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This paper presents a homogenization-based constitutive model for the mechanical behavior of particle-
reinforced elastomers with random microstructures subjected to finite deformations. The model is based on
a recently improved version of the tangent second-order (TSO) method (Avazmohammadi and Ponte Cas-
taneda 2013; J. Elasticity 112, 1828—1850) for two-phase, hyperelastic composites, and is able to directly
account for the shape, orientation, and concentration of the particles. After a brief summary of the TSO
homogenization method, we describe its application to composites consisting of an incompressible rub-
ber reinforced by aligned, spheroidal, rigid particles, undergoing generally non-aligned, three-dimensional
loadings. While the results are valid for finite particle concentrations, in the dilute limit they can be viewed
as providing a generalization of Eshelby’s results in linear elasticity. In particular, we provide analytical
estimates for the overall response and microstructure evolution of the particle-reinforced composites with
generalized neo-Hookean matrix phases under non-aligned loadings. For the special case of aligned pure
shear and axisymmetric shear loadings, we give closed-form expressions for the effective stored-energy
function of the composites with neo-Hookean matrix behavior. Moreover, we investigate the possible devel-
opment of “macroscopic” (shear band-type) instabilities in the homogenized behavior of the composite at
sufficiently large deformations. These instabilities whose wavelengths are much larger than the typical size
of the microstructure are detected by making use of the loss of strong ellipticity condition for the effective
stored-energy function of the composites. The analytical results presented in this paper will be comple-
mented in Part IT of this work by specific applications for several representative microstructures and loading
configurations.

Keywords: composite materials; particulate microstructure; homogenization; nonlinear elasticity; shear
band instabilities

1. Introduction

Soft, heterogeneous materials that can undergo large deformations constitute an exten-
sively utilized class of materials in engineering applications, as well as a large class of nat-
urally existing material systems. Particle- and fiber-reinforced elastomers are a prominent
class of soft materials that have found a wide range of applications in industry. A few ex-
amples of such applications include car tires, flexible underwater vehicles, and compliant
aircraft structures. In particular, carbon-filled and silica-filled rubbers are two important
groups of particle-reinforced elastomers used for technological purposes [6, 17, 30, 42].
Moreover, elastomer-like, heterogeneous materials with particulate/fibrous microstruc-
tures are also naturally present in the form of biological tissues, such as arterial walls,
ligaments, annulus fibrosus, etc. [see, e.g., 9, 18, 19, 37].

As a consequence, investigations to characterize the mechanical behavior of elas-
tomeric composites are very timely. This work is concerned with establishing relations
between the underlying microstructure of these materials and their macroscopic response,
by means of homogenization. To date, there are essentially two types of homogeniza-
tion approaches that can be brought to bear on this problem. The first type is based on
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the “linear comparison” variational methods, including the so-called “tangent second-
order” (TSO) method [4, 16, 35] and the “generalized second-order” (GSO) technique
[23, 24, 32]. These methods make use of suitably designed variational principles for the
properties of appropriately defined “linear comparison composites” (LCC), which are fic-
titious composites with the same microstructure as the original nonlinear composites, but
with linear properties. The distinguishing features of the second-order methods are that:
(1) they rigorously incorporate full dependence on the nonlinear constitutive behavior of
the constituent phases, (2) they are exact to second-order in the heterogeneity contrast
(hence their name), and (3) they account for statistical information about the underly-
ing microstructure in the undeformed configuration, as well as for its evolution, resulting
from the finite changes in geometry caused by the applied finite deformations. The latter is
essential in homogenization of hyperelastic composites as the evolution of the microstruc-
ture can have significant geometric softening or stiffening effects on the overall response
of the material, which, in turn, may lead to the possible development of macroscopic
instabilities. The second type of approach is based on sequential lamination, which has
been used extensively for linear composites to demonstrate optimality of bounds [28],
and has been used more recently in the context of finite elasticity [10, 11, 22]. These
iterated methods have the distinct advantage of producing “exact” results, unlike the lin-
ear comparison methods, which only provide variational approximations. However, the
classes of microstructures that can be considered are much more restrictive and there is
no precise control on the typical microstructural variables such as particle shape. Instead,
use is made of two-point correlation functions for the particulate phase, which typically
exhibits highly distorted and physically unrealistic shapes. In addition, this technique gen-
erally leads to partial differential equations (of the Hamilton-Jacobi type) for the effective
behavior, which have only been solved exactly for some very special geometric configu-
rations and very specific constitutive models (essentially, neo-Hookean). More generally,
numerical (or other types of approximations) are required to obtain explicit results by the
lamination methods. By contrast, the linear comparison methods can handle much more
general classes of constitutive behavior for the phases, as well as microstructures, includ-
ing, for example, polydomain elastomeric systems [38].

Given the highly nonlinear character of these homogenization problems in finite elastic-
ity, the first applications were carried out in the context of two-dimensional idealizations
of the microstructure. Thus, elastomers with random and periodic distributions of cir-
cular particles were first considered by Ponte Castafieda and Tiberio [35] and Lahellec
et al. [16], respectively. Corresponding estimates for sequentially laminated microstruc-
tures were investigated by deBotton [10]. These works showed that the rigid particles
have the expected reinforcing effect, although the linear comparison estimates provided
a significantly stronger reinforcing effect compared to the sequentially laminated mi-
crostructures. In fact, the first type of estimate predicted a certain type of “geometric”
locking up of the macroscopic response, which has since been found to be physically
unrealistic, while the second type of estimate predicted—somewhat surprisingly—for a
neo-Hookean matrix phase the same dependence on the volume fraction, as for the cor-
responding linear case. For the purposes of the present work, the most relevant work
was carried out by Lopez-Pamies and Ponte Castafieda [25] for random distributions of
rigid elliptical fibers in an elastomeric phase, or more precisely for plane strain load-
ing of continuous fiber-reinforced elastomers in the transverse plane where the fibers ex-
hibit elliptical cross-section. These estimates, which are free from geometric locking up,
demonstrated for the first time the strong effect of particle rotations, which, under certain
conditions, could induce strong geometric softening leading to the possible development
of macroscopic instabilities through loss of ellipticity. These homogenization estimates
were also compared with full-field numerical simulations by Moraleda et al. [29] and
found to be in fairly good quantitative agreement at least for neo-Hookean matrix phases.
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The existence of long wave length instabilities [14], as well as other types of “micro-
scopic” instabilities, in the context of two-dimensional fiber-reinforced composites with
periodic microstructures has also been documented recently [27]. Further applications of
these methods for fiber-reinforced composites containing periodic and random distribu-
tions of cylindrical fibers (or circular cross section) in an elastomeric matrix subjected to
more general three-dimensional loading conditions have been addressed more recently by
means of the GSO method [2, 3, 8]. In addition, estimates for the macroscopic behavior
of hyperelastic matrices reinforced with aligned cylindrical fibers have also been obtained
making use of the sequentially laminated structures, as well as composite-cylinder assem-
blages [11, 12, 22, 39]. Results for particle-reinforced elastomers with spherical inclusions
subjected to general three-dimensional loading conditions have only been generated more
recently using the linear comparison homogenization method [4, 7], and using a combi-
nation of the sequential lamination and generalized self-consistent method [20, 21].

In spite of the significant progress over the last 12 years, results are not yet available
for more general microstructures and indeed this is the central objective of the present
work. In particular, we seek to investigate the effect of particle shape on the macroscopic
response, microstructure evolution and macroscopic instabilities in short-fiber-reinforced
elastomers subjected to general finite-strain loadings. For this purpose, we will make use
of the recent work of Avazmohammadi and Ponte Castafieda [4], which provided a more
robust way of handling the incompressibility of the elastomeric matrix phase in the context
of the tangent second-order procedure that the one initially proposed by Ponte Castafieda
and Tiberio [35]. Thus, the resulting estimates for the macroscopic response of the re-
inforced elastomers are consistent with the overall incompressibility constraint, expected
on physical grounds. On the other hand, the new method preserves the advantages of the
linear comparison approaches, allowing the direct conversion of classical results for linear
elastic composites—including estimates of the Eshelby and Willis type for systems rein-
forced with ellipsoidal inclusions—into corresponding estimates for the nonlinear, hyper-
elastic composites. Remarkably, the nonlinear homogenization theory is able to provide
analytical estimates for the evolution of the relevant microstructural variables, including
most notably the rotation of the ellipsoidal particles under general loading conditions.
In particular, it was verified [4] that the improved version of the TSO method leads to
predictions that are very similar—and in some cases identical—to the predictions of the
more sophisticated GSO method [24], at least for the case of two-dimensional elliptical
particles [25]. In this context, it should be noted that the GSO method requires the use
of the field fluctuations in the linear comparison composite and is therefore more difficult
to implement, especially for the complex three-dimensional microstructures of interest in
this work.

The structure of the paper is as follows. For convenience and clarity, Sections 2 and 3
summarize the basic elements of the nonlinear homogenization methods and, in particular,
the tangent second-order theory [4]. Section 4 deals with the specific application of the
TSO theory for elastomers reinforced with aligned, rigid, spheroidal particles. This section
includes closed-form, analytical expressions for the homogenized stored-energy function
of transversely isotropic, reinforced elastomers with neo-Hookean matrix phases under
aligned, triaxial loading conditions (see expressions (35), (39), and (42)). Section 5 spells
out the general conditions of strong ellipticity used to determine the “macroscopic” insta-
bilities for incompressible, transversely isotropic, hyperelastic composites under aligned
and non-aligned loading conditions. These conditions are provided in terms of appropri-
ate traces of the associated effective incremental modulus tensor, which, in turn, can be
written in terms of the derivatives of the associated effective stored-energy function with
respect to the macroscopic kinematical variables. Then, these conditions are specialized
for the class of (rigid) particle-reinforced elastomers undergoing axisymmetric and pure
shear loading conditions. Finally, some conclusions are drawn in Section 6. In Part II of
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this paper, use will be made of the analytical results presented in Secs. 4 and 5 of this
paper to investigate in more detail the influence of the microgeometry, matrix properties,
and loading conditions on the effective constitutive behavior of the reinforced elastomers,
including the associated microstructure evolution and the possible development of macro-
scopic instabilities.

2. Preliminaries on hyperelastic composites and their effective behavior

Consider a specimen consisting of several families of aligned, ellipsoidal particles, dis-
tributed randomly in a matrix phase, and occupying a volume 2y with boundary 9 in
the undeformed configuration. Following the hypothesis of separation of length scales,
we will assume that the characteristic length-scale of the particles is much smaller than
the size of the specimen as well as the scale of variation of the loading conditions. Let the
position vector of a material point in the undeformed configuration €2y be denoted by X,
with Cartesian components X;, i € {1,2,3}, and the corresponding position vector in the
deformed configuration €2 be denoted by x, with components x;. The deformation gradient
tensor represented by F has components Fj; = dx;/dX; and is required to satisfy the ma-
terial impenetrability condition: J = det F(X) > 0 for all X € 2. In addition, let F = RU
where U and R stand for the stretch and (rigid-body) rotation tensors, respectively, and let
C = F”'F = U? denote the right Cauchy—Green deformation tensor.

We assume that the constitutive behavior of the phases is purely elastic and charac-
terized by the stored-energy functions W) (F) (r = 1,...,N), which are taken to be non-
convex functions of the deformation gradient tensor F. Also, the stored-energy functions
W()(F) are assumed to be objective, namely, W) (QF) = W()(F) for all proper or-
thogonal tensors Q and arbitrary deformation gradients F, so that W) (F) = W (") (U). In
this work, we restrict our attention to the special case of composites made up of incom-
pressible isotropic phases, and it proves useful, for later use, to introduce the following
decomposition for the stored-energy function

r 1 r
W (F) = Wi (F) 5000 - 1), ()

where W‘([) denotes the “distortional” component of W) and depends on the ground-
state shear modulus /J,(’ ), while the second term depending on the Lamé parameter /(")
characterizes the “volumetric” response of phase r. In other words, W‘Er) is that part of the

stored-energy function W) which does not depend on ' ) Ttis a simple matter to verify
from (1) that the incompressibility constraint J = 1 is recovered by letting the parameter
1) tend to infinity.

