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Abstract
Biochemical processes of tissue growth lead to production of new proteins, cells, and other material particles at the microscopic level.
At the macroscopic level, growth is marked by the change of the tissue shape and mass. In addition, the appearance of the new material
particles is generally accompanied by deformation and, consequently, stresses in the surrounding material. Built upon a microscopic toytissue model mimicking the mechanical processes of mass supply, a simple phenomenological theory of tissue growth is used in the present work for explaining residual stresses in arteries and studying stresses around growing solid tumors/multicell spheroids. It is shown, in
particular, that the uniform volumetric growth can lead to accumulation of residual stresses in arteries because of the material anisotropy. This can be a complementary source of residual stresses in arteries as compared to the stresses induced by non-uniform tissue
growth. It is argued that the quantitative assessment of the residual stresses based on in vitro experiments may not be reliable because
of the essential stress redistribution in the tissue samples under the cutting process. Concerning the problem of tumor growth, it is shown
that the multicell spheroid or tumor evolution depends on elastic properties of surrounding tissues. In good qualitative agreement with
the experimental in vitro observations on growing multicell spheroids, numerical simulations conﬁrm that stiﬀ hosting tissues can inhibit
tumor growth.
Ó 2006 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Understanding growth of living tissues is of fundamental
theoretical and practical interest. Analytical models of
growth of both plant and animal tissues can predict the
evolution of the tissue, which may improve the treatment
of pathological conditions and oﬀer new prospects in tissue engineering. Biological or biochemical mechanisms of
growth are not well understood although plenty of scenarios
exist in the biological literature. There is no doubt that
biochemistry is the driving force of tissue growth. Understanding the biochemistry of growth is most desirable.
Biochemistry can explain why a tissue grows. This is not
enough, however. It is also necessary to know how a tissue
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grows. The latter means macroscopic description in terms
of the macroscopically measurable parameters. There is
no shortage of macroscopic models of soft tissue growth
[1–18]. However, the mathematical apparatus of the existing
approaches is rather complicated and it includes variables
that are diﬃcult to interpret in simple terms and to assess
in measurements, such as the cofactors in the multiplicative
decomposition of the deformation gradient or the partial
stresses and tractions in the mixture theories. This complexity requires an additional eﬀort for the careful experimental
calibration of the theories as, for example, in the case of the
cartilage growth considerations by Klisch et al. [19,20].
In the present work, a continuum mechanics framework
for modeling growth of living tissues is used, which does
not include internal variables [21,22].2 Moreover, this

2
Guillou and Ogden [23] present an alternative theory of soft tissue
growth without the internal variables.
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theory is driven by a simple microstructural model of material supply that motivates the balance and constitutive
equations. Two applications of the growth theory presented are considered.
First, the formation of residual stresses in arteries under
the restriction of purely genetic and uniform mass supply is
studied. It is shown that the arterial anisotropy can play the
crucial role in the appearance and accumulation of stresses
in growth. This is complementary to a more traditional
point of view, which attributes residual stresses to non-uniform (diﬀerential) growth. We emphasize that the quantitative assessment of the residual stresses in arteries would
require in vivo experiments. The existing in vitro experiments
may lead to inaccurate estimates of residual stresses because
of the necessity to cut the arterial pieces. The cutting process
is accompanied by a redistribution of stresses, which can
essentially aﬀect their estimates. We propose a possible
experiment in order to emphasize the stress redistribution
issue in the in vitro tests.
Second, we apply the theory to the study of stresses
around growing solid tumors. A growing tumor may press
neighbor tissues and lead to their remodeling and necrosis
or, ultimately, to the failure of organs to carry out their regular functions. For example, expanding tumors can initiate
the collapse of immature blood vessels formed during the
angiogenic phase, and the inﬂation and rupture of capsules,
membranes and ducts the tumor grows into. Another
example is an expanding brain tumor, which can deform
brain areas responsible for various kinds of human activity
and disturb the normal action of the organism. Thus, it
can be important to know what is the expected tumor shape
and mass for planning the date and strategy of operative
invasion. A simplistic description of tumor development is
attributed to Winsor [24], who adapted Gompertz’s [25]
empirical formula for modeling tumor growth: ln(ln(V/
V0)) = vt + Vmax/V0, where V is a measure of tumor size,
V0 the initial size, and Vmax the ﬁnal size. The rate of cell
proliferation is v and t is time. Evidently, this formula
accounts neither for tissue elasticity nor for material supply.
However, recent experiments with tumor cell spheroids
demonstrate the importance of these issues and the deﬁciency of the Gompertz simple formula. In particular, mimicking tumor development in vivo, Helmlinger et al. [26]
considered in vitro growth of multicell tumor spheroids
embedded in agarose gels. Spheroids were cultured in gels
of increasing agarose concentration, thereby increasing
the stiﬀness of the embedding matrix. It was observed that
tumor growth was inhibited by the increasing gel stiﬀness.
Evidently, this result emphasizes the role of the hosting tissue in the tumor growth process in vivo. Mathematical modeling of solid tumor growth has a long history [27]; however,
the main emphasis of the research has been on problems of
ﬂuid transport and chemical reactions during the process of
tumor formation [28–44]. Elasticity of the tumor/multicell
spheroid was recently considered by Ambrosi and Mollica
[45,46] who used a rather abstract approach, typical of

