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1

The cytoskeleton provides the mechanical scaffold and maintains the integrity of cells. It
is usually believed that one type of cytoskeleton biopolymer, microtubules, bears compressive force. In vitro experiments found that isolated microtubules may form an Euler
buckling pattern with a long-wavelength for very small compressive force. This, however,
does not agree with in vivo experiments where microtubules buckle with a shortwavelength. In order to understand the structural role of microtubules in vivo, we developed mechanics models that study microtubule buckling supported by cytoplasm. The
microtubule is modeled as a linearly elastic cylindrical tube while the cytoplasm is
characterized by different types of materials, namely, viscous, elastic, or viscoelastic. The
dynamic evolution equations, the fastest growth rate, the critical wavelength, and compressive force, as well as equilibrium buckling configurations are obtained. The ability
for a cell to sustain compressive force does not solely rely on microtubules but is also
supported by the elasticity of cytoplasm. With the support of the cytoplasm, an individual
microtubule can sustain a compressive force on the order of 100 pN. The relatively stiff
microtubules and compliant cytoplasm are combined to provide a scaffold for compressive force. 关DOI: 10.1115/1.2966216兴

Introduction

It is believed that the mechanical behavior of an eukaryotic cell
is primarily governed by a network of filament systems called the
cytoskeleton 关1兴. The cytoskeleton supports a large volume of
cytoplasm as well as provides the mechanical scaffold and maintains the integrity of cells 关1–3兴. Many cellular functions such as
gene expression, cell division, motility, signal transduction,
wound healing, and apoptosis are mediated by the physical properties of cytoskeleton. There are three major filamentous biopolymers comprising the cytoskeleton: microtubules, actin filaments,
and intermediate filaments. Each cytoskeleton filament has different atomic structures and therefore has distinct mechanical functions and properties. For example, a microtubule 共Fig. 1共a兲兲 is a
long 共up to 50 m兲, hollow cylindrical tube with inner and outer
diameters of 15.4 nm and 25 nm, respectively 关1,4兴. The tube wall
is formed from a dimerization of globular proteins 共␣-␤ tubulins兲
with one guanosine triphosphate 共GTP兲 or guanosine diphosphate
共GDP兲 nucleotide. Under the right conditions, tubulin heterodimers will polymerize to form long chained protofilaments
共Fig. 1共b兲兲, which bind to GDP in a circular arrangement to form
a microtubule 关1兴.
Microtubules are the stiffest biopolymers in cytoskeleton, and
their bending rigidity is about 100 times larger than that of actin
filaments, and therefore it is believed that microtubules typically
carry most of the compressive forces 关5–9兴. Such large aspect
ratio 共25 nm in diameter/ 50 m in length兲, however, suggests
that isolated microtubules will exhibit classic Euler buckling with
a single long-wavelength buckling pattern, as shown in Fig. 2共a兲.
Using the reported bending rigidity EMTI = 2 ⫻ 10−23 N m2 关10兴,
the critical load for Euler buckling of a microtubule is Pc
= 42EMTI / L2 = 0.3 pN, where EMT is Young’s modulus of microtubules, I is the moment of inertia, and L共=50 m兲 is the length of
a microtubule. This critical load for buckling is even one order of
magnitude smaller than the microtubule polymerization force
共⬃4 pN兲 measured in vitro 关11兴, which suggests that the microtubules cannot sustain compressive force because they would
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buckle at a very small critical force. Another contradiction is that
the single long-wavelength buckling pattern 共Fig. 2共a兲兲 does not
agree with the highly curved microtubules observed in living cells
关11,12兴, as illustrated in Fig. 2共b兲.
In order to understand the structural role of microtubules in
living cells, Brangwynne et al. 关13兴 conducted experimental studies on microtubule buckling in vivo. They found that individual
microtubules can bear compressive forces that are about 100 times
greater in vivo than they can in vitro. In vivo, microtubules also
buckle at short-wavelengths 共 = 3 m兲. The mechanism for shortwavelength buckling was qualitatively explained by the lateral
mechanical reinforcement supported by the surrounding elastic
cytoskeleton. This study shed light on the mechanical role of microtubules in living cells although precise mechanics analysis is
still needed.
This paper presents a structured analysis of the quantitative
mechanics of microtubule buckling. In order to investigate the
effects of surrounding cytoplasm on the buckling of microtubules,
the cytoplasm is modeled using three different types of materials:
viscous, elastic, and viscoelastic. Each cytoplasm model displays
unique yet important results. This paper is organized as follows.
Section 2 describes the microtubule model that is applied for various cytoplasm models. The analyses of microtubule buckling on
viscous, elastic, and viscoelastic cytoplasms are given in Secs.
3–5, respectively, along with the corresponding discussions. Section 6 summarizes the results and discusses the importance of
this study to biological understanding of the structural role of
microtubules

