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Abstract The separation of variables is employed to solve
Hamiltonian dual form of eigenvalue problem for transverse
free vibrations of thin plates, and formulation of the natural
mode in closed form is performed. The closed-form natu-
ral mode satisfies the governing equation of the eigenvalue
problem of thin plate exactly and is applicable for any types
of boundary conditions. With all combinations of simply-
supported (S) and clamped (C) boundary conditions applied
to the natural mode, the mode shapes are obtained uniquely
and two eigenvalue equations are derived with respect to two
spatial coordinates, with the aid of which the normal modes
and frequencies are solved exactly. It was believed that the
exact eigensolutions for cases SSCC, SCCC and CCCC were
unable to be obtained, however, they are successfully found
in this paper. Comparisons between the present results and
the FEM results validate the present exact solutions, which
can thus be taken as the benchmark for verifying different
approximate approaches.

Keywords Classical theory of thin plate · Frequency ·
Free vibrations · Symplectic dual method · Exact solution

1 Introduction

The exact solutions for the free vibration problem of a rectan-
gular thin plate can be obtained only for the case with at least
two opposite edges simply supported by the semi-inverse
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method. How to obtain exact solutions for other cases is a
bottleneck for further development of solution methods in
elastic mechanics.

For the transverse free vibrations of plates, the natural
mode W (x , y) is related to two spatial coordinates x and
y, and there exists a corresponding eigenvalue for each of
them. In semi-inverse method, an eigenvalue and correspon-
ding eigenfunctions are postulated to satisfy the boundary
conditions of two opposite edges simply supported, and the
problems with double eigenvalues are transformed to the pro-
blems with single eigenvalue. Except the case with at least
two opposite edges simply supported, it is impossible to pos-
tulate such an eigenvalue and eigenfunctions that the boun-
dary conditions along any two opposite edges can be satisfied,
which is evidently a strong limitation for applying the inverse
method even though it is a dominant method for 2D elastic
problems.

The thin plate vibration problems have been studied exten-
sively, including the pioneers [1,2] and Timoshenko’s work
[3] from energy point of view. Graff [4] summarized the exact
normal modes and frequency equations of rectangular thin
plates with at least two simply supported opposite edges.
In the determination of exact solutions for free vibration of
plates, derivation of the general mathematic expression of
natural mode satisfying the governing equation of the eigen-
value problem is the most important and difficult problem,
and thus many efforts were devoted to the development of
approximate solutions with a high level of precision [5], and
most approximate methods were established on the basis of
series expansion. Due to its high versatility and conceptual
simplicity, Ritz method is one of the most important approxi-
mate methods, in which the displacement boundary condi-
tions are satisfied exactly but the governing equations and
the natural boundary conditions are satisfied approximately,
e.g. it was used by Leissa [6] to study the transverse free
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vibrations of plates. Literature reviews can be found in
Refs. [7–9], and some new representative approximate results
for the transverse free vibration of thin plate are briefly revie-
wed below.

Gorman [10,11] obtained a series of solutions by the super-
position method, in which the natural modes were expressed
in trigonometric and hypermetric series, and the number of
terms in series depended on the requirements of precision. In
the novel superposition method introduced by Kshirsagar and
Bhaskar [12], the infinite series counterparts of conventional
Levy-type closed-form expressions were used to simplify the
solution procedure without any compromise on accuracy.
Filipich and Rosales [13] developed a variational method
for the frequency analysis of a free rectangular thin plate
within the Germain–Lagrange theory, and Seok et al. [14]
studied the free vibration of a cantilevered plate based on a
variational approximation approach, in which the differential
equation and the conditions on either side of the width were
satisfied exactly, and the conditions at the free and fixed edges
were satisfied variationally. Hedrih [15] investigated the free
and forced transversal vibrations of an elastically connec-
ted double-plate system based on the classical theory of thin
plate and mode superposition method. Ouyang and Zhong
[16], Zhong and Zhang [17], Bao and Deng [18] applied
Hamilton dual method to the analyses of modes and fre-
quencies of thin plates, in which the natural modes in their
solutions were expressed in the forms of symplectic eigen-
function expansions rather than in the closed form, and Cen
et al. gave some Hamiltonian dual differential equations of
thin plates in Ref. [19].