The first Piola-Kirchhoff stress in phase r is then given by the expression

ow
S= JF 2)
In this connection, it is useful to also define
. aw(")
Sy (F) = 5~ (F), 3)

such that

S=Sy(F)+u' "1/ —1)F T, &)
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In addition, consistent with the definition (1), the incremental rangent modulus tensor for
the phase r can be decomposed as

LY(F) = S =

Ly + /LY, )

where

oy

L) (F) = S and LY (F) =72/ - D)FToF T+1J- 1%, ()

with Z denoting the fourth-order tensor with components .2; ik =—F 1;1 F .’kl.
Next, the local energy function of the composite is defined as

W(X,F) = i 2 X)W (F), @)

r=1

where the characteristic functions x(’ ), describing the distribution of the phases in the
reference configuration, are such that they equal 1 if the position vector X is inside the

phase r (i.e., X € Q(()r)) and zero otherwise. Following [15], the effective, or macroscopic

stored-energy function W of the composite elastomer is given by

N r
W) = min (WXE) = min o) (W), ®
FeK(F) Fek(F) /=

where K (F) denotes the set of kinematically admissible deformation gradients defined by
K(F) ={F|3x = x(X) with F = Gradx and J > 0in Qp, x=FXondQ}. (9

In the above expressions, the triangular brackets (-) represent volume averages (in the un-
deformed configuration) over a representative volume element (RVE) g of the compos-

ite, while <->(r) denote volume averages (in the undeformed configuration) over the phases
Q(()r), so that the scalar cg) = < X (’)> indicates the initial volume fraction of the phase r.

Noting that under the above-defined affine boundary condition (F) = F, and defining the
average stress S = (S), the effective constitutive relation for the composite is then given
by [15]

§= 2 (F). (10)

At this point, it should be remarked that the solution (assuming that it exists) of the
Euler-Lagrange equations associated with the variational problem (8) is expected to be
unique in some neighborhood of F = I (where I is the second-order identity tensor), and
gives the minimum energy. However, as the deformation increases into the finite defor-
mation regime, it may reach a point at which the solution of the Euler-Lagrange equations
(referred to as the “principal” solution and denoted by VT/(F)) is not unique anymore,
and other kinematically admissible solutions corresponding to a lower energy might exist
(which, according to (8), is labeled W). This point corresponds to the possible onset of an
instability, beyond which the applicability of the “principal” solution becomes question-
able. In the context of hyperelastic composites with periodic microstructures, it is known
[14, 41] that the first instability may be “microscopic” with wavelengths comparable to the
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size of the inhomogeneities, or they may be “macroscopic” with wavelengths comparable
to the size of the RVE. However, for composites with random microstructures, it may be
expected [27] that the first instability should actually be macroscopic. On the other hand,
it is also known [14, 40] that the “macroscopic” instabilities can be determined from the
loss of strong ellipticity of the effective stored-energy function of the material evaluated
at the above-described “principal” solution. For these reasons, in this work we will only
be concerned with the principal solution W, whose range of validity will be estimated by
evaluation of the associated loss of ellipticity condition.

Following up on the preceding remarks, we finish this section by spelling out the condi-
tion of strong ellipticity (SE) for the effective stored-energy function W(F) In the context
of hyperelastic materials, the SE condition for the homogenized composite elastomers
characterized by the stored- -energy function W(F) is equivalent to the positive-definiteness
of the associated acoustic tensor K namely, W(F) is said to be strongly elliptic if and only
if

Kimimy, = ZijkleNl mimy > 0, (1)

for all non-zero pairs of unit vectors N and m. Here, I?,-k = Z,- ikt NNy is the effective
acoustic tensor, and, the fourth-order tensor L, defined by

~ W
L= SFor (12)

denotes the incremental effective moduli tensor of the composite material characterizing
the overall incremental response of the composite elastomer. It is also worth mentioning
that the tensor L, jki Possesses major symmetry (L, Kl = L;d, ), but not generally minor

symmetries (L, ikl F L jilk)-

3. Tangent second-order homogenization estimates

In this section, we briefly recall the recently developed tangent second-order variational
method of Avazmohammadi and Ponte Castafieda [4] for the effective constitutive be-
havior of (two-phase) particle-reinforced, hyperelastic composites consisting of aligned,
ellipsoidal, rigid particles distributed randomly with volume fraction ¢ in an incompress-

ible matrix phase with energy function W (Note that since particles are rigid and the
(2)

matrix is incompressible, ¢ = ¢, for all macroscopic deformations.) As already men-
tioned, the TSO method makes use of a fictitious “linear comparison composite” (LCC)
with the same microstructure (i.e., same characteristic functions x (") (X)) as the actual
(nonlinear) composite material (in the undeformed configuration). The moduli of the con-
stituent phases in the LCC are identified with “tangent” linearizations of the given non-
linear phases evaluated at the macroscopic deformation gradient F. This allows the use
of already available methods for estimating the effective behavior of linear composites to
generate corresponding estimates for nonlinear composites. Avazmohammadi and Ponte
Castafieda [4] made use of the generalized Hashin-Shtrikman estimates of the Willis type
[36, 43] for the effective behavior of the linear-elastic composite materials consisting of
random distributions of aligned ellipsoidal particles with prescribed “ellipsoidal symme-
try” for the particle centers (i.e., the two-point correlation functions). These estimates are
exact to second-order in the heterogeneity contrast and to first order in the particle volume
fraction, and are known to be quite accurate for the type of “particulate” microstructures
of interest here, up to moderate concentrations of particles. In order to ensure compli-
ance with the overall incompressibility constraint (J/ = det(F) = 1), Avazmohammadi and



August 20, 2014

18:10 Philosophical Magazine ”Sphroidal Part I'Rev”

7

Ponte Castafieda [4] made use of the expression (1) to split the distortional and deviatoric
components of the energy and arrived at the following estimate for the effective stored-

energy function W(F) of the reinforced elastomers:

c _

(F—R?).E(F-R®). (13)

W(F) = (1- )W (FD) +

N —

1—c

In this expression, F is the macroscopic deformation which satisfies the incompressibility
condition det(F) = 1, R® is a second-order orthogonal tensor characterizing the average
rotation of the rigid particles under the macroscopic deformation gradient F, and deter-
mined by the kinematical equation

Skew{(R<2>)T[E(F—R<2>)] +(1 —c)(R<2>)Tsﬁ>(F<1>)} —0, (14)

where Skew denotes the skew-symmetric part of the quantities inside the curly brackets.
Note that equation (14) provides in general a set of three scalar algebraic equations for the
three independent components of R(?). The second-order tensor F(!) corresponds to the
average deformation gradient in the matrix phase of the LCC, which can be expressed in
terms of the macroscopic deformation gradient F, and the rotation tensor R®) as

(F—cR®), (15)

Finally, E is a fourth-order, microstructural tensor given by'

E= lim (P~'—LW). (16)

ﬂ’(l)*)oo

In this relation, L") is a fourth-order moduli tensor determined by the tangent modulus
evaluated at the macroscopic deformation, such that

1 — o*w (‘)
JF JF ’

a7

while P is an Eshelby-type (fourth-order) tensor containing information about the shape
and distribution of the particles in the undeformed configuration [36]. For ellipsoidal parti-
cles, distributed in an infinite matrix with the elastic modulus tensor L(l), the components
of P read as

SR Evee [Tz 7o)
Pitt= iz Js Br©) 65 (8 (20 20) 18] T s, (18)

where the symmetric, second-order tensor Zg serves to characterize the “shape” and “ori-
entation” of the particles in the undeformed configuration, and the tensor B denotes the

inverse of the acoustic tensor K of the matrix with components K;; = LS,ZZ ;& In this
work, we will also assume that the initial (in the undeformed configuration) “shape” and
“orientation” of the two-point correlation function for the distribution of the ellipsoidal
particles are identically the same as for the particles themselves, as specified by the ten-
sor Zy. It should be remarked that this assumption is not essential, and the shapes and
orientations of the distribution functions could, in general, be different from those of the

'In the prior work [4], the fourth-order tensor E was labelled E/, but, for simplicity, the superscript I has been dropped
here.
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particles [36] leading to the use of two different P tensors. It is also worth mentioning
that all fourth-order tensors E, P, and L{!) have major symmetry, but not generally mi-
nor symmetry. Furthermore, in view of definitions (16)-(18), together with the objectivity
assumption for W) (F), it can be verified that

Eijii(F) = RipRiyEp i (0), (19)

where U and R denote the macroscopic stretch and (rigid-body) rotation tensors, respec-
tively (note that F = RU). Making use of (19) along with (14) and (15), it can be shown
that expression (13) for W (F) satisfies the objectivity condition

W (F) =W (D). (20)

In summary, for a given ellipsoidal microstructure, macroscopic loading F, and matrix
strain energy WO, the computation of the effective stored-energy function W(F) in
(13), as well as of the associated rotation tensor R® in (14), requires the calculation of
E. As defined in (16), the tensor E should be calculated in the incompressibility limit
of the matrix phase (1’ (1) 5 o0). To this end, Avazmohammadi and Ponte Castafieda
[4] carried out a general asymptotic analysis for the computation of the tensor E in the
incompressibility limit (u'(!) — oo). For completeness and to maintain continuity, the
procedure for computing the tensor E is provided in Appendix A.

We conclude this section by noting that Avazmohammadi and Ponte Castafieda [4] al-
ready considered the application of the above-described results for the special case of
elastomers reinforced with spherical particles under triaxial loadings, and for the spe-
cial case of composites with a neo-Hookean matrix, they derived closed-form expres-
sions for the corresponding effective stored-energy function. In addition, they considered
elastomers reinforced with two-dimensional fibers of elliptical cross-section under plane-
strain loading. For the special case of composites with a neo-Hookean matrix and dilute
concentration of fibers, they recovered exactly the results obtained by Lopez-Pamies and
Ponte Castafieda [25] using the more sophisticated GSO method. In addition, for finite
concentrations of particles and Gent-type matrices, the agreement of the TSO and GSO
results was quite good. In the present work, we will consider for the first time applications
for elastomers reinforced with three-dimensional spheroidal fibers.

4. Application to composites with rigid spheroidal particles

In the previous section, we summarized the results for estimating the effective stored-
energy function and the associated evolution of the microstructure for rigidly reinforced
elastomeric composites with general “ellipsoidal microstructure.” The aim of this section
is to make use of these results to generate corresponding estimates of the Willis-type
for elastomers reinforced with a random distribution of aligned, spheroidal particles
subjected to finite deformations. Our goal here is to provide explicit analytical estimates
when possible; otherwise, numerical calculation of the aforementioned estimates is
carried out. In the following paragraphs, we provide detailed description on the mi-
crostructural configurations, constitutive behavior of the elastomeric matrix phase, and
the applied macroscopic loading for the class of composites of interest in this work.

Microstructures. The microstructures to be studied in this work are shown schematically
in Fig. 1, and are depicted in the undeformed configuration relative to the Cartesian
basis {e;} describing a fixed laboratory frame. These microstructures consists of aligned
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(a) (b)

Figure 1. Schematic illustration of the microstructure of a rigid particle-reinforced elastomer in the undeformed config-
uration (£2p). Two configurations are considered. (a) Elastomers reinforced with prolate spheroidal particles (w > 1). (b)
Elastomers reinforced with oblate spheroidal particles (w < 1). Note that, in both cases, the symmetry axis of the particles
is initially aligned with the coordinate basis vector e3.

spheroidal particles of prolate and oblate shapes, in initial volume fraction c(()2), which
remains the same in the deformed configuration (¢ = c(()z)). As illustrated in Fig. 1(a), the
prolate spheroidal particles have aspect ratios w > 1, and their major (symmetry) axes
are aligned with the es-direction. Similarly, as shown in Fig. 1(b), the oblate spheroidal
particles have aspect ratios w < 1, and their minor (symmetry) axes are likewise aligned
with the e3-direction. Therefore, for both cases, the circular cross-section of the particles
in the undeformed configuration lies on the e; — e, plane. Moreover, consistent with
earlier discussions, it is assumed that the particles are initially distributed with spheroidal
symmetry (isotropic symmetry in the transverse plane), and the two-point correlation
function of the particle distribution has the same aspect ratio and orientation of those of
the particles.