2

Microtubule Modeling

The microtubule is modeled as an elastic cylindrical tube with
outer diameter Do共=25 nm兲 and inner diameter Di共=15.4 nm兲. The
microtubule is embedded in a three-dimensional cytoplasm and
subject to an axial compressive force P共⬎0兲 that leads to microtubule buckling with a short-wavelength 共Fig. 2共b兲兲. The von Karman theory 关14兴 is used to account for the finite rotation effect in
the buckling analysis. The axial strain in the microtubule is
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Fig. 2 „a… Microtubule buckles to a single long-wavelength
pattern and „b… microtubule buckles to short-wavelength
pattern

Fig. 1 The structure of a microtubule †1‡. „a… The microtubule
is a hollow cylindrical tube formed from 13 protofilaments
aligned in parallel. „b… One protofilament consists of a string
␣-␤ heterodimers.
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冉 冊

u1 1 u3
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共1兲

where u1 is the axial displacement and u3 is the vertical displacement. The coordinate system is shown in Fig. 3, where x1 is in the
axial direction, x2 is in the diameter direction, and x3 is in the
vertical direction. The linearly elastic constitutive model gives the
axial force N11 = EMTS11, where S =  / 4共D2o − D2i 兲 is the crosssectional area of the microtubule. The shear traction T1 and normal traction T3 at the microtubule/cytoplasm interface can be obtained from the equilibrium of forces 关14兴
T1 =

N11
x1

共2兲 then gives constant axial force N11 and constant axial strain
11.
The buckling profile of the microtubule can be expressed as
u3 = A cos共kx1兲

共4兲

where the multiple short-wavelength buckling pattern is assumed,
the amplitude A and wave number k are to be determined, and
 = 2 / k is the buckling wavelength. The constant axial strain 11
gives the axial displacement u1 = kA2 sin共2kx1兲 / 8, where the condition 兰20/k共u1 / x1兲dx1 = 0 has been imposed to be consistent

共2兲

and
T3 = EMTI

 4u 3
2u3 N11 u3
−
4 − N11
x1 x1
x1
x21

共3兲

where I =  / 64共D4o − D4i 兲 is the moment of inertia of microtubules.
The relatively stiff microtubule/compliant cytoplasm system has
negligible shear stress at the interface, i.e., T1 ⬇ 0 关15兴. Equation
061019-2 / Vol. 75, NOVEMBER 2008

Fig. 3 The coordinate system used in the analysis
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with the overall cytoplasm deformation 关16兴. Due to axial compressive force P, the axial strain then becomes
1
P
11 = A2k2 −
4
EMTS

共5兲

and the vertical traction T3 at the microtubule/cytoplasm interface
is
T3 = − ␤ cos共kx1兲
where

␤ = − EMTIAk4 − EMTS

冉

共6兲

冊

1 2 2
P
Ak −
Ak2
4
EMTS

− ⵜP + ⵜ2u̇ + e3␦共x − x0兲 = 0

where e3 is the unit vector in the x3 direction and ␦ is the Dirac
delta function. Using the Stokes stream function method, the flow
due to a point force can be resolved and the details were given by
Pozrikidis 关21兴. The vertical velocity u̇3 at a point x = 共x1 , x2 , 0兲 is
given by 1 / 8冑共x1 − x01兲2 + 共x2 − x02兲2. Then for the distributed
stress traction N33 given by Eq. 共12兲, the vertical velocity u̇3 at a
point x = 共x1 , x2 , 0兲 is the integration over the area covered by
microtubule,

Ub =

k
2

冕
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冉 冊
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 u3
EMTI
2
x21
2
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1
dx1 = EMTIk4A2
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u̇3共x1,x2,0兲 =

⫻

共8兲
=

冉

3

冊
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共9兲

ⵜ · u̇ = 0

− ⵜP + ⵜ2u̇ = 0

共11兲

where P is the pressure and h is the dynamic viscosity of cytoplasm. A vertical traction −T3 = ␤ cos共kx1兲 共where T3 is given in
Eq. 共6兲兲 is applied over the area 关兩x2兩 ⱕ R , x3 = 0兴 where the microtubule contacts with the viscous cytoplasm. The traction −T3 is
assumed to be uniform over the diameter of the microtubule 共but
periodic in the x1 direction兲, which gives the following stress traction in the x3 direction within the three-dimensional viscous cytoplasm:
N33 = −

T3
␤
=
cos共kx1兲
2R 2R

共12兲

over the diameter 共2R = 共Di + Do兲 / 2兲 of the microtubules 共Fig. 3兲.
Instead of solving this three-dimensional Stokes equation with
stress traction N33 as a boundary condition for the area 关兩x2兩
ⱕ R , x3 = 0兴 and traction free for the other areas, we use the solution of flow due to a point force. We now consider the flow due to
a unit point force at a point of x0 = 共x01 , x02 , 0兲 within the threedimensional viscous cytoplasm. The Stokes equation with a singular point force term is then given by
Journal of Applied Mechanics

u̇3共x1,x2,0兲 =

=
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兵2R共1 − ␥兲 + 2R ln 2 − 共R + x2兲ln关k共R
8R
+ x2兲兴 − 共R − x2兲ln关k共R − x2兲兴其

