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Abstract

Universal displacements are those displacements that can be maintained, in the absence of body
forces, by applying only boundary tractions for any material in a given class of materials. Therefore,
equilibrium equations must be satisfied for arbitrary elastic moduli for a given anisotropy class. These
conditions can be expressed as a set of partial differential equations for the displacement field that we
call universality constraints. The classification of universal displacements in homogeneous linear elasticity
has been completed for all the eight anisotropy classes. Here, we extend our previous work by studying
universal displacements in inhomogeneous anisotropic linear elasticity assuming that the directions of
anisotropy are known. We show that universality constraints of inhomogeneous linear elasticity include
those of homogeneous linear elasticity. For each class and for its known universal displacements we find
the most general inhomogeneous elastic moduli that are consistent with the universality constrains. It is
known that the larger the symmetry group, the larger the space of universal displacements. We show that
the larger the symmetry group, the more severe the universality constraints are on the inhomogeneities
of the elastic moduli. In particular, we show that inhomogeneous isotropic and inhomogeneous cubic
linear elastic solids do not admit universal displacements and we completely characterize the universal
inhomogeneities for the other six anisotropy classes.

Keywords: Universal deformation, universal displacement, linear elasticity, anisotropic solids, inhomo-

geneities.
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1 Introduction

In nonlinear elasticity universal deformations are those deformations that are possible for a body made of any
material in a given class of materials in the absence of body forces and by applying only boundary tractions
[Saccomandi, 2001]. Motivated by the works of Rivlin [Rivlin, 1948, 1949a,b], Ericksen presented the first
systematic analysis of universal deformations in homogeneous compressible isotropic solids [Ericksen, 1955],
and incompressible isotropic solids [Ericksen, 1954]. In the case of compressible isotropic solids, Ericksen
[1955] proved that universal deformations must be homogeneous. Characterizing universal deformations in
the incompressible case turned out to be much more complicated. Ericksen [1954] found four families of
universal deformations (in addition to homogeneous deformations that define Family 0). In his analysis,
Ericksen conjectured that a deformation with constant principal invariants must be homogeneous, which
turned out to be incorrect [Fosdick, 1966]. This motivated the discovery of a fifth family of inhomogeneous
universal deformations with constant principal invariants [Singh and Pipkin, 1965, Klingbeil and Shield,
1966]. The known five families of universal deformations other than homogeneous deformations are (see
Truesdell and Noll [2004], [Tadmor et al., 2012, p.265], and [Goriely, 2017, p. 305] for a visualization and
discussion): (i) Family 1: Bending, stretching, and shearing of a rectangular block; (ii) Family 2: Straight-
ening, stretching, and shearing of a sector of a cylindrical shell; (iii) Family 3: Inflation, bending, torsion,
extension, and shearing of a sector of an annular wedge; (iv) Family 4: Inflation/inversion of a sector of a
spherical shell; (v) Family 5: Inflation, bending, extension, and azimuthal shearing of an annular wedge.
The case of constant principal invariants is still an open problem. However, the conjecture is that there are
no solutions other than Family 5 deformations.

The study of universal deformations has been extended to anelasticity by Yavari and Goriely [2016] in
the compressible case, and by Goodbrake et al. [2020] in the incompressible case. In the literature the
study of universal deformations has been restricted to homogeneous solids. Recently, Yavari [2021] extended
Ericksen’s analysis to inhomogeneous isotropic solids. It was observed that the universality constraints of
inhomogeneous solids include those of the corresponding homogeneous solids. It was shown that inhomoge-
neous compressible isotropic solids do not admit universal deformations. For incompressible isotropic solids,
the universal inhomogeneities were characterized for each of the six known families of universal deformations.*
Until recently, there were only some limited studies of universal deformations in anisotropic nonlinear solids
[Ericksen and Rivlin, 1954]. In [Yavari and Goriely, 2021], we systematically studied universal deformations
and universal material preferred directions in homogeneous compressible and incompressible transversely
isotropic, orthotropic, and monoclinic solids.2. In the case of inhomogeneous anisotropic solids we recently
studied the universal inhomogeneities [Yavari and Goriely, 2022]. This systematic analysis completed what
we referred to as the universal program of nonlinear hyperelasticity.

The analogue of universal deformations in linear elasticity are universal displacements [Truesdell, 1966,
Gurtin., 1972, Yavari et al., 2020] and our goal here is to complete the the universal program of linear
elasticity. In [Yavari et al., 2020], universal displacements in homogeneous anisotropic linear elasticity were
studied. Universal displacements were fully characterized for all the eight symmetry classes assuming that
the directions of anisotropy are known. In this paper, we extend the analysis of universal displacements to
inhomogeneous anisotropic linear elasticity.

This paper is organized as follows. In §2 we study universal displacements and inhomogeneities in
isotropic linear elasticity. In §3, the same problem is studied for the remaining seven symmetry classes
(triclinic, monoclinic, tetragonal, trigonal, orthotropic, transversely isotropic, and cubic). Conclusions are
given in §4.

I There was a mistake in the case of Family 0 deformations that was corrected in [Yavari and Goriely, 2022].
2There was a mistake in the case of Family 5 deformations that was corrected in [Yavari and Goriely, 2022].



