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1 Introduction

Sloshing must be considered for almost any moving vehicle or structure containing a

liquid with a free surface and can be the result of resonant excitation of the tank liquid.

Excitation with frequencies near the lowest natural frequency of the liquid motion is of

primary practical interest. Sloshing can also be the result of transient motion, for instance,

when we spill coffee from our coffee cup. Since foam dampens sloshing, it is easier to carry

a glass of beer (Sauret et al. 2015). The fact that sloshing may strongly interact with the

dynamics of the carrying “body” is evident when we carry a bucket of water. If sloshing

starts in the bucket, it is difficult to stop it.

The hydrodynamics of sloshing can be complicated. Its understanding requires a com-

bination of theory, computational fluid dynamics (CFD), and experiments. We start out

with exemplifying resonant liquid motions in various engineering fields. Ship tank appli-

cations require that nonlinear free-surface effects are accounted for. Then an analytically

based description of global sloshing flow follows. Finally, we consider sloshing-induced slam-

ming where the effect on tank design is often based on model tests. However, scaling of

impact slosh pressures from model to full scale in prismatic liquefied natural gas (LNG) ship

tanks and its effect on structural stresses is not completely understood. When not explicitly

mentioned, the textbook by Faltinsen and Timokha (2009) provides further details as well

as many references on the presented subjects.

2 Resonant liquid motion in various engineering fields

The majority of resonant motions of an incompressible liquid with practical importance

is associated with free-surface gravity waves. However, if a fabric structure is completely

filled with an incompressible liquid, the structural elasticity causes resonances inside the

container. The word fabric means a sandwich structure coated with a polymer on both sides.

It is a very flexible structure with negligible bending stiffness. The consequence is small

storage place when empty. A container as that has been proposed for water transportation.

In order to find the natural frequencies we must analyze the coupling of the internal and

external flow with the elastic behavior of the fabric structure. An example on resonant

motions of a compressible gas is what happen in the supporting air cushion of a surface

effect ship (SES) with uniform pressure and acoustic wave resonances (Faltinsen 2005). The

resulting “cobblestone” oscillations occurring in small sea states represent a comfort problem

in passenger transportation.
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Resonant free surface flows in tanks in aircraft, missiles, and rockets have been the

focus of extensive research. For these vehicles, sloshing will have a strong influence on their

dynamic stability. The sloshing technology developed for space applications is not directly

applicable to ship cargo tanks because emphasis was placed on frequencies and total forces

as they related to control system requirements and, therefore, the effect of impact slosh

pressure on structural requirements has not been studied to any extent.

A large percentage of the initial weight of boost or launch vehicles is fuel. A concern is

that the dominant fuel-slosh frequencies are close to the control system frequencies and/or

the elastic body bending frequencies. The consequence can be dynamic instabilities and

large amplitude response of the launch vehicles. Vertical excitation of propellant tanks can

be linked to Mathieu type of instabilities and Faraday waves.

The fact that spacecrafts orbiting around the Earth are in close to a weightless condition

affects significantly sloshing in fuel tanks. Surface tension plays a dominant role instead of

gravity. Spacecraft and rockets can be spinning as a gyroscope as a matter of stabilization

and in order to moderate the effects of solar heating.

Sloshing induced loads on onshore tanks due to earthquake motions must be considered

in their design. Acceleration spectra for vertical and horizontal accelerations define the tank

excitation. Sloshing is a design consideration of closed marine salmon farms. The reason for

using a closed fish cage instead of a net structure is to avoid salmon lice.

Sloshing of liquid cargo within tank trucks affects the lateral stability of the carrying

vehicle. A tank vehicle with partially filled tank(s) may roll over due to sloshing because

of a fast transverse maneuver (cornering) such as rapidly changing lanes on a highway. A

sudden stop of the vehicle causes longitudinal sloshing in the tank. This is particularly

critical if the tank is unbaffled or is not divided into compartments. The latter is the case

for transportation of food (e.g., milk) due to sanitary cleaning reasons. Shallow liquid types

of waves develop for such tanks at a sudden stop of the vehicle. When the waves hit the end

of the tank, they push the vehicle in the wave direction. The consequence is, for instance,

that they can shove a stopped truck out into an intersection. Commercial driver’s manuals

contain warnings about the sloshing phenomena described above. Sloshing in partially filled

containers must also be considered in the dynamics of freight trains and can contribute to

derailment and rollover when passing through tight turns.

Large scale sloshing in a lake with steep sides may be the result of a landslide or

earthquake. During dam construction, such circumstances should be investigated. Large

scale sloshing may also occur in harbors and lakes and even on an oceanic scale. Important
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natural periods are from a few minutes for artificial harbors to several hours for large natural

bays. The corresponding flow is associated with shallow water conditions. Energy losses are

due to waves propagating out from the harbor opening, bottom friction and flow separation

at the opening. Resonance oscillations in harbors are associated with forced oscillations

caused by external disturbances. Because storm waves may have periods up to 20 s, they

cannot directly excite harbor resonance. However, nonlinear wave-wave interaction taking

place in the shoaling zone matters. The vertical water surface motion may be one or several

meters at certain points in the basin at harbor resonance. However, the main concern is

the shallow water effect causing large horizontal motions on a moored ship near the nodal

points of the harbor resonance. The consequence can be failure of the mooring system so

that the ship comes adrift.

