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A B S T R A C T

Micro- and nano-sized blisters can form spontaneously when two-dimensional (2D) crystals are
transferred onto substrates because liquid molecules that are initially adsorbed on 2D material
and substrate surfaces can be squeezed and trapped by interfacial forces. In this work, we
use a combination of experiments, continuum theories, and coarse-grained molecular dynamics
(CGMD) simulations to investigate the shape characteristics of spontaneously formed blisters
under 2D crystals with heights ranging from a few ångströms to tens of nanometers. We show
three distinct regimes in which the height-to-radius ratios (i.e., aspect ratios) of liquid-filled 2D
crystal blisters are size-independent, rough linearly proportional, and inversely proportional to
the blister radius. We reveal that the blister shape characteristics are governed by three factors:
the 2D crystal elasticity, the interfacial interactions, and the phases of confined substances.
The characteristic length scales (to which comparing the blister height or radius can define the
boundary between these different regimes) are also discussed. We also provide approximate
analytical solutions to the blister aspect ratios, which, together with complementary CGMD
simulation results, agree with our experimental measurements.

. Introduction

Two-dimensional (2D) crystals refer to a single layer or a few layers of covalently bonded atoms, including graphene, hexagonal
oron-nitride (h-BN), transition metal-dichalcogenides (TMDCs, e.g., MoS2), among others (Novoselov et al., 2004, 2016; Gibertini
t al., 2019). The atomic-level thickness and exceptional mechanical and physical properties of 2D materials make them promising
or a wide range of applications, such as flexible and stretchable electronics and photonics (Mak and Shan, 2016; Akinwande et al.,
017; Jang et al., 2022). In most applications, 2D crystals need to be placed on supporting substrates for further fabrication and
ntegration (Geim and Grigorieva, 2013). When 2D crystals interface with another surface, the interfacial van der Waals (vdW) forces
queeze interfacial substances into a blister-shaped volume to lower the system-level energy (Stolyarova et al., 2009; Levy et al.,
010; Sanchez et al., 2021). On the one hand, blisters are undesirable in 2D material devices as they impede charge/photon/phonon
ransport across the interface, so various means were developed to eliminate interfacial blisters (Uwanno et al., 2015; Pizzocchero
t al., 2016; Jain et al., 2018; Purdie et al., 2018; Rosenberger et al., 2018). On the other hand, mechanics analysis has elucidated
hat the blister morphology is a good indicator of the interfacial properties of 2D crystals, such as adhesion (Khestanova et al., 2016;
anchez et al., 2018). Furthermore, the inhomogeneous strain distributions and the rich surface topographies of 2D crystal blisters
an be leveraged for optimizing luminescence and exciton transport in 2D crystals (De Palma et al., 2020; Brennan et al., 2020) as
ell as designing mechanical sensors, microlenses, and more (Lin et al., 2020; Yang et al., 2022). Additionally, 2D crystal blisters
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can form high-pressure liquid cells for the observation of chemistry under nanoconfinement within transmission electron microscopy
(TEM) due to their atomic thinness (Vasu et al., 2016). Therefore, fundamental mechanistic understandings of the spontaneously
formed 2D crystal blisters can provide necessary and useful insights for 2D crystal applications.

The 2D crystal blister is a notable example of blistering at thin-film/rigid-substrate interfaces, where crack growth is controlled
y balancing the reduction in potential energy with the increase in surface energy in accordance with the Griffith criterion (Griffith,
921). As a result, self-similarity, i.e., a constant aspect ratio, of blisters at monolayer 2D crystal/substrate interfaces has been
idely observed (Khestanova et al., 2016; Sanchez et al., 2018). Their profiles have been quantitatively predicted by considering

he competition between the stretching energy of the bulged 2D crystal and the change of interfacial energy. In this scenario,
he blister profile features an apparent kink across the blister edge, forming the ‘‘contact angle’’, which is captured by membrane
heory (Dai et al., 2018; Blundo et al., 2021; Fang et al., 2022). As the number of 2D crystal layers increases, the bending energy
f 2D crystals starts to play a role in the blister morphology (Wang et al., 2022). The blister aspect ratio becomes size-dependent,
nd the blister edge features a smooth transition to a zero slope, following plate theory (Yue et al., 2012; Wang et al., 2013). The
lippage of 2D crystals on substrates also affects the blister morphology (Wang et al., 2017; Dai et al., 2018; Sanchez et al., 2018;
ao et al., 2021). In particular, the hoop compression caused by inward sliding may induce radial wrinkling instabilities (Dai et al.,
020; Dai and Lu, 2021; Ares et al., 2021; Dai et al., 2022).

Although 2D crystal blisters have been investigated from different aspects, the mechanics of 2D crystal blisters with limiting sizes
e.g., a few nm and below) are rather complex (Ares et al., 2021; Dai et al., 2022). There exists a transition between stretching-
nd bending-dominated blisters (Ma et al., 2022). Moreover, instead of a discontinuity in interfacial energy across the blister edge,
ontinuous vdW interactions have to be considered for these ultra-shallow blisters. The vdW interactions can be viewed as nonlinear
lastic springs acting between 2D crystals and substrates (Aitken and Huang, 2010; Gao and Huang, 2011; Xue et al., 2022). It is
herefore natural to ask: how large is the vdW process zone, and when should it be incorporated into 2D crystal blister models?
nfortunately, quantitative answers are lacking in existing work. Furthermore, recent studies have indicated that as the blister height
pproaches a few ångströms, a minimum blister height corresponding to a single molecular layer of interfacial substances emerges,
s observed in both experimental studies and molecular dynamics (MD) simulations of 2D crystal blisters (Lee et al., 2012; Iakovlev
t al., 2017; Bampoulis et al., 2018; Villarreal et al., 2021). It is therefore interesting to investigate the breakdown of continuum
echanics for ultra-shallow blisters.

Driven by the aforementioned curiosities, we carry out experimental, analytical, and MD investigations on micro- and nano-sized
listers formed by 2D crystals. This paper is organized as follows. In Section 2, we report the experimental procedures for creating
arent-satellite blisters at the interface between multilayer graphene (MLG) and silicon-dioxide (SiO2) substrate. We then establish

a Griffith-type model (GTM) in Section 3 to elucidate the spontaneous formation of blisters governed by the competition among
the stretching and bending energies of the bulged 2D crystal, the change of interfacial energy, and the interfacial sliding. The GTM
predicted aspect ratios agree well with the experimental measurements on the parent blisters but not the satellite ones. Therefore,
we establish a cohesive zone model (CZM) to account for the continuous vdW interactions between the bulged 2D crystal and the
substrate in Section 4. When the CZM hits a limit of minimum blister size, we leverage coarse-grained molecular dynamics (CGMD)
simulations in Section 4 to illustrate a monolayer lattice of confined liquids trapped in ultra-shallow blisters with heights of only a
few ångströms. We conclude with a summary of the main findings in Section 5.