2 Universal displacements in inhomogeneous isotropic linear elas-
ticity

We first extend the work of [Yavari et al., 2020] to characterize universal displacements in inhomogeneous
isotropic linear elasticity. In a Cartesian coordinate system {x?}, the elasticity tensor has components
Cabed(X) = AMX)Iap0cd + (%) (0acObd + daddbe), where 04, denote Kronecker’s delta, and A, p are the Lamé
constants that explicitly depend on position x. The equilibrium equations in the absence of body forces read

Tabp = (A + 1)U pa + Hlapy + X aUpp + o (Uap +Upa) =0, a=1,2,3, (2.1)

where 045 and u, are the Cauchy stress and displacement components, respectively, o4, denotes the partial
derivatives of o, with respect to z°, and summation over repeated indices is assumed. Eq.(2.1) must hold
for arbitrary elastic moduli. In particular, it must hold for uniform elastic moduli. This implies that

Uppa = Ugpp =0, or gradodivu=0, Au=0, (2:2)

which are the universality constraints of homogeneous isotropic linear elasticity that we derived previously
[Yavari et al., 2020]. Therefore, for inhomogeneous isotropic linear elasticity, universal displacements must be
constant-divergence harmonic vector fields. We define the universal inhomogeneities to be those nonuniform
elastic moduli that satisfy (2.1) for constant-divergence harmonic vector fields. In other words, the extra
universality constraints of inhomogeneous isotropic linear elasticity are

)\,aub’b =+ ,u,b(ua’b + ub,a) =0, a=1,2,3. (23)

On R3 constant-divergence vector fields have the following representation [McLachlan and Quispel, 2002]

c
ua(x) = Sab,b(x) + gxa + kq, (24)
where Sgp(x) = —Spa(%x), and ¢ and k, are constants. More specifically, in Cartesian coordinates x =

(z1,22,23), S has the following representation

0 ax) Bx)
S(x) = | —a(x) 0 y(x)| (2.5)
—Bx) —(x) 0

where «, 3, and v are arbitrary functions that must satisfy the following system of PDEs [Yavari et al., 2020]

AOZ,Q + Aﬁg = O7

Avs—Aa; =0, (2.6)
AB1+ Ay =0.
Substituting (2.4) into (2.3) leads to
c
3 [BAa(x) + 24,0 ()] + [Sam,bm (%) + Spm,am (¥)] 1,5(x) =0, (2.7)

which must hold for arbitrary ¢, and hence 3X 4(x) + 24,4(x) = 0, i.e., 3A(x) + 2p4x) must be uniform.
Therefore, the universality constraints are simplified to read

(Sa1,11 + Sa2,12 + Saz,13 + S12,02 + S13,03) 1 =0,
(Sa1,12 + Sa2,22 + Sa3,23 + 521,01 + 523,a3) 2 = 0, (2.8)
(Sa1,13 + Sa2,23 + Sa3.33 + 531,01 + S32,02) .3 = 0.



For a =1, (2.8) reads
2(Si2,12 + S13,13) 1 =0,
(=S12,11 + S12,22 + Si3,23 + S23,13) pr2 = 0, (2.9)
(S12,23 + S13,33 — S13,11 + S32,12) 3 = 0.

Since these conditions must be satisfied for all o, 3 and v that satisfy (2.6), we can choose, a(x) = agz?,

B = = 0 and the above constraints are simplified to read —2ag .2 = 0, which implies that ;1o = 0. For
B(x) = b3, @ = v = 0, which also satisfy (2.6), (2.9) is simplified to read 2bg 23 = 0, which implies that
i3 =0. Now the constraint (2.8) for a = 2 reads (—S12,11 + S23,13 — S12,22 + S13,23) .1 = 0. For the choice
a(x) = coz3, B = v = 0, which satisfy (2.6), this constraint is simplified to read 2cq pr1 = 0, which implies
that 11 = 0. Therefore, pu(x) is constant. Knowing that 3A(x) + 2u(x) is also constant one concludes that
both Lamé constants must be uniform, and hence, we have proved the following result.

Proposition 2.1. Inhomogeneous compressible isotropic linear elastic solids do mot admit universal dis-
placements.

3 Universal displacements and inhomogeneities in anisotropic lin-
ear elasticity

Yavari et al. [2020] characterized the universal displacements for all the eight anisotropy classes. Here, we
extend that work to inhomogeneous anisotropic linear elasticity. Consider an inhomogeneous body made of
a linear elastic solid at point x. The elasticity tensor Cgupeq(x) has major symmetries, Coped(x) = Cegap(X),
and minor symmetries, Capeq(X) = Cpaca(X) = Capac(x). The constitutive equations are written as o, =
Cabed Ue,d, and the equilibrium equations in the absence of body forces in Cartesian coordinates read

Oab aQUC aCabcd auc
Jab _ Cove -0, a=1,2,3. 3.1
oxy, bed 5rddzd ozxb Oxy @ (3.1)

For homogeneous solids this is reduced to Cypeq te,ap = 0. For a given class of linear elastic solids, equilibrium
equations must be satisfied for arbitrary elastic moduli in the given class. Using this idea, for each of the
anisotropy classes—triclinic, monoclinic, tetragonal, trigonal, orthotropic, transversely isotropic, and cubic
[Cowin and Mehrabadi, 1995, Chadwick et al., 2001, Ting, 2003, Cowin and Doty, 2007]—Yavari et al.
[2020] characterized the corresponding universal displacements. From (3.1) one observes that the universality
constraints of inhomogeneous linear elastic solids include those of homogeneous isotropic solids as a particular
case.? Therefore, for a given anisotropy class and its known universal displacements, the problem is to find
the forms of the inhomogeneities of the elastic moduli that are consistent with the following extra universality
constraints:

8Cabcd 8“0
=0, a=12,3. 3.2
al'b Gxd ( )
There is no obvious compact way to solve this problem and we resort to explicit computation by using
the bijection (11,22,33,23,31,12) « (1,2,3,4,5,6) and writing the constitutive equations in Voigt notation
as 0o = Cqp€p, where Greek indices run from 1 to 6. The advantage of this classic notation is that the
tensorial problem is replaced by a linear algebra problem since the elasticity tensor is now represented by a

3This is the case in nonlinear elasticity as well [Yavari, 2021, Yavari and Goriely, 2022].



symmetric 6 x 6 stiffness matrix as

ci(x) cia(x) cz(x) cua(x) cs(x)  cis(x)
c12(X)  coa(X) c23(X) caa(x) co5(x)  co6(x)
013(X) C23 (X) C33 (X) C34 (X) C35 (X) C36 (X)

c1a(x)  c2a(x) c3a(x) caa(x) cas(x)  cap(x)

c16(x)  co6(x) c36(x) cas(x) cs6(x)  co(x)