A partially filled ship tank can experience violent liquid motion when the wave-induced

ship motions contain energy near the highest natural period for the liquid motion inside the

tank. Ingress of water to a damaged ship and the resulting dynamics of the water on large

deck areas can result in sloshing and affect the capsizing process. Sloshing in a partially

filled ship tank may occur, for instance, because of collision between two ships, grounding

or collision of a ship with ice.

There is a variety of ship tank shapes comprising rectangular, prismatic, tapered and

spherical tanks as well as horizontal cylindrical tanks. The liquid may be oil, LNG, water

or high-density cargoes like molasses and caustic soda. Even though a tank is completely

filled with liquid, the angular ship motions cause liquid motion relative to the tank motion.

Because sloshing is a typical resonance phenomenon, it is not necessarily the most

extreme ship motions or external wave loads that cause the most severe sloshing. This

implies that external wave-induced loads can often be described with linear free-surface

conditions. However, nonlinearities must often be accounted for when describing the tank

liquid motions. Further, there is an interaction between sloshing and the ship motions in a

seaway. Because it is the highest sloshing period (natural period) that is of prime interest,

vertical tank excitation is of secondary importance.

The hydrodynamic loading inside a tank can be classified either as impact (slamming)

loads or “dynamic”, non-impulsive, loads. In this context, dynamic loads mean loads that

have dominant time variations on the time scale of the sloshing period, while impact loads

may last only from 10−3 s to 10−2 s. Sloshing loads must be considered in the context of

structural stress response and are of significance for both ultimate limit state (ULS) and

fatigue limit state (FLS) assessments. ULS is a limit state (collapse, tearing-off, etc.) due
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to one-time extreme loads while FLS is a limit state caused by repetitive loading resulting

in fatigue.

Loads on any internal structures must be considered. Here the high-cycle fatigue may

be of concern. Viscous flow separation is likely to occur and Reynolds number scale effects

matter, in particular, when the separation does not occur from sharp corners, as in the case

of pump towers in LNG tanks. Some internal structures may be in and out of the liquid so

that impact loads as well as dynamic loads may matter. Total dynamic loads on the tank

are of interest in order to estimate tank support reactions.

Environmental concerns have led to requirements for double hull tankers. Ship owners

try to avoid internal structures in cargo tanks for cleaning reasons. The resulting wide

and clean oil tanks increase the probability of severe sloshing. It is usual to have swash

(wash) bulkheads in either center cargo tanks or wing cargo tanks. A swash bulkhead is a

bulkhead with openings. The swash bulkhead is typically placed in the middle of the tank

perpendicular to the main flow direction. If the ratio between the area of the holes and

the area of the bulkhead is small, an important effect is the change in the highest natural

sloshing period to a level where sloshing is less severe. The flow through the holes causes

flow separation and thereby damping of resonant sloshing.

On floating oil and gas production platforms, sloshing will affect the efficiency of oil-

gas separators. Sloshing can occur in an oil-gas separator on a floating offshore platform.

Oil-gas separators are used to separate the oil, gas and water during oil production. The

separation occurs as the liquids and gas flow through the separator. Because the density of

water is higher than that of oil, there will be a lower layer of water with oil above. Waves will

be generated both on the free surface between oil and gas and on the interface between oil

and water. Wave-induced motions of the platform can excite sloshing. The consequence of

sloshing is a mixing effect on the oil, water, and gas that delays the oil production. Sloshing

damping devices are therefore commonly used to increase the operational time. Strategically

placed perforated plates perpendicular to the flow direction is one way of doing this.

Both U-tube tanks and free-surface tanks are used as anti-rolling tanks. The sloshing-

induced roll moment on the vessel due to a free-surface tank will cause roll damping if the

highest natural sloshing period is tuned to be close to the roll natural period. Similar argu-

ments can be used for the resonant liquid motion in a U-tube. A tuned liquid damper (TLD)

is one possible damping device to avoid excessive wind and earthquake excited oscillations

of tall buildings. It is the highest natural period of a building that is of concern. A TLD

provides damping in a similar way as anti-rolling tanks. TLDs have also been used by civil
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engineers to damp vibrations of other tall constructions such as chimneys and bridge towers.

If screens are used in connection with a TLD, the open water area ratios must be sufficiently

small to not influence the resonance frequency of the water motion.

Resonant liquid motions can also occur in confined liquid spaces with a free surface

and with external flow. An example is resonant oscillations in a moonpool with a large

amplification of the free surface flow in the moonpool relative to the vertical ship motions.

A moonpool is an opening in the middle of the ship used for marine operations. The most

important resonance is called piston mode oscillation. The word “piston” refers to the

liquid moving nearly one-dimensionally as a rigid body in the moonpool. The piston-mode

resonance frequency occurs in a frequency range with relatively large vertical ship motions

that act as an excitation by displacing the water outside the moonpool. A consequence of

the fact that the confined space with resonance oscillations is part of the external water

domain of the ship is generation of far-field waves. This causes a damping of the resonance

oscillations. However, flow separation at sharp corners in the lower moonpool entrance is the

most important damping mechanism. A general tendency is that the narrower the horizontal

cross-section of the moonpool is, the larger the motion of the free surface in the moonpool for

given vertical ship motions. Free surface nonlinearities are less important for piston mode

resonance than for sloshing in a ship tank. Fredriksen et al. (2015) studied numerically

and experimentally the moonpool problem in two dimensions in incident regular waves. A

numerical domain decomposition method was applied. The flow near the hull with vorticity

was described by Navier–Stokes equations. A high-order potential-flow method was used

at a distance from the hull. Using a conventional Navier–Stokes solver for the whole water

domain can lead to inaccuracies in describing surface wave propagation. Nonlinear body-

boundary conditions played an important role in correctly predicting viscous roll damping

due to flow separation. The heave motion of the hull is significantly affected by the presence

of the moonpool. Good agreement between experimental and numerical values of piston

mode amplitude as well as heave and roll of the hull was demonstrated. An interesting

finding is that the maximum moonpool response does not occur at the piston-mode resonance

frequency, but happens instead at a nearby heave natural frequency associated with small

damping. A reason is cancelling of the forcing due to heave and wave diffraction at the

moonpool resonance frequency.