the theories of soft tissue growth when the deformation gradient is decomposed into growth and elastic cofactors that
correspond to the incompatible ‘pure growth’ of the material and the elastic deformation providing the ﬁnal material
compatibility. Contrary to Refs. [45,46] we will use a
growth theory that does not introduce internal variables
and that can be directly calibrated in experiments. We will
show that stiﬀ hosting tissues can inhibit tumor growth in
a good qualitative agreement with the in vitro observations
of growing multicell spheroids.
2. Methods
2.1. Governing equations
The assumption that continuous deformation and mass
ﬂow can describe the mechanics of growing living bodies
is central to further development. To make this assumption
sound, the geometry of growth should be analyzed qualitatively. A sharp distinction between the real physical material, i.e., material particles comprising continuum, and the
mathematical concept of material point should be kept in
mind. This distinction is illustrated in Fig. 1, where material
deformation-growth is considered on diﬀerent length scales.
On the macroscopic scale, we assume that a material body
can be divided into an inﬁnite set of material points. It is
assumed that position X in the physical space can be
ascribed to every material point before growth-deformation. These material points form the material continuum.
It is further assumed that during growth-deformation every
point moves to a new position x = v(X) preserving the compatibility of the body. This mapping is smooth to the necessary degree. Moreover, it is assumed that the mapping is
one-to-one, i.e., the ‘inﬁnite number’ of material points is

Body Ω
Deformation-growth χ (X)

Material point X

Division

Mesoscale

Diffusion
Material particles, cells, molecules…
The ‘number’ of material points is not changing.
The mass of the point is changing.
Fig. 1. Multiscale mechanics of growth.
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not changing during growth-deformation. Of course, the
concept of the material point is purely mathematical. Material points do not exist: they are mathematical abstractions.
Material always occupies some volume. In saying ‘material
point’, one means a very small volume. Such small volumes
are considered on the mesoscale of the growth-deformation
process as shown in Fig. 1. Under ‘higher resolution’ it can
be seen that the material point is a very small physical volume, which in the case of living tissues includes cells, molecules, pores, and various tissue particles. It is crucial that
the number of material particles is changing within a material point due to division and diﬀusion. Therefore, if we
could track the behavior of a referential material point we
would ﬁnd the changing mass density within it. The latter
means that the referential mass density is changing during
deformation-growth: q 5 constant, and mass is not conserved. The violation of mass conservation is inherent in
open systems exchanging material with their environment.
While the qualitative analysis of the geometry and physics of tissue growth justiﬁes the use of continuum mechanics
for an open system, it is insuﬃcient for the development of
the particular equations of a macroscopic phenomenological theory. Such development requires some microscopic
reasoning in order to motivate the continuum ﬁeld and constitutive equations. It seems that a reasonable insight into
the tissue growth mechanisms can be gained by considering
a simple toy-tissue model presented in Fig. 2. The regular
initial tissue can be seen on the top of the ﬁgure. This is a
collection of the regularly packed balls. The balls are interpreted as the tissue elementary components – cells, molecules of the extracellular matrix, etc. The balls are

arranged in a regular network for the sake of simplicity
and clarity. They can be organized more chaotically – this
does not aﬀect the subsequent qualitative analysis. Let us
assume now that a new material, i.e., a number of new balls,
is supplied pointwise as it is shown on the bottom of
Fig. 2. This supply is considered as a result of injection:
the tube with the new material is a syringe. Usually, the
new material is created in real tissues in a more complicated
manner following a chain of biochemical transformations.
However, the ﬁnally produced new material still appears
pointwise from the existing cells. Thus, the injection of
the balls is a quite reasonable model of tissue growth. Such
a model can be constructed physically, of course. It seems
that the latter is not necessary and the toy-tissue model
can be easily imagined. The result of such a thought-experiment is represented in the ﬁgure and it can be described as
follows: (a) the number of the balls in the toy-tissue
increases with the supply of the new ones; (b) the new balls
are concentrated at the edge of the tube and they do not
spread uniformly over the tissue; (c) the new balls cannot
be accommodated at the point of their supply – the edge
of the tube – they tend to spread over the area at the vicinity
of the edge and the packing of the balls gets denser around
the edge of the tube; (d) the more balls are injected the less
room remains for the new ones; (e) the new balls press the
old ones; (f) the new balls tend to expand the area occupied
by the tissue when the overall ball rearrangement reaches
the tissue surface. These six qualitative features of the toytissue microscopic behavior can be translated into the
language of the macroscopic theory accordingly: (A) mass
of the tissue grows; (B) mass growth is not uniform – the
mass density changes from one point to another; (C) there
is a diﬀusion of mass; (D) the diﬀusion is restricted by the
existing tissue structure and its mass density: the denser
the tissue is the less material it can accommodate; (E)
growth is accompanied by stresses; (F) the expansion of
the tissue is volumetric – it is analogous to the thermal
expansion of structural materials, such as steel, for
example.
The ﬁrst three features (A, B, and C) prompt the form of
the quasi-static (ox/ot  0) mass balance law for growing
body X:
oq
¼ Div w þ n;
ot