共10兲

where u̇ is the velocity, i.e., u̇ = du / dt; t is the time. Some biological experiments have shown that upon forces 共e.g., centrifugal
forces兲, the cytoplasmic streaming becomes steady on the time
scale of minutes 共e.g., Refs. 关18,19兴兲. Moreover, the biological
study used measured values to estimate the Reynolds number and
found that the Reynolds number Re is very low for cytoplasmic
streaming, for instance, Re⬍ 10−3, as reported by Pickard 关20兴.
With the conditions of steady state and low Reynolds number of
cytoplasmic streaming that surrounds the cytoskeleton, we model
the viscous cytoplasm as Stokes flow that is characterized by
Stokes equation

1

冑共x1 − x01兲2 + 共x2 − x02兲2 dx1dx2

where Y 0 is the modified Bessel function of the second kind 关22兴.
Since the diameter of microtubules R共=12.5 nm兲 is much smaller
than the observed buckling wavelength 共=3 m兲, then k兩x02 − x2兩
ⱕ 2kR = 4R /   1. The velocity in Eq. 共14兲 then can be approximately expressed as

Microtubule Buckling on Viscous Cytoplasm

We first model the surrounding cytoplasm as a threedimensional viscous flow since the major element of cytoplasm,
cytosol, typically consists of fluid. Cytoplasmic streaming is such
a three-dimensional viscous flow in the cells and surrounds the
cytoskeleton 关17兴. The viscous cytoplasm is assumed to be incompressible, i.e.,

⬁

␤ cos共kx01兲 1
2R
8
−⬁

−R

The energy per unit wavelength due to axial strain is given by
1
1
1
P
Ua = N1111 = EMTS A2k2 −
2
2
4
EMTS

冕冕
R

共7兲

For the buckling profile in Eq. 共4兲, the bending energy per unit
wavelength of the microtubule becomes
2/k

共13兲

where

冋兺
n

␥ = lim

n→⬁

i=1

共15兲

册

1
− ln共n兲 = 0.577
i

is Euler’s constant.
The viscous cytoplasm and the buckled microtubule are
coupled through the continuity condition across the microtubule/
cytoplasm interface. Specifically, the vertical velocity u̇3 of the
viscous cytoplasm in Eq. 共15兲 is continuous with the vertical velocity of the microtubule resulted from the displacement in Eq. 共4兲
at the interface. We realize that the vertical velocity in Eq. 共15兲
also depends on the x2 direction so that this continuity is on the
average sense, i.e., the average vertical velocity of the viscous
cytoplasm over the diameter of the microtubule
u̇avg
3 共x1兲 =

1
2R

冕

R

−R

u̇3共x1,x2,0兲dx2 =

␤ cos共kx1兲
关3 − 2␥ − 2 ln共kR兲兴
8
共16兲

is the same as the vertical velocity of the microtubule from the
displacement in Eq. 共4兲. Thus the continuity condition is

␤
dA
关3 − 2␥ − 2 ln共kR兲兴
=
dt 8

共17兲

We consider that the microtubule buckling originated from the
accumulation of small fluctuations, which consists of many small
perturbation components with each component expressed as a
sinusoidal form as in Eq. 共4兲. For small perturbation with vertical
displacement A, ␤ in Eq. 共7兲 is linearized by keeping the firstorder terms of A,
NOVEMBER 2008, Vol. 75 / 061019-3
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Growth rate GRviscous (1/second)
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2
EMTI = 2×10 N·m

共P = 0.3 pN兲 and low viscosity  = 1.5⫻ 10−3 – 7.5⫻ 10−3 Pa s to
model the fluid-phase cytosol that is only several times as viscous
as water 共e.g., Refs. 关23–25兴兲. When GRviscous ⬎ 0 for certain
wavelengths, the initial fluctuations characterized by these wavelengths grow in an exponential law 共Eq. 共20兲兲, while when
GRviscous ⬍ 0 for some wavelengths, the initial fluctuations associated with these wavelengths decay and the microtubules remain
straight. The critical condition GRviscous = 0 gives the critical
wavelength
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Fig. 4 The relationship of growth rate and wavelength for viscous cytoplasm. „a… Growth rate versus wavelength for small
axial compressive force and „b… growth rate versus wavelength
for large axial compressive force.

␤ = EMTI

冉
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P
− k 2 k 2A
EMTI

共18兲

The linear ordinary differential equation for small perturbation A
then becomes

冉

冊

dA EMTI P
=
− k2 关3 − 2␥ − 2 ln共kR兲兴k2A
dt 8 EMTI

共19兲

Let A0 = A共t = 0兲 be the initial amplitude, the evolution of the vertical displacement is

再 冉

A共t兲 = A0 exp

冊

EMTI P
− k2 关3 − 2␥ − 2 ln共kR兲兴k2t
8 EMTI

共20兲

= A0eGRviscoust
where
GRviscous =

冎

冉

冊

EMTI P
− k2 关3 − 2␥ − 2 ln共kR兲兴k2
8 EMTI

共21兲

denotes the growth rate of the initial perturbation.
Figure 4 shows GRviscous versus wavelength for fixed bending
rigidity EMTI = 2 ⫻ 10−23 N m2 关10兴 and various axial compressive
force P and viscosity . Figure 4共a兲 gives the growth rate
GRviscous and wavelength relationship for small compressive force
061019-4 / Vol. 75, NOVEMBER 2008