Piston mode resonance occurs also in harbors associated with flow going in and out of

a harbor opening. It can also happen in the water gap between a ship and a terminal with

submerged vertical walls. The scenario is relevant for LNG terminals offshore. The LNG
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carriers off-load their cargo to the terminals where the LNG is re-gasified and transported

to land by pipelines. Of particular importance in the design of the fender system and the

mooring lines is the wave-induced horizontal ship motions, which are affected by the flow in

the water gap.

3 Analytically-based global sloshing description

Potential flow theory of an incompressible liquid can often adequately describe global

sloshing flow in a clean tank. There is an infinite number of eigenfrequencies and eigenmodes,

i.e., non-trivial solutions satisfying the field equation (Laplace equation), liquid mass con-

servation and the boundary conditions with no tank excitation. Whilst these eigensolutions

satisfy the linear free surface conditions, they play also an important role in the analyti-

cally based nonlinear multimodal method described in Faltinsen and Timokha (2009). Large

amplification of the liquid motions occurs when the forcing frequency is near the lowest nat-

ural sloshing frequency of a clean tank. This leads in many ship applications to important

nonlinear free-surface behavior inside the tank.

The highest natural period is of prime importance in assessing the severity of sloshing.

The natural frequencies and corresponding modes for the liquid motion depend on the

tank shape and the liquid depth-to-tank breadth (length) ratio. Let us exemplify for two-

dimensional flow in a rectangular tank with liquid depth h and tank breadth (length) l. The

liquid depth can have a significant influence on the natural period for a given tank breadth

(length). However, the influence is small when h/l >∼ 1.0, here defined as deep liquid

conditions when the free-surface motions do not “feel” the tank bottom. Shallow liquid

conditions are defined as h/l <∼ 0.1. Intermediate and finite liquid depths correspond to

∼ 0.1 < h/l <∼ 0.2− 0.25 and ∼ 0.2− 0.25 < h/l <∼ 1.0, respectively. Strong changes and

amplifications in the liquid behavior occur near the critical depth h/l = 0.3368 for excitation

frequencies close to the lowest natural frequency.

A linear theory based on the potential flow of an incompressible liquid predicts infinite

steady-state response for a forcing frequency equal to a natural frequency of the liquid

motion. The reason is zero damping because the only possible damping source is due to

radiated waves which, of course, are impossible for liquid in a container. If we consider the

relatively small excitation amplitudes of a TLD, viscous damping may properly describe

the resonance amplitude. However, for larger excitations the response will be limited at

resonant conditions due to nonlinear transfer of energy associated, first of all, with nonlinear
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transfer of energy from the lowest (primary excited) to different higher sloshing modes of

liquid motion as explained in Faltinsen and Timokha (2009) by the nonlinear multimodal

method. The flow at resonant conditions will be clearly different for shallow, intermediate

and finite liquid depth conditions. The infinite depth case resembles the finite depth case

when h/l >∼ 0.4. Photos from experiments in Fig. 1 illustrate these facts. Hydraulic

jumps traveling back and forth in the tank may occur in shallow liquid. When h/l >∼ 0.4,

the wave motion resembles a standing wave with largest free surface elevations at the tank

walls. Even though the free surface elevation is smallest around the middle of the tank, there

is not an exact node, i.e., a position with zero free surface elevation for all time instants.

When h/l >∼ 0.4, the damping is small and mainly associated with viscous boundary layer

effects along the tank boundary for smooth tanks of practical interest. The consequence

of small damping is that a very long time, e.g., 50 oscillation periods, is needed to reach

steady-state (periodic) conditions. Breaking waves occur more easily in intermediate and

shallow depths and at the critical depth than when h/l >∼ 0.4. The consequence of breaking

waves is greatly increased damping so that steady-state conditions are reached sooner. Large

breaking waves may occur in the middle of the tank as illustrated in Fig. 1 for the shallow,

intermediate and critical depth cases. This is because of several interacting natural sloshing

modes. Many natural modes have, in particular, significant roles in the shallow liquid case.

We can understand that many modes matter in shallow-liquid conditions by making a Fourier

analysis of the free-surface profile in Fig. 1(a) and noting that each mode corresponds to

a Fourier component.

The critical depth case illustrated in Fig. 1(c) needs special attention because a steady-

state condition with the flow oscillating at the forcing period may not also be achieved.

Sub-harmonic behavior can arise for particular forcing amplitudes and periods. The latter

fact was first discovered by CFD and later experimentally confirmed.