material source
Fig. 2. A microstructural toy-tissue model of material supply.
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ð1Þ

where q is the referential mass density; w is the vector of
mass ﬂux per unit reference area; n is the current mass supply per unit reference volume; and ‘Div’ is the divergence
operator with respect to the referential coordinates. Indeed,
the mass change means the failure of the mass conservation
law, which covers most theories of mechanics, and it means
the necessity to introduce a full-scale mass balance for an
open system. The fact that non-uniform mass growth is
related to the diﬀusion of mass is very important. It means
that the mass balance law should include both the volumetric mass source and the surface mass ﬂux. The latter is
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missed in many theories of growth. The absence of mass
diﬀusion in the theory leads to a nonphysical conclusion
that tissue density can change only at the point of material
supply. Mass diﬀusion should take place in order to accommodate a non-uniform mass supply. Finally, we should
mention that some authors do not include mass diﬀusion
in balance equations. Instead of that, they introduce mass
diﬀusion in the constitutive description directly. In this
case, the order of the diﬀerential equations increases
implicitly. The latter is often missed and the necessary
additional boundary conditions are lost in computations.
Boundary conditions complete the law of mass balance:
8
>
< qðt ¼ 0Þ ¼ q0 in X;

q¼q
on oXq ;
ð2Þ
>
:

/¼/
on oX/ ;
where the bar means a given magnitude; / = w Æ n is a current ﬂux per unit reference area; and n is a unit outward
normal to the reference surface oX.
Momentum balance and corresponding boundary conditions take the traditional form in the case of a quasi-static process (see also Remark 1)
Div P ¼ 0;
T

T

PF ¼ FP ;

 on oXv ;
v¼v

t ¼ t on oXt ;

ð3Þ
ð4Þ
ð5Þ

where P is the ﬁrst Piola–Kirchhoﬀ stress; F = $v(X) is the
deformation gradient; v is the current position vector of
point X; and t = Pn is the surface traction.
The three last features (D, E, and F) of the toy-tissue
model motivate the constitutive law. They suggest that
the stress–strain relations should be analogous to thermoelasticty where the role of the temperature is played by
the mass density: the increase of the mass density results
in the volume expansion of the tissue
P ¼ FðoW =oE  ðq  q0 ÞgÞ;

ð6Þ

where W is a strain potential of a non-growing material;
E = (FTF  1)/2 is the Green strain tensor and 1 is the
identity tensor; and g = gT is a symmetric3 tensor of
growth moduli, which are related to the material volume
expansion for the increasing mass density. The ﬁrst term
on the right-hand side of Eq. (6) is that of the classical
hyperelasticity without growth. The second term is analogous to the small-strain thermoelasticity where the temperature increment is replaced by the density increment. In
setting this stress–strain law, we were guided by a microstructural model presented in Fig. 2. It should be noted,
however, that the idea of thermoelastic analogy was also
considered in Refs. [42,44] in the context of a hypoelastic
constitutive model. The ﬁrst qualitative notion of the

3
This symmetry allows for satisfying the angular momentum balance –
Eq. (4) – identically.

analogy between growth and thermal expansion is, probably, due to Skalak [2].
As can be seen in Fig. 2, the mass supply should be
resisted by the tissue: the denser the tissue, the less is the
new mass accommodation
ð7Þ
n ¼ x þ f  ðq  q0 Þc;
where x > 0 is the genetic mass supply, which is analogous
to a quasi-static mechanical load for a quasi-static growth
process: oq/ot  0 (x is controlled by the tissue itself and
its proper determination requires experiments); f is the epigenetic mass supply, which should depend on stress and/or
strain measures (its correct expression is a key problem when
tissue remodeling is considered); the last term on the righthand side of Eq. (7) including coeﬃcient of tissue resistance,
c > 0, reﬂects the resistance of the tissue to accommodate
new mass for increasing mass density (roughly speaking,
the more new material the less room for it remains).
Finally, we introduce the constitutive equation for mass
ﬂux in the simplest Fickean form
w ¼ brðq  q0 Þ;