Matrix Constitutive Behavior. The variational estimates (13) and (14) are valid for gen-
eral behavior for the incompressible matrix phase. In this work, for definiteness, attention
is restricted to stored-energy functions of the generalized neo-Hookean type, given by
expression (1) with

Wi (F) = ¢(I) +h(J). Q1)

In this expression, I = tr(C) and, for proper linearization, the material functions g(7)
and h(J) are assumed to be twice continuously differentiable satisfying the conditions:
g(3)=h(1) =0, g/(3) = uM /2, h;(1) = =, and 4g;;(3) + hy;(1) = u'Y, in which
the subscripts / and J stand for partial differentiation with respect to the invariants / and
J, respectively. In particular, we will consider the Gent model [13], which has been shown
to provide good agreement with experimental data for rubber-like materials [31] and cap-
tures the limiting chain extensibility of elastomers. It is defined by

Jp ) -3\ 1 1
wil (F) = — ‘; ln<1—7>—l—Eu(l)(J—1)(]—3)—”1—,"(]—1)2, 22)

where [.1(1) is the ground-state shear modulus and J,, is a the dimensionless parameter
characterizing the limiting value for / — 3 at which the elastomer locks up (and the argu-
ment of the logarithm vanishes). In connection with expression (22) for W‘SI), it should be
emphasized that the terms depending on J, although vanishing for incompressible behav-



August 20, 2014 18:10 Philosophical Magazine ”Sphroidal Part I'Rev”

10

First Rotation Second Rotation

Figure 2. Schematic orientation of the Rectangular coordinate basis €] with respect to the basis e; after a two-step rotation.
The loading (stretching) directions are aligned with the €] basis vectors, which have a misorientation (measured by angles
0; and 6,) relative to the e; basis.

ior at J = 1, are necessary for proper linearization of the deviatoric constitutive response.
In addition, we should note that the form (22) used in this work is slightly different from
the more common form involving a logarithmic term in J, and indeed used in our prior
work [4]. The reason, as we will see below, is that this form leads to better behaved esti-
mates for large values of the deformation. Finally, we note that the Gent model includes
the well-known neo-Hookean model in the limit as J,,, approaches infinity, where ngl)
specializes to

W,E”(F):%u(”(l—3)+%““)(1—1)(1—3)' (23)

Macroscopic Loading. The isotropic distribution of the spheroidal particles in the trans-
verse plane (here, e; — e, plane) in the undeformed configuration leads to overall trans-
versely isotropic behavior for the composite with symmetry axis n = e3. For compressible
materials with transversely isotropic symmetry, the strain energy-density function can be
written in terms of the 5 proper invariants of the tensor C = F”F and the vector n (which
reduce to 4 in the incompressibility limit). In this work, we find useful the following de-
composition of the macroscopic deformation gradient

F=U=QDQ’, (24)

where it has been assumed that R = I with recourse to the overall objectivity (20). In this
decomposition, D is a symmetric, second-order tensor given by

I_):jtlel®el+1262®62+13€3®e3, (25)

with A1, A, and A3 identifying the principal values of U (also known as the macroscopic
principal stretches). In addition, Q is a proper orthogonal, second-order tensor describing
the orientation of the principal axes of U relative to the (fixed) laboratory frame of refer-
ence {e;}. Here, the principal axes of the symmetric tensor U, also known as the loading
(stretching) directions, are identified with the (rectangular Cartesian) basis {eg}. In gen-
eral, this basis is not aligned with the basis {e;}, representing the symmetry directions of
the particles in the undeformed configuration. In turn, the tensor Q can be decomposed
into three proper orthogonal tensor Q1,Q», and Q3 serving to characterize the rotations of
the principal axes of U about the fixed e;, e, and es axis, respectively. Recalling that the
composite has transversely isotropic symmetry with symmetry axis along e3, the response
of the composite is insensitive to rotations about e3, and we can restrict our attention to
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tensors Q of the form
Q=Q: Q. (26)

It is important to emphasize that, for a general choice of 4,4, and A3, the order of the
rotations in (26) matters, and in this work, the order given in (26) will be used. Also, as
illustrated in Figure 2, we let the two (Euler) angles 6; and 8, denote respectively rotations
of the principal axes of U about the e; and e; axis, with the sign defined according to the
usual right-hand rule. More explicitly,

Qi =cos(6;) (ex®er+e3@es) +sin(6y) (3R er —er R e3) + € ®ey,
Qz = COS(éz) (61 ®e|+es ®e3) + Sin(éz) (ej®e3—e3 ®e1) +eye). 27

Finally, as mentioned earlier, attention is restricted here to incompressible composite ma-
terials satisfying the overall incompressibility constraint, so that

A= (k) (28)

In terms of the above-defined loading parameters, the effective stored-energy function
W may be written in the form

W(F) = @(A1,12,01,6,). (29)

Moreover, for simplicity, in this work we confine our attention to a subclass of loadings,
characterized by the condition 68; = 0°, as schematically shown in Figure 3. In this case,
the effective stored-energy function simplifies further and takes the form

0(A1,22,0) = ®(41,12,0,6), (30)

where the parameter 6, has been replaced by 6 for convenience. In this context, it is
important to remark that, in general, second and higher derivatives of the effective stored-
energy function @ (1,2, 6;,6,) with respect to 6y, calculated at §; = 0°, are required for
the calculation of the effective incremental modulus tensor L (defined in (12)) needed in
turn for the computation of the ellipticity condition (11) , even for loadings where 6, =0°.
For this reason, it will be necessary to compute @ for general values of 8; and 6>, even
when the results presented in this work will be restricted to loading paths with 8; = 0°.

We conclude the description of the macroscopic loading conditions by identifying
two special loading conditions: (1) Axisymmetric Shear, characterized by the condition
Zl = 12 =, and (2) Pure Shear, characterized by the condition 12 = 1,11 = A, where A
is a positive loading parameter.

4.1. Estimates for non-aligned loadings

Under the above-mentioned assumptions on the microstructure, matrix properties and the
macroscopic loading, we can now determine the tangent second-order estimates (13) and
(14) for the composites consisting of a generalized neo-Hookean matrix (with stored-
energy function (21)) and aligned, rigid spheroidal particles, subjected to the applied de-
formation (24). The resulting estimates, for general stretches A; and A, and angles ;, and
6>, are too lengthy to be included here, and instead, we present results only for the case
of 6, = 0° and 6, = 6. In this case, it can be shown that the estimate for the effective
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Figure 3. Schematic representation of the applied loading on a rigid particle-reinforced elastomer as well as the associated
evolution of microstructure. The loading (stretching) directions are aligned with €] basis vectors which correspond to a
rotation @ about the e, direction. (a) In the undeformed configuration (£2g), the particles are aligned with the e3 direction.
(b) In the deformed configuration (£2), the particles rotate (by the angle ¥(?)) on the e; — e3 plane.

stored-energy function of the composites reduces to

W(E) = B(11,72.0,8) = 6 (11, 12.8) = (1 =)W (BV) + == {El{x} + (h — 1)’E3}

2(1-c¢)
+ERXF +EBYE + E31Y7 +2 [X1(Ef3Xo + EI3Y) + E3[Y) + Xo(ESY, + E3Y2)
+(A— 1) (EpXi + EfXo + EGY + ESY) + ESYiYa ] |, (31)

where use has been made of the notation E ,’{f = Ejju for compactness of the Cartesian
components of the microstructural tensor E, as defined by expression (16), and where

X; = Ay cos*(8) + (A Az) " sin?(8) — cos(§?),

Xo = A48in*(0) + (A1 42 )_lcosz(é) — cos(§?),
Y12 = sin(8) cos(8) [Al (MLZ)’I} +sin(y?). (32)
In this expressions, 1;7(2) characterizes the average rotation of the symmetry axis of the
particles about the (fixed) e, axis (with sign determined by the right-hand rule) in the

deformed configuration (see Fig. 3(b)). According to expression (14), 1[/(2) is determined
as the solution of the equation

{2631 sin(P) — fiXi— X+ ES Yo —ERY — (A — 1)f2} cos(p?)
~{ (BN +ER + ) M+ BN X+ ER X+ (R — 1) (ER + EH)

+ Ptl + (1112)_1] [E33+(1—c) (2g1+Mhy)] }sin(lf/(z)) +2ep3sin?(§?) =
(33)

where ¢;; = E3ll-1 +E£ and f; = El’3 Eé’l, with i, j =1,2,3.

For given loading parameters ll, 12, and 6, and material functions g and h, the calcula-
tion of the effective stored-energy (31) and the associated particle rotation in (33) require
in turn the computation of the appropriate components of the tensor E, as described by
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expression (A1) in Appendix A. The pivotal point in this procedure is the calculation of
the microstructural tensors P,, » = 1,2, 3, as defined by the integrals in (A7). For the gen-
eral matrix behavior (21), and general choice of Ay and Ay, and 6, the analytic calculation
of these integrals is a difficult task, and we must resort to the use of a Gaussian quadrature
technique. To maintain continuity here, the details are provided in Appendix B.

At this point, it is important to emphasize that expressions (31) and (33) for the macro-
scopic response of the reinforced elastomers are exactly consistent with the earlier, corre-
sponding expressions given in [4], except that a slightly different form will be used here
for the term A(J) in equation (21) defining the matrix behavior Wﬁl). However, it can be
shown that the modifications proposed in this work for the function 4(J), as made explicit
in the context of expressions (22) and (23) for Gent and neo-Hookean elastomers, respec-

tively, only affect the term W‘EI)(F(I)) in expression (31), all other terms in expressions
(31) and (33) remaining the same. (This is because the other terms in these expressions
depend only on up to quadratic terms in the Taylor series expansion of 4 about J = 1.)

Finally, we note that, for the special case of aligned loadings, in which stretching di-
rections of the tensor U are aligned with the principal axes of spheroidal particles (in the
undeformed configuration), leading to orthotropic symmetry, the calculation of the ten-
sors P, and subsequently the corresponding function @, can be carried out analytically
for special forms of the matrix stored-energy function (21). For this reason, we present in
the next subsection explicit analytical results for aligned loadings.

4.2. Estimates for aligned loadings

In this subsection, we restrict our attention to the special case of macroscopic loadings
aligned with the particle axes {e;}, and characterized by the conditions = 0° and ] =90°
in expression (24) (recall that 8; = 0°). However, for general values of A; and A, it
suffices to identify aligned loadings by the condition & = 0°. Hence, the macroscopic
deformation gradient for aligned loadings is written as

F:Zle1®e1+izez®ez+(1112)_1e3®63, (34)

where it is recalled that the particles are aligned in the e3 direction.

For the special case of aligned loadings, i.e., 6 = 0°, it can be shown that l,l_/(z) =0
satisfies identically equation (33), implying that the particles do not rotate for any stretch
(up to the possible onset of an instability). Making use of this fact, it is easy to show that
the TSO estimate (13) for the effective stored-energy function reduces to

C
2(1—c¢)
+IPEH +2{1(A — 1)E + (Ao — 1) [(l1 — 1)Exy +1E35| }}, (35)

W(F) = (A1,4,0) = (1— )WV (FD) + (= 12El} + (- 1)ER
where [ = (1112)_1 —1,and Wﬁl)(l_?(l)) = g(IM) 4 A(JM), in which

ﬂn::Q4—0V+%1r—@2+K1Jﬂ*1—42 ﬂn::@4—cﬂir—®K%1ﬁ*1—d
(I—c)? ’ (I—c)? '

(36)

For the general matrix behavior (21), the analytic calculation of the relevant compo-
nents of tensor E in (35) is cumbersome, and, for practical reasons, we make use of the
Gaussian quadrature technique as will be discussed in Appendix B. However, for some
particular types of the matrix behavior (21), and under loading condition (34), derivation
of closed-form expressions for the components of the tensor E and, subsequently, for the
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effective stored-energy function (35) is feasible. In the next subsection, we specialize the
estimate (35) to neo-Hookean behavior for the matrix phase, and derive closed-form ex-
pressions for the effective stored-energy function for the two particular cases of (aligned)
axisymmetric shear and pure shear loadings.

4.2.1. Closed-form results for a neo-Hookean matrix

In this section, we consider the hyperelastic composites made of a neo-Hookean matrix
phase with stored-energy function of the form (23) and aligned, spheroidal, rigid particles
subjected to aligned loadings of the form (34). Under this type of loading conditions, the
TSO estimate (13) for the effective stored-energy function of the composites still takes

the form (35) with the function W‘EI) (F(M) now given by
O pmy = Lo (g3 L Lo () (o
Wil (F0) = Ju (1 3>+2u (J 1) (J 3), (37)

where I") and J1) are given by expressions (36). Note that W‘EI) (F(l)) remains bounded
for all finite values of the stretches. This is different from the corresponding expression
originally given in [4] which tends to blow up at a finite value of the stretch depending
on the particle volume fraction—a phenomenon that was labeled geometric locking up.
In other words, the slightly modified expressions given here for the response of the ma-
trix phase lead to no geometric locking up. As we will see in Part II of this work, this
feature will lead to more accurate predictions for the overall response of the reinforced
elastomers.