Swirling (rotary) wave motions may occur during harmonic horizontal excitation of

liquid motion in vertically axisymmetric or square-base tanks when the forcing frequency is

near the lowest natural frequency. Examples of vertically axisymmetric tanks are spherical

tanks and vertical circular cylinders. When the tank length-to-tank breadth ratio of a nearly

square-base tank is approximately between 0.9 and 1.1, there are similarities with the slosh-

ing behavior in a square-base tank (Faltinsen & Timokha 2009). A consequence of swirling

is a lateral hydrodynamic force component that is perpendicular to the forced oscillation

direction. We can easily observe swirling by doing experiments with a cup of coffee or a

glass of water. The rotation direction depends on transient conditions, and the steady-state
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a                                                                                      b

c                                                                         d

Fig. 1

Examples of typical periodic (steady-state) free-surface motions for shallow (a), intermediate

(b), nearly critical (c), and finite (d) liquid depth conditions for forced horizontal oscillations

with period T near the highest natural sloshing period T1 of two-dimensional flow in a

rectangular tank. Shallow liquid conditions (a) are for h/l = 0.125, T/T1 = 1. The forcing

amplitude to tank breadth ratio is 0.1. Nearly-critical depth conditions (c) are for h/l = 0.35,

T/T1 = 0.787

swirling motion could be clockwise or counter-clockwise. Swirling may change its rotation

direction during transient conditions. Swirling is a nonlinear phenomenon. If linear the-

ory were used, there could be in a square-base tank with longitudinal forcing parallel to a

wall only be two-dimensional (planar) waves. The nonlinear effects may also cause diagonal

waves in a longitudinally excited square-base tank, i.e., waves where the maximum wave

elevations occur at diagonally opposite corners of the tank with small wave elevations at the

other two corners. Again, the transient conditions determine the diagonal wave direction.

There are conditions depending on the liquid depth and the forcing amplitude and frequency

when no steady-state wave motions are possible in a square-base tank and vertically axisym-

metric tanks. Faltinsen and Timokha (2009) denote this as irregular motions, or “chaos”,

and document experimentally and theoretically by the nonlinear multimodal method that

chaos occurs in a certain excitation frequency domain near the lowest natural frequency

for a square-base rectangular tank and an upright circular cylindrical tank. Faltinsen and
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Fig. 2

Experimental and theoretical stability boundaries T, S, and P for non-dimensional filling

depth h/R0 = 0.6 and different longitudinal forcing amplitudes ε = η1a/R0 versus non-

dimensional forcing frequency σ/σ11. Empty (stable) and solid (unstable) symbols are ex-

perimental bounds taken from Sumner and Stofan (1963). The symbols related to S are

covered by a shadow area. Theoretical stability boundaries are marked by the solid lines T ,

S, and P (Faltinsen & Timokha, 2013)

Timokha (2012, 2013) present similar theoretical results for a spherical rigid tank. The

frequency domain with chaos depends on the filling depth and the forcing amplitude. The

wave regimes for different stable steady-waves have overlaps in 3D tanks, i.e., more than one

type of stable steady-state waves is possible for a given condition. The wave type occurring

depends on transient conditions. Figure 2 shows reasonable agreement between theoret-

ical and experimental results for a spherical tank with filling depth-to-sphere radius ratio

h/R0 = 0.6. The results are presented as a function of non-dimensional forcing frequency

σ/σ11 for non-dimensional surge amplitude η1a/R0 below 0.03. Here σ11 means the lowest

natural sloshing frequency. Chaos occurs according to theory between the lines T and S.

How simple can we make the sloshing analysis? When we consider transient sloshing

of short duration, linear sloshing theory is appropriate. Faltinsen and Timokha (2009)

applied the linear multimodal method to study the transverse hydrodynamic force needed

in rollover analysis of a tank vehicle with a partially filled horizontal circular cylindrical

tank. A simplified analysis was made by considering only one mode that was approximated

by an infinite-fluid horizontal dipole solution. A mass-spring system described the time-
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dependent generalized coordinate for the free-surface elevation. Satisfactory agreement with

CFD calculations was obtained. The eigenmode and corresponding eigenfrequency were

obtained by a variational formulation involving a Rayleigh quotient. The exact natural

frequencies are given by the Rayleigh coefficient when eigenmodes are used. Instead, test

functions are used in the variational formulation and the Rayleigh coefficient is minimalized.

Actually, the Laplace equation and all the boundary conditions are natural, i.e., derivable

from the corresponding variational equation. Faltinsen and Timokha (2009) used infinite-

fluid horizontal dipole solutions as test functions and minimalized the Rayleigh quotient

by varying the dipole singularity position in the center plane above the mean free surface.

Very good agreement with benchmark numerical results for the lowest eigenfrequency as a

function of filling depth was documented. Faltinsen and Timokha (2009) presented the same

type of simplified transient hydrodynamic analysis in terms of an infinite-fluid horizontal

dipole for a spherical tank with different filling ratios.

Faltinsen and Timokha (2009) analyzed resonant sloshing in a ship tank as a weakly

nonlinear potential-flow problem of an incompressible liquid. Their analytically based non-

linear multimodal method reduces the original free-boundary problem to nonlinear-coupled

ordinary differential equations with respect to generalized coordinates of the liquid motions

in a tank. No overturning waves and infinite tank-roof height are assumed. The tank-wall

surface must be vertical in the free-surface zone. The free-surface shape is represented as

a Fourier series with time-dependent coefficients (generalized coordinates) and the velocity

potential is expanded in terms of the linear eigenmodes for sloshing. The Fourier series

representation implies that the free surface is perpendicular to the tank walls. The latter

fact prevents adequate prediction of run-up in terms of a thin liquid layer along the walls.