2. Experiments and results

2.1. Sample fabrication

We used a standard mechanical exfoliation process (Novoselov and Neto, 2012; Yi and Shen, 2015) to fabricate blisters under
2D crystals. Fig. 1a shows the schematics of the fabrication process. Firstly, large graphite flakes were peeled off from bulk natural
graphite (NG) crystals using blue polyethylene cleanroom tapes (CRTs). After repeating the exfoliation process three more times, the
exfoliated NG flakes on CRTs were stored in the ambient for at least three hours to collect surface adsorbates. Next, a 300-nm silicon
dioxide (SiO2) on a Si wafer (SQI Inc., Item No. 20040830) was cleaned by sonication with acetone, isopropyl alcohol (IPA), and
deionized (DI) water. The SiO2/Si chip was further soaked in piranha solution (2:1 solution of 67% sulfuric acid and 30% hydrogen
peroxide) for five minutes and rinsed with DI water. Immediately after piranha cleaning, the NG flake on CRT was placed on the
surface of the cleaned SiO2/Si chip. Before exfoliating the CRT, the sample was placed on a hot plate (preheated to 100 ◦C) for two
minutes and then cooled down to room temperature naturally. Finally, 2D crystal blisters formed spontaneously at the MLG/SiO2
interfaces with the removal of the top CRT.

2.2. Shape characterization of 2D crystal blisters

Under an optical microscope, we first identified a flake full of blisters. We then used atomic force microscopy (AFM) (Keyence
VK-X1100) to characterize the step height of the flake to be around 3.87 nm, which corresponds to eleven-layer graphene (11LG).
The AFM morphology of this 11LG flake is shown in Fig. 1b-(i), and the magnified views of the framed regions are provided in
Fig. 1b-(ii)∼(iv). In these magnified views, we observed a bunch of unique parent-satellite blister patterns, where many satellite
nanoblisters surround a parent microblister. Fig. 1c displays the AFM images of a single parent-satellite blister system on both Day
0 and Day 100 after fabrication. The corresponding AFM height profiles along the longest and the shortest axes of the parent blister
2

are plotted in Fig. 1d. It is evident that this blister stayed almost unchanged over the course of 100 days, which suggests the blister
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Fig. 1. (a) Schematics of the fabrication process to produce interfacial blisters after exfoliating multilayer graphene (MLG) on a silicon-dioxide (SiO2) substrate:
exfoliate natural graphite (NG) with the aid of blue polyethylene cleanroom tapes (CRTs) (Step 1); repeat the exfoliation process three more times, and then
store the exfoliated NG flakes in the ambient for at least three hours (Step 2); place the exfoliated NG flakes on the surface of a cleaned SiO2/Si chip (Step
3); heat the sample on a hot plate at 100 ◦C for two minutes (Step 4); cool the sample down to room temperature (Step 5); after peeling off the CRT, blisters
form spontaneously at the MLG/SiO2 interfaces (Step 6). (b) (i) AFM image of eleven-layer graphene (11LG) on SiO2 substrate immediately after fabrication,
and magnified views of (ii) cyan, (iii) magenta, and (iv) green framed regions in (i). (c) AFM images of a single parent-satellite blister system within the blue
framed region in (b)-(iii) on (i) Day 0 and (ii) Day 100 after fabrication. (d) AFM height profiles along the longest and the shortest axes of the parent blister
on (i) Day 0 and (ii) Day 100 after fabrication. The corresponding orientations of cuts are labeled in (c).

is filled with liquid instead of gas because gas-filled blisters deflate over the course of hours (Lloyd et al., 2017; Sanchez et al.,
2018). Additionally, the AFM height profiles along the longest and the shortest axes of the parent blister are almost identical in
Fig. 1d, which suggests a round shape of this spontaneously formed interfacial blister. The determination of the directions of the
longest and the shortest axes of the parent blister is given in Fig. A.1 (see Appendix A).

Fig. 2a displays the experimentally measured profiles of multiple parent (blue stars) and satellite (red circles) blisters appearing
in Fig. 1b-(iii) after normalizing the deflection 𝑧 by the blister central height ℎ and the radial position 𝑟 by the blister radius 𝑎.
Based on previous mechanics research (Yue et al., 2012; Wang et al., 2013; Dai et al., 2018; Sanchez et al., 2018), we present a
generic form for the normalized profile function of 2D crystal blisters:

𝑧
ℎ

=
[

1 −
( 𝑟
𝑎

)𝑝]𝑞
. (1)

Here, {𝑝 = 2, 𝑞 = 2} represents a bulged plate shape in the plate limit, where the blister edge is depicted as a smooth transition to
zero slopes across the edge (see the solid curve in Fig. 2a). On the other hand, {𝑝 = 2, 𝑞 = 1} represents a bulged membrane shape in
the membrane limit, where the blister edge is depicted as a kink with a well-defined contact angle (see the dashed curve in Fig. 2a).
More recent work has numerically demonstrated that 𝑝 ≃ 2.2 fits better for bulged membrane-like blisters with ℎ∕𝑎 > 0.01 (Blundo
et al., 2021). However, by comparing to the experimental data, we find that Eq. (1) with {𝑝 = 2, 𝑞 = 1} better fits the experimentally
measured parent blister profiles in our 11LG/SiO interface system. Comparing the experimental markers with the analytical curves,
3
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Fig. 2. (a) Normalized height profiles of multiple parent (blue stars) and satellite (red circles) blisters in Fig. 1b-(iii). Here, the central heights of satellite blisters
vary from 0.9 nm to 3.4 nm, and the central heights of parent blisters vary from 6.8 nm to 19.5 nm. The color of the circles/stars fades as the central height
enlarges. The dashed and solid curves correspond to a bulged membrane shape (Eq. (1) with {𝑝 = 2, 𝑞 = 1}) and a bulged plate shape (Eq. (1) with {𝑝 = 2, 𝑞 = 2}),
respectively. (b) Aspect ratio vs. blister radius obtained by experiments.

we can discover that the parent blister profiles transition from bulged plate to bulged membrane as the central height increases
from 6.8 nm to 19.5 nm. In contrast, while the plate limit can capture the taller satellite blisters, it overestimates the deflections
for ultra-shallow blisters (ℎ ≲ 3 nm).

Besides the profile function, the aspect ratio is also employed to characterize the shape of 2D crystal blisters. Fig. 2b presents the
relationship between the aspect ratio and the blister radius for both parent and satellite blisters, as determined from experimental
measurements. It is apparent that the aspect ratio of parent blisters is nearly independent of size, while that of satellite blisters
depends on size. A comprehensive theoretical framework is required to fully elucidate the mechanics underlying these shape
characteristics for 2D crystal blisters of varying heights, extending down to ångström scales.

3. Griffith-type model (GTM)

In this section, we assess the variation of interfacial energy during blistering by employing a uniform intensity (i.e., the change
of interfacial energy per unit area 𝛥𝛾) (Griffith, 1921). A Griffith-type model (GTM) is subsequently established to elucidate the
shape characteristics of 2D crystal blisters, which are governed by the competition among the stretching and bending energies of
the bulged 2D crystal, the change of interfacial energy, and the interfacial sliding.