Some new exact solutions for the transverse free vibrations
of rectangular thin plate are obtained in the present paper,
which is organized as follows. The Hamiltonian form of the

eigenvalue problem of thin plate is reviewed in Sect. 2, and
solved by using the separation of variables in Sect. 3. The
exact solutions for cases SSCC, SCCC and CCCC, which are
not available in literature, are obtained in Sect. 4, followed by
numerical experiments and comparisons with FEM results.
Finally, some conclusions are drawn in Sect. 6.

2 Hamiltonian form of eigenvalue problem

Let us consider a perfectly elastic, homogeneous, isotropic
thin plate with uniform thickness h, Young’s modulus E ,
Poisson’s ration υ and mass volume density ρ. It is assumed
that the thickness h is small compared with in-plane dimen-
sions, as shown in Fig. 1. We take the xy plane for the middle
plane of the plate and assume the deflection w(x , y, t) to be
small compared with the thickness h. The partial differential
equation for free vibrations of thin plates can be written in
terms of deflection as

∇2∇2w(x, y, t) + ρh

D

∂2w(x, y, t)

∂t2 = 0, (1)

where D = Eh3/12(1−υ2) is the bending rigidity, and ∇2 is
the Laplacian. It is well-known that the normal vibrations of
an elastic linear system are harmonic, therefore the deflection
in normal vibrations of thin plate can be assumed to be

w(x, y, t) = W (x, y)eiωt , (2)

where ω is the natural frequency, and i2 = −1. Substitution
of Eq. (2) into Eq. (1) yields a four order partial differential
equation involving natural mode W (x, y)

∇2∇2W (x, y) = k4W (x, y), k4 = ρhω2/D, (3)

which is the governing equation of the eigenvalue problem
of thin plates. The Hamiltonian dual form of Eq. (3) can be
obtained as [14]

v′ = Hv, (4)

where H is a Hamiltonian differential operator matrix, v′ =
∂v/∂x , here v is the state vector composed of dual variables.
And they have the forms

H =

⎡
⎢⎢⎢⎢⎣

0 1 0 0

−υ∂2/∂y2 0 0 −1/D

−D(1 − υ2)∂4/∂y4 + ω2ρh 0 0 υ∂2/∂y2

0 2D(1 − υ)∂2/∂y2 −1 0

⎤
⎥⎥⎥⎥⎦

, (5)

vT = [ W � Q M ]
= [ W ∂W/∂x −Qx Mx ], (6)

where the bending moment and shear force are given by

Mx = −D

(
∂2W

∂x2 + υ
∂2W

∂y2

)
,

Qx = −D

[
∂3W

∂x3 + (2 − ν)υ
∂3W

∂x∂y2

]
.

(7)

123



New exact solutions for free vibrations of rectangular thin plates by symplectic dual method 267

Fig. 1 Thin plate with coordinate convention

3 The separation of spatial variables

It is superior to solve Eq. (4) instead of Eq. (3), since the order
of the differential equation is reduced from 4 [see Eq. (3)] to
1 [see Eq. (4)] and the separation of variables can be applied
to the spatial variables. The separation-of-variable solution
of Eq. (4) can be written as

v = Y (y)X (x), (8)

where

Y (y)T = [W̄ (y), �̄(y), Q̄(y), M̄(y)]. (9)

Substituting Eq. (8) into Eq. (4) results in

∂ X

∂x
= µX, (10a)

HY (y) = µY (y), (10b)

where µ is the eigenvalue of Hamiltonian matrix H, and
corresponds to spatial coordinate x . Integrating Eq. (10a)
and substituting the results into Eq. (8) lead to

v = (a1eµx + b1e−µx )Y (y). (11)

A property of the eigenvalues of Hamilton matrix H is
used in Eq. (11), i.e., if µ is an eigenvalue of H, then −µ is
also an eigenvalue of H, and thus Eq. (10b) can be written as
HY (y) = ±µY (y), where Y (y) is a symplectic eigenfunc-
tion vector satisfying the symplectic conjugate orthogonal
relations. It can be found from Eq. (11) that