In this notation, the equilibrium equations read

Cll(X) 612(X> Clg(X) 614(X) C15 (X) 016(X) g;i
c12(X)  co2(x) ca3(X) caa(x) cop(x)  co6(x) %
0 0 0
0 0 0 0
8I1 6(123 6(112 au
C13 (X) Ca23 (X) C33 (X) 034(X) C35 (X) 636(){) Bizv;’
o o o) B
Oxo Ox3 Oz du du,
c14(X)  c24(x)  e34(x) caa(x) ea5(x)  chp(x) Soe t Gue
0 0 % a5 o0 O 0
c15(X)  ca5(x)  e35(x)  cas(x) es5(x)  cse(x) g—gi + g—gi
C16 (X) C26 (X) C36 (X) C46 (X) C56 (X) C66 (X) 272 + gfngf

(3.4)

3.1 Triclinic linear elastic solids

Triclinic solids are the least symmetric in the sense that the identity and minus identity are the only symmetry
transformations. Other than positive definiteness, there are no constraints on the elastic moduli. In other
words, triclinic linear elastic solids have 21 independent elastic moduli. Yavari et al. [2020] showed that for
triclinic linear elastic solids homogeneous displacements are the only universal displacements.

For the universal displacements (with 9 free parameters) we would like to determine the most general
inhomogeneous form of the elastic moduli that are consistent with (3.2). The universality constraints (3.2)



(for @ = 1) give us the following six independent PDEs:*

6011 8016 8015
8171 81‘2 8933
(9012 8026 3025
3331 + 6372 8.’133
8613 + 8036 8035
81‘1 8.’172 8.1?3
8814 8646 8645
3!1,‘1 + 3$2 8x3
8615 8656 8655
81'1 + 31’2 8x3
Ocig  Oces  Ocsg
3$1 + 81‘2 (9563

Eq.(3.2) (for a = 2) gives the following six independent PDEs:

and for a = 3 gives the following six independent PDEs:

6616 8612 (9014 -
8;101 83:2 (9.%‘3
8826 8622 8624
3351 81'2 (91'3
Oczg  Ocog  Ocag
3361 81’2 8933
Ocsg  Ocoa  Ocas
3331 63)2 (9l‘3
8656 8625 8045
81‘1 8$2 6333
8666 8626 8645
8{E1 (9:1;‘2 81‘3
8615 8014 8013
81‘1 8.’172 8.1?3
8825 8624 8623
3!1,‘1 + 3$2 8x3
8635 8634 8633
81'1 + 31’2 8x3
Ocys  Ocaq  Ocsq
3$1 81‘2 8563
8655 + 8645 8635
61‘1 61‘2 6333
6656 8646 3636
8:51 8332 8333

4All the symbolic computations in this paper were performed using Mathematica Version 13.0.0.0, Wolfram Research,

Champaign, IL.



We first notice that cq1, cao, ¢33 each appears only once in the above PDEs, and hence

dci1 Ocis ey
8:01 o 8;103 8;v2 ’
Ocpg _ Odcas Ocge (3.8)
8$2 8$3 (9(131 ’ '
(9033 . 8034 8035
drs Oz oz’
and thus

ci1(zy, 2, x3) = — /(015,3 + c16,2) dxy + €11 (22, 23) ,

coo(x1, 2, 3) = — /(024,3 + c26,1) dxa + Ca2(x1, 23) , (3.9)

ca3(x1, T2, 23) = — /(634,2 + c35,1) dzs + é3z(z1, x2) ,

where ¢11 (2, 23), éoa(x1,x3), and é33(x1,x2) are arbitrary functions.
The elastic moduli ¢y19, ¢13, c23 each appears twice:
dcia  Ocgg Ocas
8x1 - (9562 8173 ’
8612 . _8616 _ 8614
8.132 n 8.%‘1 81‘3 ’
8013 o 78036 _ 8035
6951 B 8:62 6333 ’
3.10

dci3  Ocis Oy (3.10)
8:03 o axl 8;v2 ’
Ocgs  Oczg Oczy
6$2 o 8:51 8x3 ’
Ocas Ocos  Ocay

Oxs Jdrq Ozg

From the above PDEs cy2, ¢13, co3 are determined as long as the following three integrability conditions are
satisfied.

82026 82025 - 82016 62614

03 Oxo0r3  Ox? 0x10x3’

82036 82035 _ 32015 + 62614 7 (3.11)
0r2013 (‘333% Ox? 0x10x2

82036 82034 - 82025 82024

0x10x3 0r3  0z1019 or3

Thus

cia(x1, x9, x3) = — /(026,2 + c95.3) dz1 + é12(z2, 23) ,
ci3(x1, x9,x3) = — /(015,1 + cia,2) dxs + éi3(z1, 22) , (3.12)

co3(x1, 2, 3) = — /(036,1 + c34,3) dxa + Ca3(21, 23) ,

where é13(z2,23), é13(21, 22), and éas(x1,x3) are arbitrary functions.



The remaining PDEs can be rearranged as

Ocyy  Ocys  Ocay
8:02 - axl B 8;103 ’
8044 - 8046 8624
8$3 - 8$1 B (9{E2 ’
8055 . (9645 8035
6x1 - 8:62 B 8.173 ’
8C55 o 8015 8656
8$3 T 8.131 B 81‘2 ’
8066 o 8626 6046
dr1  Oxe  Ox3’
dcgs  Ocig Ocse

8:102 8:01 8563 ’

and 5 5 9
Ci4 C46 C45
=0
8171 + 81‘2 + 81’3 ’
Ocsg  Ocas  Ocys 0
6331 6$2 8333 o
Ocse 4 Ocug 4 Ocag —0.