Fig. 3. Schematic illustration and notations for the Griffith-type model (GTM) of 2D crystal blisters. (a) A bulged plate-like profile with ℎ ≲ 𝑂(𝑡eff ). Here, a
discontinuous curvature 𝜅c across the blister edge is characterized by GTM. (b) A bulged membrane-like profile with ℎ ≫ 𝑡eff . Here, a discontinuous slope across
the blister edge (‘‘critical contact angle’’ 𝜃c) is characterized by GTM. The determination of 𝜃c is based on a force balance at the contact line, as illustrated in
the enlarged view. 𝛥𝛾, 𝐷, and 𝑁−

𝑟 represent the change of interfacial energy per unit area, the bending stiffness, and the radial membrane tension evaluated at
the inner side of 𝑟 = 𝑎, respectively.
4
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3.1. Scaling analysis

We begin by performing a scaling analysis to estimate the stretching and bending energies of bulged 2D crystals, as well as
he change of interfacial energy during blistering. The stretching energy of bulged 2D crystals is estimated by 𝑈𝑠 ∼ 𝐸2D𝜖2𝑎2 where
𝐸2D = 𝐸𝑡 is the in-plane Young’s modulus, 𝐸 is the Young’s modulus, 𝑡 is the 2D crystal thickness, and 𝜖 ∼ ℎ2∕𝑎2 is the typical sheet
strain. The bending energy of bulged 2D crystals is estimated by 𝑈𝑏 ∼ 𝐷𝜅2𝑎2 where 𝐷 is the bending stiffness and 𝜅 ∼ ℎ∕𝑎2 is the
ypical sheet curvature. The change of interfacial energy during blistering is estimated by 𝜙𝑖 ∼ 𝛥𝛾𝑎2.

Comparing the bending energy to the stretching energy, 𝑈𝑏∕𝑈𝑠 ∼ (𝑡eff∕ℎ)2, where 𝑡eff =
√

𝐷∕𝐸2D is the ‘‘effective’’ thickness,
elucidates the significance of the bendability of 2D sheets. This result suggests that the bulged 2D crystal is stretching-dominated
when ℎ ≫ 𝑡eff while bending-dominated when ℎ ≲ 𝑂(𝑡eff ). Fig. 3 sketches the bulged plate-like profile with ℎ ≲ 𝑂(𝑡eff ) and the
bulged membrane-like profile with ℎ ≫ 𝑡eff , respectively.

Next, the equilibrium state of spontaneously formed interfacial blisters is captured by minimizing the total free energy (𝑈𝑠 +
𝑈𝑏 + 𝜙𝑖) with respect to arbitrary 𝑎. Therefore, in the membrane limit, 𝜕(𝑈𝑠 + 𝜙𝑖)∕𝜕𝑎 = 0, which leads to ℎ∕𝑎 ∼ (𝛥𝛾∕𝐸2D)1∕4;
in the plate limit, 𝜕(𝑈𝑏 + 𝜙𝑖)∕𝜕𝑎 = 0, which leads to ℎ∕𝑎 ∼ (𝛥𝛾∕𝐷)1∕2𝑎. It indicates that the aspect ratio is size-independent for
stretching-dominated blisters but linearly proportional to the blister radius for bending-dominated blisters. Fig. 2b shows the aspect
ratio-blister radius relationship obtained from experiments, which suggests that the parent blisters are stretching-dominated while
the satellite blisters are bending-dominated.

The slippage of 2D crystals on substrates also affects blister morphology (Wang et al., 2017; Dai et al., 2018; Sanchez et al., 2018;
Rao et al., 2021). In particular, radially inward sliding of the 2D sheet can cause hoop compression, which can induce wrinkling
instability (Dai et al., 2020; Ares et al., 2021; Dai and Lu, 2021). In our recent work (Dai et al., 2022), we proposed a sliding number
defined as

𝑆ea =

√

𝐸2D𝛥𝛾
𝜏𝑎

, (2)

where 𝜏 represents the uniform shear stress at the 2D crystal/substrate interface. For the 11LG/SiO2 interface, 𝑆ea ∼ 𝑂(102) since
𝐸2D ≈ 3806 N∕m, 𝛥𝛾 ≈ 0.01 N∕m, and 𝜏 ≈ 1 MPa (Sanchez et al., 2018). The interfacial shear becomes negligible, and the 11LG/SiO2
interface is characterized as frictionless as a result of 𝑆ea ≫ 1. Furthermore, since no wrinkles were observed in either the attached
or suspended areas of each blister (see Fig. 1c), we exclude the possibility of wrinkling instability caused by the interfacial sliding
from this work.

3.2. Equilibrium equations

To unveil the mechanics of 2D crystal blisters, a polar coordinates system (𝑟, 𝑧) is established at the neutral plane of 2D sheets
before bulging (see Fig. 3). After bulging, the radial displacement and the vertical deflection at an arbitrary position of the neutral
plane can be denoted by 𝑢(𝑟) and 𝑤(𝑟), respectively. Therefore, the radial and the hoop membrane strains are defined by

{

𝜖𝑟 = 𝑢′ + 1
2𝑤

′2

𝜖𝜃 =
𝑢
𝑟

, (3)

where ()′ denotes d
d𝑟 .

Next, the Airy stress function 𝜓(𝑟) is introduced to denote the radial and the hoop membrane tensions, leading to
{

𝑁𝑟 =
𝜓 ′

𝑟
𝑁𝜃 = 𝜓 ′′, (4)

where ()′′ denotes d2
d𝑟2 . Notably, the in-plane equilibrium of the bulged 2D crystal is inherently satisfied by Eq. (4). Besides, a linear

onstitutive law is adopted here since the typical strain of the bulged 2D crystal is quite small (i.e., 𝜖 ∝ (ℎ∕𝑎)2 ∼ 𝑜(10−3), see Fig. 2b).
hus, one obtains

⎧

⎪

⎨

⎪

⎩

𝑁𝑟 =
𝐸2D
1−𝜈2 (𝜖𝑟 + 𝜈𝜖𝜃)

𝑁𝜃 =
𝐸2D
1−𝜈2 (𝜖𝜃 + 𝜈𝜖𝑟)

, (5)

where 𝜈 is Poisson’s ratio.
Furthermore, the out-of-plane equilibrium of the bulged 2D crystal can be described by the Föppl-von Kármán (Fvk) equa-

ion (Mansfield, 2005), expressed as

∇2(𝐷∇2𝑤) − [𝜓,𝑤] − 𝛥𝑝 = 0, (6)

where ∇2𝑓 = d2𝑓
d𝑟2 +

1
𝑟
d𝑓
d𝑟 , [𝑓, 𝑔] = 1

𝑟
d
d𝑟 (

d𝑓
d𝑟

d𝑔
d𝑟 ), and 𝛥𝑝 is the pressure difference across the bulged 2D crystal due to the incompressibility

of confined liquids.
In addition, the compatibility of strains requires the following relation:

∇4𝜓 +
𝐸2D
2

[𝑤,𝑤] = 0, (7)

where ∇4𝑓 = ∇2∇2𝑓 .
5
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3.3. Adhesive boundary conditions

Previous studies have demonstrated that in the membrane limit (ℎ ≫ 𝑡eff ), the critical contact angle at the blister edge can be
described by (Rao et al., 2021; Dai et al., 2022)

cos 𝜃c =
𝑁−
𝑟 − 𝛥𝛾
𝑁−
𝑟

, (8)

here 𝑁−
𝑟 denotes the radial membrane tension at the inner side of 𝑟 = 𝑎. It is worth noting that at the frictionless interface, both

isplacements and membrane tensions remain continuous across the blister edge. Hence, according to Eq. (8), it can be inferred
hat 𝜃c is determined by a force balance at the contact line, as illustrated in the enlarged view of Fig. 3b.