As discussed earlier, in this case, the microstructural tensors P,,r = 1,2,3, as defined
by integrals (A7), and subsequently the tensor E, as defined by (A1), can be computed
analytically for general values of A; and A,. However, the expressions for the pertinent
components of E, as well as for the final expression for the effective stored-energy func-
tion, are too cumbersome to be included here. Instead, we provide only the analytical
expressions for the relevant components of the corresponding tensors P,,» = 1,2.3, al-
though, to maintain continuity here, they are spelled out in Appendix C. Having these
components for the tensors P,, one can conveniently obtain a closed-form expression for
the corresponding effective stored-energy function w by first determining the analytic
expressions for the relevant components of the tensor E using the algebraic operations
outlined in Eqgs. (A1)-(AS), and then substituting these components along with Eq. (37)
into Eq. (35). Here, we remark that the resulting expression for the effective stored-energy
function simplifies considerably, when specialized to particular choices of A; and A5, cor-
responding to (aligned) axisymmetric shear and pure shear loadings. In the remainder
of this subsection, we will separately consider these two specializations, and provide the
closed-form expressions for the associated effective stored-energy functions.

Axisymmetric shear loading. Here, we consider the case of the particle-reinforced neo-
Hookean composite subjected to aligned axisymmetric loading of the form (see Fig. 4(a))

F:161@614—162@624—1_263@63, (38)

for which A; = A, = A is a positive loading parameter. In this case, it can be shown that
the effective stored-energy function (35) simplifies to

~ =

W(F) = $(2,2,0) = (1— )W, (FV)
< —12E + AT 1) ER +2((A—1)2ER 422 2= 1) (A - DEN]},
(39)

+72(1_C) {2(2
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Figure 4. Schematic representation of a matrix reinforced by spheroidal particles subjected to aligned (a) axisymmetric
shear loading, (b) pure shear loading.

where WFSI)

is given by expression (37) with

(A—c)P(A—¢)
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and

Ell —A3A4A5(wy1)1{wA%A§ (As —wAL) B —wA2AZ AL —wAR AT As 2w* — WP +44°)
+ {w2112A3A3+wA2A3A5 [w“+w21§ —16] — A2 [2w6—W4I§+w21§+15;§]}A1A4
Ay A3 A2 [2w616+w41§;§+(7w2—3)112]},

E3333:A3A4A5w}/11{[WA3—7L6A2]A2A 2 4 wASA A3 (WA3I 112A2A4)+w AZAZASTSY
+ {44343+ 2020 A2 A3 45 T3] — w? 43 [WZI%+I(3):§]}A1A4},

E22 =A3A4 (W12’}/1)71 {Al {—W12A2A3A4 [(J; —{—I%’(z)) W4 — I’;’ (J{ + I’;’) W2 + 16 (J; —1—1?23)]

+A2A4As [(/1 —1)wb +( 2/12) ~32 (J}—I}) w2—18} +w2114A§A3A5}
22,4542 A5 [14(12 Wl (A2 1) (J?;; - I%) w— 18 (324 +12) w? —112]

FwIAZAZAZ[(A2 — ) w2+ A2(22% — 1)) + wi ' 4A2Ad [14@2 w2 14}

+wATA3 2A° — 1) {A5[(A% + Dw? = A%q1] —wA?Ar A5} }

— A3 ALY {Al {watagas (24wt —w? (303 +1) +155+ 22 - wa 4 a3ajas

A As A [t (5 +13) 424 (22144 008 - 130 ) wP 22184 21083 |

A2 At (W2g — A8 — A —wi2Ar A3 A2 As [w4q1 - (J; +316) w? 42112 +3110}

+wA3ATARY 4 AT AR {wizAzAs CAAZ WP — iqu]} } (40)

In addition, in the above relations,

w

V2 —1 2_)6 -
A = tanh™! ( id ) , Ay =tanh™! <W7> , Ay = Vw2 — A0,
w
Ag=Vw2—1, As=A*+ A2+ 1)(A*=1), qra=A"+1,
o= AsAqg [A1A3A4 <16A2A§A§I§ +wAlAs 1‘1‘;?) _ABASTE A1 A2A¢

—wAS Ay A3 AT ASTYO + WP A AT AZTY ] Ju
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and the abbreviations
14 = A2 +al®+dw +b, Ig=Ty0, I35 =bA"0 +dA* +ad* +cA%, Ji =Ty,

have been introduced for compactness. In these last expressions, a barred sub-
script/superscript indicates the corresponding negative coefficient. It should be pointed out
that the effective stored-energy function (39) is valid for both prolate (w > 1) and oblate
(w < 1) spheroidal shapes for the particles. Also, when specialized to the case of w =1,
relation (39) recovers the corresponding effective stored-energy function for neo-Hookean
elastomers reinforced by rigid, spherical particles provided by relation (141) in [4] (ex-

cept that the expression for WF(LI) involves a logarithmic term in JU!), because, as already
noted, a slightly different form for the compressible generalization of the neo-Hookean
model was used in the earlier work.). Another remarkable feature of the stored-energy
function (39) is that it is valid for any positive loading parameter A. More specifically,
for A > 1, the function (39) corresponds to the effective stored-energy function of the
composite when subjected to Equibiaxial Tension loading in the e; — e; plane, while for
A < 1, it corresponds to Uniaxial Tension loading in the e direction with tensile stretch

A3 =1/A%

Pure shear loading. Next, we consider the case in which the (spheroidal) particle-
reinforced neo-Hookean composite undergoes aligned pure shear loading (in the e; —e3
plane) of the form (see Fig. 4(b))

F=1le ®e +er0e+ A 'es®es, 41)

where, similar to the preceding axisymmetric case, 1, = A is a positive loading parameter.
In this case, the TSO estimate (35) for the effective stored-energy function simplifies to

C - -

W) =6(.1,0) = (1 =)W (BY) 4 5o {(A = Bl + ! = 1B

+2(A-1)(A" = DEs}, (42)
where W‘EI) is given by expression (37) with

(1) _ (Z —C)2+ (1_1 —C)z

A—c)A 1=c
T iy (A=) )

- (=02

+1,

and

Ell =—(wi yz)lQ%{wiBzB% (WB3E,2— A B3) [wB1 Qb + B3 (A*w? —2Q1)] &1
—wB3B3Q} [w? BBy Q —w (w'Ql — 4222+ 011 ) By + (w'Q} + w20 +21°) B3| 2,0

+ {wziqung [wBi Q)+ (A*w? —2Q1) B3] E,1 —w? A B3 B3 [wB1 QL+ (A*w? —2Q}) B3] E)n

—WB% [wzq%B%B3 +wB1B% (szé(l)(lﬁ-O %g) +B3< A4 —w? O;(l)(l)+27t Ql)}}

+AB3 Qi [W*BIB3 Q| +wB B (w*Qi — Q}) — B} (w*Q] —22%)] }
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_ 3 73,0 — — 7 3
EX = wy IQ%{/I (Bi —wB3) B, B2 Q) (w?t B2E, —B§> E, —wABBiQl {A2B2B5 Q)]
+waB; —w?Bs (2w? - 1?Q})} Ep2+i3{wiBzB§ (Bi—wB3) (B4Q1 Ep1 — B3Q) E)0)
B {wqu%& BB (WZngg;g +16Q5) —wB? (WZQ% _m;)} }sf

+ B3B3 (A*+1)* (B, —wB3)2},

EM =y {1 B%{B‘z‘ [(w2A2Q) —2Q!) Bs — wB) Bs] —wA By B (wB) By + 0t B) E,,Z}Epl
+wha: BB} [wBi By QL+ (w'Ql+w?Q +22Q1 ) B +w (202~ 12Q)) B3|
+2{B3 [wBs 1B} + B} (w0510 -0V 3] +2750] ) +wBl Qf (w2033 - 0737 B

~wABy B3 (WB\Ba+B3) (2 Ep1 — B3 Epp) }Ef—i—q%Bg (wBiB3+ (w* —1)B; +wB3) }

(43)

In addition, in the above relations,

A1 — w2 — _ -
Blztan_l (71 W), Bz:\/7L4—W2, Bg:\/l—wz7 B4:(7Lz—1)(7tz+2),

w
% —{iBg {2wZ3BzB§ Ep— B3 [WB1 B4 — B3 (W*A*Q —2)] } Ep+q:B3Q] [wBiB;
+(w*—1)By—w’ B3 +wB3] + wd ¢, B; B3 [w (2w? —22Q}) B3 — (2w* —A%Q)) Bl] Epm

+ 3B} {zwiBng (92Ep1 —B3Epp) — B} [wBl Qj O35+ B; (wzQ{ - 21&5)] } gf}/um

and @ = w? (12Q% + 2) — 2Z2Q%. Also, the abbreviations
Qf =al>+b, 05 =fA"+eA% +dAo+cA* +bA* +a, O} =055,

are introduced for compactness, and it is recalled that a barred subscript/superscript indi-
cates the corresponding negative coefficient. Moreover, Z, and Z,; » are given in terms
of the incomplete elliptic integrals of the first and third kind [1], respectively, via

- B, _ B, A*—1 . B,
_,fF<ﬁ,q>, p1P<ﬁ,m,q , Epp =P ﬁ,l,q )

[x]
[x]
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whereqzi\/(12—1)/(14—w2),and the functions F and P are defined by
Flap)=[" : ar, Plabe)= [ 1 i
’ 0 VI-2V/1-b%2 " o 0 VI—12VT—b2V1 -2 "

It is important to note that, similar to relation (39), the effective stored-energy function
(42) is valid for both prolate (w > 1) and oblate (w < 1) spheroidal shapes of particles.
Likewise, when specialized to the case of w = 1, relation (42) reduces to the corresponding
effective stored-energy function for neo-Hookean elastomers reinforced by rigid, spheri-
cal particles provided by relation (139) in [4] (notwithstanding the earlier comment about
the logarithmic term). Finally, it is emphasized, for completeness, that the estimates (39)

and (42) are consistent with the macroscopic incompressibility constraint A{ A, A3 = 1, and
linearize properly.

5. Onset of macroscopic instabilities

The purpose of this section is to investigate the possible development of macroscopic
instabilities in the finitely strained, particle-reinforced elastomers described in the prior
section. As discussed earlier in Section 2, in this work, our attention is restricted to the
onset of macroscopic (as opposed to microscopic) instabilities, which are characterized by
wavelengths much larger than the characteristic size of the underlying microstructure. We
recall from our discussion in Section 2 that, based on the work by Geymonat et al. [14],
the onset of macroscopic instabilities in the heterogeneous materials corresponds to the
loss of strong ellipticity of the associated homogenized constitutive behavior. Recalling
from (11), the homogenized particle-reinforced elastomer characterized by W(F) is said
to be strongly elliptic if and only if

Z,‘]‘k]NjN] mimy = (82VT//8F,] 8Fk,Nle> mimy. > 0. 45)

Thus, equivalently, the first macroscopic instability happens whenever the inequality (45)
ceases to hold true.

For incompressible materials, however, it proves convenient to express the strong ellip-
ticity (SE) condition in terms of the tensor ijkz = Z,-pqu ip Fi; which is the updated in-
cremental moduli tensor when the undeformed configuration coincides with the deformed
configuration. Correspondingly, for incompressible composites, the SE condition (45) can
be rewritten as

tr{[L°(m ®n)](m®n)} >0, (46)

where n = F~7N is the transformation of the unit vector N in the deformed configuration.
In this case, the incompressibility constraint det(F) = 1 implies that the unit vectors n
and m must satisfy n-m = 0 in (46). In fact, due to the incompressibility constraint, some
components of the moduli L become infinite, however, the constraint n-m = 0 projects
the tensor L¢ onto the space of isochoric deformation det(F) = 1, and accordingly, the
condition (46) is expressed in terms of some traces of L with finite values.

Since the effective strain energy (13) is strongly elliptic in sufficiently small neighbor-
hoods of F =1, one expects that the inequality (46) holds true in the infinitesimal-strain
regime. However, as the macroscopic strain increases, the inequality may be violated at
some specific critical tensor F¢". This critical deformation gradient is associated with the
critical vectors n,, m.. In fact, F" constitutes the boundary of the domain in deformation
space, including the value F = I, inside which the SE condition holds. It is also remarked
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that when the condition (46) fails to hold, the homogenized material becomes macroscop-
ically unstable and this corresponds to a developing shear band taking place on a plane
with the (unit) normal vector n., (in the deformed configuration) and along the direction
me,.

The main objective of this section is to find the F¢" (together with the associated vectors
n., and m.,) when the composite material consisting of rigid spheroidal particles under-
goes the macroscopic deformation given by (24). In the following, the specialization of
the SE condition (46) for the class of transversely isotropic composites under non-aligned
and aligned loadings are provided, and later, they are further specialized for the (rigidly)
particle-reinforced composites of interest under axisymmetric and pure shear loadings.