ð8Þ

where b is the mass conductivity of the material and $ is
the gradient operator with respect to the referential
coordinates.
The similarity between Eqs. (6) and (8) of growth and
analogous equations of (small-strain) thermoelasticity is
obvious after replacing the mass density increment by the
temperature increment, mass ﬂux by heat ﬂux, mass conductivity by thermal conductivity, etc. In this case, Eq. (6) is
nothing but the thermoelastic generalization of Hooke’s
law, and Eq. (8) is just the Fourier law of heat conduction.
The constitutive equation analogous to (7) is usually absent
in thermoelasticity because of the lack of volumetric heat
sources. The thermoelastic analogy allows for a better
understanding of parameters of the growth model. For
example, the vector of mass ﬂux is analogous to the vector
of heat ﬂux. We feel the heat ﬂow by changing temperature
without directly deﬁning what the heat is. The same is true
for the mass ﬂow. We ‘feel’ it by changing mass density
without directly deﬁning what it is.
We apply the quasi-static boundary value problem
(BVP) described by Eqs. (1)–(8) to the problems of artery
and tumor growth in the next two subsections accordingly.
Remark 1. Continuum mechanics frameworks for open
systems developed in Refs. [9,15] account for a momentum
produced by the new mass supply. The additional momentum is important, indeed, in the case of the missile ﬂight
when the missile mass is changing rapidly because the solid
fuel is burning out. This is not the case of the very slowly
growing tissue. The momentum triggered by the new tissue
supply is negligible and it can be ignored in the studies of
tissue growth.4 This is why the linear (3) and angular (4)
momentum balance equations enjoy the regular structure.
4
It is assumed that the newly created material has the same momentum
as the existing material, in a local fashion.
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2.2. Artery growth
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We consider artery growth as a radial growth of an inﬁnite cylinder under the plane strain conditions where all
variables depend on the radial coordinate only

components of C come from the linearization of the Fung
potential as it appears in Eq. (14).
Assume also that new material is supplied uniformly, i.e.,
x does not depend on position, and genetically only (f = 0).
In this case,

r ¼ rðRÞ;

q  q0 ¼ x=c

h ¼ H;

z ¼ Z;

ð9Þ

where a point occupying position (R, H, Z) in the initial
conﬁguration is moving to position (r, h, z) in the current
conﬁguration. Then the deformation gradient takes the
form
F ¼ ðor=oRÞkr  KR þ ðr=RÞkh  KH þ kz  KZ ;

ð10Þ

where {KR, KH, KZ} and {kr, kh, kz} form the orthonormal
bases5 in cylindrical coordinates at the reference and current conﬁgurations accordingly.
As a consequence of the deformation assumption we
have for the nonzero Green strains
2fERR ; EHH ; EUU g ¼ fðor=oRÞ2  1; ðr=RÞ2  1; 0g:

ð11Þ

The following nonzero components of the ﬁrst Piola–
Kirchhoﬀ stress tensor
8
Q
>
< P rR ¼ ðce ðc1 ERR þ c4 EHH Þ  g11 ðq  q0 ÞÞor=oR;
ð12Þ
P hH ¼ ðceQ ðc2 EHH þ c4 ERR Þ  g22 ðq  q0 ÞÞr=R;
>
:
P zZ ¼ ðceQ ðc5 EHH þ c6 ERR Þ  g33 ðq  q0 ÞÞ
can be obtained for the Fung strain potential (see Remark
2)
W ¼ ceQ =2;
Q ¼ c1 E211 þ c2 E222 þ c3 E233 þ 2c4 E11 E22 þ 2c5 E33 E22
þ 2c6 E11 E33

ð13Þ

with c the only dimensional elastic parameter and ci
dimensionless.
The nonzero growth moduli are set as follows:
8
>
< g11 ¼ cðc1 a1 þ c4 a2 þ c6 a3 Þ;
g22 ¼ cðc4 a1 þ c2 a2 þ c5 a3 Þ;
ð14Þ
>
:
g33 ¼ cðc6 a1 þ c5 a2 þ c3 a3 Þ;
where the coeﬃcients of growth expansion a = a1 = a2 = a3
deﬁne how much the relative volume changes for the given
increment of mass density. These coeﬃcients are analogous
to the coeﬃcients of thermal expansion in small-strain thermoelasticity. The speciﬁc form of the growth moduli comes
from requirement of the thermoelastic analogy for small
strains. In this case the constitutive law can be written as
r = C : (e  (q  q0)a), where r ﬃ P is the Cauchy stress
tensor; C = (oE oEW)(E = 0) is the linearized tangent stiﬀness; e is the linearized strain tensor; and a = diag{a1, a2, a3}
is a diagonal matrix of the growth expansion coeﬃcients.
Thus, we have for the growth moduli g = C : a where the

ð15Þ

is a solution of the mass balance equation, where oq/ot = 0,
and / = bn Æ $(q  q0) = 0 on the boundary including inner and outer surfaces of the tube.
The equilibrium equation (3) without the body forces
takes the form


oP rR P rR  P hH
Div P ¼
þ
ð16Þ
kr ¼ 0;
oR
R
where all components have been deﬁned already.
We will use the Cauchy stress r = J1PFT for the traction-free boundary conditions

rrr ðR ¼ 1Þ ¼ 0;
ð17Þ
rrr ðR ¼ 1:3Þ ¼ 0;
where
(
or
P rR ;
rrr ¼ J 1 oR
1 r
rhh ¼ J R P hH ;