As the number of 2D crystal layers increases, bending energy starts to influence the blister morphology. To account for this,
similar energy analysis considering bending energy was conducted in Appendix B, resulting in a modified adhesive boundary

ondition at the frictionless interface, which reads
1
2
𝐷[𝑤′′(𝑎−)]2 = 𝛥𝛾, (9)

where 𝑎− represents the inner side of 𝑟 = 𝑎. This equation suggests the existence of a critical curvature 𝜅c =
√

2𝛥𝛾∕𝐷 across the blister
edge (see Fig. 3a). A supplementary equation is also introduced through the energy analysis to ensure the kinematic admissibility
of the deformation of 2D sheets:

𝑁−
𝑟 +𝑁−

𝜃 = 0, (10)

where 𝑁−
𝜃 represents the hoop membrane tension evaluated at the inner side of 𝑟 = 𝑎.

3.4. Numerical method

We introduce non-dimensionalization below to facilitate the solution of GTM. Since the radius 𝑎 is not known prior, we use the
effective thickness 𝑡eff =

√

𝐷∕𝐸2D to rescale the system:

𝑅 = 𝑟
𝑡eff

, 𝑈 = 𝑢
𝑡eff

,𝑊 = 𝑤
𝑡eff

, 𝑅𝑎 =
𝑎
𝑡eff

, 𝛹 =
𝜓
𝐷
, 𝑃 =

𝛥𝑝𝑡3eff
𝐷

. (11)

Next, we integrate the governing Eqs. (6) and (7) with respect to 𝑟, and then, with the aid of Eq. (11), we rescale the governing
equations of GTM as

⎧

⎪

⎨

⎪

⎩

𝑊 ′′′ + 𝑊 ′′

𝑅 − 𝑊 ′

𝑅2 − 𝛹 ′𝑊 ′

𝑅 − 𝑃𝑅
2 = 0

𝑅𝛹 ′′′ + 𝛹 ′′ − 𝛹 ′

𝑅 + 𝑊 ′2

2 = 0
. (12)

n addition, three boundary conditions arise naturally with the aid of Eqs. (3)–(5), which are written as

⎧

⎪

⎨

⎪

⎩

𝑢(0) = 1
𝐸2D

(𝜓 ′′(𝑟) − 𝜈 𝜓
′(𝑟)
𝑟 )|𝑟=0 = 0

𝑤′(0) = 0
𝑤′(𝑎) = 0

. (13)

Following the nondimensionalization given by Eq. (11), the rescaled form of all boundary conditions Eqs. (9), (10), and (13) reads

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝛹 ′′(𝑅) − 𝜈 𝛹
′(𝑅)
𝑅 |𝑅=0 = 0

𝑊 ′(0) = 0
𝑊 ′(𝑅𝑎) = 0

[𝑊 ′′(𝑅𝑎)]
2 = 2𝜂

𝛹 ′′(𝑅𝑎) +
𝛹 ′(𝑅𝑎)
𝑅𝑎

= 0

, (14)

where 𝜂 = 𝛥𝛾∕𝐸2D is the adhesive number that characterizes the intensity of interfacial energy relative to the in-plane stiffness of
2D crystals. Eqs. (12) and (14) give a comprehensive description of the boundary value problem (BVP) regarding 2D crystal blisters
at the frictionless interface based on GTM, which can be numerically solved by the built-in solver bvp4c in MATLAB.

3.5. Approximate analytical solutions

Based on the linear plate theory and the principle of minimum energy, earlier work (Yue et al., 2012) derived the change of
interfacial energy per unit area during blistering as

𝛥𝛾 = 32𝐷ℎ2 (15)
6
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Fig. 4. Aspect ratio vs. normalized blister radius under various adhesive numbers 𝜂. Circles are numerical solutions to GTM; dashed and dotted lines are
asymptotic solutions to GTM based on membrane and plate theories, respectively; solid curves are the approximate analytical solutions given by Eq. (17).
Red stars highlight the transition points from plate-like behavior to membrane-like behavior. The inset shows the error between the numerical results and the
approximate solutions.

Fig. 5. (a) Aspect ratio vs. normalized radius obtained by both experiments (hollow circles/stars) and approximate solutions to GTM (solid and dashed curves).
𝜂 is the adhesive number that appeared in Eq. (14). (b) Height normalized by the full width at the half of maximum height (FWHM) (𝑑FWHM) vs. normalized
𝑑FWHM obtained by both experiments (hollow circles/stars) and numerical solutions to GTM (solid and dashed curves).

in the plate limit. However, in the membrane limit, such an exact solution does not exist. Scaling analysis in Section 3.1 suggests
𝛥𝛾 ∝ 𝐸2Dℎ4∕𝑎4. The approach to solving the BVP built in Section 3.4 allows us to numerically extract the prefactor of this formula,
which leads to

𝛥𝛾 ≈
1.108𝐸2Dℎ4

𝑎4
. (16)

This prefactor value has also been determined in our recent work (Dai et al., 2022), which is slightly smaller than the value of 1.13
estimated by Khestanova et al. (2016) and larger than the value of 5/6 obtained analytically by Sanchez et al. (2018). Notably, the
details of extracting the prefactor can be found in Appendix C.

The superposition of Eqs. (15) and (16) provides an approximate analytical solution for 2D crystal blisters at the frictionless
interface, which is written as

𝛥𝛾 = 32𝐷ℎ2

𝑎4
+

1.108𝐸2Dℎ4

𝑎4
. (17)

3.6. Results and discussions

Fig. 4 compares the approximate solutions given by Eq. (17) with the numerical solutions to GTM. The inset shows the error
between the two solutions, defined by the percentage difference in the solutions: Error (%) = (approximate solution/numerical
result−1) × 100 (%). The plot reveals that the maximum error is no more than 2% for various 𝜂, indicating good agreement between
the approximate solutions and numerical results. Moreover, the asymptotic solutions given by Eqs. (15)–(16) agree well with the
numerical solutions to GTM in the plate and the membrane limits, respectively. Therefore, it can be concluded that, according to
7
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Fig. 6. (a) Schematic illustration and notations for the cohesive zone model (CZM) of 2D crystal blisters. 𝛿0 denotes the equilibrium vdW distance. The vdW
length scale is specified as 𝐿vdW = (𝐷𝛿20∕𝛥𝛾)

1∕4. (b) The variation of normalized vdW potential (the blue curve) and normalized vdW stress (the red curve) with
respect to the normalized interfacial distance.

GTM, the aspect ratio of 2D crystal blisters is linearly proportional to the blister radius in the plate limit while size-independent in
the membrane limit.

To determine the criterion for the plate-to-membrane transition, the term related to bending energy and the term related to
stretching energy in Eq. (17) are equated. This leads to the critical central height (ℎt) and the critical radius (𝑎t), given by

{

ℎt ≈ 5.374𝑡eff
𝑎t ≈ 6.557𝜂−1∕4𝑡eff

. (18)

The insert of Fig. 4 illustrates that the points where the plate-to-membrane transition occurs (labeled by red stars) are in agreement
with the locations of the maximum errors. According to Eq. (18), we conclude that the profile of a 2D crystal blister is plate-like
when ℎ < 5.374𝑡eff and membrane-like when ℎ > 5.374𝑡eff .