8$1 8.’172 83:3

(3.13)

(3.14)

The elastic moduli c44, ¢35, cg6 are determined from (3.13) as long as the following integrability conditions

are satisfied

82045 82034 - 82046 82024
0x10x3 Oz 011022 ox% "’
82045 82035 - 32015 62656
0x90x3 Oz oz? 0x10zs

62626 82046 - 82016 82656

03 Oxo0r3  Ox? + 0x10xs
Thus

cas(w1, 2, 3) = — /(046,1 + coa,2) dxs + Eaa(z1, 22) ,
cs5(x1, Ta, x3) = — /(045,2 + c35,3) dz1 + Es5(21, 22) ,

ce6(x1, T2, x3) = — /(016,1 + ¢56,3) Ao + Co6(21, 23) ,

where é44(21,22), é55(21, 22), and égg(x1,23) are arbitrary functions.
From (3.14) one obtains

Ocgg 1 ( 0cia n dcgs 3636)
Oz 2 O0r1  Ora Oxs )’
dcys 1 Ocia  Ocgs  Ocsg
6:103_2(_3;31 Oz + &Tg) ’
dcsg 1 (Ociy Ocys  Ocse
83c1_2(8x1 01y 8:rg> ’

(3.15)

(3.16)

(3.17)



and hence

1 A
ca(T1, T2, x3) = 5 /(—614,1 + c95.2 — €36,3) dTo + Ea6(z1, x3) ,
1 .
ca5(x1, T2, x3) = 3 /(—614,1 — Co5,2 + C36,3) dxg + Cas(x1, T2) (3.18)

1 .
656(I1,$2,$3) = 5 /(614,1 —C252 — 036,3)d9€1 + C56(=’E2,9€3),

where ¢46(21,®2), ¢a5(r1,22), and és¢(r1,x3) are arbitrary functions. Substituting (3.17) into (3.15), one
can show that the integrability conditions (3.15) are identical to (3.11). To make sense of the results in a
compact form, we partition the elasticity matrix into four 3 x 3 submatrices:

c(x) ca(x) ciz(x) | cua(x) cis(x)  cie(x)
c12(x)  c22(x)  ca3(x) | c24(x)  co5(x)  c26(x)
A(x) | B(x) B c13(x)  co3(x)  c33(%) | e3a(x)  c35(x)  cap(x) (319)

B(X) D(X) C14(X) Coq (X) C34 (X) Cq4 (X) C45 (X) C46 (X)

c15(x)  co5(x)  c35(x) | cas(x)  es5(x)  cz6(%)

c16(x)  co6(x)  c36(x) | cas(x) cs6(x)  co6(x)

We have shown that the submatrices A and D depend on B. The nine elastic moduli in the submatrix B are
constrained by the three integrability conditions (3.11). More specifically, one has

DPcse Doz P OPens

0x2 — Oxydus or? 0x10x3’

882025 _ PPess N 82025 N d%c14 ’ (3.20)
x5 0x90x3 oxs 0x10x2

82024 o 32625 82636 62034

0x2 — Ox10xy  Ox10xs ox%

Therefore, cq6, c35, and co4 are functions of the other six elastic consents in B. We see that homogeneous
displacements are universal for a large class of inhomogeneous triclinic solids. In summary, we have proved
the following result.

Proposition 3.1. For inhomogeneous triclinic linear elastic solids all homogeneous displacements are uni-
versal as long as the elastic moduli have the universal inhomogeneities. Out of the twenty one elastic moduli
siz of them (c14, C15, C16, C25, Caa, and csg) are arbitrary functions of (x1,xa,x3). The remaining fifteen
elastic moduli are determined using these six functions and certain linear PDFEs.

3.2 Monoclinic linear elastic solids

A monoclinic solid has one plane of material symmetry, which without loss of generality, is assumed to
be parallel to the z'z2-plane. A monoclinic linear elastic solid has 13 independent elastic moduli and its



elasticity matrix has the following representation:

c1(x) c2(x) as(x) 0 0 cie(x)
c1a(x)  ca2(x) ca3(x) 0 0 ca6(x)
Clx) = c13(x)  co3(x) caz(x) 0 0 c36(x) | (321)
0 0 0 cu(x) csx) 0
0 0 0 cs(x) es(x) 0
c16(x) c26(x) ese(x) 0 0 cos(x)]

Yavari et al. [2020] showed that for a monoclinic linear elastic solid with planes of symmetry parallel to the
x1z9-plane, universal displacements are the superposition of homogeneous displacements F-x (F is a constant
matrix) and the one-parameter inhomogeneous displacement field (cxox3, —cx123,0). Now for these universal
displacements (with 10 free parameters) we would like to determine the most general inhomogeneous form

of the elastic moduli that are consistent with (3.2). For a = 1, (3.2) gives us the following six independent
PDEs:
Oc11 Ocig

By T o,

Ocio 5’026

b i |

8%1 + 8x2 ’

Ociz3  Ocsg

— 4+ —=0 3.22
8x1 + 31’2 ’ ( )
dcig | Ocgs 0

8.131 8132 o

8045 o 8655 -0

81‘3 - 6.%‘3 -

For a = 2, (3.2) gives us the following five independent PDEs:

8016 8012 -

83:1 8$2 o 07
8026 8622 —0
8.%‘1 8372 o
6636 ac23
= 3.23
8x1 8952 07 ( )
Jcgs | Ocag 0
31'1 81'2 o
6044
— 0.
31‘3

For a = 3, (3.2) gives us the following six independent PDEs:

6613 o 8623 8633 3636

8$3 o 83?3 - 8563 - 8333 :0’