J¼

r or
:
R oR

ð18Þ

After substituting Eqs. (11)–(14) in the equilibrium
equation (16) and boundary conditions (17), we have a
nonlinear two-point BVP in terms of r(R). The two-point
BVP is solved for a number of varying elastic and growth
parameters. The solution is obtained by using the shooting
method when the initial value problem (IVP) is solved iteratively until ﬁtting the BVP solution. We use Mathematica’s IVP solver ‘NDSolve’ [47].
Remark 2. It is not uncommon that the general requirement
of polyconvexity of the strain potential is imposed on the
modern constitutive models of soft tissues. Polyconvexity
implies the existence of the solution of the statical elasticity
problem. It is clear, for example, that the process of rupture
of saccular aneurism cannot be described within the
framework of elastostatics and the requirement of polyconvexity of the strain potential is physically unreasonable.
Actually, none of the existing materials can sustain large
deformations in the statical mode. In our opinion, the
general requirement of polyconvexity should be replaced by
a less restrictive and more physical requirement of the
adequate description of material within a given range of
stresses and strains by a chosen strain potential. In particular, the experimentally calibrated Fung potential, which is
not polyconvex, is adequate for the purpose of our study
within the considered range of stresses and strains.
2.3. Tumor growth

5

T

T

T

KR = (cos H, sin H, 0) , KH = (sin H, cos H,0) , KZ = (0, 0, 1) and
KM  KN ¼ KM KTN ; k r = ( cos h, sin h, 0) T , k h = (sin h, cos h, 0) T ,
kz = (0, 0, 1)T and km  kn ¼ km kTn .

Multicell spheroids are usually grown from the existing
tumor lines by suspending a few cells in the oxygen- and
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Central layer

Intermediate layer

Tumor
Outer layer

Fig. 3. A microstructural tumor/multicell spheroid model.

nutrient-saturated environment suitable for their growth.
Experimental observations [48,49] show that the growing
spheroids have a three-layer structure. The outer layer,
which is a few cells thick, consists of active and dividing
cells. The intermediate layer, which can be three times
thicker than the outer layer, consists of non-proliferating
cells at rest. The central region consists of the necrotic
material composed of the cell debris (Fig. 3).
In the case of the spherically symmetrical growth of the
cell spheroid, we restrict deformation to the following one
r ¼ rðRÞ;

h ¼ H;

/ ¼ U;

ð19Þ

where a point occupying position (R, H, U) in the initial conﬁguration is moving to position (r, h, /) in the current conﬁguration. Then the deformation gradient takes the form
F ¼ ðor=oRÞkr  KR þ ðr=RÞkh  KH þ ðr=RÞk/  KU ;
ð20Þ
where {KR, KH, KU} and {kr, kh, k/} form the orthonormal
bases6 in spherical coordinates at the reference and current
conﬁgurations accordingly; and km  KN ¼ km KTN .
Then we have for the Green strain
2

2

2

2fERR ; EHH ; EUU g ¼ fðor=oRÞ  1; ðr=RÞ  1; ðr=RÞ  1g:
ð21Þ
Mass balance (1), momentum balance (3), and constitutive laws (6)–(8) take the following forms accordingly:
owR =oR þ 2wR =R  n ¼ 0;
oP rR =oR þ ð2P rR  P hH  P /U Þ=R ¼ 0;
8
>
< P rR ¼ or=oRðoW =oERR  ðq  q0 ÞgÞ;
P hH ¼ r=RðoW =oEHH  ðq  q0 ÞgÞ;
>
:
P /U ¼ r=RðoW =oEUU  ðq  q0 ÞgÞ;

ð22Þ
ð23Þ

wR ¼ boðq  q0 Þ=oR;
n ¼ x  ðq  q0 Þc;

ð25Þ
ð26Þ

6

ð24Þ

K R = (sin H cos U, sin H sin U, cos H) T , K H = (cos H cos U, cos H
sin U, sin H)T, KU = (sinU, cosU, 0)T; kr = (sin h cos /, sin h sin /, cos h)T,
kh = (cos h cos /, cos h sin /, sin h)T, k/ = (sin /, cos /, 0)T.

where the remodeling issue is ignored, i.e., f = 0; and isotropic growth g = g1 is assumed.
Boundary conditions (2) and (5) are set as follows:

qðR ¼ aÞ ¼ x þ q0 ;
ð27Þ
/ðR ¼ 1Þ ¼ 0;
(
rðR ¼ aÞ ¼ a;
ð28Þ
2
rrr ðR ¼ bÞ ¼ ðr=RÞ P rR ðR ¼ bÞ ¼ r:
According to these conditions, it is assumed that the
ﬁxed tumor boundary is a source of new mass x. In addition, it is assumed that mass ﬂux vanishes approaching
inﬁnity, i.e., away from the tumor boundary. The condition
of inﬁnity is used for the sake of clarity. It will be seen from
the obtained results that the density increment decays from
the tumor boundary very fast, that inﬁnity is not involved
in analysis, and a ﬁnite number can replace it. The condition on radial stress away from the tumor boundary is
imposed in order to study the eﬀect of the tissue pre-stress
on the tumor development.
An isotropic version of the Fung-type material is chosen
for numerical simulation. We deﬁne the strain potential as
follows:
W ¼ c0 eQ =2;
2