Next, we provide details on the mechanical and interfacial properties of the 11LG/SiO2 sample, enabling a comparison between
the results of GTM and experimental measurements. The Young’s modulus of the sample is set to 𝐸 = 1 TPa, the distance between two
graphene layers is 𝑑0 = 0.346 nm, the number of graphene layers is 𝑁 = 11, the in-plane Young’s modulus is 𝐸2D = 𝑁𝐸𝑑0 = 3806 N∕m,
Poisson’s ratio is 𝜈 = 0.165, and the bending stiffness is determined by (Koskinen and Kit, 2010)

𝐷 = 𝑁𝐷s + 𝐸𝑑30 (𝑁
3 −𝑁)∕12, (19)

where 𝐷s = 1.6 ev is the bending stiffness of monolayer graphene. The effective thickness of 11LG is then calculated to be
𝑡eff ≈ 1.09 nm.

Fig. 5a presents the aspect ratio-normalized radius relationship as predicted by the analytical approximations and experiments.
To account for the scatter in experimental data, we analyze two different adhesive numbers, 𝜂 = 2 × 10−6 and 𝜂 = 5 × 10−7, to
capture the upper and lower limits of aspect ratios of parent blisters measured in experiments, respectively. However, we note that
the experimental data for satellite blisters deviate from the yellow-shaded region bounded by the two analytical limits. To avoid
attributing the deviation solely to measurement errors, we measure the full width at half maximum height (FWHM) (𝑑FWHM) instead
of the blister radius. A more significant discrepancy between the numerical solutions to GTM and the experimental data for satellite
blisters can be observed in Fig. 5b, which shows ℎ∕𝑑FWHM-normalized 𝑑FWHM relationships. To account for the discrepancy, we
introduce continuous vdW interactions between 2D crystals and substrates to our theoretical model in the following section.

4. Cohesive zone model (CZM)

4.1. Process zone of van der Waals interactions

The cohesive zone model (CZM) is distinct from the GTM in that it postulates a finite-sized ‘‘process zone’’ of vdW interactions,
rather than an ‘‘interfacial energy density jump’’ 𝛥𝛾 across the blister edge. As shown in Fig. 6a, the continuous vdW interactions
are modeled as an array of nonlinear elastic springs acting between 2D crystals and substrates. To quantify the pairwise interaction
between an atom in the 2D crystal and its substrate, we use a standard form of the Lennard-Jones potential. The adhesive potential
8
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4

s
u
u
t

(per unit area) between the graphene sheet and the substrate, which comprises both vdW attraction and Born repulsion, is given
by (Aitken and Huang, 2010; Gao and Huang, 2011)

𝛤 (𝑑) = −𝛥𝛾

[

3
2

(

𝛿0
𝑑

)3
− 1

2

(

𝛿0
𝑑

)9
]

, (20)

where 𝛿0 represents the equilibrium distance between the bottom layer of 2D crystal and the substrate, where the vdW potential
function reaches its minimum value at 𝑑 = 𝛿0 (see the blue curve in Fig. 6b), and 𝑑 denotes the distance between an arbitrary point
on the 2D crystal and the substrate, such that 𝑑 = 𝛿0 +𝑤. It is important to note that 𝛥𝛾 of the CZM has exactly the same physical
meaning as the GTM, namely, the change of interfacial energy per unit area during blistering.

The vdW stress (per unit area, positive for attraction) is then written as

𝜎vdW(𝑑) =
9𝛥𝛾
2𝛿0

[

(

𝛿0
𝑑

)4
−
(

𝛿0
𝑑

)10
]

, (21)

which is the first derivative of the vdW potential 𝛤 (𝑑) with respect to 𝑑. The red curve in Fig. 6b presents the distributions of
vdW stress with respect to the normalized interfacial distance. For ultra-shallow and bending-dominated blisters, the distance 𝑑
is approximately equal to the blister height ℎ and on the order of the equilibrium distance 𝛿0, i.e., 𝑑 ∼ ℎ ∼ 𝑂(𝛿0). This yields
𝛥𝛾 ∼ 𝐷ℎ2∕𝑎4 ∼ 𝐷𝛿20∕𝑎

4. Consequently, a vdW length scale 𝐿vdW = (𝐷𝛿20∕𝛥𝛾)
1∕4 is derived to access the importance of the size of

vdW process zone. As depicted in Fig. 6a, the vdW process zone becomes significant when 𝑎 ≲ 𝑂(𝐿vdW), and negligible otherwise.

.2. General formulation

When considering the distributed vdW stress, the governing equations of 2D crystal blisters are written as
{

∇2(𝐷∇2𝑤) − [𝜓,𝑤] + 𝜎vdW − 𝛥𝑝(𝑟 − 𝑎) = 0

∇4𝜓 + 𝐸2D
2 [𝑤,𝑤] = 0

, (22)

where (𝑥) = 1 for 𝑥 < 0 and 0 otherwise. The following non-dimensionalization is then introduced to the CZM:

𝑈̂ = 𝑢
𝐿vdW

, 𝑅̂ = 𝑟
𝐿vdW

, 𝜆 = 𝑎
𝐿vdW

, 𝐷FWHM = 𝑑FWHM
𝐿 vdW

,

𝑊̂ = 𝑤
𝛿0
,𝐻 = 𝑤(0)

𝛿0
, 𝑇eff =

𝑡eff
𝛿0
,

𝛹̂ = 𝜓
𝐷 , 𝑃 = 𝛥𝑝𝛿0

𝛥𝛾 , 𝜎̂vdW = 𝜎vdW𝛿0
𝛥𝛾 .

(23)

Here, 𝛿0 = 0.4 nm is used in this work (Gupta et al., 2006; Ishigami et al., 2007; Sonde et al., 2009). Using Eqs. (23), (22) is rescaled
as

⎧

⎪

⎨

⎪

⎩

𝑊̂ ′′′′ + 2𝑊̂ ′′′

𝑅̂
− 𝑊̂ ′′

𝑅̂2 + 𝑊̂ ′

𝑅̂3 − 𝛹̂ ′𝑊̂ ′′

𝑅̂
− 𝛹̂ ′′𝑊̂ ′

𝑅̂
+ 9

2 [(
1

𝑊̂ +1
)4 − ( 1

𝑊̂ +1
)10] − 𝑃(𝑅̂ − 𝜆) = 0

𝑅̂𝛹̂ ′′′ + 𝛹̂ ′′ − 𝛹̂ ′

𝑅̂
+ 𝑊̂ ′2

2𝑇 2
eff

= 0
. (24)

Furthermore, the set of continuous conditions at 𝑅̂ = 𝜆 are given by

[[𝛹̂ ′]] = [[𝛹̂ ′′]] = [[𝑊 ]] = [[𝑊 ′′]] = [[𝑊 ′′′]] = 0, (25)

where [[𝑓 ]] = 𝑓 (𝜆+) − 𝑓 (𝜆−). Besides, the complete set of boundary conditions for the CZM are as follows

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝛹̂ ′′(𝑅̂) − 𝜈 𝛹̂
′(𝑅̂)
𝑅̂

|𝑅̂=0 = 0
𝑊̂ ′(𝑅̂)
𝑅̂

− 𝑊̂ ′′(𝑅̂)|𝑅̂=0 = 0

𝑊̂ ′′′(0) = 0

𝑊̂ (𝜆) = 0

𝑊̂ (∞) = 0

𝑊̂ ′(∞) = 0

𝛹̂ ′′(𝑅̂) − 𝜈 𝛹̂
′(𝑅̂)
𝑅̂

|𝑅̂=∞ = 0

. (26)

Eqs. (24)–(26) provide a closed form solution for the BVP based on the CZM, which can be numerically solved using the built-in
olver bvp4c in MATLAB. However, the highly nonlinear nature of this BVP makes it challenging to find numerical solutions for
ltra-shallow blisters with heights of a few ångströms (Wang et al., 2016). To gain a better understanding of the mechanics of
ltra-shallow blisters, coarse-grained molecular dynamics (CGMD) simulations based on the CZM were also performed. Details of
9
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Fig. 7. (a) Normalized aspect ratio vs. normalized radius and (b) the ratio of normalized height to normalized full width at the half of maximum height (FWHM)
(𝐷FWHM) vs. 𝐷FWHM. In both plots, hollow circles/stars represent experimental measurements, black curves are the numerical solutions to CZM, and green triangles
come from CGMD simulations. The green dashed curve indicates a reciprocal relation with 𝐻 = 1.

