowing that the material connection is flat and metric compatible we can find the connection coefficients
[Yavari and Goriely, 2011]. In the case of disclinations the material connection is torsion-free but has a non-
vanishing curvature. Again, knowing that the material connection is metric compatible one can calculate the
connection 1-forms given a distributed disclination. We show this in the following example.

Motivated by the first example, let us consider a cylindrically-symmetric distribution of wedge disclinations
parallel to the Z-axis in the cylindrical coordinate system (R, ®,Z).2 We use the following ansatz for the

coframe field
V' =dR, 9? = f(R)d®, °=dZ, (4.1)

for some unknown function f to be determined. Assuming metric compatibility the unknown connection 1-forms

are: w's, w?s,w?1, i.e. the matrix of connection 1-forms has the following form

0 wlg —w31
w=[w% =] —wy 0 w?3 . (4.2)
OJ31 —w23 0

For our disclinated body the material manifold is torsion-free and hence

T'=T*=T°=0. (4.3)
Note that ‘(R
d9' =0, dv? = f'(R)dR A d® = J;((R))ﬁl A2, d9® = 0. (4.4)

2A similar problem was considered in [Derezin and Zubov, 2011] but in 2D.
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By using Cartan’s first structural equations: 7@ = d¥® + w®g A 97, for a = 1,2,3 we obtain

whe =w?1 =0, W’y +w's =0, (4.5)
!
1 J'(R) 2 1 2
Wy =—"—"7—>, w31 =0, wia+twi3=0, (4'6)
f(R)
wW3g = w33 =0, wy +w?i3=0. (4.7)

Therefore, the only nonzero connection coefficient is w'ss. Hence, the connection 1-forms read

1 J'(R) o 2 3
=— 0 w3 =w’; =0. 4.
w2 m 3 1=0 (4.8)
In turn, this implies
dwly = — " )191 A2, dw?s =dwd, =0 (4.9)
2 f(R) ’ 8 ! ' '

We know that for the cylindrically symmetric disclination distribution the curvature 2-forms have the fol-
lowing forms:

w(R) Rw(R)
R's = ———dR A Rd® =

>T Ton or f(R)
where w(R) is the radial density of the wedge disclinations. The second Cartan’s structural equations: R%g =

dw®g + w*y Aw? g give

VA9, R%23=R3 =0, (4.10)

R23 = dw23 + w12 A w31 =0, (411)
R31 = dw31 + w23 A wlg =0, (4.12)
"
R
ng = dwlg +w31 /\w23 = _.];((I%))ﬁ1 A D92, (413)
Comparing (4.10); and (4.13) we see that
F1(B) =~ 2eu(R) (114)
o . .

Calculation of residual stresses. The material metric has the following form:
1 0
G=|0 f3(R) 0 |. (4.15)
0 1

Note that det G = 1. From the material manifold, we obtain the residual stress field by embedding it into the
ambient space, which is assumed to be the Euclidean 3-space. We look for solutions of the form (r,¢,z) =
(r(R),®,Z), and hence det F = 7/(R). Assuming an incompressible neo-Hookean material, incompressibility

dictates
detg r
= detF = "(R) = 1. 4.1
7=V derG 4° "B (4.16)

R 3
HM=GAf@%>7 (4.17)

Assuming that r(0) = 0, we have

with the condition f;* f(&)d¢ > 0.
For a neo-Hookean material we have P4 = pFegGAB —p (F’l)bAg“b, where p = p(R) is the pressure
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field. The first Piola-Kirchhoff stress tensor reads

/ _ PR
i 8) = | p(R) .
= I
P 0 Pwm w0
0 0 p—=p
f(R) r(R)
Hwitry — P 7wy o 0
- 0 i — fwr O ' (4.18)
0 0 H—=p
Similarly, the Cauchy stress reads
nlati) — p(R) 0 0
o= 0 - T’?((RR)) 0 , (4.19)
0 0 B—=p

The only non-trivial equilibrium equation is ¢"%, = o', + %J” — r0%® = 0. This gives us the following

differential equation for p(R):
13

p'(R)=p <2r’r” + TT - Zg) . (4.20)

Knowing that ' = f/r, this differential equation is simplified to read

, JRF(R) PR !
(R) = - _— . (4.21)
S VTG (7 rerae)” SR

We know that traction vanishes on the outer boundary (R = R,), and hence

_ AR
Po= 3Ry (4.22)
Therefore -
AR \ffm) w1
p( ) - M’I”Q(Ro) IU’/R [foﬁ f(é—)dg 4 (fon f(f)dg)Q f(T}) dn (423)

Example 4.1. Let us look at a single wedge disclination for which w(R) = 2w0¢6?(R). Thus, f’(R) =
—%5(}2). Hence

(€]
f(R) =~ RH(R) + C,R + C». (4.24)
We know that when ©g = 0, f(R) = R and thus C; = 1,C3 = 0. Therefore, because R > 0, we have
O R
=R(1-2)R=". 4
rim = (1-50) n=5 (1.25)

This is exactly what we obtained earlier using Volterra’s cut-and-weld construction. See Eq. (3.6). Fig. 4.1
shows ¢"" distribution for both positive and negative single wedge disclinations.

Example 4.2. Uniform disclination distribution w(R) = wp. In this case

wo
f(R)=R— mR3. (4.26)

— _ WO o
r(R) = Ryf1- S22, (4.27)

Thus
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Figure 4.1: o"" distributions for positive and negative single wedge disclinations.

87
wWop = Y]
RO
25+
o’"
K 20+
2m
15 Wo = 555
—————— R2
™
wo = ey
10+ RO
05+
0.2 04 0.6 0.8 1.0
R
R,

Figure 4.2: ™" distributions for different values of wo (uniform disclination distribution).

provided that wy < 247 /R2. Fig. 4.2 shows o™ distribution for different values of wy.

Example 4.3. In this example w(R) = 2280 gin % (wp > 0). Therefore
woRy . TR
Thus 1
2&}0 Ré . 9 7TR 2
r(R) =R [1 + —5 g2 Sl o, . (4.29)

Fig. 4.3 shows ¢"" distribution for different values of wy.
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0.12

0.10 -

K o8l

0.06 -

0.04+

0.02 -

_ woRo sin =B

Figure 4.3: ™" distributions for the disclination distribution w(R) 3 Ro

for different values of wg.

5 Concluding Remarks

The material manifold of a distributed disclination — where the body is stress free — is a Riemannian manifold
whose curvature tensor is identified with the disclination density tensor. We started with a single wedge
disclination in an infinite body and using Volterra’s cut-and-weld process we constructed its material manifold.
From the material manifold, calculating the stress field of the disclination amounts to a classical nonlinear
elasticity problem; one simply needs to find an embedding into the Fuclidean 3-space. We calculated the
stress field of the single wedge disclination in an incompressible neo-Hookean solid. For small wedge angles our
solution is reduced to the classical linear elasticity solution (when v = %) We then considered a distribution of
cylindrically symmetric parallel wedge disclinations. Using Cartan’s methods of moving frames we constructed
its material manifold. For an incompressible neo-Hookean material we calculated the corresponding residual
stress field.
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