EMTI
P

共22兲

c
The critical wavelength viscous
does not depend on viscosity 
and is 51.3 m, shown in Fig. 4共a兲. The initial fluctuations with
c
will grow; however, the fluctuawavelengths greater than viscous
c
will decay. Equation
tions with wavelengths smaller than viscous
共22兲 also indicates that no matter how small the force is, there
c
to ensure growth from initial
exists a critical wavelength viscous
fluctuations. In other words, dynamic growth is guaranteed to occur in viscous cytoplasm.
c
It is also noticed that the critical wavelength viscous
is identical
to the critical length for Euler buckling, which suggests that a very
small axial compressive force 共on the order of 1 pN depending on
the microtubule length兲 may lead to microtubule buckling with a
large wavelength. However, the buckling of microtubules on viscous cytoplasm due to a small compressive force does not indicate
that the microtubules cannot bear a compressive force. The
growth or decay in this section is just the initial stage, while the
compressive force that microtubule can sustain is determined by
final equilibrium stage as to be discussed in Sec. 4.
Each curve in Fig. 4共a兲 has a maximum 共marked by ⴱ in Fig.
4共a兲兲, which denotes the fastest growth rate. The corresponding
fastest growth wavelength is determined by GRviscous / k = 0,

10

Wavelength (m)

冑

冑

EMTI 5 − 4␥ − 4 ln共2R/兲
2P 1 − ␥ − ln共2R/兲

共23兲

Numerical results show that 5 − 4␥ − 4 ln共2R / 兲 / 1 − ␥
− ln共2R / 兲 ⬇ 4 for all wavelengths, such that
fastest growth
⬇ 2
viscous

冑

2EMTI
P

共24兲

Equation 共24兲 clearly shows that the fastest growth wavelength is
independent of viscous cytoplasm, while the corresponding fastest
growth rate is inversely proportional to the viscosity. More importantly, the fastest growth rate is about 1 / s, which suggests that the
growth of initial fluctuation is on the order of seconds. This time
scale agrees well with in vivo experiments of Brangwynne et al.
关13兴.
Corresponding to the force generated by optical and magnetic
tweezers, the growth rate GRviscous and wavelength relationship
for cells due to a large compressive force 共P = 70 pN兲 and moderate viscosity 共 = 5 – 9 Pa s 关25兴兲 are shown in Fig. 4共b兲. Similar
curves are shown and the critical and fastest growth wavelengths
are 3.3 m and 4.8 m, respectively.
The study for viscous cytoplasm shows the following.
共1兲 Any small fluctuations that have wavelength greater than
critical wavelength 共Eq. 共22兲兲 will grow no matter how
small the compressive force P is.
共2兲 Cytoplasm viscosity only affects the growth rate; the
smaller the viscosity, the larger the growth rate; cytoplasm
viscosity cannot determine the occurrence of the growth.
共3兲 Critical wavelength and fastest growth wavelength do not
depend on viscosity.
共4兲 The compressive force that a microtubule can sustain before buckling is very small if the surrounding is a viscous
cytoplasm.
Transactions of the ASME
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It should be pointed out that the steadiness of cytoplasmic
streaming and small perturbation 共Eq. 共20兲兲 are two distinct concepts. The former indicates that the cytoplasmic streaming is
steady upon external force/stress. While the latter, the small perturbation, evolves to respond to the steady cytoplasmic streaming,
which is not steady, as shown in Eq. 共20兲.

4

Microtubule Buckling on Elastic Cytoplasm

The elasticity of the cytoplasm originated from the cytoskeleton
关26兴. The elastic cytoplasm stores the deformation energy to stabilize the microtubules/cytoplasm system such that the equilibrium configuration 共e.g., equilibrium wavelength兲 is determined
by the energetics of the system. In this section, we study the final
equilibrium stage by modeling the cytoplasm as a threedimensional linearly elastic solid in this section. The shear modulus e is used to characterize the incompressible elastic cytoplasm. The energetically favorable buckling pattern is determined
using the energy method.
The three-dimensional elastic cytoplasm is subject to vertical
traction −T3 共where T3 is given in Eq. 共6兲兲 within the area 关兩x2兩
ⱕ R , x3 = 0兴. The normal traction −T3 is assumed to be uniform
over the microtubule diameter 2R, which gives the nonvanishing
stress traction in the x3 direction N33 = −T3 / 2R = ␤ cos共kx1兲 / 2R the
same as Eq. 共12兲 in viscous analysis.
Based on Gaussian’s divergence theorem, the strain energy per
unit wavelength in the elastic cytoplasm is