Fig. 8. (a) Normalized height vs. normalized radius under various 𝑇eff given by numerical solutions to CZM and approximate solutions to GTM. (b) The error
between numerical solutions to CZM and approximate solutions to GTM with respect to the normalized height under various 𝑇eff . (c) The normalized critical
heights for the GTM-to-CZM transition vs. 𝑇eff . The black curve is a fitted line given by Eq. (27).

4.3. Results and discussions

Fig. 7 presents a comparison between the numerical solutions to CZM and experimental measurements. It is worth noting that the
value of 𝛥𝛾 used here is 6× 10−3 N/m, which results in 𝐿vdW ≈ 18.67 nm. The good agreement shown in Fig. 7b indicates that, aside
from the plate-like behavior, the distribution of interfacial interactions is crucial in determining the morphology of satellite blisters.
To quantitatively assess the size effect of the vdW process zone, we compare the numerical solutions to CZM to the approximate
solutions to GTM in Fig. 8a. We introduce an error function defined as Error (%) = (approximate solution to GTM/numerical result
to CZM-1)×100 (%) to identify the GTM-to-CZM transition. Fig. 8b illustrates the error distributions as a function of 𝐻 at different
10
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Fig. 9. (a) Fig. 2a replotted with numerical solutions to CZM with 𝐻 = 2.4 (the dotted curve) and CGMD simulation results with various 𝐻 . (b) Normalized
blister pressure vs. normalized height obtained by numerical solutions to GTM (the solid curve) and CZM (the dashed curve) as well as CGMD simulations
(markers).

values of 𝑇eff , which is the only controlling parameter, besides 𝜈, in the BVP based on the CZM. It can be observed that the error
decreases as 𝐻 increases, indicating that the size effect of the vdW process zone decreases as the central height of the blister
increases. In this case, we define the GTM-to-CZM transition point as the point where the error reaches approximately 10%. Fig. 8c
presents the dependence of the critical central height 𝐻𝑐 of the GTM-to-CZM transition on 𝑇eff . By fitting the numerical results, one
obtains

𝐻𝑐 ≈ 1 + 6.176𝑇 1∕3
eff . (27)

Based on this results, we conclude that the GTM is applicable to 2D crystal blisters with heights greater than the critical height
(𝐻 > 𝐻𝑐), whereas the CZM is applicable to blisters with heights less than the critical height (𝐻 < 𝐻𝑐). For blisters at the 11LG/SiO2
interface, the critical height is approximately ℎ𝑐 ≈ 3 nm, as indicated by Eq. (27). This finding explains why the experimentally
measured deflections of satellite blisters are lower than those predicted by plate theory, as depicted in Fig. 2a.

In addition to the numerical study, we conducted CGMD simulations based on the CZM to investigate ultra-shallow blisters with
heights of only a few ångströms. We also conducted an annealing process in the CGMD simulations to validate that the blister system
is in a steady state and has reached the global minimum (see details in Appendix D). As illustrated in Fig. 7, the results of the CGMD
simulations, along with the numerical solutions to CZM, agree with the experimental measurements for satellite blisters. However,
for smaller blistering volumes, the CGMD simulations surprisingly reveal an inversely proportional relationship between the aspect
ratio and the blister radius. Upon analyzing blister profiles obtained from the CGMD simulations (refer to Figs. D.1–D.2), we discover
11
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Table 1
A summary of the criteria of the plate-to-membrane transition, the GTM-to-CZM transition, and the liquid-to-
monolayer-lattice transition for 2D crystal blisters. Here, 𝛿0, 𝑡eff =

√

𝐷∕𝐸2D and ℎ denote the equilibrium vdW
distance at 2D crystal-substrate interface, the effective thickness of the 2D crystal, and the blister central height,
respectively.

a limiting blister height corresponding to a single molecular layer of the confined substances, i.e., 𝐻 = 1. Consequently, green dashed
curves representing 𝐻 = 1 are plotted in Fig. 7, which is consistent with the CGMD simulation outcomes for ultra-shallow blisters.

This exotic trend originates from a new mechanism breaking away from continuum theories, namely the transition of confined
substances from an amorphous liquid state to a monolayer lattice configuration. Previous studies on monolayer 2D crystals have
revealed a similar phenomenon, indicating that the phase state of confined substances is highly influenced by interactions among 2D
crystals, interfacial substances, and substrates (Lee et al., 2012; Iakovlev et al., 2017; Bampoulis et al., 2018; Villarreal et al., 2021).
When the number of molecules of the confined substances decreases, the interactions between graphene/substrate and confined
substances as well as those among confined substances, give way to the interactions between graphene and substrate. This leads to
the formation of pancake-like 2D crystal blisters that have a height equal to the height of a single molecular layer of the confined
substances arranged in monolayer lattices. It is worth noting that external factors such as temperature and pressure may also affect
the structure of the confined substances.

In summary, Fig. 2a, which depicts the blister morphology, has been updated as Fig. 9a by including the numerical solution
to CZM with 𝐻 = 2.4 and the CGMD simulation results with 𝐻 = 2.4, 1.8, 1.1, 1. The good agreement between the numerical and
simulation results at 𝐻 = 2.4 suggests that both studies employed the same set of material and interfacial properties (see details in
Appendix D). Moreover, as the blistering volume decreases, a transition from the dome shape to the pancake shape can be observed.
Fig. 9b depicts the relationships between the normalized pressure and the normalized height, as determined by numerical solutions
to CZM and GTM, as well as by CGMD simulation results. The blister pressure predicted by both the CZM and the GTM decreases
as the central height increases. However, the GTM overestimates the pressure of a 2D crystal blister at a specific central height
compared to the CZM. In contrast, the CGMD simulation results demonstrate that the pressure of ultra-shallow blisters decreases
with decreasing central height initially and continues to decrease with decreasing blistering volume when the central height reaches
the limiting value corresponding to one molecular layer of confined substances.

5. Conclusions

In this work, we fabricated nanoblisters confined between MLG and SiO2 substrates through mechanical exfoliation. With the
aid of AFM, we observed parent-satellite blister patterns and discovered that although the aspect ratio of the parent blisters is size-
independent, the aspect ratio of the satellite blisters is size-dependent. To capture the shape characteristics of 2D crystal blisters, a
Griffith-type model (GTM) has been established first. It elucidates that the spontaneous formation of 2D crystal blisters is governed
by the interplay between the stretching and bending energies of the bulged 2D crystal, the change of interfacial energy, and the
interfacial sliding. An approximate analytical solution (Eq. (17)) has been proposed, which agrees well with the numerical solutions
to the GTM. The plate-to-membrane transition points have been identified given the effective thickness and a certain adhesive
number.