The series are substituted into the Bateman–Luke variational formulation. Ordinary nonlin-

ear differential equations coupling the generalized coordinates of the free-surface elevation

and the velocity potential are derived. All the coefficients in the differential equations are

analytically expressed when the natural modes could be analytically determined such as for

rectangular tanks, vertical cylindrical tanks, and upright annular tanks. However, dependent

on the shape of the mean wetted tank surface, analytical continuation of the normal mode

solutions outside of the liquid domain to the corresponding tank with analytical solution can

be performed. In practice, the tank shape has small deviations from the previously men-

tioned tanks and the mean free surface areas must be the same. Examples on applications

are for a chamfered tank bottom and an inclined tank bottom.

Asymptotic ordering of the generalized coordinates are required to truncate the system
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of differential equations of finite dimension by introducing a small parameter characterizing

the tank excitation. In addition, a parameter characterizing the smallness of the liquid

depth-to-tank length ratio is needed in the asymptotic analysis for intermediate and shallow

depths. The multimodal methods are computationally very fast. The methods are more

suitable than a CFD method to understand the many different flow configurations that can

occur during sloshing. The equations can be used as a basis for analytical studies of steady-

state response with possible multi-branched solutions and physical stability. Let us as an

example consider 2D flow in a rectangular tank with finite water depth that is harmonically

and horizontally forced with frequency near the lowest natural sloshing frequency. Only the

lowest mode is considered dominant in the following. If a Moiseev (1958)-type of analysis

is used, the amplitude A of the lowest-order steady-state solution follows from a secularity

condition and is determined by a cubic equation, which may have either one or three real

solutions for a given forcing frequency. When three real solutions exist, only two of the

solutions are hydrodynamically stable. The characteristics of the solutions resemble the

solutions of the Duffing equation describing a mass-spring system with a linear and cubic

spring term. The hydrodynamic response has either a “hard spring” or a “soft spring”

response, similar to the Duffing equation. The response changes from having a “hard spring”

to a “soft spring” behavior at the so-called critical depth h = 0.3368l. The perturbation

scheme with one dominant mode fails at the critical depth and predicts an infinite response

when the forcing frequency is equal to lowest natural sloshing frequency. Except for the

critical depth, the maximum response occurs at a frequency different from the lowest natural

frequency. However, we must account for damping in order to predict the frequency of

maximum steady-state response. The behavior of steady-state response shows that jumps

between solution branches and hysteresis effects are possible. A time-domain solution is

needed to predict hysteresis and jumps between solution branches properly. This is possible

with the multimodal method.

The lowest order term in the sloshing analysis is smaller order than the excitation,

which expresses the fact that resonant liquid motion occurs. For instance, if the tank

excitation is O(ε) , the dominant sloshing modes are O(ε1/3) in finite and infinite liquid

depths. The asymptotic interior flow analysis differs from the exterior flow problem for ships

and offshore structures, where the lowest order term in a weakly nonlinear analysis is the

same order as the wave slope. Damping due to viscous effects has to be added in the nonlinear

ordinary differential equations of the generalized coordinates of the sloshing modes in order to

reach steady-state oscillatory conditions in a time-domain analysis. The damping increases,
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in general, with increasing excitation amplitude and decreasing liquid depth because of

breaking waves. The viscous damping associated with a laminar boundary-layer flow at

the tank surface can be theoretically estimated. However, there is no theoretical mean to

estimate damping due to breaking waves. Derivation of the asymptotic nonlinear modal

system generally assumes resonant sloshing with the excitation frequency σ to be near the

lowest natural sloshing frequency. However, the method is not limited to periodic excitation.

When employing an asymptotic ordering, the methods are categorized as single-dominant,

multi-dominant, and Boussinesq-type methods. The latter case refers to intermediate and

shallow liquid depths. The assumption that only the lowest order is dominant fails due to

(i) critical depth, (ii) large amplitude response, and (iii) secondary resonance. How many

modes are dominant depend on secondary resonance excited by super-harmonic nonlinear

flow effects. The necessary but not sufficient conditions for secondary resonance are that

nσ = σn, n > 1 and that σ/σ1 is close to one. Here σn means natural sloshing frequency.

The probability of secondary resonance increases with decreasing liquid depth and increasing

excitation amplitude. Secondary resonance in shallow-liquid conditions may be caused by

the fact that the natural sloshing frequencies become commensurate. For instance, σn

is nσ1 according to linear shallow-liquid theory of an inviscid liquid in a two-dimensional

rectangular tank. The consequence is that many natural modes must be considered dominant

in the corresponding shallow-liquid flow theory. However, the magnitude of damping is also

a factor. The multimodal method is efficient and accurate in predicting the steady-state

response in shallow-liquid conditions as long as the liquid depth-to-tank length ratio h/l is

not too small and the experiments do not detect strongly breaking waves, run-ups and free-

surface fragmentation. Comparisons were made with the experimental shallow-water results

by Chester and Bones (1968) for wave amplitude response near the wall for harmonically

sway-excited 2D sloshing in a rectangular tank with h/l = 0.083333 and 0.041667. The

non-dimensional sway amplitudes were η2a/l = 0.001254 and 0.002583. Results for h/l =