冕
冕冕

k 1
Us =
·
2 2
k
4

k
:dV =
4

V

R

冕

Us =

k
4

冕 冕
R

x2=−R

2/k

␤ cos共kx1兲
␤
cos共kx1兲
兵2R共1 − ␥兲 + 2R ln 2
2R
8Re

x1=0

− 共R + x2兲ln关k共R + x2兲兴 − 共R − x2兲ln关k共R − x2兲兴其dx1dx2
=

␤2
关3 − 2␥ − 2 ln共kR兲兴
32e

The total potential energy ⌸tot of the system is the sum of
bending energy 共Eq. 共8兲兲 and axial strain energy 共Eq. 共9兲兲 in the
microtubule and the strain energy in the elastic cytoplasm 共Eq.
共27兲兲. However, for the microtubule vertical displacement in Eq.
共4兲 and the cytoplasm vertical displacement in Eq. 共26兲, which are
not continuous, the potential energy becomes

where ⌳ is the Lagrange multiplier. The variation of the above
and the
potential energy with respect to ⌳ requires u3 = ucytoplasm
3
gives ⌳
variation with respect to the displacement u3 or ucytoplasm
3
to be the traction T3 共Eq. 共6兲兲 at the interface. In the following the
Lagrange multiplier ⌳ is replaced by the traction T3 in Eq. 共6兲.
The potential energy is then obtained as

冉

1
1
P
⌸tot = EMTS A2k2 −
2
4
EMTS

S

2/k

冦

R

−R

⫻
=

␤ cos共kx01兲
16Re
−⬁

冑共x1 − x01兲2 + 共x2 −

c
=
Pelastic

c
P − Pelastic
c
, P ⱖ Pelastic
EMTS
c
P ⬍ Pelastic

冧

8e
1
+ EMTIk2
2
k 3 − 2␥ − 2 ln共kR兲

共30兲

共31兲

is the critical compressive force for buckling. Equation 共30兲 suggests that the buckling occurs only when the compressive force P
c
given by Eq. 共31兲, in which the
reaches a critical force Pelastic
wave number k is to be determined.
The minimization of potential energy with respect to the wave
number, ⌸tot / k = 0, gives the following nonlinear equation for k:
k

冉 冊
EMTI
e

1/4

=

再

16关1 − ␥ − ln共kR兲兴
关3 − 2␥ − 2 ln共kR兲兴2

冎

1/4

共32兲

For reported microtubule bending rigidity EMTI = 2 ⫻ 10−23 N m2
关10兴 and the wide range of shear modulus of the surrounding e
= 1 − 1000 Pa 关28兴, the numerical results show that

dx01dx02
x02兲2

␤ cos共kx1兲
兵2R共1 − ␥兲 + 2R ln 2
8Re

c
⬇
kelastic

− 共R + x2兲ln关k共R + x2兲兴 − 共R − x2兲ln关k共R − x2兲兴其

or equivalently,

共26兲
where the condition R /   1 has been used. Because the
microtubule/elastic cytoplasm interface is replaced by the normal
traction in Eq. 共6兲, the above displacement for the elastic cytoplasm is continuous with the displacement in Eq. 共4兲 for the buckled microtubule only on the average sense.
The strain energy in the elastic cytoplasm is then obtained from
Eqs. 共25兲 and 共26兲 as
Journal of Applied Mechanics

1
1
␤2
+ EMTIk4A2 + ␤A −
关3
4
2
32e

where

⬁

1

2

共29兲

冑

where S is the area 关兩x2兩 ⱕ R , x3 = 0兴 where the microtubule conis the displacement on the
tacts with the cytoplasm and ucytoplasm
3
area S, which is obtained analytically from Kelvin’s solution
关27兴.
For a unit normal point force at x0 = 共x01 , x02 , 0兲 within a threedimensional infinite elastic solid, Kelvin’s solution gives the veras
tical
displacement
at
the
point
x = 共x1 , x2 , 0兲
0 2
0 2
冑
共1 / 8e兲1 / 共x1 − x1兲 + 共x2 − x2兲 . For the distributed load N33,
the displacement at point x = 共x1 , x2 , 0兲 for elastic cytoplasm is the
integration over the entire microtubule diameter 2R,

0
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冊

− 2␥ − 2 ln共kR兲兴

0,

共x1,x2,0兲 =
ucytoplasm
3

共28兲

which depends on buckling amplitude A and wavelength 
= 2 / k.
The minimization of potential energy ⌸tot in Eq. 共29兲 with respect to the buckling amplitude A, ⌸tot / A = 0, gives

N33ucytoplasm
dS
3

N33ucytoplasm
dx1dx2
3
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兲dS
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2
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−R

冕

⌸tot = Ub + Um + Us −

共25兲

=

共27兲

c
=
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5
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共33兲
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At this critical wavelength, the amplitude A is
A=

冉 冊冑

8 EMTI
5 e

1/4

c
P − Pelastic
EMTS

共35兲

c
is
and the critical force Pelastic
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Fig. 5 The relationship between the compressive force P that an individual
microtubule bears before buckling and the shear modulus of the elastic
cytoplasm
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兲兴