The blister aspect ratio predicted by the GTM agrees well with experimental measurements for relatively tall blisters but broke
down in shallow blisters. It suggests that for shallow blisters, such as the satellite nanoblisters, continuous vdW interactions between
the bulged 2D crystal and the substrate have to be considered. We thus established a cohesive zone model (CZM) to investigate the
shape characteristics of nanoblisters whose radii are comparable to the size of the vdW process zone. Our numerical solutions agree
well with the experimental measurements of the satellite nanoblisters. It indicates that, instead of the GTM, the shallow nanoblisters
are simultaneously governed by the CZM and the plate-like MLG. Through numerical study, the dependence of the critical blister
height for the GTM-to-CZM transition on the effective thickness is revealed by Eq. (27).

We performed CGMD simulations as the CZM encountered difficulties in finding numerical solutions for ultra-shallow blisters
with heights of a few ångströms. Through CGMD simulations, a limiting blister height corresponding to a single molecular layer
of confined substances was observed, which indicates the formation of a monolayer lattice configuration within such ultra-shallow
blisters. It further suggests that confined substances in ultra-shallow blisters would first expand laterally with a monolayer lattice
configuration and then grow in height to form a dome shape with increasing volume.

Ultimately, the criteria of the plate-to-membrane transition, the GTM-to-CZM transition, and the liquid-to-monolayer-lattice
transition is summarized in Table 1 as a practical guideline for choosing the correct models for 2D crystal blisters.
12
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Appendix A. Profile measurements of 2D crystal blisters

Fig. A.1 a-(i) and b-(i) depict AFM images of the same parent-satellite blister system on Day 0 and Day 100 after fabrication,
respectively. To evaluate the roundness of the parent blister, we made eight cuts that pass through the apex of the parent blister
with a 22.5-degree angle between adjacent ones. AFM height profiles along the corresponding directions of cuts measured on Day
0 and Day 100 after fabrication are shown in Fig. A.1 a-(ii) and b-(ii), respectively. The AFM height profiles are almost identical,
indicating that the parent blister maintains a round shape during the 100-day period. The diameter 𝐷 and the central height ℎ of
the parent blister measured along the corresponding directions of cuts are tabulated at the bottom of Fig. A.1. By comparing the
values, we identified the directions of the longest and shortest axes of the parent blister, which are marked in Fig. 1 c: for the parent
blister on Day 0 after fabrication, cut 1 is the longest axis and cut 4 is the shortest axis; for the parent blister on Day 100 after
fabrication, cut 7 is the longest axis and cut 3 is the shortest axis. In addition, we used the same method, starting from the apex
of each satellite blister, to measure the profiles of the satellite blisters and prove their round shapes. It is worth noting that the
diameter of the blister is determined by averaging the diameters measured along the longest and shortest axes in this study.

Appendix B. Derivation of adhesive boundary condition

The total free energy of a 2D crystal blister yields a functional of the form

𝛱 = ∫

𝑎

0
£𝛼𝑑𝑟 + ∫

∞

𝑎
£𝛽𝑑𝑟, (B.1)

with
{

£𝛼 = 2𝜋𝑟[𝜓𝛼 + 𝛥𝛾 − 𝛥𝑝𝑤]

£𝛽 = 2𝜋𝑟𝜓𝛽
, (B.2)

where 𝜓𝛼 and 𝜓𝛽 are the elastic energy densities evaluated at the inner and the outer sides of blisters, respectively.
To satisfy the compatibility of deformations across the blister edge, there are

𝑢(𝑎−) = 𝑢(𝑎+), 𝑤(𝑎−) = 𝑤(𝑎+) = 0, 𝑤′(𝑎−) = 𝑤′(𝑎+) = 0, 𝑤′′(𝑎+) = 0, (B.3)

where 𝑎− and 𝑎+ represent the inner and the outer sides of 𝑟 = 𝑎, respectively.
Based on the assumption of interfacial frictionless, there are

⎧

⎪

⎨

⎪

⎩

𝜓𝛼 = 𝐷
2 [𝑤

′′2 + 2𝜈𝑤′′ 𝑤′

𝑟 + 𝑤′2

𝑟2
] + 𝐸2D

2(1−𝜈2) [(𝑢
′ + 𝑤′2

2 )2 + 𝑢2

𝑟2
+ 2𝜈(𝑢′ + 𝑤′2

2 ) 𝑢𝑟 ]

𝜓𝛽 = 𝐸2D
2(1−𝜈2) [𝑢

′2 + 𝑢2

𝑟2
+ 2𝜈𝑢′ 𝑢𝑟 ]

. (B.4)

At equilibrium, the variation 𝛿𝛱 must vanish with respect to arbitrary but kinematically admissible variables 𝛿𝑎, 𝛿𝑢, and 𝛿𝑤.
Therefore, the variation of Eq. (B.1) leads to

𝛿𝛱 =
𝑎
𝛿£𝛼𝑑𝑟 +

∞
𝛿£𝛽𝑑𝑟 + £𝛼𝛿𝑎 − £𝛽𝛿𝑎 = 0. (B.5)
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Fig. A.1. (a) (i) AFM image and (ii) AFM height profiles along the corresponding directions of cuts labeled in (i) of a single parent-satellite blister system on
Day 0 after fabrication. (b) (i) AFM image and (ii) AFM height profiles along the corresponding directions of cuts labeled in (i) of a single parent-satellite blister
system on Day 100 after fabrication. The cuts go through the apex of the parent blister with a 22.5-degree angle between adjacent ones. The diameters 𝐷 and
the central heights ℎ of the parent blister measured along the corresponding directions of cuts on both Day 0 and Day 100 after fabrication are listed in the
table.

Plugging Eqs. (B.2)–(B.4) into Eq. (B.5), one obtains

∫ 𝑎0 [ 𝜕£𝛼𝜕𝑢 − d
d𝑟 (

𝜕£𝛼
𝜕𝑢′ )] + [ 𝜕£𝛼𝜕𝑤 − d

d𝑟 (
𝜕£𝛼
𝜕𝑤′ ) +

d2
d𝑟2 (

𝜕£𝛼
𝜕𝑤′′ )]𝑑𝑟

+ ∫ ∞
𝑎 [ 𝜕£𝛽𝜕𝑢 − d

d𝑟 (
𝜕£𝛽
𝜕𝑢′ )]𝑑𝑟

+[£𝛼(𝑎−) − £𝛽 (𝑎+) −𝑤′′(𝑎−) 𝜕£𝛼 (𝑎
−)

𝜕𝑤′′ ]𝛿𝑎

+ 𝜕£𝛼 (𝑎−)
𝜕𝑢′ 𝛿𝑢(𝑎−) − 𝜕£𝛼 (𝑎+)

𝜕𝑢′ 𝛿𝑢(𝑎+) = 0

. (B.6)

The first term of Eq. (B.6) yields two governing equations, Eqs. (6) and (7). The second term yields an in-plane equilibrium equation

at the outer side of the blister, given by

𝑢′′ + 𝑢′ − 𝑢 = 0 (𝑎 < 𝑟 < ∞), (B.7)
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Fig. C.1. Dependence of 𝛥𝛾∕𝐸2D

(ℎ∕𝑎)4
on 𝜈 for 2D crystal blisters at the frictionless interface under various 𝛥𝑝 in the membrane limit.

which leads to 𝑢(𝑟) = 𝐶
𝑟 , where 𝐶 is an unknown constant. The third term gives the adhesive boundary condition, Eq. (9), and the

fourth term leads to

𝑢′(𝑎−) = 𝑢′(𝑎+). (B.8)

Using Eq. (B.3), the solution to Eqs. (B.7), and (B.8), one obtains

𝑢′(𝑎−) = − 𝐶
𝑎2

𝑢(𝑎−) = 𝐶
𝑎

𝑤′(𝑎−) = 0.