3645 Ocay

—+—=0 3.24
a{IJ1 + 81'2 ’ ( )
8655 8645 -0

(91'1 8332 o

10



Thus, from (3.22)5, (3.23)5, and (3.24)1, one concludes that

c13 = c13(w1,@2), ca3 = ca3(w1,@2), €33 = c33(w1,@2), €36 = c36(w1, X2),

(3.25)
cag = caa(T1,02), 45 = cas(®1,22),  C55 = cs5(T1,72) -
From the last two PDEs in (3.24), and for an arbitrary css(x1,z2), one has
caa(wy, @2) = —/645,1(3317$2) dzg + é4a(x1) ,
(3.26)

cs5(wy, @2) = —/645,2@17562) dz1 + és5(x2) ,

where é44(z1) and és5(x2) are arbitrary functions. Similarly, from (3.22)3 and (3.23)3, and for an arbitrary
c36(1,x2) one obtains

c13(x1,z2) = _/036,2(3717$2) dz1 + é13(x2) ,

(3.27)
ca3(x1,12) = —/636,1@17%2) dxy + Co3(z1),
where ¢13(z2) and éo3(x1) are arbitrary functions.
The remaining PDEs are:
@ + % — O7
8331 8372
des | e,
851/'2 81'1 ’
Oces . Ocig
[T )
c1s  Beas . (3.28)
81‘1 8502 ’
den | dews
81‘2 8$1 ’
6666 8625 -0
8331 (9.7;2 '

The form of the above PDEs suggests that c11, ¢12, co2, and cgg are functions of c¢14 and cgg. First, note that
from (3.28)3 and (3.28)4 one concludes that

82 C26 o 32616

= 3.29
0z3 ox? "’ (3.29)
and hence
co6(x1, T2, x3) = // c16,11(21, 22) dwg dxg + x2Co6 (21, 23) + Co6(z1,3) , (3.30)
for arbitrary functions ¢a6(21, x3), and Cag(x1, z3).
From the first three PDEs in (3.28) and for an arbitrary c¢16(z1, 22, 3) one obtains
ez, 2, 23) = —/016,2($1,$2,903)d901 + ¢ii(ze, 23) ,
c12(xy, 2, x3) = —/016,1(1131,&627153)61562 + C12(z1,23), (3.31)
ce6(21, T2, 23) = —/616,1(x1,x2,x3)dx2 + Ce6(21,3)

where é11(29,x3), é12(21,23), and égs(x1,23) are arbitrary functions. Finally, from (3.28)5 one concludes
that

622(I17$2,$3) = —/026,1(331, 2172,1’3) dxo + 622(x13 I3)a (332)

11



for an arbitrary function éeo(x1,x3).

Proposition 3.2. For inhomogeneous monoclinic linear elastic solids with planes of symmetry parallel to
the x1xo-plane the following position-dependence of the elasticity matriz is universal

ci1(x1, x2,x3) cia(z1, @2, 23) ciz(xr, z2) 0 0 c16(x)
ci2(x1, 22, 23)  coo(x1, T2, x3)  ca3(xy, x2) 0 0 Cc26(x)
c13(x1, z2) co3(x1,x2)  c33(T1,22) 0 0 c36(w1, x2)
C(x) = L (333)
0 0 0 caa(21,22)  cas(21, 22) 0
0 0 0 cas(r1,22)  cs5(w1,72) 0
c16(x) c26(X) cz6(21, 2) 0 0 ce6(x)

where cs3(x1,22), c36(1,T2), cas5(x1, T2), and c16(x1, T2, x3) are arbitrary functions while c15(x1, 2), cas(x1, T2),
caa(x1,2), cs55(x1,®2), co6(x1, X2, x3), c11(T1, T2, 23), c12(T1,22,23), ces(T1, 22, 23), and cas(z1, 22, 23) are
given in (3.27), (3.26), (3.30), (3.31), and (3.32). For such inhomogeneous monoclinic linear elastic solids
universal displacements are the superposition of homogeneous displacement fields and the one-parameter
inhomogeneous displacement field (cxoxs, —cxix3,0).

3.3 Tetragonal linear elastic solids

In a tetragonal solid there are five planes of symmetry such that the normals of four of them are coplanar
and the fifth one is normal to the other four. We assume that in the Cartesian coordinate system (z1,x2, x3)
the fifth normal is parallel to the x3 axis. There are two planes of symmetry parallel to the zz3 and xox3-
planes. The other two symmetry planes are related to the ones parallel to the x;x3-plane by 7/4 and 37 /4
rotations about the x3 axis. Tetragonal solids have 6 independent elastic moduli with elasticity matrices of
the following form:

c1(x) ca(x) csx) 0 0 0
c1o(x) en(x) csx) 0 0 0
C(x) = asl) el b0 ’ "l (3.34)
0 0 0 cu(x) 0 0
0 0 0 0  cu® 0
0 0 0 0 0 ces(x)

Yavari et al. [2020] showed that in a tetragonal linear elastic solid with the tetragonal axes parallel to the
x3-axis in a Cartesian coordinate system (x1,x9,x3), the universal displacements are a superposition of
homogeneous displacements and the following inhomogeneous displacements:”

i (21, T2, 23) = Fl1x1 + Fia®a + Fi3ws + c12223 + cox1 23,
UQ(.’El,,TQ, 3?3) = F21.”L'1 + FQQ.’L‘Q + F23.%‘3 — CoTox3 + C3T1x3, (335)

ug(r1, T2, v3) = F3121 + Faowo + Fi3w3 + g(21,22) ,

5There is a typo in Eq.(3.22)2 in Yavari et al. [2020]: —cax1x3 should read —cozars.
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where ¢; and ¢y are constants, and g = g(z1, z2) is a harmonic function.

Now for these universal displacements (with 12 free parameters and an arbitrary harmonic function) we
would like to determine the most general inhomogeneous form of the elastic moduli that are consistent with
(3.2). For a =1, (3.2) gives us the following five independent PDEs:

g deas _

3£C1 (9;1:3 o

dci1 Ocia Ociz

81'1 o 8x1 o E)xl _07 (336)
8666 -

—a@ =0.