The modulus tensor L€ in (46), which in general has 45 independent components, sim-
plifies when it is specialized to the class of (incompressible) transversely isotropic com-
posites (with symmetry axis aligned with e3 direction) undergoing the macroscopic de-
formation field (24) (recall that 8; = 0°). Accordingly, it can be shown, by making use of
the orthogonality condition n-m = 0 to solve for m3 in terms of the other components of
m and n, that the SE condition (46) for the stored-energy function W(F) can be written as

) fr7e 4 A7x 3, (¢ 2, 7%. 2.2, (7.3 ATc 2
ny { {L§131”1 —2L;n3ny + <L§232”2 +L3 ”3) ny+ <2L1”3 —2L§212”2”3> ni+

Tc 2.2, TcC 4 2 Tc 3 T 2  Tx. 2 TFC 2
Liy1pnyn3+Lizs ”3}’"1 + {2L3131 nyny+2 <L7”3 —Lgn —L3212”2> nan3

+2 (745232 m +Z§ ”%) ”1”2} mymy + [(25131 n +Z5121 n%) m
+2 (ZE?)ZI I’l% — Zg l’l%) nins + 25232 ”lg + ZZ I’l% n% +Z§323 n431:| m%} > O, (47)

where

o ~ o e .

Ly =Liy13— L3313, Lo =Ly — Lz,

o ~ - -~ o ~ -~ ~
Ly =Ly + L3333 —2L4133 — 2 L1331, Ly = Loy + L3333 —2L5933 — 2 L3533,
N ~ ~ . . . ~

Ls = Lyj5, + Loy + L3333 — L1133 — L3z — Lizz1 — Laszo,

Z* __Tc +ZC _ Z’c Z* _ ZC +Zc _ Zc Z* _ Zc +ZC +Zc _ 2Zc
6 — ~2231 3221 3331 =7 — #2213 2312 3313) =8 — +~2231 3221 1131 3331>
(48)

The loss of strong ellipticity of the (incompressible) composite elastomer can be deter-
mined by monitoring the sign of the LHS expression in inequality (47) for all possible
unit vectors n and m satisfying the constraint n-m = 0, and detecting the point at which
the expression first vanishes. As mentioned earlier in this section, for an incompressible
composite, some of the components of the corresponding effective incremental modulus
tensor L become unbounded, however, the traces of this modulus tensor which appear in
the strong ellipticity condition (47) (the expressions of zfjkz terms multiplying n;’s com-
ponents) have finite values. These traces can be derived in terms of loading parameters
M, Ao, arlgl _éz as well as the first and second derivatives of the effective stored-energy
function @ (11,4, 01, 0,) with respect to its arguments, evaluated at 8; = 0°. To maintain
continuity, the corresponding explicit expressions for the moduli traces, calculated in the
rectangular Cartesian basis {e’}, are provided in Appendix D.

Substituting the expressions fog\ the moduli traces (in (D2)-(D6)) into (47), the SE con-
dition is expressed in terms of @ and can be used to detect the onset of macroscopic
instabilities for the class of particle-reinforced composites described in Section 4. For a
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general choice of A1, 1>, and 6 = 6 in deformation (24) (recall that 8, = 0°), the resulting
condition takes the form

f($7117$71275 @ 212,6919“@9292,]’11,”271’13,7}11 m27m3711 A'27 ) >07 (49)
in which subscript commas followed by an index denote derivatives with respect to the
corresponding variables. For this general choice of loading parameters, the explicit ex-
pression for function f in (49) is too lengthy to be included here, but it simplifies consid-
erably for the special case of aligned loadings (6 = 0°) as discussed in the following.

For the special case of macroscopic aligned loadings, given by (34), it can be shown
that the SE condition (47) reduces to

s 4, (5 2 w2\ 2 4,7 2 2
n3 { [L§131 ny + (ngsz ny+ L3 ”3) ni+Li3;3n5+ Lisnm; ”3] i
+ {2%131 n%nz + (235232 n% + 22; nm%) nl] m|mo
+ [(L2121”3 +L5)3 ”2) ni + LSy3pm3 + Ly n3n3 +L2323”3} mz} > 0. (50)

Substituting the moduli traces in (D7)- (D9) (for aligned loadings) into the above con-
dition, the corresponding SE condition for @ is obtained. For general choice of A; and A,
in deformation (34), the resulting condition can be shown to reduce to

11‘21521;1{ {(Ai23B10nt + [A23 B 1053+ 2 B (M B 5, — 20 B 5, 205 ) 3|t
+@§@ﬁ¢p@@+i4gk(h@j,+zﬁg@@%)¢§nﬁ+z{zﬂgg@¢pﬁm

+{ ot (3885, - 1 BB g5, ~ M A3 BB g0, ) + 1112 (A B, 13 5B, ) [ nan}
AR B0 933 ot fmy o+ { (A A3 B 15 67 n3 + AF B 93 n3) md + A2 A5 1 35

—1—12 11213 [(Zz l%‘izziz - 2112123(57@1@1 — 2[2‘5712) n%n% + (lz‘?zz + lej@(ﬁélél) n;‘] }m%}

(51

6,=0°

where (Pl* = 1111 (le + @7(;2@2, ¢2* = 1212(:?12 + @7(;1@1, (P3* = 11 (Pjtl —12(;?12, and

h=2125 -1, L=AA—-1, L=21-21. (52)

Before proceeding with the study of conditions (47), (49), (50), (51) for the particle-
reinforced composites of interest, it is important to make the following remarks:

(1) The SE conditions (49) and (51) are valid for any stored-energy function of the
form @(11,12, 01,0,) corresponding to a transversely isotropic material whose axis of
symmetry is aligned with the e3 direction and subjected to a deformation field of the form
(24) (with the condition 8; = 0°) and (34), respectively.

(2) In the remainder of this section, we will examine the SE conditions (49) and (51)
only for the transversely isotropic composite with the class of particulate microstructures
studied in this work. For this class of composites, based on a numerical study of (49) and
(51) (as will be discussed in Part II of this work), we provide the corresponding critical
unit vectors n., and m,, at which these condition are first violated.
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(3) The aforementioned results for the critical vectors n.,, m., are based on numerical
investigations carried out for composites with Gent and neo-Hookean matrices. However,
it is plausible that corresponding calculations for composites with other matrix models of
the form (21) would result in the same critical unit vectors.

Keeping in mind these remarks, in the next two subsections we consider the strong
ellipticity conditions (49) and (51) for two special types of loadings. In the first subsection,
we consider axisymmetric shear (characterized by A1 = A, = A), and provide first the SE
conditions associated with expressions (49) and (51) for non-aligned and aligned loadings,
respectively. In the second, we provide the corresponding specialized SE conditions for
pure shear loadings (characterized by A; = A,4> = 1). In this context, it is useful to
introduce the critical stretch A, at which the strong ellipticity conditions associated with
axisymmetric and pure shear loadings are first violated.

In the discussions below, it is helpful to introduce the notations

(/p\AS(Z‘7é17é2) = 5(171791702)7 5PS(ZaéhéZ) = (/p\(i‘?laéhéZ)a (53)

corresponding to general non-aligned axisymmetric and pure shear loadings, respectively
(cf., (29)). Similarly, we introduce the notations

(/[)\AS(Zjé):(i)\(ijL’é)’ (Z)PS(Z’é):(Z)\(;L’l’é)’ (54)

respectively for axisymmetric and pure shear loadings with 8; = 0 (cf., (30)).

5.1. Axisymmetric Shear

Here, we begin by considering the SE condition for non-aligned axisymmetric loadings,
characterized by A; = A, = A in the loading form (24). For this case, the numerical results
show that the critical unit vectors at which the inequality (47) cease to hold, take the form
m,, = e; and n., = cos( 0, )e; + sin( 0, )es. In view of these results for the critical vectors
m., and n.., it is inferred that the macroscopic instability, under non-aligned loading
condition, consistently takes places through development of localized shear deformations
(also known as “shear bands’) on all planes whose normal lies in the e; — e3 plane, and
in the e; direction. In this connection, ¢, serves to characterize the angle between the
normal to the plane of the “shear band” and the e; direction, exactly at the moment of
shear band initiation. The corresponding normal vector in the undeformed configuration
can be obtained from relation N, = FCT,ncr. Using the resulting vectors n.,, and m,, in
condition (47), it can be deduced that macroscopic instabilities may first develop along
non-aligned axisymmetric shear loading paths whenever the quadratic equation

2
~. ny ~. ni ~.
Ly19 <£> +2L53 <£> +Ly33 =0 (55)

admits real roots for n;/n3. Consequently, necessary and sufficient condition for the
quadratic equation to have complex roots can be expressed as

U \2
L5121 L3303 — <L§321> > 0. (56)

Making use of the expressions for the LS5, L5353, and L53,,, provided in Appendix D, for
axisymmetric shear loading, the associated SE condition for the effective stored-energy
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function @ can be written as
T PP - . - -
{ [lsm (0)¢7ililélél — Asin(0)cos(0) @71111 -2—1-6@11;11 A+2A (p.,zziz +8@711
—22 <I>‘/f%LS/—l —2(1335} X [ZS sm(é)cos(é)d{é2 + 27 cos?(6) Dgp + (A8 — @3,
3276 257 6 nre2(d 5 72(76 208\ &
—222(A5—1) {u(u cos?(8) — 1) B g + A% (A0~ 1)cos’(6) B 5
- _ T e~ ~ 2
A2 sin(8)cos(0) [44° B g6 + (A°-1)B5 55|} 1| >0 (57)
A =A=A4,
éi:g?ézzé

Recall that the above condition is calculated at ; = 0°, and the axisymmetric shear condi-
tions A; = A, = A should be applied to all terms after taking derivatives. Loss of ellipticity
is therefore expected at the critical stretch A, for which condition (57) is first violated.
The corresponding critical angle ¢ can be shown to be given by

M=h=Aer,
8,=0,6,=6

(58)

Note that the above expression is calculated at ZC,.

Next, we consider the development of macroscopic instabilities for the composites sub-
jected to the aligned axisymmetric loading of the form (38). In this case, the result depends
on whether the particles are prolate (w > 1), or oblate (w < 1), and these two cases are
considered separately below.

Prolate particles. Here, we consider composites consisting of an incompressible matrix
and aligned prolate spheroidal particles (see Fig. 1a) subjected to axisymmetric shear
loading (38). In this case, within the context of condition (50), and based on the nug\lerical
examination, the loss of strong ellipticity for the effective stored-energy function @ takes
place when the vector n., is aligned with the e3 axis and the vector m, lies in the e; — e;
plane in the deformed configuration. That is, the homogenized composite material may
develop localized shear deformations on the plane determined by the normal e3, and in
all directions in the transverse plane. Using these vectors in the condition (50), it can be
deduced that macroscopic instabilities may first develop along axisymmetric shear loading
paths whenever the following inequality is first violated

L§313 = Ls33 > 0. (59)

It should be noted that, for the case of prolate particles, the associated numerical results (to
be discussed in more detail in Part IT of this work) show that this type of instability occurs
only when A > 1. This regime of A corresponds to the equibiaxial tension loading in the
e; — e; plane with the stretch A, which is equivalent to the uniaxial compression loading
in the e3 direction with (compressive) stretch 1/ A2. In other words, as the (compressive)
stretching along the long axes of the particle increases, the effective incremental modu-
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lus in the transverse plane perpendicular to the particle symmetry axes (Zﬁ3 3= Z§323)
softens to the point that it vanishes (23’313 = (). This point is characterized by some finite
critical stretch ZC, > 1. This localized behavior can be related to the evolution of the mi-
crostructure in the particle-reinforced elastomers. Thus, as will be seen in Part I, the loss
of strong ellipticity would correspond to an abrupt rotation (or flopping) of the particles
under a sufficiently large compressive loading. Making use of the expression for L{;,3
given in Appendix D, the associated strong ellipticity condition in terms of the effective
stored-energy function can be given as

_ D23AS B BAS
5970 ! 99 ] > 0. (60)

Z(26_
Mo (A=

9=0°
Note that all derivatives in the above conditions are taken at 6 = 0°.