W (x, y) = (a1eµx + b1e−µx )W̄ (y), (12)

where the symplectic eigenfunction W̄ (y) can be solved from
Eq. (10b). Eliminating �̄,Q̄ and M̄ from Eqs. (10b) and (9),
we obtain a four order differential equation involving the
symplectic eigenfunction W̄ (y):

∂4W̄

∂y4 + 2µ2 ∂2W̄

∂y2 + (µ4 − k4)W̄ = 0. (13)

For the above homogeneous equation (13), its particular solu-
tion has the form W̄ (y) = eλy , and λ is the eigenvalue with

respect to coordinate y. Substituting the particular solution
into Eq. (13) results in the following characteristic equation

(λ2 + µ2)2 = k4. (14)

It is noteworthy that the two eigenvalues λ and µ and the
natural frequency ω in Eq. (14) are all unknowns. It can be
found from Eq. (14) that the Eigenvalues λ and µ can only be
real or pure imaginary numbers for the free vibration of thin
plates, and different (λ2 + µ2) will correspond to different
natural frequency ω. Solving Eq. (14) gives us characteristic
roots

λ1,2 = ±iα1, λ3,4 = ±α2, (15a)

and

µ1,2 = ±iβ1, µ3,4 = ±β2, (15b)

where

α1 =
√

k2 + µ2, α2 =
√

k2 − µ2, (16a)

β1 =
√

k2 + λ2, β2 =
√

k2 − λ2. (16b)

Then the general solution of Eq. (13) can be written as

W̄ (y) = A1 cos α1 y + B1 sin α1 y

+ C1 cosh α2 y + D1 sinh α2 y, (17)

and the natural mode in Eq. (12) becomes

W (x, y) = (a1eiβ1x + b1e−iβ1x

+ c1eiβ2x + d1e−iβ2x )W̄ (y). (18)

By substituting Eq. (18) into Eq. (3), we can verify that
W (x, y) is an exact solution of Eq. (3), i.e. natural mode
W (x, y) given in Eq. (18) satisfies Eq. (3) exactly. For the
convenience of solution, Eq. (18) is rewritten as

W (x, y) = 
(x)W̄ (y), (19)

where


(x) = a1eiβ1x + b1e−iβ1x + c1eiβ2x + d1e−iβ2x

= A2 cos β1x + B2 sin β1x

+C2 cosh β2x + D2 sinh β2x . (20)

It should be pointed out that the two functions 
(x) and
W̄ (y) can not be solved independently except for the case
with at least two opposite edges simply supported.

4 Normal mode and frequency equation

As the natural mode W (x, y) has been obtained in the form of
Eq. (19), the remaining problems are to determine the eight
unknown constants in Eq. (19) and the frequency equation
by means of the eight boundary conditions of the rectangular
thin plate.
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Table 1 The eigensolutions for the cases S-S, S-C and C-C

Eigenvalue equations Normal symplectic eigenfunctions

S-S sin α1b = 0 W̄ (y) = sin α1 y

S-C α2 tan α1b = α1 tanh α2b W̄ (y) = sin α1 y − sin α1b

sinh α2b
sinh α2 y

C-C
1 − cos α1b cosh α2b

sin α1b sinh α2b
= α2

1 − α2
2

2α1α2
W̄ (y) = − cos α1x + α2

α1
k1 sin α1 y + cosh α2 y − k1 sinh α2 y

This paper considers the simply supported and clamped
boundary conditions only. All together there are six com-
binations for these two types of boundary conditions, i.e.,
SSSS, SCSS, SCSC, SSCC, SCCC and CCCC, among which
only the first three cases with at least two opposite simply-
supported edges can be solved by the inverse method. Howe-
ver, all the six cases can now be solved by the present method,
in which the formulations of 
(x) and W̄ (y) can be perfor-
med independently with the same procedure, as shown in the
following solution steps, but the quantities α1, α1, β1, β1, and
ω in these two functions must be solved simultaneously. As
an example, let us solve the case S-C, wherein the edge y=0
is simply supported (S) and the edge y = b is clamped (C), to
show the solution steps for W̄ (y). The boundary conditions
for the edge y = 0 are

W (x, 0) = 0 ⇒ W̄ (0) = 0,

∂2W (x, 0)

∂y2 + υ
∂2W (x, 0)

∂x2 = 0 ⇒ ∂2W̄ (0)

∂y2 = 0.
(S)

(21)

The boundary conditions for the edge y = b are

W (x, b) = 0 ⇒ W̄ (b) = 0,

∂W (x, b)

∂y
= 0 ⇒ ∂W̄ (b)

∂y
= 0.