As g(x1,22) is an arbitrary harmonic function, from the first equation one concludes that %CT“; = 0. Thus,
caa = ca4(T1,22), €11 = c11(x2,x3), c12 = c12(x2,3), c13 = c13(T2, x3), and cgg = cg6(T1,23). For a = 2,
(3.2) gives us the following four independent PDEs:

ac66
8:51

Oc11
axg

— 8012 —
= ey

dciz
(91'2 -

=0. (3.37)

Thus, c11 = c11(23), c12 = c12(x3), c13 = c13(x3), c4a = caa(x1,x2), and cg6 = cos(x3). For a = 3, (3.2) gives
us the following four independent PDEs:

8044
8’1,’2

8613 8633 8044

Oors B B

8x3 6x1 =0

(3.38)
Hence, C13 and Cq4 are constant, and C11 = 611(1‘3), Cl12 = 612(333), Ceg — 666(7)3), and C33 = 033($1,$2).
Therefore, we have proved the following result.

Proposition 3.3. For a tetragonal linear elastic solid with the tetragonal axis parallel to the xs-axis in a
Cartesian coordinate system (x1,za,x3), and with the following inhomogeneous elasticity matrix

cii(r3)  crz(ws3) C13 0 0 0
012(1'3) 011($3) C13 0 0 0
C13 €13 cs3(z1,e) 0 0 0
Cx) = , (3.39)
0 0 0 Cyq4 0 0
0 0 0 0 Cq4 0
0 0 0 0 0 C66 (:L‘g)

the universal displacements are the superposition of homogeneous displacement fields and the following inho-
mogeneous displacement field:

ui™(x1, 22, 23) = C12273 + cow173,
ué"h(ajl, X9, T3) = —CoT1Z3 + C3T1T3, (3.40)
ul™(x1, 22, 23) = g(71,22),

where ¢ and co are constants, and g = g(x1,x2) is an arbitrary harmonic function.

3.4 Trigonal linear elastic solids

In a trigonal solid there are three planes of symmetry whose normals lie in the same plane and are related by
/3 rotations. We assume that the trigonal axis is parallel to the z3-axis. A trigonal solid has 6 independent
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elastic moduli and its elasticity matrix has the following representation:

cn(x)  en(x) as(x) 0 c15(x) 0
ci2(x)  en(x) as(x) 0 —as(x) 0
C(x) = ast) sl et 0 ’ ’ : (3.41)
0 0 0 ca(®) 0 —c15(%)
cs(x) —eis(x) 0 0 Caa(X) 0
0 0 0  —es(x) 0 2 (en(x) —ez(x),

Yavari et al. [2020] showed that universal displacements are a superposition of homogeneous displacements
and the following inhomogeneous displacements

inh
uy" (21, T2, T3) = 123712223 + Q12012 + A137103 + A23T2X3,
inh _ 2 2 b
uy™ (w1, T, T3) = §(a12 + a19373) (7] — 3) + bi3T173 — A137273, (3.42)

. 1 .
Ufa,nh(ml,@,x:s) = *01231’%@ — (a3 + big)z122 + 5012?@3 - 013(!17% — Ig)

For the above universal displacements (with 14 free parameters) we would like to find the most general
inhomogeneous form of the elastic moduli that are consistent with (3.2). For a = 1,2, 3, (3.2) gives us the
following PDEs:

3611 - 8612 - 6615

8.1'2 (9.’172 8:52 - 07

dci3  Ociz  Ocsz
(91'1 - 81'2 B 8x3
8044 o 8044
Ory Owy

Thus, c11 = ci1(x1,x3), c12 = c12(x1,23), c15 = c15(x1,x3), c13 = c13(x3), €33 = c33(x1,x2), and cay =
c44(x3). Substituting these back into (3.2) one obtains the following PDEs:

=0, (3.43)

=0.

8015 8015

O, Oxs =0,
Ocis Ocaa

=22 _0 3.44
8%3 8$3 ’ ( )
dcin Ocia 0
81’1 o 8x1 o

Thus, ¢11 = c11(x3), c12 = c12(x3), and ¢33 = c33(x1,x2), and ¢13, ¢15, and ¢qq are constant. In summary, we
have proved the following result.

Proposition 3.4. For inhomogeneous trigonal linear elastic solids whose trigonal axes are parallel to the xs3
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azis and have the following inhomogeneous elastic moduli

cii(xs) cra(ws) €13 0 15 0
612($3) 011(303) C13 0 —Ci15 0
13 13 caz(r1,22) 0 0 0
C(x) = , (3.45)
0 0 0 Cy4 0 —Ci15
C15 —C15 0 0 Ca4 0
0 0 0 —C15 0 %(011(333) — 612(333))

the universal displacements are the superposition of homogeneous displacements and the following inhomo-
geneous displacement fields:

inh
u™(x1, T2, T3) = Q123T1T2T3 + Q121 T2 + A13T1T3 + A23T2T3,

. 1

us(z1, w0, 23) = §(a12 + a12373) (2] — 73) + bi3T123 — a137273, (3.46)
) 1

Uénh($1730279€3) = —a123x%x2 - (a23 + b13)$1$2 + gamx;’ — a13(xf — x%)

3.5 Orthotropic linear elastic solids

In an orthotropic solid there are three mutually orthogonal symmetry planes. We choose Cartesian coordi-
nates (z1, z2,x3) such that the coordinate planes are parallel to the symmetry planes. An orthotropic solid
has 9 independent elastic moduli, and its elasticity matrix has the following representation:

1) () esx) 0 0 0 |
cio(x) em(x) em(x) O 0 0
Cloy = |30 el eml) 0 ’ "l (3.47)
0 0 0 cux 0 0
0 0 0 0 epx 0
0 0 0 0 0 ces(x)

Yavari et al. [2020] showed that in an orthotropic linear elastic solid whose planes of symmetry are normal
to the coordinate axes in a Cartesian coordinate system (1,22, 23), the universal displacements are the
superposition of homogeneous displacement fields and the 3-parameter inhomogeneous displacement field
(a1$2$3,a2$11’3,a3$1$2).