2

Q ¼ Kðtr EÞ þ Gðtr E2  ðtr EÞ =3Þ
¼ c1 ðE2RR þ E2HH þ E2UU Þ

ð29Þ

þ 2c2 ðERR EHH þ ERR EUU þ EUU EHH Þ;
where shear strains are ignored for the spherically symmetric
deformation; c1 = K + 2G/3 and c2 = K  G/3 are dimensionless parameters; and c0 is the only dimensional parameter (the dimension of stress).
Diﬀerentiating W with respect to strains we get the
terms, which appear on the right-hand side of Eq. (24):
8
Q
>
< oW =oERR ¼ c0 e ðc1 ERR þ c2 EHH þ c2 EUU Þ;
ð30Þ
oW =oEHH ¼ c0 eQ ðc1 EHH þ c2 ERR þ c2 EUU Þ;
>
:
Q
oW =oEUU ¼ c0 e ðc1 EUU þ c2 EHH þ c2 ERR Þ:
Solution of the equation of mass balance (22) with
account being taken of boundary conditions (27) provides
the following analytical expression for the density increment distribution around the tumor
q ¼ xðR=aÞ1 exp½asð1  R=aÞ þ q0 ;
ð31Þ
pﬃﬃﬃﬃﬃﬃﬃﬃ
where s ¼ c=b is a normalized tissue resistance parameter (Fig. 4).
Substituting this solution in the equations of momentum
balance (23) and imposing boundary conditions (28) it is
possible to formulate a nonlinear two-point boundaryvalue problem for the position function r(R). This problem
is solved numerically by using the procedure described in
the previous subsection.
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Fig. 4. The exponential decrease of the mass density in the vicinity of
tumor surface, Eq. (31).
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Fig. 6. Radial displacements (r  R) (a); normalized radial stress rrr/c (b);
normalized circumferential stress rhh/c (c) for ax/c = 1 for free volumetric
growth of the cylinder: the second set of material parameters, Eq. (33).
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growth of the cylinder: the ﬁrst set of material parameters, Eq. (32).

c1 ¼ 1:744;
c4 ¼ 0:004;

c2 ¼ 0:619; c3 ¼ 0:0405;
c5 ¼ 0:0667; c6 ¼ 0:0019:

ð33Þ

Every set of material parameters was considered with
ax/c = 1, which corresponds to the 50% deformation along
the radius. Resulting displacements vary almost linearly
along the radius (Figs. 5a and 6a). Absolute values of the
radial stresses increase towards the mid-surface of the wall
(Figs. 5b and 6b), while the absolute values of the circumferential stresses approach zero at the mid-surface and they
vary almost linearly along the radius (Figs. 5c and 6c). It
should be noted that circumferential stresses are larger
than the radial stresses by an order of magnitude in both
cases of material parameters. It is interesting that the directions of the stresses are diﬀerent for the two sets of material
parameters. This is, in particular, critical for the circumferential stresses because it means that diﬀerent bending resul-
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Fig. 7. Bending moments and opening modes for two sets of material
parameters.

tants appear in the ring. If the ring is cut radially, then it
opens as shown in Fig. 7 (right) for the ﬁrst set of elastic
parameters. A ring with the second set of material parameters behaves diﬀerently: it closes (Fig. 7, left) after the cut,
i.e., its edges overlap.
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3.2. Tumor growth

tangent stress

0.02

A wide variety of simulations were carried out based on
the described formulation of the growth boundary-value
problem in order to reveal the eﬀect of tissue stiﬀening
and stressing on tumor expansion. Two typical sets of
results, including displacements and radial and tangent
stresses, are presented in Figs. 8 and 9 for the following
(unitless) material parameters of the surrounding tissue:
K = 1, G = 3/2, s = 10, g = 1, a = 1, b = 5. In the ﬁrst set,
the elasticity coeﬃcient c0 was varied from 0.01 to 0.1 and
to 1.0 while the material supply was ﬁxed x = 1 and remote
stresses were not applied r = 0 (Fig. 8). In the second set,
the remote stress r was varied from 0.01 to 0.0 and to
+0.01 while the elasticity coeﬃcient and material supply
were constant: c0 = 0.1; x = 1 (Fig. 9).
The front of the growing tumor does not have a welldeﬁned boundary, instead it is a layer (1.1 < R/a < 1.4)
where the mass density increment is decreasing quickly –
see Figs. 3 and 4. This front evolves with the supply of
new cells. However, its evolution depends on the stiﬀness
of the hosting tissue, as follows from Fig. 8 at the top.
The maximum displacements (r  R) correspond to the
tumor front and they decay away from the tumor. It is crucial that the peak displacements at the tumor front are
essentially diﬀerent for various tissue stiﬀnesses. For a ‘soft’
tissue with c0 = 0.01, the tumor front advances up to 25% of
the initial tumor radius; for an ‘intermediate’ tissue with
c0 = 0.1, the tumor front advances up to 12% of the initial
tumor radius; and for a ‘hard’ tissue with c0 = 1.0, the
tumor front advances up to 3% of the initial tumor radius.
Radial rrr and tangent rhh = r// stresses generated in
the area of tumor growth also change for the varying
tissue stiﬀness – Fig. 8 mid and bottom accordingly. The
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Fig. 8. Displacements (top), radial stresses (middle), and tangent stresses
(bottom) around the tumor under varying tissue stiﬀness c0 = 0.01; 0.1; 1.0.