Oblate particles. Here, we consider composites consisting of an incompressible matrix
and aligned oblate spheroidal particles (see Fig. 1(b)). In this case, along the loading
path (38), the numerical study indicates that the strong ellipticity condition (50) is first
violated when the vector n., lies in the e; — e, plane and the vector m,, is aligned with the
ez direction in the deformed configuration. In other words, the homogenized composite
material may develop localized shear deformations on all planes whose normal lies in the
e; —e; plane, and in the e3 direction. Using these vectors in the condition (50), it is easy
to show that the first macroscopic instabilities may develop along axisymmetric shear
loading paths whenever the following inequality is first violated

L§3 = LS, > 0. (61)

It is remarked that, for the case of oblate particles, the numerical results show that this
instability occurs only for 0 < A < 1. This regime of A corresponds to a equibiaxial
compression loading in the e; — e, plane with (compressive) stretch A, which is equivalent
to the uniaxial tension loading in the es direction with (tensile) stretch 1/ A2. That is, as
the (compressive) stretching in the transverse plane increases, the effective incremental
modulus in all planes with the normal vector n € Span{e; — e, } softens to the point that
it vanishes (ng = Z§232 = 0). Making contact with the microstructure, the loss of strong
ellipticity can be identified with flopping of the oblate particles under compressive loading
in the e; — e, plane. Making use of the expression for ng, given in Appendix D, the
associated strong ellipticity condition in terms of the effective stored-energy function can
be written as

> 0. (62)

20AS HAS
AL Y U 1)a¢_]
6=0°

062 I

5.2. Pure shear

In this subsection, we consider the case of particle-reinforced elastomers subjected to pure
shear deformations, characterize by A; = A, A, = 1 in expression (24). In this case, similar
to the case of non-aligned axisymmetric shear loading, the strong ellipticity condition (47)
is violated at the critical vectors m., = e, and n., = cos( 0, )e| + sin(,,)es. In turn, the
same strong ellipticity condition (56) is obtained for the case of non-aligned pure shear
loading. Making use of the expressions for the L5,,, L53,3, and L55,, given in Appendix

D for pure shear loading, the following macroscopic onset-of-failure surface (A, 8) is
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obtained
{[cos(8)sin(8)® g, — sin?(8)B g5, — (A2~ 1) (1, — B, ) | 22
X {(12 —1) 5712 + A2 sin(é)cos(é)ff{ei2 + A2 cos?(6) $7éléli| -2 (A% + 1)_2
X {(1200s2(é) —sin*(9)) 437(;2 —(A*+1) sin(é)cos(é)(IAJJ;lgl]2 iy, 0. (63)
6,0,6,-6

Note that the SE condition (63) is calculated at 6; = 0°, and the pure shear conditions
A1 = A, 2, = 1 should be applied to all terms after taking derivatives. Also, for the cases
in which the strong ellipticity condition (63) is violated, the corresponding critical angle
o, characterizing the angle between the e; axis and the normal to the shear band plane
at the moment of its initiation, can be shown to be obtained by

Recall that the above expression is calculated at A, corresponding to the stretch at which
the shear band is initiated.

Next, we consider the development of macroscopic instabilities for the composites sub-
jected to the aligned pure shear loading of the form (41). Similar to the case of axisym-
metric loadings, the two classes of microstructures with prolate and oblate particles (see
Fig. 1a, b) should be examined separately.

Prolate particles. For the case of prolate particles (see Fig. 1a), the strong ellipticity con-
dition (50) is violated at the critical vectors n., = e3 and m., € Span{e; — e, }. Making
use of these vectors in condition (50), it is concluded that the particle-reinforced materi-
als become unstable under the aligned pure shear loading whenever any of the following
inequalities is violated

L35>0, L535 > 0. (65)

In fact, the “failure mechanism” for both aligned pure shear and axisymmetric shear load-
ings is essentially the same, which is the softening of the effective incremental shear
response perpendicular to the ez direction. However, at the point of instability in the pure
shear case, the overall shear response of the composite in the transverse plane vanishes in
a particular direction within this plane (e; or e;), while in the axisymmetric shear case, as
mentioned earlier, it vanishes in all directions within the transverse plane. Making contact
with evolution of the microstructure, this implies that, under aligned pure shear loading,
the prolate particles “flop” about either the e; or e; directions depending on the other
microstructural variables (w and ¢), while, under aligned axisymmetric shear loading, the
flopping of the particles about any axis m € Span{e; — e, } is essentially the same. Now,
making use of the pertinent expressions in Appendix D for aligned pure shear loading, the
necessary and sufficient conditions for the associated effective stored-energy function @
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to be strongly elliptic can be expressed as

2007 e gy |20 (a_¢>

oA

>0, (66)
_OO

1382(]?5 - laaps
oA

where 975" (2,0) = ¢ (1,7L7 0). (In the context of this last expression, it should be recalled
that ®(1;, 2,0 ,0) = @(72,11,0,0).) Also, note that all derivatives in the above condi-

tions are taken at 6 = 0°, and the pure shear conditions 4; = A, A, = 1 should be applied
to the term 9¢ /A,

Oblate particles. For the case of oblate particles (see Fig. 1b), the strong ellipticity con-
dition (50) is violated at the critical vectors n., = e; and m., = e3. Making use of these
vectors in condition (50), it is deduced that the particle-reinforced materials first become
unstable under aligned pure shear loading whenever the following inequality is violated

L5;5 > 0. (67)

In this case, similar to the prolate particles case, the “failure mechanism” for both aligned
pure shear and axisymmetric shear loadings is essentially the same, which is the softening
of the effective incremental shear response along the e3 direction. The only difference is
that, at the point of instability in the pure shear case, the overall shear response in the
plane with normal vector e; vanishes (ZC 5131 = 0); however, in the axisymmetric shear
case, the overall shear response of the composite in all planes with the normal vector in
the n € Span{e; — ey} vanishes (L3, = L$,3, = 0). Now, making use of the pertinent
expressions in Appendix D for aligned pure shear loading, the necessary and sufficient
conditions for the associated effective stored-energy function @ to be strongly elliptic can
be expressed as

> 0. (68)

_Oo

82¢7PS o J¢Ps
. I Y
55z T D03 ]

Finally, note that for particular case of w = 1, corresponding to spherical shape of par-
ticles, no loss of strong ellipticity is detected within the context of the condition (50).
This observation, which is consistent with the results of Avazmohammadi and Ponte
Castafieda [4] and Lopez-Pamies et al. [21], implies that the effective stored-energy func-
tion (35) is strongly elliptic in the limiting case of spherical particles. The results for
general spheroidal particle shapes will be discussed in more detail in Part II of this paper.

6. Concluding Remarks

In this paper, we have made use of the tangent second-order, finite-strain homogeniza-
tion framework proposed by Avazmohammadi and Ponte Castafieda [4] to estimate the
overall response and microstructure evolution in incompressible elastomers reinforced by
aligned, spheroidal, rigid particles, subject to general loading conditions. In particular, for
non-aligned loadings, the analytical estimates (31) and (33) were derived for the effective
stored-energy function of the composite and the rotation of the particles, respectively. For
the special case of aligned loadings, explicit closed-form expressions were provided for



August 20, 2014

18:10 Philosophical Magazine ”Sphroidal Part I'Rev”

27

the effective stored-energy function of particle-reinforced neo-Hookean elastomers sub-
jected to axisymmetric and pure shear loadings, as given in (39) and (42), respectively. It
should be emphasized that the analytical results developed in this work are given in a form
that can be easily implemented numerically into user-defined constitutive subroutines for
use with standard finite element codes.

In this work, we also have presented a detailed study of the possible development
of macroscopic instabilities in the particle-reinforced composites of interest, under both
aligned and non-aligned loading conditions. The onset of such instabilities in these materi-
als is identified with the loss of strong ellipticity of the associated homogenized behavior.
In this connection, general conditions for loss of ellipticity were given in (49) and (51) for
non-aligned and aligned loadings, respectively. These conditions were then specialized
for the class of particulate composites undergoing axisymmetric and pure shear loadings
in Subsections 5.1 and 5.2.

It should be remarked that, to the best of our knowledge, the estimates provided in
this work for the effective stored-energy function and the particle rotation are the first
homogenization-type estimates for reinforced elastomers with general spheroidal particle
shape. The results are valid for large strains provided that the interfaces between the parti-
cles and the rubber remain intact. The estimates generalize the results of Avazmohammadi
and Ponte Castafeda [4] for spherical particles, and are consistent with earlier results for
continuous-fiber-reinforced elastomers [2, 3], as well as with simple laminates [10, 26],
in the limits when the aspect ratio of the spheroidal particles tends to infinity and zero, re-
spectively. It should also be noted that the results of this paper for the mechanical response
of short-fiber-reinforced composites could be used to derive corresponding results for the
magneto-elastic response of such composite materials when the particles are allowed to
be magnetically susceptible (e.g., iron, nickel alloys) by means of the “partial decoupling
approximation” introduced recently by Ponte Castafieda and Galipeau [33] (see also [34]
for electro-active polymer composites).

In Part IT of this paper, the analytical results provided in this part for the effective stored-
energy function, rotation of particles, and development of the macroscopic instabilities
will be explored in more detail for particle reinforced composites with neo-Hookean and
Gent matrix phases. Explicit results will be presented for axisymmetric and pure shear
loadings, as well as for a wide range of particles shapes and concentrations. Where possi-
ble, comparisons with full-field numerical simulations will be carried out.
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Appendix A. Calculation of the tensor E

In this appendix, we recall from our earlier paper [4] the procedure for calculating the

tensor E for a given stored-energy function W‘EI), macroscopic deformation gradient F,
and shape tensor Zg. Thus,

E=Q-Ly, (A1)
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where
: (1)
Q =P} (F-PQ)+Y WaV,’, (A2)
i=1
with
3 0
Q=Y Wav (A3)

In the above equations, {W, W,, W3} is a set of second-order tensor spanning the null
space of Py, while the second order tensors Vgo)and Vfl) are defined by [5]

o___ ! w
Vit= Wi'leiW” "
and
v 1 {(PIPT)TWF‘_ Wi.(P —PIPTP”W’} V(O)} (A3)
i W;-P1W; 0 ’ o

where i = 1,2,3 (no sum), and where the superscript 7' denotes the usual transpose of a
fourth-order tensor (i.e., ()IT]H = (*)uij)- In addition, P is the Moore-Penrose generalized
inverse of Py satisfying the properties

PP Py =Py, P P P, =P,
(PoP))T =PoP),  (PiPy) =P} Py, (A6)

where the tensors Py, Py, and P, are given by

_3
2

1
(Bl |67 (2520) €] "as, r=012. (A7)

Pij = ——
(r)ljkl 47L'|Z()| E|=1

Note that the tensor Py is the limiting value of the tensor P (defined in (18)) in the incom-
pressible matrix limit. The second-order tensors B,, » = 1,2,3 in (A7) can be obtained
by

1
By=—D
0 dO 0>
1 d
B =— (D —-'D
1 d()<1 dO 0>>
B i(dn—dn) (A8)
2 (o)} 1Do —dpDy),

where dy and d; are given by

do = éeijkepqr [(Ku)ip(Ku) jo(K—1)kr + (Kpw)ip(K-1) jg (K )i + (K- 1)ip (Kpr) jg (K]

1
dy =det(Ky) = geijkepqr(Ku)ip(Ku)jq(Ku)lm (A9)
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and the tensors Dy and D; have components
(Do)ik = €irserpg(Ku)rp(K-1)sq;
1
(Dl)ik = Eeirsekpq(K‘u)rp(Kp)sq- (A10)

Finally, the second-order tensors K, and K_; in (A9) and (A10) are the parts of the
acoustic tensor K (defined in the context of (18)) associated with the “incompressible”
and “compressible” parts of the moduli tensor L), These two parts of the tensor L(!),

denoted by LLI) and L(Jf, respectively, defined in (6). Hence, the tensors K_; and K, are
determined by the following relations

(Ky)ix = (Lu),% &, (K)i= (L—1)§};21 G- (All)

In general, a Gaussian quadrature technique can be implemented for the numerical com-
putations of the integrals (A7) over the surface of the unit sphere, |§| = 1. However, it
is noted that, for a given microstructure, and for certain types of matrix behaviors and
loading conditions, these integrals can be calculated analytically, leading to closed-form
expressions for the components of the tensor E. This is the case for spheroidal particles
in a neo-Hookean matrix subjected to aligned loadings. The relevant components of the
tensors P, for this case are given in Appendix C.