For the above universal displacements (with 12 free parameters) the universality constraints (3.2) force
the elastic moduli to have the following inhomogeneous forms:

c11 = c11(z2, x3), Co2 = cao(1,x3) , c33 = c33(wy, @2), (3.48)
caa = caa(21), cs5 = cs5(w2) ce6 = Co6(T3) (3.49)
c12 = ci2(x3), c13 = c13(x2), Co3 = ca3(x1) . (3.50)

Therefore, we have proved the following result.
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Proposition 3.5. For orthotropic linear elastic solids with planes of symmetry normal to the coordinate
azes in a Cartesian coordinate system (x1,x2,x3), and with the following inhomogeneous elastic moduli

c11(z2,x3)  ci2(x3) c13(z2) 0 0 0
cio(xs)  coa(x1,x3)  cas(w1) 0 0 0
Clx) = c13(z2) caz(r1)  es3(wy,22) 0 0 0 | (351)
0 0 0 caq(x1) 0 0
0 0 0 0 cs5(x2) 0
0 0 0 0 0 coolxs)

universal displacements are the superposition of homogeneous displacement fields and the 3-parameter inho-
mogeneous displacement field (a1x223, asr1T3, a32122).

3.6 Transversely isotropic linear elastic solids

For a transversely isotropic solid there is an axis of symmetry such that the isotropy planes are planes normal
to it. We choose Cartesian coordinates (1, z2, x3) such that the axis of transverse isotropy is parallel to the
xg-axis. A transversely isotropic solid has 5 independent elastic moduli, and its elasticity matrix has the
following representation:

en(x) en(x) esx) 0 0 0
() en(x) esx) 00 0
Cloy = |20 el el 0 ’ ’ . (3.52)
0 0 0 ceux 0 0
0 0 0 0 eu® 0
0 0 0 0 0 den—enk)

Yavari et al. [2020] showed that universal deformations have the following form:

u1 (71, T2, T3) = c171 + 2T + c¥2x3 + T3h1 (71, T2) + k1 (21, T2),

UQ(.’El, o, 333) = —Cox1 + C1T2 — Cr1T3 + xghg(xl, .132) + kg(xl, Z‘g), (353)

uz (w1, w2, 23) = c3x3 + Uz(71, T2),
where £(xg + ix1) = ho(w1,22) + ihy (21, 22) and n (xe + ix1) = ko(w1,22) + iki (21, 72)% are holomorphic,
and 43(z1, z2) is harmonic. For the above universal displacements (with 4 free parameters and five harmonic
functions) the constraints (3.2) force the elastic moduli to have the following inhomogeneous forms:

c11 = c11(xs), c12 =c1a(ws), c33 = cs3(x1,@2), c13,c44 are constant. (3.54)

Therefore, we have proved the following result.

6Note that there is a typo in [Yavari et al., 2020, Proposition 3.6].
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Proposition 3.6. In a transversely isotropic linear elastic solid with the isotropy plane parallel to the rix2-
plane that has the following inhomogeneous elastic moduli

011(303) 012(5173) C13 O O 0
012(163) 011(333) C13 0 0 0
€13 €13 caz(ri,22) 0 0 0
C(x) = : (3.55)
0 0 0 Ca4 0 0
0 0 0 0 Cq4 0
0 O 0 O 0 %(Cll(l‘g) - Clg(xg))

the universal displacements have the following form:

u (21, T2, 23) = 121 + ca%2 + cxox3 + x3hy (1, 22) + ki (21, 22),
u2(x17x2,$3) = —Cox1 + C1T2 — CT1XT3 + $3h2($1,.’132) + k‘g(&?l,l‘g), (356)
uz(r1, 22, 73) = c323 + U3(w1, T2),

where §(xo +1ix1) = ho(x1, x2) +ihy(z1, 22) and n (x2 +ix1) = ka(x1, 2) +ik1 (21, 22) are holomorphic, and
tz(x1, x2) is harmonic.

3.7 Cubic linear elastic solids

At every point a cubic solid has nine planes of symmetry whose normals are parallel to the edges and face
diagonals of a cube. We choose a Cartesian coordinate system (z1, zo, z3) whose coordinate lines are parallel
to the edges of the cube. A cubic solid has 3 independent elastic moduli and its matrix of elastic moduli
reads

-cll(x) c12(X) ca(x) 0 0 o |
c12(x) en(x) cp(x) 0 0 0
C(x) = @b el enbo 0 ! "l (3.57)
0 0 0  cu® 0 0
0 0 0 0 cu(x) 0
0 0 0 0 0 cu(x)

Yavari et al. [2020] showed that for cubic solids, universal displacements have the following form

a

uy (21,2, 23) = §I1(I§ — 23) + c1z123 + biv1 s + diwy + g1 (20, 73),
a

ug(x1,x2,23) = gxg(l'% — x%) + a1y — crxoxs + doxs + go(x1, x3), (3.58)
a

us (21,2, 23) = §$3(9€§ — 27) — a1z173 — b1w2xs + d3ws + g3(w1, T2),

where ¢1, g2, and g3 are arbitrary harmonic functions. For the above universal displacements (with seven
free parameters and three arbitrary harmonic functions) the universality constraints (3.2) force the three
elastic moduli to be uniform. Therefore, we have proved the following result.
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Proposition 3.7. Inhomogeneous compressible cubic linear elastic solids do not admit universal displace-
ments.