冎

共36兲

The buckling wavelength given by Eq. 共34兲 is independent of
axial compressive force P and solely determined by the ratio of
shear modulus of the elastic cytoplasm and the bending rigidity of
microtubules. Therefore, the buckling wavelength is an intrinsic
property of microtubules/elastic cytoplasm systems and completely determined by their mechanical properties. Since the reported shear modulus e of cytoplasm has extremely large scattering, ranging from 0.1 Pa to 1000 Pa 关28兴, the buckling
wavelength also exhibits large scattering. The smallest wavelength is about 1.9 m while the largest wavelength is 19 m. If
a median value of e = 200 Pa is used, the present analysis gives
2.8 m wavelength, which agrees very well with experiments of
Brangwynne et al. 关13兴.
c
The critical axial compressive force Pelastic
to buckle microtubules 共Eq. 共36兲兲 depends on both the bending rigidity of microtubules and the shear modulus of the cytoplasm. Therefore, the
compressive force that an individual microtubule can bear depends on both the bending rigidity of microtubules and the shear
modulus of cytoplasm as well. Figure 5 shows the relationship
between the compressive force P that an individual microtubule
sustains before buckling and the shear modulus of cytoplasm for a
given bending rigidity of microtubules as EMTI = 2 ⫻ 10−23 N m2
关10兴. The results show that the compressive force is on the order
of 100 pN, except when the shear modulus is less than 20 Pa. This
study clearly indicates that the ability of a cell to bear compressive force depends on both microtubules and cytoplasm: The relatively stiff microtubules are combined with the compliant cytoplasm to sustain the compressive force.
The main findings for microtubule buckling on elastic cytoplasm are the following.
共1兲 The buckling wavelength does not depend on the axial
force P but on the ratio of shear modulus of the elastic
cytoplasm and bending rigidity of the microtubules.
共2兲 The compressive force is on the order of 100 pN for most
cytoplasm with a shear modulus larger than 20 Pa.
共3兲 The ability to sustain compressive force is governed by
both stiff microtubules and compliant cytoplasm.
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5

Microtubule Buckling on Viscoelastic Cytoplasm

In this section, we study microtubule buckling supported by the
viscoelastic cytoplasm. Cytoplasm exhibits both viscosity from
fluid and elasticity from solid cytoskeleton networks, which has
been shown in various experiments 关29兴.
The surrounding cytoplasm that consists of fluid and cytoskeleton is modeled as an isotropic linearly viscoelastic material. The
stress-strain relation is described in an integral form 关30兴

共t兲 = 2

冕

t

共t − 兲

−⬁

共兲
d + ␦


冕

t

共t − 兲

−⬁

共:␦兲
d 共37兲


where t is the time, 共t兲 and 共t兲 are time-dependent relaxation
moduli, and ␦ is the second-order identity tensor. The equilibrium
equation without body force and inertia term is ⵜ ·  = 0. The
strain-displacement relation is linear, i.e.,  = 共ⵜu + u ⵜ 兲 / 2. Within
the three-dimensional viscoelastic cytoplasm, only the area 关兩x2兩
艋 R , x3 = 0兴 that contacts with the buckled microtubule has prescribed traction −T3 = ␤ cos共kx1兲, where T3 is given in Eq. 共6兲. We
also assume that the traction −T3 is uniformly distributed over the
diameter of microtubules, i.e., N33 = −T3 / 2R = ␤ cos共kx1兲 / 2R 共Fig.
3兲. A boundary value problem for viscoelastic cytoplasm is then
established.
This viscoelastic problem can be solved by the elasticviscoelastic correspondence principle 关30兴. The stress-strain relationship is given by Laplace transform of Eq. 共37兲,
¯ 共s兲关¯共s兲:␦兴␦
¯ 共s兲 = 2s
¯ 共s兲¯共s兲 + s


共38兲

where a bar over a variable denotes its Laplace transformed form
and s is the transform variable. The nonvanishing stress traction in
Laplace transformed form is
N̄33 =

¯␤ cos共kx 兲
1
,
2R

兩x2兩 ⱕ R,x3 = 0

共39兲

Equations 共38兲 and 共39兲 are identical to that of linear elasticity
¯ 共s兲 and ¯共s兲兲 are
if the transform of viscoelastic variables 共e.g., 
associated with the corresponding elastic variables 共e.g.,  and 兲
¯ 共s兲兲 are associated
¯ 共s兲 and s
and the transformed moduli 共e.g., s
with elastic moduli e and e. Thus the solution of the Laplace
transformed viscoelastic problem can be directly obtained from
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the solution of the corresponding elastic problem by replacing e
¯ 共s兲. The corresponding elastic problem
¯ 共s兲 and s
and e with s
for Eqs. 共38兲 and 共39兲 has been resolved in Sec. 4 using Kelvin’s
solution 关27兴. Then the displacement at point x = 共x1 , x2 , 0兲 due to
a distributed load 共Eq. 共39兲兲 in viscoelastic cytoplasm is obtained
from the corresponding elastic solution given by Eq. 共26兲,

冕冕
R

⬁

−R

−⬁

Growth rate GRviscoelastic (1/second)

ū3共x1,x2,0,s兲 =

1.0

¯␤ cos共kx0兲
1
1
dx0dx0
0
2
¯ 共s兲 冑共x1 − x1兲 + 共x2 − x02兲2 1 2
16Rs

¯␤ cos共kx 兲
1
兵2R共1 − ␥兲 + 2R ln 2 − 共R + x2兲ln关k共R
=
¯ 共s兲
8Rs
+ x2兲兴 − 共R − x2兲ln关k共R − x2兲兴其