(22)

Introducing the solution (17) of Eq. (13) into Eqs. (21) and
(22) leads to a homogeneous algebraic system of four equa-
tions for unknown constants A1, B1, C1 and D1

⎛
⎜⎜⎝

1 0 1 0
−α2

1 0 α2
2 0

cos α1b sin α1b cosh α2b sinh α2b
−α1 sin α1b α1 cos α1b α2 sinh α2b α2 cosh α2b

⎞
⎟⎟⎠

×

⎧⎪⎪⎨
⎪⎪⎩

A1

B1

C1

D1

⎫⎪⎪⎬
⎪⎪⎭

=

⎧⎪⎪⎨
⎪⎪⎩

0
0
0
0

⎫⎪⎪⎬
⎪⎪⎭

. (23)

From Eq. (23), one can obtain

A1 = C1 = 0, (24)

then Eq. (23) is reduced to

(
sin α1b sinh α2b

α1 cos α1b α2 cosh α2b

) {
B1

D1

}
=

{
0
0

}
. (25)

For obtaining nontrivial solutions, the determinant of coeffi-
cients matrix of Eq. (25) for B1, and D1 must be zero, leading
to the following eigenvalue equation with respect to y

α2 tan α1b = α1 tanh α2b. (26)

From Eq. (25), we have

D1 = −B1
sin α1b

sinh α2b
. (27)

Substituting Eqs. (24) and (27) into Eq. (17) and letting
B1=1, we can determine the normal symplectic eigenfunc-
tion W̄ (y) as

W̄ (y) = sin α1 y − sin α1b

sinh α2b
sinh α2 y. (28)

For other cases, the eigenvalue equation and the normal eigen-
functions can be obtained similarly. The eigensolutions of
Eq. (13) for three typical cases S-S, S-C and C-C with res-
pect to edges y = 0 and y = b are given in Table 1.

In Table 1, the coefficient k1 is given by

k1 = cos α1b − cosh α2b

(α2/α1) sin α1b − sinh α2b
. (29)

It is readily found that the eigenvalue equation in Table 1 can
not be solved independently for both cases S-C and C-C, but
can be solved independently for the case S-S, this is also the
reason why the inverse method can be applied only to the
case with at least two opposite edges simply supported.

For the other two opposite edges x = 0 and x = a, if the
boundary conditions are also S-S, or S-C or C-C, the eigen-
value equation and the eigenfunction 
(x) (see Eq. (20))
can be solved similarly and will not be described in detail
here. Therefore the natural mode in Eq. (19) is determined
corresponding to 
(x) and W̄ (y). For cases SSCC, SCCC
and CCCC as shown in Fig. 2, the exact normal modes and
eigenvalue equations are summarized in Table 2, which are
unable to be obtained by the inverse method.
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Fig. 2 The boundary
conditions of plate. a SSCC;
b SCCC; c CCCC

Table 2 The normal modes and eigenvalue equations for the cases SSCC, SCCC and CCCC

SSCC

Eigenvalue equations

β2 tan β1a = β1 tanh β2a, α2 tan α1b = α1 tanh α2b

Normal mode

W (x, y) =
(

sin β1x − sin β1a

sinh β2a
sinh β2x

)
·
(

sin α1 y − sin α1b

sinh α2b
sinh α2 y

)

SCCC

Eigenvalue equations

β2 tan β1a = β1 tanh β2a,
1 − cos α1b cosh α2b

sin α1b sinh α2b
= α2

1 − α2
2

2α1α2
Normal mode

W (x, y) =
(

sin β1x − sin β1a

sinh β2a
sinh β2x

)
·
(

− cos α1 y + α2

α1
k1 sin α1 y + cosh α2 y − k1 sinh α2 y

)