maximum absolute values of these stresses occur at the surface of material supply where the density increment is most
signiﬁcant. These magnitudes are not seen in the ﬁgure and
we give them explicitly
8
>
< 0:13 ðc0 ¼ 0:01Þ;
rrr ðR ¼ aÞ ¼ 0:09 ðc0 ¼ 0:10Þ;
>
:
0:02 ðc0 ¼ 1:00Þ;
8
>
< 0:38 ðc0 ¼ 0:01Þ;
rhh ðR ¼ aÞ ¼ 0:44 ðc0 ¼ 0:10Þ;
>
:
0:56 ðc0 ¼ 1:00Þ:
Evidently, compressive tangent stresses dominate the area
of tumor growth and they increase with the increasing stiﬀness of the hosting tissue.
The front of the growing tumor is weakly aﬀected by the
varying remote stresses while the displacements outside the
growing tumor are very sensitive to these stresses – Fig. 9
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Fig. 9. Displacements (top), radial stresses (middle), and tangent
stresses (bottom) around the tumor under varying remote stress r =
0.01; 0.0; +0.01.

top. Indeed, the peak displacement at the tumor front does
not change much in tension, compression, or the neutral
state. In contrast, the displacements at the distance of
R = 3a are essentially diﬀerent and the radial material
ﬁbers can shorten or lengthen depending on the remote
compression or tension accordingly. The radial and tangent stresses away from the tumor are shifted with respect
to each other in correspondence with the remote stresses.
The magnitudes of the stresses at the surface of material
supply are as follows:
8
>
< 0:11 ðr ¼ þ0:01Þ;
rrr ðR ¼ aÞ ¼ 0:09 ðr ¼ 0:00Þ;
>
:
0:07 ðr ¼ 0:01Þ;
8
>
< 0:43 ðr ¼ þ0:01Þ;
rhh ðR ¼ aÞ ¼ 0:44 ðr ¼ 0:00Þ;
>
:
0:44 ðr ¼ 0:01Þ:

A simple phenomenological theory of tissue growth has
been used in the present work for qualitatively explaining
the phenomenon of residual stresses in arteries. Material
anisotropy was included in the theoretical setting in accordance with the experimental data. The theory was applied
to the problem of free and uniform radial growth of a cylindrical blood vessel. Displacement and stress ﬁelds were computed for the experimentally obtained values of the elasticity
parameters. The computations give evidence of the appearance of the circumferential stresses resulting in the bending
moments, which provide the compatibility of the grown
arterial cross-section. The radial cut of the arterial ring will
lead to the release of the bending moments and opening or
closing of the ring as it is observed in experiments.
It is important that the circumferential stresses, which are
accumulated into the residual stresses during the long-term
growth, appear due to anisotropy. These stresses would not
appear in the ‘isotropic artery’. The latter suggests the interpretation of the arterial anisotropy as a constraint imposed
on the volumetric growth. It is interesting that this conclusion is novel as compared to the traditional point of view
that the material inhomogeneity and diﬀerential growth
are the main sources of the residual stresses [4,52]. It is very
likely that the material anisotropy is a complementary factor to the material inhomogeneity and diﬀerential growth
in causing the residual stresses. In principle, the considered
theory allows for including the material inhomogeneity and
diﬀerential growth in analysis. Unfortunately, there is no
clear enough experimental data to do so yet.
It is equally important that depending on the speciﬁc values of the elasticity moduli both ring closing or opening
may take place after the radial cut as shown in Fig. 7. Both
these scenarios are in a qualitative agreement with the
experimental data [53–57].
It should not be missed that also radial stresses appear in
the considered arterial growth. The magnitude of these
stresses is of lower order as compared to circumferential
stresses. Nonetheless, the radial stresses can play a role in
forming the global residual stresses. Particularly, the radial
stresses are a good candidate for the explanation of Vossoughi experiments [58]. These authors cut the opened artery
ring along the midline and found that the inside segment
opened more while the outside segment closed more. Probably, this happened because the radial residual stresses had
been relieved partially.
Finally, it is worth emphasizing that we gave a qualitative
explanation of the residual stresses in arteries. In order to
estimate the residual stresses quantitatively in vivo experiments are necessary. The existing attempts of the quantitative estimate of the residual stresses in arteries based on
the in vitro ring-cutting techniques may not be reliable.
The problem is that every cut leads to a redistribution of
residual stresses. This redistribution of stresses starts from
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described experiment could clearly illustrate insuﬃciency
of the artery-cutting experiments for estimating the magnitudes of the residual stresses. It seems that the artery-cutting
experiments can only be useful for the qualitative comparison purposes and not for the quantitative estimates of the
residual stresses: the more artery is cut, the less information
can be gained about its residual stresses.
4.2. Tumor growth