共t兲 = e + ␦共t兲


¯ 共s兲 = e + 

s

共42兲

Substitute Eq. 共42兲 into Eq. 共40兲 and the inverse Laplace transform gives

␤ cos共kx1兲
e
u +
兵2R共1 − ␥兲 + 2R ln 2 − 共R
 3
8R

+ x2兲ln关k共R + x2兲兴 − 共R − x2兲ln关k共R − x2兲兴其

共43兲

Similar to viscous analysis in Sec. 3, the viscoelastic cytoplasm
is coupled with the buckled microtubule via the stress and velocity
continuity condition across the interface. To be specific, the vertical velocity of the viscoelastic cytoplasm at the microtubule/
cytoplasm interface 共Eq. 共43兲兲 is continuous with the microtubule
velocity derived from Eq. 共4兲 on the average sense, i.e., the average velocity of the viscoelastic cytoplasm over the microtubule
diameter 2R,
1
2R

u̇avg
3 共x1兲 =

冕

R

u̇3共x1,x2,0兲dx2 = −

−R

␤ cos共kx1兲
e
u +
关3 − 2␥
 3
8
共44兲

− 2 ln共kR兲兴

is the same as the microtubule velocity given by Eq. 共4兲. Thus the
continuity condition is
dA
e
␤
关3 − 2␥ − 2 ln共kR兲兴
=− A+
dt

8

共45兲

Here we only consider the initial growth of buckling from the
small perturbation of A in Eq. 共4兲 such that ␤ is linearized 共the
same as Eq. 共18兲兲, and the linear ordinary differential equation for
small perturbation A becomes

再

冉

冊

冎

e EMTI P
dA
+
= −
− k2 关3 − 2␥ − 2 ln共kR兲兴k2 A
dt
 8 EMTI
共46兲

Compared with the differential equation of A in viscous analysis
共Eq. 共19兲兲, e /  comes into play in viscoelastic analysis. e / 
= 0 corresponds to viscous cytosol presented in Sec. 3, while
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Fig. 6 The relationship of growth rate and wavelength for viscoelastic cytoplasm with different shear moduli

共41兲

where e is the stiffness of the spring and  is the viscosity of the
dashpot. The spring is used to model the elastic cytoskeleton such
that e is the shear modulus in Sec. 4. The dashpot models the
viscous fluid and therefore  is the viscosity in Sec. 3. Here the
viscoelasticity analysis involves both elasticity through shear
modulus e and viscosity , and therefore exhibits profound effects on the microtubule buckling, as shown in the following.The
Laplace transform of the shear relaxation modulus is

u̇3共x1,x2,0兲 = −

e = 0

0.6

共40兲

The viscoelasticity of cytoplasm is specifically modeled as a
Kelvin model 关30兴, i.e., the viscoelastic system is modeled as a
spring and a dashpot in parallel, and the shear relaxation modulus
is

P = 40 pN

0.8  = 10 Pa·s

e /  → ⬁ denotes that the elasticity prevails in the viscoelastic
cytoplasm. Let the initial amplitude be A0, the evolution of the
amplitude is

冓再

A = A0 exp

−

冉

冎冔

冊

e EMTI P
+
− k2 关3 − 2␥ − 2 ln共kR兲兴k2 t
 8 EMTI

共47兲

= A0eGRviscoelastict
where
GRviscoelastic = −

冉

冊

e EMTI P
+
− k2 关3 − 2␥ − 2 ln共kR兲兴k2
 8 EMTI
共48兲

is the growth rate for viscoelastic cytoplasm.
The stability of the perturbed microtubules depends on the sign
of the growth rate GRviscoelastic. When GRviscoelastic ⬎ 0 for some
wavelengths, the initial fluctuations associated with these wavelengths grow in an exponential law with growth rate GRviscoelastic.
While when GRviscoelastic ⬍ 0 for some wavelengths, the initial
fluctuations characterized by these wavelengths decay and the microtubules are stable. The critical condition is GRviscoelastic = 0. The
three stages of evolution of perturbed microtubules are shown in
Fig. 6. The parameters used in Fig. 6 are bending rigidity EMTI
= 2 ⫻ 10−23 N m2 关10兴, P = 40 pN, viscosity  = 10 Pa s, and shear
modulus e = 0 − 8.5 Pa. Compared with Fig. 4 for viscous cytoplasm, the introduction of shear modulus has important effects.
With the increase in shear modulus e from 0 共corresponding to
viscous case兲 to finite value, the viscoelastic cytoplasm becomes
more “elastic” and all of the curves shift downward but do not
change shape, which leads to an increase in the critical wavelength. For example, the critical wavelength for e = 2 Pa is
4.6 m, while it is 4.9 m for e = 4 Pa. The fastest growth
wavelength is determined by GRviscoelastic / k = 0,
 = 2

