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Novel nanotubes/nanofibers with high strength and stiffness did not lead to high failure strengths/
strains of nanocomposite materials. Therefore, the interfacial stress transfer and possible stress
singularities, arising at the interfacial ends of discontinuous nanofibers embedded in a matrix, sub-
jected to tensile and shear loading, were investigated by finite element analysis. The effects of
Young’s moduli and volume fractions on interfacial stress distributions were studied. Round-ended
nanofibers were proposed to remove the interfacial singular stresses, which were caused by highly
stiffness mismatch of the nanoscale reinforcement and the matrix. However, the normal stress
induced in the nanofiber through interfacial stress transfer was still less than 2 times that in the
matrix. This stress value is far below the high strength of the nanofiber. Therefore, the load trans-
fer efficiency of discontinuous nanofibers or nanotube composites is very low. Hence, nanofibers
or nanotubes in continuous forms, which also preclude the formation of singular interfacial stress
zones, are recommended over discontinuous nanofibers to achieve high strengths in nanocomposite
materials.

Keywords: Nanocomposites, Interfacial Stress, Property Mismatch, Stress Singularity, Finite
Element Analysis.

1. INTRODUCTION

Since carbon nanotubes have extraordinary mechanical
properties, they tend to be used as reinforcements in poly-
mers and other matrices to form so-called “nanocomposite
materials.”1–10 Nanocomposites are a novel class of com-
posite materials where one of the constituents has dimen-
sions in the range 1–100 nm. Wagner et al.5 reported that
load transfer through a shear stress mechanism was seen
at the molecular level. It has been reported that nanotubes
increase composite strength by as much as 25%.6�7 Alter-
native reinforcement materials for nanocomposites include
nanofibers, nanoplatelets, nanoclays, etc. These reinforce-
ments are functionalized with additives, thereby resulting
in a strong interfacial bond with the matrix. Generally,
the three main mechanisms of interfacial load transfer are
micromechanical interlocking, chemical bonding, and the
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weak van der Waals force between the matrix and the
reinforcement.8 In order to develop nanocomposite mate-
rials with excellent mechanical properties, strong chemi-
cal bonding between the reinforcement and the matrix is a
necessary, but not sufficient, condition.

In a previous experimental investigation,11 we employed
graphitic carbon nanofibers (GCNFs) as reinforcements
in polymeric matrix nanocomposites. Strong and stiff
GCNFs (Young’s modulus E > 600 GPa) have average
diameters as small as 25 nm and demonstrate atomic struc-
tures such that edge carbon atom surface sites are present
along the entire length of the carbon nanofiber. Chemical
modification of these surface carbon sites and subse-
quent reaction with bifunctional linker molecules provides
surface-derivatized GCNFs that can covalently bind to
polymer resin molecules. This nanofiber/polymer covalent
binding is expected to delay interfacial debonding. So far,
it has been difficult to quantify the improved interfacial
bonding between the matrix and the nanofibers accurately
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(i.e., by direct measurement at the nanoscale). However,
mechanical properties of the final macroscale nanocom-
posite materials can be easily measured with various kinds
of standard tests for engineering materials. To achieve
maximum utilization of the properties of nanofibers, uni-
form dispersion and good wetting of the nanofibers within
the matrix must be ensured.12 All these local interfacial
properties affect the macrolevel material behavior. For
example, it was reported that there was as much as a 10%
decrease in flexural strength in nanotube/epoxy compos-
ite beams due to weakly bonded interfaces.13 Also, sig-
nificant reduction in composite stiffness was attributed to
local nanofibers/nanotube waviness.14�15 Our macroscale
mechanical property characterizations including bending,
tensile, and fracture properties showed that there was very
little increase in mechanical properties of nanocompos-
ites, although we used reactive linkers to improve the
fiber/matrix interface.11

We suspect that the local interfacial stress level in
nanocomposites would be much higher than that in tra-
ditional composites because of high property mismatch
between the nanoscale reinforcement and the matrix.
Since high interfacial stress may lead to interfacial
debonding and then final failure of nanocomposites, this
may contribute to the low failure strains in nanocompos-
ites observed in many recent experiments.11�12 Also, the
advantage of small diameters of nanofibers or nano-
tubes is an increased interfacial contact area with the
matrix, while its shortcoming is a high possibility of ini-
tial interfacial defects, which may lead to low failure
strain of nanocomposites. Therefore, a theoretical analy-
sis of interfacial stress transfer and stiffness and strength
mismatch between the nanoscale reinforcement and the
matrix will be much needed before we design and produce
extensive varieties of nanocomposite materials. As illus-
trated in Figure 1, both the final failure strain (3.3%)
and Young’s modulus (2.9 GPa) of the pure epoxy are
low. However, both the final failure strain (up to 10.0%)
and Young’s modulus (up to 1000 GPa) of the nanotube
or nanofibers are extremely high, so the properties of
the nanoscale reinforcement and the matrix are highly

Strain (%)

Stress

3.3

Epoxy matrix

10.0

Nanotube/nanofiber

Ideal Nano-composites??