Appendix B. Calculation of the tensors P, for spheroidal particles embedded in a
generalized neo-Hookean matrix under non-aligned loadings

In this appendix, we briefly address the numerical calculation of the integrals (A7) for
the case of spheroidal particles embedded in an incompressible matrix of the form (21)
subjected to non-aligned loadings (24) (note that ; = 0°). For this purpose, we make use
of polar cylindrical coordinates, and parametrize the unit vector & in (A7) as

& =V1-2cos(8), &=+/1-2sin(0), &=¢z (BD)

in which 6 and z vary over the intervals 0 < 6 < 7 and 0 < z < 1. Now, making use of
(B1), and setting Zy = diag(1, 1,w) for the spherical particles, the integrals (A7) yield to
the following double integrals

T rl B.):
(Pr)ijklzi// (Br)ik 3d60dz, r=0,1,2. (B2)
4w Jo Jo [14 (w2 —1)2

In order to compute the above integrals, it proves helpful to provide the corresponding
analytical expression for the tensors B,, r = 1,2, 3, which can be determined from those of
the second-order tensors Dy and D as well as the scalars dy and d; by using relations (AS8).
For general non-aligned loadings (24) and general matrix behavior (21), the analytical
expressions for Dy, Dy, dy and d; are too cumbersome to be included here, and instead,
we present the expressions for the tensors K; and K_; from which the corresponding
expressions for Dy, Dy, dp and d; can be easily obtained with the help of relations (A9)
and (A10). In this case, the components of the symmetric, second-order tensors K, and
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K_; read as

(K =281+4Vi & —Va&) g+ (Va&i +V383)° A3 by, (Kp)oo =281+ (42381 + hys/23)E3
(Ku)sz =281+ 2(V3& —Va&3) g+ (V3 &1 + V1 &3)* A3 hyy,

(K2 = [42(Vi& —V3&)gn+ (Vo &1 + Vi &) hyy] &,

(Ku)os = [4202(Va &3 —V3&1)gu+ (Vs &1+ Vi &) hyy) &,

(Ku)iz = 4[2V5 + 2, 1618 = Vs(Vi&F +Va&3) g+ 25 [(2V35 + 25 1)&i&s + Va(Vi&s +Va&t) ] huy,

(K- = W& +V:&)A, (Ko)n=2E/43, (K-1)s=(V3&+Vi&)*A3,
(K-)i2=V281+V38)8,  (K-1)n=(V3&+V16)&,,
(K-1)13 = [(2V5 + A, DE1& + (VaEF +ViEF)Va] A3, (B3)

where

11 COS( ) (lllz) ISin(é)2, V2 = Z] sin(é)2 + (l]lz)

cos(6)?
— PLI — (1112)_1] sin(0)cos(H).
For the special case of neo-Hookean matrix given by (23), the final expressions for dy, d;

and Do, D; can be simplified considerably. In this case, the expressions for dy and d; are
given by

do = (W) (a2 + usér &+ EF + 2 A EDAZ, di = pWdo + (uV)3. (B4

Also, the corresponding components of the symmetric matrices Dy and D; read as

(Do) =23 (VIEP + P A1 &5 +VEET +2ViV36183) . (Do)or = w43 (102&F + u381 65+ wi &3),
(Do)3s = wVAF (VIET +17 21 & +Vi&F +2VaV36183)

(Do)12 = -V (V& +V3&3),  (Do)as = -V E(V3E +V1 &),

(Do)13 = —uW A7 [MV3EE+ (V5 + A5 1) E1& + i V&S

and

(D)1 =p V(Do) 11+ ()2, (D)o = uV(Do)aa+ (V)2 (D1)3s = pV(Do)s33 + ()2,
(D1)12 =1 D(Do)1a, (D1)13 =uY(Do)1z,  (D1)az = uV(Do)s, (B5)
where 1 = (A 1,) ~2 and

= A{ cos?(0)+1sin*(0), up=tcos*(8)+Afsin*(8), uz=(A}—1)sin(20). (B6)

Finally, it is noted that for the special case of aligned loadings (34) with matrix behavior
given by (21), we can make use of the analytical expressions for the tensors Dy and D,



August 20, 2014 18:10 Philosophical Magazine ”Sphroidal Part I'Rev”

31

and the scalars dp and d; provided in [4] for the case of spherical particles embedded in a
matrix of the form (21) under isochoric, triaxial loadings of the form (34). This is because
the tensors Dy and D; and the scalars dy and d; do not contain any information about
the shape of particles and depend only on the matrix behavior and loading conditions.
These expressions are available in Eq. (131) and (132) in [4] and are not included here,
for brevity.

In general, a Gaussian quadrature technique with a rather high numbers of Gauss points
is needed for the numerical integrations of (B2). However, for the special case of a neo-
Hookean matrix subjected to aligned loadings, the integrals (B2) can be evaluated analyt-
ically, and will be given in Appendix C.

Appendix C. Normal components of the tensor P,,r = 1,2, 3 for spheroidal particles
embedded in a neo-Hookean matrix under general aligned loading

In this appendix, we present explicit expressions for the normal components of the tensor
P,..r=1,2,3, associated with a spheroidal particle embedded in a neo-Hookean material
subjected to the isochoric, aligned deformation of the form (34). It is recalled that these
analytical expressions for the components of the tensors P,, defined by (A7), are needed
to find the corresponding analytical expressions for the E-tensor, using Egs. (A1)-(A6). In
turn, a corresponding analytical expression for the effective stored-energy function (35) is
obtained by substituting the E-tensor components. Making use of the neo-Hookean model
(23) into equations (A8)-(A11), it follows that the normal components of P,, r = 1,2,3,
after some algebra, can be expressed as

(B =42 2u B 0f 0 08) 7 {of s o; | w2225 — L) A1 + 03 (wily 2472
2wk {0f 0350 - 0F WAL+ 1)+ BB TH] £+ BotEys |,

(Po)222 =23 (Zu(l)lngco;‘)*l{wz [st (RAPAZ —14)A1 + @3 (W?la —2116122)}
—2whi s (07 03 Ee) +1 07 Ep + 1125173)}7

(Po)3s3s = (U 0f r @03) ! [0} 03 (A — 03) —wAT A @3B —wAP A3 03 0] E 3
—wAi23 o3 (A2 2w +1) Ep],

(Po)1122 = —Md 2V B 0f) ! {onws (WA —14) Ay + 03 (W s —2A3A1)]
2wl (0)22(032&1 +hoiZp +hhk Zp3) }s

(Po)i3z = APA7 (V) 13 of wy 3) ! {Wil 3 [(124112 — 07 — 1)W2+w22—116126+1f‘222] Zr1
Fw s 03 Ep —whi 03 b 07 E)3 + Ao 0F 0 03 (WA — @)},

2

(Po)22ss = —APA3 (W an 03) 7! (21005 (WA — 03) +whaos (035 — 0 Ep1 — 11 E3) ],
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(P11 = A 2uVE of @) ™! (Wi w3 (WZT%‘FMZQZM) Eet — WAL A3 3 (W2T§+ifié) Zr1
+25 of an 2w — A ly)],

(P2 = MAZ3 2uVEws) ™! {Wzlzia% Ep—why (w2 T3 = A7 A3 ) Ee1 +1130’2(2W2—12414)} )

(P1)3333 —MM(ZH( )(D1 a)2) ! [W(W4+W211212214—3116126)@2—”’112122 (W2T5—31241f‘) Ep2
_113223 Q)] (022],

(P22 = A4 2u VB otw) ™ [w (Wi —22127) B —wAI A3 Ep — 224 A o 07

(P13 = M2 2u Y50t )™ [Jah @y 0f —w (WT2 = AfA3) B +wis (AHAZ +w?) Ep]

(P)22zs = A3 2uVb008) ! A1 @3 +w (WTE+A1A) Eo —wiz (A +w?) Ep]

(P) 1111 = A2 (8 V20l an) 1{wil [<Y§;§+T‘l‘ ) + (Y; +P00+12m§)
w2422 (Yé;i+Pf):§+L‘l‘6> +118126( L3+T) ) Eo —whils K%LngTijg) w
—Af A} (16L0—|—T5)w +APASRY }uﬂ+lzw1w2{8w4i§—lf (‘I‘ZL8+T§§) w2

<L0+T iz

(Py)2aza = A5 BV 0 @3)” {l of [8w47tl +7tg2( Yeth LO) w? + AZAS (T14+4L0)]
+wh [(T}?+Y§;§) WO+ (POS+ YT D+ 122007 ) wi + 2427 (PR3 + Y57 +14°) w?
+ASA ( 04T Z)} Bl —whala [(ng+T§;g) wh+ 4228 (3L—Y§;§—61§+1)w2
~AP RIS B ),

(P2)3333 = (8 i bl )~ {/11 13 002 [w4 RYS AR (3L +Tg;g) w? +1§1§Rﬂ
—w [WERS 4 AR (T2 + 17wl — A4S (Yala+ P03+ L4) wh + AFA5 (108, +1SL ) w?
— 30 PAPRE| S + WA [ (TS +ELE) wh = 2223 (Y33, + PRy + L) v
122078 (T +50 L) w2 + 34 4°REY| 252

(P12 =273 8uVEofos)” {/_11/_12@22 [8W4+ (gL} —T%) WZ_ZIL‘Z;R%” ®
—w[<Y};§+Tj>W6+<PIO+Y2 16—L1) w“—ziﬁ;‘( l4>w + SRS }52

Fwhs [ (§13+Tg1 ) wh — 4827 (228 - 427 —RYG ) w2 = APRYG) 212
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(P)iiss =~ (8 u<l>13w16wg)” {230} @ | (T3+4)wh+ (TI—418) w2 + LA R
—w| (ST 4+ T 9) wo+ 4223 (Pyl + Y3+ 18wt — 22028 (SLb - T50) w? — 1/ Ry | 2o
wAPAZh (T3 +4)ws+ (L5 = T39) wh = A{23 (43122 +130) w? + SRS RIS 201 ]
(P2)2233 = —ha (8#(1)130)?0)25)71 {113/_123(012 [(Té — 4w+ (T ( st LO) ~ A Riﬂ @2
w (33 +T19) wo = A223 (P07 + Vi3 +1) wh — 22028 (SL8+ 189 w? + /4 R3] 2.,
FwAPA3hs [ (Th+4)w + (JLI - T38) w* + 2w AL A R+ A1°A0° 25 |
where
h=M23-1, L=AMA -1, Li=AlFA,
o = \/w2—2AfA}, @ =\/w2—A2A, @3 = V/wr—1,
and the symbols

= aA} A3 + DAL} + cAPAF +dAZAD, Py = alfAF +bARAS + cAPAS +dAPAS,

R¢ dfcklag+dkfag‘+aklag+b Ty = aAi +bA5 +cAi A3 +dA A,
Yyig = ar +bA3 + AP A3 +dA A, L =QLg, $L=4Ly, Tg="Tpy,

are introduced for brevity, with barred subscript/superscript indicating negative coeffi-
cients. Moreover, Erj 2, .12, Zp3 are given in terms of the incomplete elliptic integrals
of the first, second and third kind [1], respectively, via

- () - [}
:ffl =F <W7w4) ’ :’f2 =F <W7w5) ’

2

(9] — W — W O3
E(—,(D4), 562:E<_7w5)7 :’p3:P —7—2,(1)4 )

w w w

[x]

el

where 45 = /(1)122 / 0)22‘1, the functions F' and P are defined in (44), and the function E
is defined by

242
0= <

It is important to note that the components of the P, tensors, given in this appendix, are
valid for both prolate (w > 1) and oblate (w < 1) shapes of particles, and for all positive
stretches A;, and A,. However, for the axisymmetric case with the condition A; = A,
suitable limits must be taken. The final results for this case (in terms of the components
of the E tensor) are given in Subsection 4.2. Finally, it should be pointed out that the
remaining non-zero components of the tensors P,, such as (P.);313 and (P,);113, have not
been provided here since they do not enter the process for calculating the appropriate
components of the tensor E, required for determining the effective stored-energy function
(35).