Fig. 10. Redistribution of stresses as a result of the ring cutting.

first cut

second cut

Fig. 11. A suggested experiment for the demonstration of the stress
redistribution under cutting.

the very ﬁrst cut when a ring is taken from the artery
(Fig. 10). Indeed, such a ring is approximately under the
plane strain state before the cut. However, after the cut
the state of the ring is closer to the plane stress. Thus,
extracting the ring from the artery we cause a new distribution of stresses in it. This same happens after all subsequent
cuts. Actually, every subsequent cut relieves stresses in the
previous conﬁguration and not in the initial one. In order
to illustrate this point we suggest the following experiment
– Fig. 11. Let two neighbor rings be cut from an artery in
such place along the artery that it is reasonable to assume
that the residual stresses are the same in both rings. These
rings are further cut radially and circumferentially, i.e.,
along the midline. It is crucial, however, that the order of
cutting is diﬀerent for the diﬀerent rings. One ring should
be cut ﬁrst radially and then circumferentially, while the
other ring should be cut ﬁrst circumferentially and then
the two obtained thinner rings should be cut radially separately. Both initial rings are ﬁnally split into two open segments. This is done, however, in the diﬀerent sequences of
cuts. The ﬁnal shape of the segments should be diﬀerent in
both cases because the order of cutting does matter for large
deformations where the superposition principle is not valid.
Indeed, the cutting is equivalent to applying tractions on the
cut surfaces to make these surfaces traction-free. In
the case of large deformations, the order of application of
the external forces is crucial. The diﬀerence in the experimentally cut segments should be visible if the residual radial
stresses are comparable in the magnitude with the residual circumferential stresses. The expected results of the

Experimental observation of the inhibited tumor growth
under stiﬀening of the hosting tissue has been explained theoretically in the present work. For this purpose, a simple
microstructural model of tumor growth was considered.
This model was used as a basis for the subsequent development of a continuum solid mechanics theory of tumor
growth. In addition to the classical momentum balance
laws, the theory includes a full-scale mass balance law,
i.e., volumetric mass supply and mass diﬀusion. The latter
allows for an average description of the cell proliferation
out of the tumor. The diﬀusive term, which is missed in most
modern theories of tissue growth, is critical for a physically
reasonable description of the tumor expansion. Besides the
balance law, the microstructural model also prompts the
form of constitutive equations. In the case of small strains,
these equations are analogous to thermoelasticity where the
temperature increment is replaced by mass density increment, and the growth process is considered analogous to
a thermal expansion. A problem of spherically symmetric
growth of a pre-existing tumor was considered within the
framework of the developed theory. It was assumed that
material surrounding the tumor is Fung-type isotropic.
Such material is characteristic of living tissues, which exhibit exponential stiﬀening behavior because of the straightening of collagens and other long molecules comprising
the material matrix.
Qualitatively, the results of numerical simulations can
be summarized as follows:
(I) In perfect correspondence with histological examination, computer modeling revealed that active growth
is restricted to a thin shell at the periphery of the
tumor.
(II) Growth is accompanied by stressing and compressive
tangent stresses dominate, which may potentially lead
to the tumor patterning [59].
(III) Consistent with experiments on multicellular tumor
spheroids, computer modeling shows that stiﬀening
of the hosting tissue inhibits growth.
(IV) Moderate remote stressing of the hosting tissue
should not essentially aﬀect tumor development.
The fact that tissue stiﬀening inhibits growth prompts an
idea to reinforce the real tissue surrounding the actively
growing tumor by injecting small solid particles. In this
way it is possible to signiﬁcantly stiﬀen the tissue and
encapsulate the tumor preventing from its expansion.
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The explanation of the inhibited tumor growth given in
the present work includes various assumptions, i.e., spherical symmetry, quasi-equilibrium state, material isotropy,
boundary conditions on inﬁnity, etc. These assumptions
seem to be reasonable for a qualitative explanation of the
observed phenomenon. It is crucial that the proposed theory does not rely upon any kind of internal variables,
which are not accessible in experiments. If the properties
of a real tissue, as well as the characteristics of the tumor
are known, then the theory can be calibrated and it can
be used for quantitative predictions of the tumor development. The latter may be important in tumor treatment and
preoperative planning.
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