Actual failure point

Fig. 1. Nanocomposite design based on stress–strain curves.

mismatched. A key question of nanocomposite design
is if these two types of materials are mixed (even if
strong interfacial bonding was ensured), would the final
composite properties (here we refer to the mechanical
properties of discontinuous nanofiber/nanotube compos-
ites) show a reasonable increase over those of the matrix?
Generally, it has been found that the stiffness properties of
nanocomposites are always higher than those of the pure
matrix. However, the final strength of the nanocomposite
may or may not exceed the strength of the pure matrix
if discontinuous nanofibers/nanotubes (even if they were
aligned) are used in nanocomposites. As seen in Figure 1,
the stress–strain curve of the nanocomposites is always
steeper than that of the pure matrix if we employ linear
elasticity theory to simplify the explanation. Therefore,
the final strength of the nanocomposites is mainly deter-
mined by the final failure strain of the nanocomposites.
Unfortunately, the latter value was always lower than that
of the pure matrix and significantly decreased with the
increase of nanofiber/nanotube weight/volume percents as
ascertained by numerous experimental studies.

2. FINITE ELEMENT MODELING

The main purpose of this investigation is to seek the
mechanical reasons of low failure strains of the nanocom-
posites. Our major task is to examine the interfacial stress
transfer, which is critical due to high property mismatch
of the nanoscale reinforcement and the matrix. Finite ele-
ment analysis (FEA) was chosen as the primary tool for
analysis instead of molecular dynamics simulations, since
the latter could only deal with physical phenomena at the
level of a few nanometers at the current stage, while the
size of a representative volume of a nanocomposite mate-
rial ranges from 10 nm upward to several hundreds
of nanometers.16 Since the smallest dimension of our
nanofiber lies in the range 20–50 nm, continuum mechan-
ics assumptions, such as those used in finite element anal-
ysis, are still valid at such length scales. Similar finite
element analyses have been reported by Fisher et al.14 and
Chen and Liu16 with a focus on stiffness analysis incor-
porating micromechanics theory. It is noted that these
finite element analyses simplified the complex interaction
among the nanoscale reinforcement, matrix, and the possi-
ble interphase. The interphase issue has received consider-
able attention in nanocomposite systems, since nanoscale
reinforcement affords a greater interphase volume com-
pared to traditional composite materials. However, it is
very difficult to determine the physical properties, such
as thickness, of the interphase and they may certainly not
be treated as material constants. From this viewpoint, the
concept of interphase and its modeling is not employed
in this investigation.

In this investigation, our objective is to investigate and
reduce the interfacial stresses. Two separate cases are
(a) baseline nanocomposites subjected to tension and shear
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loading and (b) nanocomposite systems with modified
nanofiber ends. Similar end modifications were effec-
tively used to remove the interfacial stress singular-
ity in macroscale dissimilar material joints through an
integrated numerical and experimental investigation by
Xu et al.17 Since direct nanoscale experimental validation
is very difficult to conduct at the current stage, we mainly
focus on numerical investigation. Although the nanofiber-
reinforced composite is the main focus, the numerical
analysis can be easily extended to nanotube-reinforced
composite by varying the stiffness and dimensions of the
nanoscale reinforcement.

Figure 2a is a transmission electron microscopy (TEM)
image showing short nanofibers well-dispersed in an
epoxy matrix. Usually, these nanofibers are curved and
therefore the improvement in composite stiffness is not
high.14 Based on the material analysis, a basic represen-
tative volume element for mechanics analysis (henceforth
referred to as RVE) is shown with typical dimensions and
boundary conditions in Figure 2b. Figure 2c shows the
full RVE for shear loading case, with different boundary
conditions. The volume fraction of the nanofiber/nanotube
in the baseline RVE was 4%, and this percentage was
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Fig. 2. (a) Transmission electron microscopy (TEM) image of
nanofibers as dispersed in GCNF/epoxy nanocomposite and (b) rep-
resentative volume element (RVE) used for micromechanical analysis
of nanofiber-epoxy nanocomposite under tension, �app = 0�01 nN/nm2,
Vf = 4%. A quarter of the original RVE is shown here with symmetric
boundary conditions. (c) same RVE under shear loading.