August 20, 2014 18:10 Philosophical Magazine ”Sphroidal Part I'Rev”

34

Appendix D. On the modulus tensor L for the incompressible composites with the effective
stored-energy function @ (14,,1,,6,,0;) subjected to non-aligned loadings

In this appendix, we spell out the explicit expressions for the all traces of the effective
incremental moduli tensor L which appear in the condition (47). Note that in the incom-
pressibility limit of the composite, these (3-D) moduli traces remain finite while some
components of the tensor L¢ tend to infinity. Also, these traces, associated with the load-
ing condition (24) (recall that 6, = 0°), can be given in terms of kmematlcal variables
A1, Aa, 6(= 6,), as well as the derivatives of the effective potential @(ll, 22, 61, 6),

with respect to its arguments, calculated at 6; = 0°. Moreover, the explicit expressions for
the corresponding moduli can be provided in a simpler and shorter form if they are given
in a coordinate basis {e}} which is aligned with the loading axes (see Fig 3a). In this case,
the components of the moduli tensor L¢ in the basis {e/} and {e;} can be related to each
other thorough the following transformation rule

ljkl( ) leQn]kaquLmnpq( ) (Dl)

where Q = cos(0) (e;®e; +e3®e3)+sin(0) (e; D e; —e3 D e;) + e, @ ey, and the primed
components denote those relative to the basis {e/}. Making use of this transformation, the
aforementioned traces of L¢ in the basis {e/} read as

Ll* —
I
Ak {( M2 11)é, —Alllcb,“ez]
Ly = 2
i
~, A (ll P35, —2h &;JII _21131’22 q)ézéz>
Ly = 2
i
o M (B rndy) L, AR (B i)
Liziz= P L33 = 2 (D2)
1 1
. A0 (cosz(é) d?glél + Aol 5712 +5in()cos(H) &79)
L3z = 2
N 1, (112123 c0s2(8) 579191 +1 43712 + A7 23 sin(B)cos(0) <1A57—2>
Ly3s 2
2
. 112 [13 (12 Dj,— A (le) +1§sin(é)cos(é) D5 —nginz(é) Dy -1]
Lyt = — 2
3
o B[ (s~ My, ) + 27 sin(@)cos(D) by, — AFsin’(9) b
Ly =— 2
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N (121%(5712% 212<157L —22,22,3 s1n( )cos(é) &7 l l cos (é)@g -)12
L4* - 12
2

L5 = (3B {4223 (AR + AiA2 — 42225 + A8 +1) i sin(6) cos(8) B,

+ARA3E [ (25 + 2iAF — 42023 + 28 +1) cos?(0) - B| B g

A BBEB; 5 + AASBED 55— AL BLb;, + A3 B @712} (D4)
" " " [(ll cos? ),2).2213) (139 —sin(0)cos(0) ] AZAS
Lysip = L5y = Lisny = —
2312 = Lazin = Lay 2
. [(12211 cos?(0) — A2 +A3) 4592 —sin(8)cos(0)A]; @ } A2A
L3 = — X
N
(D35)

Z,()* :—(1121213)_111212
X { _1221120082(é) —1I3 (21?@—[1)] @7(;2 —{—12[1 bl 67129 —122[12 Sin(é)COS(é) (iﬁlél}
L7>’< :—(1312112)7111212

Ly = — (L) " A

X { 7202 cos?(8) — I (sifig_mz;m;i;_z)} B4 +libh (11 B, 5+

—A31} sin(0) cos(H) 579191} (D6)

Note that for axisymmetric shear loadings with the condition Al = A2 = A, suitable limits
must be taken for the traces involving the terms (4; — A2) in the denominator. Taking these
limits for the pertinent traces appearing in the strong ellipticity condition (56) yields

~ | = o~ N N ~
Lyir = gl [QL Slnz(e)qb‘/zlzlélé +6A q);ll;l +2A @71212 —2A @351 +8q§7zl
A
A

For the special case of aligned loadings (6 = 0°), the above expressions for the moduli
traces simplify considerably. For convenience in using these traces in the SE condition
(50) (associated with aligned loadings), we pr0V1de the s1mp11ﬁed expressions. The rele-
vant, non-zero traces in the basis {e;} (note that L; k1 = Lijy for aligned loadings) read

X { }Lazll Ccos ( ) — l3 (Al 1/26 +11 }LQ4 >} (3792 +12 ll lz 13 &\)7;129 — 222112 sin(é)cos(é) &\)791

‘1512@)
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as

T (Mo, —2085 —20023 B4,

L= ,
3 112
A (/_113322‘5,9292“1 ‘f’,zl) M (‘13,92@ +h ‘13,11>
1313 = 2 v L3z = 2 , (D7)
i 1
WA (D5 +Aah® 2o (AN D 55 +1h @
. 1 ,0,0, 2025 % 2 122 0,06, T 2% ),
3232 = 2 v Loz = 2 ;
2 2
L (g mkdy) L B(Md,-kdy,)
L5 = 2 » L= A ; (D8)

R 12 <12 1%51212 - 212 512 - 2112223 5,91@1)
* ’ ’
L4 = lz b
2

L= (BB1)! [11 MBBL®; 5 — A5 —MABLEP 6 +ALED; — 301 |
(D9)
Again, note that for axisymmetric shear loadings with the condition A; = A, = 4, suitable

limits must be taken for the traces involving the terms (A; — A, ) in the denominator. Taking
these limits for the pertinent traces appearing in the SE condition (50) yields

J=la=1
2 1(713 HAS 25 (& 5 712 26 BHAS
Z*_M[(l ~227+2) BAS 425 (Bg,q,+ Bgg ) — (A12+22°-3) BAS|
5= 7 -
4 (A5 —1)*
References

[1] Abramowitz, M., Stegun, 1., 1965. Handbook of Mathematical functions with formulas, graphs, and mathematical
tables. Dover, New York.

[2] Agoras, M., Lopez-Pamies, O., Ponte Castafieda, P., 2009a. A general hyperelastic model for incompressible fiber-
reinforced elastomers. J. Mech. Phys. Solids 57, 268-286.

[3] Agoras, M., Lopez-Pamies, O., Ponte Castafieda, P., 2009b. Onset of macroscopic instabilities in fiber-reinforced
elastomers at finite strain. J. Mech. Phys. Solids 57, 1828-1850.

[4] Avazmohammadi, R., Ponte Castafieda, P., 2013. Tangent second-order estimates for the large-strain, macroscopic
response of particle-reinforced elastomers. J. Elasticity 112, 139-183.

[5] Avrachenkov, K., Haviv, M., Howlett, P., 2001. Inversion of analytic matrix functions that are singular at the origin.
SIAM J. on Matrix Analysis and Applications 22, 1175-1189.

[6] Bergstrom, J., Boyce, M., 1999. Mechanical behavior of particle-filled elastomers. Rubber Chem. Technol. 72, 633—
656.

[71 Bouchart , V., Brieu , M., Kondo, D., Nait Abdelaziz, M. 2008. Implementation and numerical verification of a non-
linear homogenization method applied to hyperelastic composites. Computational Material Science 43, 670-680.

[8] Brun, M., Lopez-Pamies, O., Ponte Castafieda, P., 2007. Homogenization estimates for fiber-reinforced elastomers
with periodic microstructures. Int. J. Solids Struct. 44, 5953-5979.

[9] Chen, H., Liu, Y., Zhao, X., Lanir, Y., Kassab, G., 2011. A micromechanics finite-strain constitutive model of fibrous
tissue. J. Mech. Phys. Solids 59, 1823-1837.

[10] deBotton, G., 2005. Transversely isotropic sequentially laminated composites in finite elasticity. J. Mech. Phys. Solids

53, 1334-1361.



August 20, 2014

18:10

[11]
[12]

[13]
[14]

[15]
[16]

[17]
[18]

[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

[28]
[29]

[30]
[31]

[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]

[43]

Philosophical Magazine ”Sphroidal Part I'Rev”

REFERENCES 37

deBotton, G., Hariton, I., Socolsky, E., 2006. Neo-Hookean fiber-reinforced composites in finite elasticity. J. Mech.
Phys. Solids 54, 533-559.

deBotton, G., Shmuel, G., 2010. A new variational estimate for the effective response of hyperelastic composites. J.
Mech. Phys. Solids 58, 466-483.

Gent, A., 1996. A new constitutive relation for rubber. Rubber Chem. Tech. 69, 59-61.

Geymonat, G., Miiller, S., Triantafyllidis, N., 1993. Homogenization of nonlinearly elastic materials, microscopic
bifurcation and macroscopic loss of rank-one convexity. Arch. Rat. Mech. Anal. 122, 231-290.

Hill, R., 1972. On constitutive macro-variables for heterogeneous solids at finite strain. Proc. Roy. Soc. Lon. A 326,
131-147.

Lahellec, N., Mazerolle, F., Michel, J.-C., 2004. Second-order estimate of the macroscopic behavior of periodic
hyperelastic composites: theory, experimental validation. J. Mech. Phys. Solids 52, 27-49.

Leblanc, L., 2010. Filled Polymers: Science and Industrial Applications. CRC Press, New York.

Limbert, G., Middleton, J., 2006. A constitutive model of the posterior cruciate ligament. Medical Eng. Phys. 28,
99-113.

Loocke, M., Lyons, C., Simms, C., 2006. A validated model of passive muscle in compression. J. Biomech. 39,
2999-3009.

Lopez-Pamies, O., Goudarzi, T., Danas, K., 2013b. The nonlinear elastic response of suspensions of rigid inclusions
in rubber: II, A simple explicit approximation for finite-concentration suspensions. J. Mech. Phys. Solids 61, 19-37.
Lopez-Pamies, O., Goudarzi, T., Nakamura, T., 2013a. The nonlinear elastic response of suspensions of rigid inclu-
sions in rubber: I, An exact result for dilute suspensions. J. Mech. Phys. Solids 61, 1-18.

Lopez-Pamies, O., Idiart, M., 2010. Fiber-reinforced hyperelastic solids: a realizable homogenization constitutive
theory. J. Engng. Math. 68, 57-83.

Lopez-Pamies, O., Ponte Castafieda, P., 2004. Second-order estimates for the macroscopic response and loss of ellip-
ticity in porous rubbers at large deformations. J. Elasticity 76, 247-287.

Lopez-Pamies, O., Ponte Castaiieda, P., 2006a. On the overall behavior, microstructure evolution, and macroscopic
stability in reinforced rubbers at large deformations: I - Theory. J. Mech. Phys. Solids 54, 807-830.

Lopez-Pamies, O., Ponte Castaieda, P., 2006b. On the overall behavior, microstructure evolution, and macroscopic
stability in reinforced rubbers at large deformations: II - Application. J. Mech. Phys. Solids 54, 831-863.
Lopez-Pamies, O., Ponte Castafieda, P., 2009. Microstructure evolution in hyperelastic laminates and implications for
overall behavior and macroscopic stability. Mech. Mater. 41, 364-374.

Michel, J., Lopez-Pamies, O., Ponte Castaieda, P., Triantafyllidis, N., 2010. Microscopic and macroscopic instabili-
ties in finitely strained fiber-reinforced elastomers. J. Mech. Phys. Solids 58, 1776-1803.

Milton, G., 2002. The Theory of Composites. Cambridge University Press, Cambridge, U.K.

Moraleda, J., Segurado, J., Llorca, J., 2009. Finite deformation of incompressible fiber-reinforced elastomers: A
computational micromechanics approach. J. Mech. Phys. Solids 57, 1596-1613.

O’Connor, J.E. 1977. Short-fiber-reinforced elastomer composites. Rubber Chem. Technol. 50, 945-958.

Ogden, R., Saccomandi, G., Sgura, 1., 2004. Fitting hyperelastic models to experimental data. Computational Me-
chanics 34, 484-502.

Ponte Castafieda, P., 2002. Second-order homogenization estimates for nonlinear composites incorporating field fluc-
tuations. L. Theory. J. Mech. Phys. Solids 50, 737-757.

Ponte Castafieda, P., Galipeau, E., 2011. Homogenization-based constitutive models for magnetorheological elas-
tomers at finite strain. J. Mech. Phys. Solids 59 (19), 194-215.

Ponte Castafieda, P., Siboni, M. H., 2012. A finite-strain constitutive theory for electro-active polymer composites via
homogenization. Int. J. of Nonlinear Mech. 47 (2), 293-306.

Ponte Castaiieda, P., Tiberio, E., 2000. A second-order homogenization method in finite elasticity and applications to
black-filled elastomers. J. Mech. Phys. Solids 48, 1389-1411.

Ponte Castafieda, P., Willis, J., 1995. The effect of spatial distribution on the effective behavior of composite materials
and cracked media. J. Mech. Phys. Solids 43, 1919-1951.

Quapp, K., Weiss, J., 1998. Material characterization of human medial collateral ligament. J. Biomech. Eng. 120,
757-763.

Racherla, V., Lopez-Pamies, O., Ponte Castafieda, P., 2010. Macroscopic response and stability in lamellar nanostruc-
tured elastomers with “oriented” and “unoriented” polydomain microstructures. Mech. Mater. 42, 451-468.
Rudykh, S., deBotton, G., 2012. Instabilities of Hyperelastic Fiber Composites: Micromechanical Versus Numerical
Analyses. J. Elasticity 106, 123-147.

Triantafyllidis, N., Marker, B., 1985. On the comparison between microscopic and macroscopic in stability mecha-
nisms in a class of fiber-reinforced composites. J. Appl. Mech. 52, 794-800.

Triantafyllidis, N., Nestorovic, M., Schaard, M., 2006. Failure surfaces for finitely strained two-phase periodic solids
under general in-plane loading. J. Appl. Mech. 73, 505-516.

Wang, M., Zhang, P., K., M., 2001. Carbon Silica dual phase filler, a new generation reinforcing agent for rubber:
Part IX. application to truck tire tread compound. Rubber Chem. Tech. 74, 124-137.

Willis, J., 1977. Bounds and self-consistent estimates for the overall moduli of anisotropic composites. J. Mech. Phys.
Solids 25, 185-202.