. (B.9)

By plugging Eq. (B.9) into Eq. (3), one obtains

𝜖𝑟(𝑎−) + 𝜖𝜃(𝑎−) = 0. (B.10)

Thus, the supplementary boundary condition, Eq. (10), is derived by substituting Eq. (B.10) into Eq. (5).

Appendix C. Extracted prefactor in the membrane limit

By setting the bending stiffness term to zero in Eqs. (6) and (7), the governing equations for 2D crystal blisters in the membrane
limit are simplified as

{

[𝜓,𝑤] + 𝛥𝑝 = 0

∇4𝜓 + 𝐸2D
2 [𝑤,𝑤] = 0

. (C.1)

The corresponding boundary conditions are given by

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑤′(0) = 0
𝑤(𝑎) = 0

𝑢(0) = 1
𝐸2D

(𝜓 ′′(𝑟) − 𝜈 𝜓
′(𝑟)
𝑟 )|𝑟=0 = 0

𝑢′(𝑎−) + 𝑢(𝑎−)
𝑎 = 0

1
2𝑤

′2(𝑎−) − 𝛥𝛾𝑎
𝜓 ′(𝑎−) = 0

. (C.2)

Here, the fourth boundary condition is obtained from Eqs. (B.8) and (B.9), and the fifth boundary condition is derived by plugging
Eq. (4) into Eq. (8). The BVP in the membrane limit can be solved numerically using the built-in solver bvp4c in MATLAB.

To validate the scaling law 𝛥𝛾 ∝ 𝐸2Dℎ4∕𝑎4 and extract the corresponding prefactor, we vary the pressure difference 𝛥𝑝
during numerical calculations to obtain blister profiles with different radii and central heights under a prescribed parameter group
{𝐸2D, 𝛥𝛾, 𝜈}. We then tune Poisson’s ratio 𝜈 to investigate the influence of the compressibility of 2D crystals on the value of the
prefactor. Fig. C.1 shows the dependence of 𝛥𝛾∕[𝐸2D(ℎ∕𝑎)4] on 𝜈 under various 𝛥𝑝. The prefactor is identified as 1.108 through
polynomial fitting using MATLAB coding, and it is used in Eqs. (16) and (17).

Appendix D. Coarse-grained molecular dynamics (CGMD) simulation method

We performed CGMD simulations to study ultra-shallow blisters at the 11LG/SiO2 interface using LAMMPS (Plimpton, 1995). A
200 nm X 200 nm square was used to simulate the 11LG with an interlayer distance of 3.46 Å, and it was placed on a flat and rigid
SiO substrate. After calibration, the equilibrium distance between the bottom layer of 11LG and SiO was set as 0.4 nm. CGMD
15
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Fig. D.1. Atomistic snapshots of 2D crystal blister configurations given by CGMD simulations. The maximum volume of water molecules performed in simulations
is identical to the minimum blistering volume measured in experiments 𝑉𝑒𝑥𝑝 = 7.16 × 10−24 m3, and then the volume is reduced to 75%, 50%, 25%, 20%, 10%,
7%, 4%, and 1% of 𝑉𝑒𝑥𝑝.

Fig. D.2. Height profiles of 2D crystal blisters given by CGMD simulations.
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Fig. D.3. Height profiles of 2D crystal blisters given by CGMD simulations before and after annealing at (a) 𝑉 = 20%𝑉𝑒𝑥𝑝 and (b) 𝑉 = 7%𝑉𝑒𝑥𝑝, respectively.

simulations were conducted under the NVT ensemble at 300 K with an integration time step of 1.0 fs. A nose-Hoover thermostat was
used to control the system temperature. Periodic boundary conditions were applied in three directions (𝑥, 𝑦, and 𝑧) with box sizes
of {𝑥 ∼ 300 nm, 𝑦 ∼ 300 nm, and 𝑧 ∼ 100 nm} to prevent interactions due to periodic images. At the start of the simulation, an empty
block was generated between 11LG and SiO2 substrate by pushing 11LG out from its center using a nanoindenter. Then, a certain
number of water molecules were deposited into this block, and a relaxation time of 10 ns was conducted to form a blister-like shape.
The system reached an equilibrium state when the profile and the potential energy showed no statistically significant differences.
We extracted mechanical information (i.e., height, volume, radius, pressure, etc.) from CGMD simulations by evenly sampling 100
snapshots within 2 ns of relaxation.

It is essential to calibrate the molecular interactions when implementing CGMD simulations. Therefore, we used the calibrated
CG potential (Ruiz et al., 2015; Li, 2016), including bond, angle, dihedral, and non-bonded interactions, to model the carbon–carbon
interaction of graphene. An improved CG MARTINI 3 model (Souza et al., 2021) was used to describe interactions among water
molecules, which has been shown to accurately predict water density, enthalpy of vaporization, and surface tension (Yesudasan,
2020). We modeled the rigid substrate interacting with both water molecules and graphene as a fictitious surface (Wang et al., 2016).
The interactions between graphene and water were described by the standard Lennard-Jones potential model, based on previous
first-principle calculations (Ma et al., 2011) and other calibrated simulations (Werder et al., 2003; Sanchez et al., 2018).

In the first study case, a total volume of 7.16 × 10−24 m3 of water molecules was implanted at the 11LG/SiO2 interface in the
CGMD simulation, based on experimental measurements. Figs. 7 and 9 demonstrate good agreement between the CGMD simulation
result and the numerical solution to CZM, indicating consistent material and interfacial properties applied to both calculations.
Subsequently, the volume of water molecules was reduced to 75%, 50%, 25%, 20%, 10%, 7%, 4%, and 1% of the maximum volume
performed in CGMD simulations. The atomistic snapshots of these blister configurations obtained by CGMD simulations are shown
in Fig. D.1, and the corresponding height profiles are displayed in Fig. D.2. Upon reduction in the number of water molecules, a
limiting blister height equivalent to the height of a single layer of water molecules was observed.

To ensure that the blister system is in a steady state and has reached a global minimum, we conducted an annealing process
on two simulation systems with 20% and 7% remaining water, respectively. Five annealing cycles were performed on each system,
which involved heating the system up from 300 K to 373 K within 1 ns, relaxing it at 373 K for 1 ns, and finally cooling it down
to 300 K in 1 ns. Subsequently, the system was relaxed for 1 ns at 300 K in NVT. For production runs, the structures were further
equilibrated for 10 ns in NVT at 300 K, with a reduced time step of 0.5 fs. The blister configuration was obtained by evenly sampling
100 snapshots within the last 2 ns of relaxation. The resulting blister profiles after annealing were compared to the original profile,
as shown in Fig. D.3. The comparison revealed a good agreement between the two profiles, indicating that the system is indeed in
a steady state and has reached a global minimum.
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