0.083333 and η2a/l = 0.001254 are presented in Fig. 3(a). The Boussinesq-type multimodal

method agrees well with the experiments and gives clearly better theoretical results than

those presented by Chester (1968). Figure 3(b) shows a good agreement between the

multimodal theory and experiments with a forcing amplitude twice larger. Three jumps in

the wave amplitude between solution branches associated with the primary resonance and

secondary resonances of the second and third mode were detected. The secondary resonance

of the fourth mode is predicted near σ/σ1 = 0.91, but we see a smooth curve instead of

jumps. The reason is damping, which is larger for higher modes. When comparing with
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Fig. 3

Dimensionless steady-state wave elevation near the vertical wall = (fmax − fmin)/h (as

proposed by Chester and Bones (1968)) versus the excitation frequency. Rectangular tank

with water depth-to-tank breadth ratio h/l = 0.08333 and 2D flow. Horizontal harmonic

excitations. The calculated data are for fresh water with kinematic viscosity coefficient

ν = 1.1 × 10−6 m2 · s−1. ♦ = experiments by Chester and Bones (1968), dashed line =

Boussinesq-type multimodal theory and solid line = theory by Chester (1968). (a) η2a/l =

0.001254, (b) η2a/l = 0.002583

the experimental results by Chester and Bones (1968) conducted at a smaller depth of

h/l = 0.0416667, there is reasonable agreement with the experiments with 8 modes. If the

number of modes is further increased, convergence with relative error 10−4 was not reached.

When the time-dependent generalized coordinates for the free-surface elevation are

determined, integrated hydrodynamic force and moment components on the tank can be

expressed in terms of the Lukovsky formulae. This fact facilitates coupling of sloshing with

wave-induced ship motions in a seaway. The coupled sloshing-ship motion analysis is not

limited to regular incident waves on a ship.

Time-domain simulations by the multimodal method show that many transient phases

can occur before nearly steady-state conditions are achieved. The obtained results can be

very sensitive to perturbations in both the transient and nearly steady state regimes. The

latter fact has consequences for sloshing analysis in a ship in a stochastic sea state. A very

large number of realizations of a given sea state are needed to obtain reliable probability

density functions of response variables.

Most of the studies with the nonlinear multimodal method have been performed for

lateral and angular tank excitations. However, it is shown in Faltinsen and Timokha (2009)

for vertical tank accelerations how a system of Mathieu equation can be derived for the
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time-dependent generalized coordinates of the free-surface elevation. The spring term in the

Mathieu equation is proportional to the sum of gravitational acceleration and the time-

dependent vertical tank acceleration. When an instability occurs, it will lead to finite

amplitude Faraday waves that, for instance, can be described by a numerical potential-

flow method with exact boundary conditions. Vertical tank motions cannot excite sloshing

according to linear theory.

4 Sloshing-induced slamming

Slamming denotes the impact between a liquid and a solid boundary. When analyzing

slamming, one must always have the structural reaction in mind. Sloshing-induced slamming

in prismatic membrane tanks with LNG may be the most complex sloshing problem. The

reasons are (a) sloshing involves violent liquid motions, (b) many flow parameters have to

be recognized, (c) the membrane structure is far more complex than steel structures, (d)

the fine details of an impacting free surface may matter for a membrane structure and lead

to stochastic behavior even for deterministic tank motion. Thermodynamic effects may also

matter for LNG and NG. Further, hydroelasticity is of concern. Hydroelasticity implies that

the analysis of the hydrodynamic flow and structural reaction in terms of deflections and

stresses cannot be separated. There is a mutual interaction whereby the structural vibrations

cause hydrodynamic loads and vice-versa. If slamming is associated with the formation of

gas pockets, the Euler number Eu = p0/ρlU
2 matters. Here p0 is the ullage pressure,

i.e., pressure in the ambient gas inside the tank. ρl and U are the mass density of the

liquid and a characteristic tank velocity, respectively. Furthermore, the cavitation number

(p0 − pv)/(ρlU
2/2) with pv as the vapor pressure matters for LNG. We note a similarity

between the cavitation number and the Euler number. The basic mechanics of boiling and

cavitation is similar. Boiling corresponds to p0 = pv, i.e., zero cavitation number.

The inflow condition to slamming depends on the filling ratio. Three different scenarios

from experimental studies with tank roof impact are illustrated in Fig. 4. All of them refer

to cases where the flow in the tank is two-dimensional. Figure 4(a) illustrates a sudden

flip-through of the free surface at the tank wall where a jet with high velocity impacts on

the tank roof. The filling ratio is high, e.g., 0.98, and waves propagate towards the wall

before the flip-through. Cases in Fig. 4(b) and Fig. 4(c) with flat impact and impact

with oscillating gas cavity are associated with finite-liquid depth conditions, i.e., the filling

does not need to be high. Slamming does not cause important loads only in the impact
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Fig. 4

Three different scenarios of impact against the tank roof considered by Rognebakke and

Faltinsen (2005): (a) high-curvature free-surface impact with a high velocity jet; (b) flat

impact; (c) impact with oscillating gas cavity

area. This is demonstrated in Faltinsen and Timokha (2009) where the liquid impacts with

a nearly horizontal free surface on a rigid tank roof as in Fig. 4(b). Because the adjacent

tank wall was more flexible than the tank roof, significant stresses with hydroelastic effects

occurred in the wall due to tank roof impact. A gas cavity as illustrated in the impact

scenario in Fig. 4(c) has a natural frequency associated with the compressibility of the

gas and a generalized added mass due to the liquid oscillations caused by the gas cavity

oscillations. Abrahamsen and Faltinsen (2012) presented formulas for the natural frequency

of gas cushions at rigid tank walls and roofs based on an adiabatic pressure-density relation,

i.e., boiling and condensation of relevance for LNG and NG are neglected. Transient damped

pressure oscillations in the gas cavity are excited by the impact. The damping for a closed

cavity is due to heat transfer to and from the gas cavity and dissipation of the boundary layer

flow in the liquid (Abrahamsen and Faltinsen 2011). They also experimentally demonstrated

that air leakage can significantly influence the decay of the pressure oscillations in the gas

cavity.