冋

EMTI 5 − 4␥ − 4 ln共2R/兲
P 3 − 2␥ − 2 ln共2R/兲

with an approximated expression as
fastest growth
viscoelastic
⬇ 2

冑

2EMTI
P

册

1/2

共49兲

共50兲

which is independent of shear modulus e and the same as that for
viscous analysis given by Eq. 共24兲. Equation 共50兲 suggests that
once the dynamic growth occurs, the fastest growth wavelength is
completely determined by the axial compressive force P and the
bending rigidity EMTI of microtubules but does not depend on the
properties of the cytoplasm 共elasticity e and viscosity 兲.
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Fig. 7 The relationship of growth rate and wavelength for viscoelastic cytoplasm with different axial compressive forces

If shear modulus further increases, e.g., e = 8.5 Pa in Fig. 6,
the growth rate GRviscoelastic ⬍ 0 for all wavelengths. This suggests
that the buckling is suppressed by the viscoelastic cytoplasm. The
critical shear modulus ce is determined by setting GRviscoelastic
= 0 and ce / k = 0, which gives

ce =

冋

冉冑 冊册

P2
3 − 2␥ − 2 ln
32EMTI

P
R
2EI

共51兲

For a given axial force P, cytoplasm with shear modulus larger
than ce prevents the growth for all wavelengths. The elasticity of
the cytoplasm allows the system the ability to block microtubule
buckling, while the viscosity of the cytoplasm does not block
microtubule buckling and only affects the growth rate. In Fig. 6,
the growth rate GRviscoelastic is about 1 / s, which suggests that if
buckling process occurs, it occurs on the order of seconds.
Figure 7 shows the growth rate curve for different axial force P
with shear modulus e = 200 Pa and viscosity  = 10 Pa s. The
critical wavelength and fastest growth wavelength increase with
the decrease in the axial force P. When P = 212 pN, the growth
rate is zero, which gives a critical axial compressive force
c
c
. If the axial compressive force is less than Pviscoelastic
,
Pviscoelastic
the initial perturbation will decay and the microtubule buckling
c
is obtained by solving
does not occur. The critical force Pviscoelastic
c
GRviscoelastic = 0 and  Pviscoelastic / k = 0,

再

25
2048
c
Pviscoelastic
= 冑EMTIe 1 +
16
625关3 − 2␥ − 2 ln共kR兲兴

冎

共52兲

and the corresponding critical wavelength is
c
=
viscoelastic

冉 冊

8 EMTI
5
e

1/4

共53兲

The critical force and wavelength are identical to that for the
elastic cytoplasm, which indicates that the threshold for microtubule buckling is completely governed by cytoplasm elasticity.
Therefore, the discussion of the compressive force that an individual microtubule can bear in the elastic analysis also holds here.

6

Discussion and Concluding Remarks

In this study, mechanics models for the analysis of microtubule
buckling supported by cytoplasm have been reported. The microtubule is modeled as a linearly elastic cylindrical tube while the
cytoplasm is characterized by viscous, elastic, or viscoelastic material. The microtubule is coupled with the cytoplasm through
interface continuity conditions. The dynamic evolution equations,
fastest growth rate, critical wavelength, and critical compressive
force, as well as equilibrium buckling configurations are obtained.
061019-8 / Vol. 75, NOVEMBER 2008

To understand the process completely, one must not only consider the energy of deformed configuration but also the dynamics.
The dynamic effect is due to the cytoplasm viscosity that affects
the growth rate, while the energetic process is governed by the
cytoplasm elasticity that determines the occurrence of buckling.
Once the buckling occurs, the final equilibrium configuration is
completely determined by the elasticity. These processes, namely,
dynamic growth and elastic equilibrium, are similar for the bilayer
structures that have been studied previously 关31–37兴. The ability
of a cell to sustain compressive force is not solely determined by
microtubules but also the elasticity of cytoplasm. With the support
of the cytoplasm, an individual microtubule can sustain a compressive force on the order of 100 pN. The relatively stiff microtubules and compliant cytoplasm are combined to provide a scaffold for compressive force.
In addition to the mechanics explanation of microtubule buckling supported by cytoplasm, the findings in this study can be
influential due to the concise analytical description of the critical
force and wavelength. For example, since the bending rigidity of
microtubules is well accepted on the range of 0.4⫻ 10−23 – 4
⫻ 10−23 N m2, the expression for critical wavelength provides a
means to measure the shear modulus of cytoplasm that is closely
related to many diseases, such as cancer 关38兴.
There exists some related works. For example, Liu et al. 关39兴
studied the buckling of a microtubule bundle in tubulin solution.
They observed a short-wavelength buckling pattern and obtained a
power law for buckling wavelength  ⬀ R共EMT / e兲1/4, which is
the same as the current analysis. Im and Huang 关36兴 showed the
similar relation between buckling wavelength and ratio of thin
film and substrate for thin film buckling on an elastic-viscoelastic
bilayer. A recent work by Das et al. 关40兴 studied the mechanism of
microtubule buckling in cells. Similar relations between buckling
profiles and substrate modulus were obtained. The main difference
is that the current analysis has a more quantitative mechanics
analysis.
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