increased to 11% by retaining the dimensions of the
nanofiber and decreasing the dimensions of the epoxy
matrix. A commercial FEA software ANSYS was used for
numerical analysis. A transition mesh, using PLANE42
elements, was employed for the elements to fan out from
a dense mesh in and around the nanofiber–epoxy matrix
interface to a relatively coarser mesh utilized for the rest
of the RVE. The material properties used in the baseline
RVE were epoxy matrix, Em = 2�6 GPa, �m = 0�3, and
nanofibers, Ef = 600 GPa, �f = 0�3. Similar to other finite
element analyses, these nanofibers were treated as trans-
versely isotropic materials.14�16 The elastic modulus of
the nanofiber was varied such that four typical reinforce-
ment cases were considered: Ef = 50 GPa (glass fibers),
200 GPa (carbon fibers), 600 GPa (graphite nanofibers),
and 1000 GPa (carbon nanotubes). Remote tensile stress
of 10 MPa (= 0.01 nN/nm2) was applied along the shorter
edge of the epoxy matrix and a linear, elastic analysis was
run to determine the dependence of interfacial stresses
on elastic properties and volume fractions. The analyses
were varied in terms of (a) applied stress of 10 MPa or
(b) applied displacement of 0.1 nm to the RVE.

If two dissimilar materials are joined, interfacial stress
components may be singular—hence a special approach
will be employed to characterize their distributions:18

�ij
r� �=
K


r/L�
fij 
�+�ij0
� (1)

Here r and � are polar coordinates, L is a characteristic
length, K is the stress intensity factor, and the constant
stress term �ij0 has been defined such that for mechani-
cal loading perpendicular to the interface, �0 = 0. Also,
f�
� was defined in such a way that f�
�= 0= 1. Taking
the logarithm of both sides of Eq. 1, the stress intensity
factor K can be obtained from the numerical interfacial
stress distribution of log
�FE

� 
r� �− �� 0
���=0 versus
log
r/L. In this investigation, the radius of the nanofiber
rf is taken as the characteristic length L. The calculation of
the stress singularity order � was based on the determinant
f 
�1� �2�����p introduced in Ref 19. For any particular
material combination, the Dundurs’ parameters � and �
were calculated, which represent stiffness mismatch of two
joint materials.20 Besides, the joining angles for two kinds
of materials were known: 90� for the nanofiber and 270�

for the epoxy matrix. As such, the only unknown parame-
ter p 
=1–� could be determined from the equation

D
a�b�����p = A�2 +2B��+C�2

+2D�+2E�+F = 0 (2)

Where the coefficients A, B, C, D, E, and F depend on
the joining angles and �.

3. RESULTS AND DISCUSSION

Owing to different loadings applied to the RVE, very dif-
ferent interfacial stress distributions along the short inter-
face between the matrix and the nanofiber with straight
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Fig. 3. Effect of applied loading types on the interfacial stress distri-
butions (a) along the short interface for tension loading and (b) along
the short interface for shear loading (full specimen analyzed). Vf = 4%.
Applied stress = 10 MPa.

ends were obtained, as illustrated in Figure 3a,b. While
the interfacial normal stress in the tensile loading case
remains positive in nature along the length of the short
interface, Figure 3b shows that the interfacial normal stress
along the short interface changes from a positive value
(tensile) to a negative value (compressive). This means
that under shear loading, one end of the fiber is “pulled
down” while the other end is “pushed out.” Therefore, we
may expect that the same nanofiber-reinforced compos-
ite would yield higher ultimate strengths or strains under
shear loading as compared to tensile loading. It was also
noticed that a higher Young’s modulus of the reinforce-
ment led to higher interfacial stresses for both loading
cases. However, severe stress singularity at the finite end
of the nanofiber existed for both cases and would surely
induce a macroscale crack to cause final composite failure.

Figure 4 depicts the variation of the stress singularity
order with Young’s moduli mismatch between the matrix

0

0.04

0.08

0.12

0 100 200 300 400

Ef/Em

λ

λ

Fig. 4. Effect of Young’s moduli mismatch on stress singularity order.

and the nanofiber. Since the singular stress values prevent
accurate comparisons for different material combinations,
the stress singularity orders were computed to compare
different Ef/Em cases. The starting point of the stress sin-
gularity order curve corresponds to the case where there is
no property mismatch or zero stress singularity order. This
curve shows a smooth transition and reaches a plateau
gradually as Ef/Em assumes a larger value.