4 Conclusion

We studied universal displacements and inhomogeneities in linear elasticity for the eight symmetry classes
(triclinic, monoclinic, tetragonal, trigonal, orthotropic, transversely isotropic, cubic, and isotropic) assum-
ing that material preferred directions are known. We showed that equilibrium equations in the absence of
body forces and for arbitrary position-dependent elastic moduli impose restrictions on both the displacement
field and the inhomogeneities of the elastic moduli in the form of a system of PDEs, which we call univer-
sality constraints. We observed that the universality constraints of inhomogeneous solids include those of
homogeneous solids. For each symmetry class and its known universal displacements we characterized the
corresponding universal inhomogeneities. It is known that the larger the symmetry group, the larger the
space of universal displacements [Yavari et al., 2020]. We showed that the larger the symmetry group, the
smaller the space of universal inhomogeneities. In particular, it was shown that inhomogeneous isotropic
and inhomogeneous cubic solids do not admit universal displacements. For the other six symmetry classes
there are enough freedom to allow the existence of universal displacements, and we classified all the universal
inhomogeneities of the other six symmetry classes. This work therefore completes the universal program of
linear elasticity.

Acknowledgments

Arash Yavari was supported by ARO W911NF-18-1-0003 and NSF — Grant No. CMMI 1939901. This work
was also supported by the Engineering and Physical Sciences Research Council grant EP/R020205/1 to Alain
Goriely.

References

P Chadwick, M Vianello, and S C Cowin. A new proof that the number of linear elastic symmetries is eight.
Journal of the Mechanics and Physics of Solids, 49(11):2471-2492, 2001.

S C Cowin and S B Doty. Tissue Mechanics. Springer Science & Business Media, 2007.

S C Cowin and M M Mehrabadi. Anisotropic symmetries of linear elasticity. Applied Mechanics Reviews,
48(5):247-285, 1995.

J L Ericksen. Deformations possible in every isotropic, incompressible, perfectly elastic body. Zeitschrift fir
Angewandte Mathematik und Physik (ZAMP), 5(6):466-489, 1954.

J L Ericksen. Deformations possible in every compressible, isotropic, perfectly elastic material. Journal of
Mathematics and Physics, 34(1-4):126-128, 1955.

J. L. Ericksen and R. S. Rivlin. Large elastic deformations of homogeneous anisotropic materials. Journal
of Rational Mechanics and Analysis, 3:281-301, 1954.

R L Fosdick. Remarks on Compatibility. Modern Developments in the Mechanics of Continua, pages 109-127,
1966.

C. Goodbrake, A. Yavari, and A. Goriely. The anelastic Ericksen problem: Universal deformations and
universal eigenstrains in incompressible nonlinear anelasticity. Journal of Elasticity, 142(2):291-381, 2020.

A. Goriely. The Mathematics and Mechanics of Biological Growth. Springer Verlag, New York, 2017.

18



M. E. Gurtin. The linear theory of elasticity. In Handbuch der Physik, Band Vla/2. Springer-Verlag, Berlin,
1972.

W W Klingbeil and R T Shield. On a class of solutions in plane finite elasticity. Zeitschrift fiir angewandte
Mathematik und Physik ZAMP, 17(4):489-511, 1966.

R I McLachlan and G R W Quispel. Splitting methods. Acta Numerica, 11:341-434, 2002.

R S Rivlin. Large elastic deformations of isotropic materials IV. Further developments of the general theory.
Philosophical Transactions of the Royal Society of London A, 241(835):379-397, 1948.

R S Rivlin. Large elastic deformations of isotropic materials. V. the problem of flexure. Proceedings of the
Royal Society of London A, 195(1043):463-473, 1949a.

R S Rivlin. A note on the torsion of an incompressible highly elastic cylinder. In Mathematical Proceedings
of the Cambridge Philosophical Society, volume 45, pages 485-487. Cambridge University Press, 1949b.

G Saccomandi. Universal results in finite elasticity. In Y. B. Fu and R. W. Ogden, editors, Non-Linear
Elasticity: Theory and Applications, chapter 3, pages 97-134. Cambridge University Press, 2001.

M Singh and A C Pipkin. Note on Ericksen’s problem. Zeitschrift fir angewandte Mathematik und Physik
ZAMP, 16(5):706-709, 1965.

E B Tadmor, R E Miller, and R S Elliott. Continuum Mechanics and Thermodynamics: From Fundamental
Concepts to Governing Equations. Cambridge University Press, 2012.

T C T Ting. Generalized Cowin-Mehrabadi theorems and a direct proof that the number of linear elastic
symmetries is eight. International Journal of Solids and Structures, 40(25):7129-7142, 2003.

C Truesdell. The Elements of Continuum Mechanics. Springer-Verlag, 1966.

C. Truesdell and W. Noll. The Non-Linear Field Theories of Mechanics. The non-linear field theories of
mechanics. Springer, 3"¢ edition, 2004. ISBN 9783540027799.

A. Yavari. Universal deformations in inhomogeneous isotropic nonlinear elastic solids. Proceedings of the
Royal Society A, 477(2253):20210547, 2021.

A Yavari and A Goriely. The anelastic Ericksen problem: Universal eigenstrains and deformations in com-
pressible isotropic elastic solids. Proceedings of the Royal Society A, 472(2196):20160690, 2016.

A. Yavari and A. Goriely. Universal deformations in anisotropic nonlinear elastic solids. Journal of the
Mechanics and Physics of Solids, 156:104598, 2021.

A. Yavari and A. Goriely. The universal program of nonlinear hyperelasticity. 2022.

A. Yavari, C. Goodbrake, and A. Goriely. Universal displacements in linear elasticity. Journal of the
Mechanics and Physics of Solids, 135:103782, 2020.

19



	Introduction
	Universal displacements in inhomogeneous isotropic linear elasticity
	Universal displacements and inhomogeneities in anisotropic linear elasticity
	Triclinic linear elastic solids
	Monoclinic linear elastic solids
	Tetragonal linear elastic solids
	Trigonal linear elastic solids
	Orthotropic linear elastic solids
	Transversely isotropic linear elastic solids
	Cubic linear elastic solids

	Conclusion