CCCC

Eigenvalue equations

1 − cos β1a cosh β2a

sin β1a sinh β2a
= β2

1 − β2
2

2β1β2
,

1 − cos α1b cosh α2b

sin α1b sinh α2b
= α2

1 − α2
2

2α1α2

Normal mode

W (x, y) =
(

− cosh β1x + β2

β1
k2 sinh β1x + cos β2x − k2 sin β2x

)
·
(

− cos α1 y + α2

α1
k1 sin α1 y + cosh α2 y − k1 sinh α2 y

)
,

k2 = cos β1a − cosh β2a

(β2/β1) sin β1a − sinh β2a

In Table 2, the two eigenvalue equations for any case must
be solved together with one of the following two equations

β2
1 + β2

2 = 2k2, (30)

α2
1 + α2

2 = 2k2, (31)

which can be derived from Eq. (16b) and Eq. (16a), respec-
tively.

5 Numerical examples

Consider a rectangular thin plate with h = 0.02 m, ρ =
2,800 kg m−3, E = 72 × 109 Pa, υ = 0.3, and a × b =
1 m×1.2 m. The Newton method is adopted to solve the
transcendental eigenvalue equations. In Table 3, Table 4
and Table 5, ka denotes the present exact dimensionless

Table 3 The first ten frequencies for case SSCC

1 2 3 4 5 6 7 8 9 10

β1a 3.72 3.52 7.00 6.86 3.41 10.18 6.74 10.09 3.35 6.66

ka 4.78 6.76 7.55 8.87 9.11 10.55 10.72 11.51 11.59 12.86

ka∗ 4.79 6.77 7.55 8.87 9.11 10.55 10.73 11.51 11.59 12.87

Table 4 The first ten frequencies for case SCCC

1 2 3 4 5 6 7 8 9 10

β1a 3.68 3.49 6.99 6.84 3.39 10.17 6.73 10.08 3.34 9.99

ka 5.05 7.24 7.64 9.13 9.67 10.59 11.11 11.65 12.18 13.21

ka∗ 5.08 7.26 7.65 9.14 9.68 10.59 11.12 11.66 12.19 13.22
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Table 5 The first ten frequencies for case CCCC

1 2 3 4 5 6 7 8 9 10

β1a 4.33 3.90 7.72 7.45 3.68 10.93 7.21 10.77 3.56 7.04

ka 5.49 7.42 8.30 9.56 9.76 11.31 11.39 12.23 12.23 13.52

ka∗ 5.54 7.45 8.31 9.59 9.78 11.32 11.41 12.23 12.26 13.54

Fig. 3 Graphic illustration of
the three exact mode shapes of
case CCCC. a The 5th mode
shape; b The 9th mode shape;
c The 13th mode shape

frequencies, and ka* denotes the results of FEM, which are
calculated by MSC Nastran with mesh 100 × 120 and Ben-
ding Panel element. It follows from Table 3, Table 4 and
Table 5 that the results of the two methods are in close agree-
ment, and thus the exact frequency equations and normal
modes proposed in this paper are validated. The mode shapes
given by the exact solution are the same as those obtained
by FEM, among which only three mode shapes of the case
CCCC are shown in Fig. 3.

6 Conclusions

Hamiltonian symplectic dual method and the separation of
variables are adopted to solve the transverse free vibration
problems of rectangular thin plates. The general mathemati-
cal expression of natural mode is derived, which satisfies the
governing equation of the eigenvalue problem exactly and
holds true for all kinds of boundary conditions.

The exact normal modes and frequency equations can be
obtained for any combination of separable simply-supported
and clamped boundary conditions. The exact eigensolutions
for the three cases SSCC, SCCC and CCCC presented in this
paper have not been available in the previous literature.

The application of the Hamiltonian symplectic dual
method and the separation of spatial variables are not limited
to the rectangular thin plate, and can be extended to the static
and dynamic problems of planes, thick plates and others.
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