Steep wave impacting on a vertical tank wall is important for shallow and lower-

intermediate liquid depths and influenced by the spatial evolution of the breaking wave
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and by its phasing with respect to the vertical wall. Lugni et al. (2006) studied nearly 2D

flow in a rectangular tank partially filled with water and distinguished experimentally three

modes: (a) Flip-through, i.e., impact of an incipient breaking wave without air entrapment.

(b) Impact of an incipient breaking wave with air entrapment. (c) Impact of a broken wave

with air/water mixing. In the last case, the wave breaks before the wall, and advances

towards the wall as a breaking bore. The flow is governed by the turbulence of the wave

front, characterized by air-water mixture with many small air bubbles in the water.

When the flip-through phenomenon occurs, the concave face of the wave approaches the

wall with the crest moving forward and the trough rapidly rising at the wall. The presence

of the wall delays breaking of the wave and causes the rise of the leading wave trough. The

latter focuses with the wave front, giving intense acceleration to the flow and turning it in

the focusing area to form a vertical jet. Very large pressures can occur in the flip-through

condition. The high-pressure loading on the tank wall is sensitive to small changes of an

impacting steep free surface.

Three dimensional effects, gas leakage, and ullage pressure in terms of Euler and cavita-

tion numbers have fundamental roles in the kinematic and dynamic evolution of the flow in

case (b) with air entrapment compressibility (Lugni et al. 2010a, 2010b). The cavity closes

typically after the first or second oscillation of the cavity. A large increase in the pressure

decay coefficient was observed in the vapor pressure regime, i.e., for ullage pressures close

to the vapor pressure of the water.

Guo et al. (2011) carried out numerical simulations of the impact of the free surface

with the entrapped air on the tank wall and reported a major computed oscillatory behavior

of the impact pressure by comparison with the experimental data by Lugni et al. (2006). The

computed leading peak pressure agrees well with the experimental data available, while the

oscillation frequency of the pressure is underestimated. A reason may be three-dimensional

effects in the experiments.

Wei et al. (2015) discovered experimentally a new wave system in shallow water con-

ditions. Plunging breakers hit in the middle of the tank. Resulting pressures at the tank

bottom need to be experimentally studied.

The time scale of a fluid dynamic phenomenon such as acoustic effects relative to

natural periods of structural modes contributing to large structural stresses is important in

judging if a particular fluid dynamic effect matters. Numerical studies of Graczyk (2008)

give an idea about important structural natural periods. He examined the effect of slamming

load on a part of the Mark III containment system. The hydrodynamic part of the analysis
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was strongly simplified while the structural modeling was complete. The maximum response

values were of significance for the evaluation of the structural strength. There is a significant

influence from structural modes with a range of natural frequencies from about 100 to 500 Hz.

An important effect of these higher modes is compression of the foam and local bending of

the plywood plate adjacent to the resin ropes. If the influence of bubbles in the liquid is

neglected, the effect of liquid compressibility may matter for frequencies of the order of

1 000 Hz and higher. However, a mixture of gas and liquid can significantly lower the speed

of sound and thereby increase the time scale of acoustic effects. On the other hand, the

mixture of gas and liquid in an LNG tank is not homogeneous in space and takes place in

a layer of the LNG next to the ullage space. If the ratios between the impact duration and

important natural structural periods are very small, the fine details of the hydrodynamics

are not needed in describing the maximum structural stresses, which occurred in a free-

vibration phase after the slamming impact in the theoretical and experimental studies by

Faltinsen (1997). The situation for the membrane structure considered by Graczyk (2008)

is different. Significant response of the lower plywood occurs already during the slamming

impact, i.e., before the free-vibration phase. This is both due to the slamming duration and

due to the higher natural frequency of the lowest important mode (125–165 Hz).

Because presently there are no numerical methods that can fully describe the sloshing-

induced slamming pressures, one has to rely on experiments, which means in practice model

tests. The challenges are how to scale the model-test results to full scale and properly

account for the structural elastic reactions (Faltinsen & Timokha 2009). Because sloshing

is associated with gravity waves, we must require that the Froude number U/
√

Lg is the

same in model and full scale. Here L is a characteristic tank dimension such as the tank

breadth and g is the acceleration of gravity. Further, the wave-induced ship motions, that

excite sloshing, is also Froude scaled. If harmonically forced oscillation of the tank with

frequency σ is considered, Froude scaling implies that σ
√

L/g must be the same in model

and full scale. A conventional model test approach only considers the effect of Froude and

geometrical scaling of a rigid tank with water. However, other scaling parameters of possible

importance are summarized below. If hydroelasticity matters during impact, we must ensure

that the relevant natural frequencies for the elastic structural vibrations are Froude scaled

in model tests. If gas cavities occur, the Euler number must be the same in model and

prototype scales to scale impact loads. The consequence is that the ullage pressure has to

be lowered in model scale. Since LNG is partly boiling, the cavitation number is of concern

and must be the same in model and full-scale conditions. Further, the ratio between the
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gas and liquid density matters for LNG. Although considerable research on sloshing impact

involving air pocket has been conducted, there are few studies dealing with phase transition

effects in terms of the cavitation number (Braeunig et al. 2010, Ancellin et al. 2012). The

effect of surface tension is believed negligible. It is impossible to find a model-scale liquid

that satisfies both the Reynolds number UL/ν and Froude number scaling with realistic

model scale dimensions. Here ν is the kinematic viscosity coefficient. However, the viscous

effect on slamming is believed secondary for sloshing in a clean tank with realistic excitations.