Figure 5 depicts the effect of volume fraction on the
interfacial shear and normal stress distributions along the
short and long interfaces, in response to applied stress of
10 MPa. While an increase in volume fraction showed
little effect on the stress distributions along the short
interface, the interfacial shear stress along the long inter-
face seems to be least for the baseline volume fraction
Vf = 4% and increases slightly with increasing volume
fraction. This would mean that a high volume/weight
fraction of nanofibers has little influence on the local
interfacial stress state or on the final failure strain of the
nanocomposite material. However, this was contradicted
in the applied tensile strain case. Figure 6 depicts the
effect of the nanofiber volume fraction on the interfa-
cial shear and normal stresses along the short and long
interfaces, in response to applied displacement of 0.1 nm
(tensile strain case). An increase in volume fraction
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Fig. 5. Effect of nanofiber volume/weight percents on interfacial stress.
(a) Short interface under applied stress of 10 MPa and (b) long interface
under the same applied stress.
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displacement.

showed a corresponding increase of the interfacial stress
distributions. These results provide mechanic insight for
recent experimental results:11�12 high volume/weight frac-
tions of nanoscale reinforcements lead to lower ultimate
failure strains of nanocomposite materials.

The possible singular interfacial stresses at the rect-
angular nanofiber ends are not the only reasons for low
failure strengths or strains—another important issue is
interfacial stress transfer. Figure 7 shows the effect of
geometry of the nanofiber end on the interfacial stress
distributions. Two cases were considered: (a) the baseline
case with straight edge forming a 90� angle at the inter-
face corner and (b) a round interface corner with a radius
of 1 nm. As expected, the normal stress over the short
interface showed a strong singularity in case (a) but not so
in case (b). Shear stress variation along the long interface
depicted in Figure 7b also shows a significant reduction
around the interfacial corners. Hence, nanofibers with
slightly rounded edges are a better alternative to common
nanofibers with straight edges. Similar conclusions for
traditional fiber-reinforced composites were drawn by
Sun and Wu21 and Liou.22 However, the normal stress
distribution of the nanofiber did not change significantly
by shaping the nanofibers. Besides, from the composite
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Fig. 7. Effect of the nanofiber end on the interfacial stress distribution
(a) normal stress variation along short interface and (b) shear stress vari-
ation along the long interface for Vf = 4%, Ef = 600 GPa, and applied
stress = 10 MPa.

processing viewpoint, rounded ends for each nanofiber
would prove to be very time-consuming and costly.

The effects of both volume fractions and Young’s mod-
uli on the normal stress distribution along the midplane
of the nanofibers with straight or curved edges have also
been examined in Figure 8a,b. The normalized stress is
seen to rise toward the center of the fiber as a result of
interfacial shear transfer, or shear-lag effect.23�24 However,
the maximum normal stress in the nanofiber is only around
1.6 times that in the matrix, far below the strength ratio
of the nanofiber/nanotubes over the polymeric matrix (at
least 100). Although some research results showed that
modified ends/edges of the short fibers could effectively
remove the stress concentration/singularity,21–23 the nor-
mal stress distribution of the short fiber is not altered
significantly. Therefore, such composite design will not
make full use of the high strength of nanofibers/nanotubes.
Discontinuous nanotubes/nanofibers with high strength
and stiffness, when added as reinforcement to matrices,
are undermined by the stress singularity at the fiber–matrix
interface and also by the inefficient interfacial shear stress
transfer even if nanofiber ends were rounded by means
of special processing. This provides us with an important
principle for nanocomposite design.

It should be noted that the finite end stress singularity
is a theoretically elastic phenomenon and will never occur
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in reality. A significant reduction in singularity has been
noticed when more accurate models are used to depict the
polymeric matrix (e.g., elastoplastic, viscoelastic model)
in traditional composites with graphite fibers. In addition,
for nanotube-reinforced composites, since the nanotube
has a lattice-type structure at the nanometer level, the
actual singularities that occur at the interface should be
much lower than those predicted by using the continuum
mechanics approach. Therefore, these two arguments lead
to the conclusion that the singularities predicted in this
investigation are overestimated. However, the interfacial
shear stress concentration (due to the theoretical stress
singularity) definitely becomes more severe if the stiffness
mismatch of the reinforcement and the matrix increases,
which in turn will lead to interfacial debonding.

4. CONCLUSIONS

Discontinuous nanotubes/nanofibers with high strength
and stiffness, when added as reinforcement to matrices,
are undermined by the stress singularity at the fiber–
matrix interface and also by inefficient interfacial shear

stress transfer. However, continuous forms of nanofibers
or nanotubes without finite ends, on the other hand, pre-
clude the presence of extra matrix material at the ends of
fibers and hence eliminate stress concentration/singularity.
Thus, for future nanocomposite material designed with an
objective of strength or fracture toughness increase,11�25

discontinuous nanofibers or nanotubes (in spite of being
aligned) are not recommended.
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