It is uncertain if acoustic effects associated with the Cauchy number ρlU
2/El in combination

with the void fraction of gas in the liquid and distribution of bubbles matter for LNG. Here

El is the bulk modulus of the liquid.

Model tests of slamming and sloshing are typically done with prescribed tank motion,

which may be found by calculations as a realization of the ship motions in representative sea

states. The calculations must account for the mutual interaction between ship motions and

sloshing. Linear potential flow and empirical viscous roll damping can predict the external

wave loads to a large degree. The latter depends on which sea conditions cause significant

sloshing resonance. However, nonlinear free-surface effects play a dominant role for internal

sloshing loads. Even though CFD is not recommended, in general, for sloshing-induced

slamming, it may better describe the global effect of sloshing. However, the computational

speed of CFD method makes it in practice unrealistic for long-time simulations in a sea

state. The nonlinear multimodal method is time-efficient but limited in describing all flow

conditions. Then we are left in practice with linear sloshing theories, which are fast and are

commonly used. What errors are caused in slamming-induced structural stresses by using

calculations of tank excitations based on linear theories as a basis for model tests should be

investigated. An issue is also the statistical analysis of the response.

Examples on engineering recommendations to assess the dynamic structural response to

sloshing loads are the following two calculation methods. The direct dynamic finite element

analysis (FEA) uses the pressure loads measured during experiments carried out with a

rigid model (scaled to prototype scale) as input of a dynamic FEA of the full structure. The

indirect dynamic FEA uses the results from a static FEA multiplied by a correction factor

obtained through the dynamic amplification factor (DAF) curve. The DAF is the ratio

between the maximum dynamic response and the maximum static response for a considered

sloshing pressure rise time. It is difficult with the two methods to account properly for the

added mass effects associated with the slamming-induced wall vibrations, which depend on

the time-dependent wetted structural area, free-surface position and possible presence of
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gas cavities. Lugni et al. (2014) illustrated the latter fact. Shallow-water sloshing with

a flip-through event was experimentally studied with a rigid tank and the same tank with

a flexible sidewall portion made by aluminum in the impact area. The ratio between the

maximum strains measured in the two cases was 1.84 and clearly higher than obtained by

using an approach similar to the direct dynamic FEA.

Since sloshing-induced slamming causes filling restrictions in prismatic membrane tanks,

a natural question to ask is if there are ways to reduce the load level. Swash bulkheads

are a possibility from a hydrodynamic point of view. However, it seems impossible to

use in membrane LNG tanks. The Ishikawajima–Harima Heavy Indusies, Co., Ltd. (IHI)

self-supported prismatic type B (SPB) tank with aluminum-alloy as material and used for

LNG cargo is equipped with swash bulkheads. 2D calculations in Faltinsen and Timokha

(2009) illustrate how the wave amplitude response depends on the sway excitation of a

rectangular tank as a function of forcing frequency and opening-area ratio when a screen is

in the middle of the tank. Linear free-surface conditions in combination with an empirical

nonlinear pressure loss condition at the screen were used. Faltinsen et al. (2011a, 2011b)

present comparisons between experiments and theory for non-shallow depths of rectangular

tanks with nearly 2D flow and sway excitation for a wide range of opening-area ratios and

frequencies. Minimum wave response for realistic tank excitation occurs for an opening-area

ratio in the order of 0.2. However, conclusions from a hydrodynamic loading point of view

require that realistic tank excitations be considered with focus on sloshing-induced slamming

(Wei et al. 2015).

5 Conclusions

The hydrodynamics of sloshing can be complicated. Its understanding requires a com-

bination of theory, CFD and experiments. Resonant liquid motions in various engineering

fields are exemplified. It is pointed out that nonlinearities associated with sloshing are

important in describing coupled ship motions and sloshing. The multimodal methods are

computationally very fast and easy to couple with the ship motions. The methods are more

suitable than a CFD method to understand the many different flow configurations that can

occur during sloshing.

Sloshing-induced slamming in prismatic LNG tanks is perhaps the most complicated

slamming problem because many fluid mechanic and thermodynamic parameters as well as

hydroelasticity may matter. Further, complicated in-flow scenarios of slamming may appear
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due to violent sloshing. The consequence is that both computational tools and model test

scaling are limited.
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摘 要 本文列举了诸多工程领域中的液体共振运动现象, 详细探讨了船舱中伴有剧

烈流动的晃荡问题. 描述了基于理论分析的非线性多模态方法, 该方法便于波动稳定

性分区、多分支解和物理稳定性的研究. 强调了方形舱、垂向圆柱舱以及球形舱内伴

有旋转和混沌（不规则波动）的三维流动的重要性. 晃荡引起的砰击涉及到各种各样

的内流条件, 这些条件随液体深度与舱体长度之比而变化. 针对棱柱状 LNG 舱, 讨论

了许多与流体力学和热力学参数、影响砰击载荷效应的水弹性以及模型实验缩尺比

的物理现象.
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