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Arun K. Subramaniyan and C. T. Sun*
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Abstract

The equivalence of the virial stress and Cauchy stress is reviewed using both 

theoretical arguments and numerical simulations.  Using thermoelasticity problems as 

examples, we numerically demonstrate that virial stress is equivalent to the continuum 

Cauchy stress. Neglecting the velocity terms in the definition of virial stress as many 

authors have recently suggested, can cause significant errors in interpreting MD 

simulation results at elevated temperatures (T > 0 K).

1. Introduction

With the advent of nanotechnology, molecular simulations have become an

indispensable tool for scientists and engineers alike. There has been a recent surge of 

interest in multiscale modeling to understand molecular and continuum scale phenomena 

concurrently (Gates et al., 2005). Before tackling the scale bridging problem, we need 

definitions for the fundamental quantities such as stress that are equivalent in both macro 

and nano scales. Equivalent definitions of the stress at the atomic level are usually 

developed using balance equations and long-wavelength (and long time) averages.

Zimmerman et al. (2004) noted that the instantaneous atomic values for quantities such as 
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stress should not be used as an equivalent continuum (Cauchy) stress. Doing so will 

produce erroneous results even in the most simplest of cases as shown by many 

researchers (Tsai, 1979, Cheung and Yip, 1991, Chen, 2006). Several definitions have 

been developed to calculate the local atomic stress. Irving and Kirkwood (1950), Tsai 

(1979), Cheung and Yip (1991), Lutsko (1988), Cormier et al. (2001) and Hardy (1981)

developed alternative definitions for local atomic stress. A detailed discussion was given 

by Zimmerman et al. (2004).

The subject of this article is the virial stress and not the local atomic stress. The 

virial stress developed based on the virial theorem of Clausius (1870) and Maxwell 

(1870) is shown below (Swenson, 1983, Tsai, 1979).

1
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where (i, j) take values of x, y and z (directions),   takes values 1 to N neighbors of 

atom  , iR  is the position of atom   along direction i, jF  is the force (along 

direction j) on atom   due to atom  ,V is the total volume, m  is the mass of atom 

and v  is the thermal excitation velocity of atom  . Note that the term jF  is uniquely 

defined only for pair potentials and EAM type potentials (Zimmerman et al., 2004).

The above definition of virial stress involves the instantaneous velocities only due 

to thermal fluctuation. The virial stress calculated from molecular dynamics (MD)

simulations has to be averaged over time in order for it to be equivalent to the continuum 
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Cauchy stress. A succinct and thorough collection of definitions for virial stress for 

various cases is given by Smith (1993). Note that there is ambiguity only when the point 

(atomic) wise virial stress is used as an equivalent continuum measure as noted by

Zimmerman et al. (2004) and not the average value of the virial stress.

Recently, a controversy was started in an article by Zhou (2003), in which he tried 

to prove by examples that virial stress (including the velocity terms) is not equivalent to 

Cauchy stress. Zhou uses many examples to support his argument. However, most of 

those examples are flawed. Dommelen (2003), in his unpublished paper has clearly

pointed out the error in Zhou's examples. We would like to reiterate that contrary to what 

is claimed by Zhou, virial stress is indeed an atomistic definition for stress that is 

equivalent to the continuum Cauchy stress. We will show using numerical examples that 

it is indeed the mechanical stress as long as proper spatial and temporal averages are 

taken in an Eulerian reference frame. 

Many researchers accepted Zhou’s conclusions and derived their own equivalent 

stress definitions (Shen and Atluri, 2004, Andia et al., 2006) without the velocity term. 

Several others (Sun et al., 2006, Tschopp et al., 2007, Lu and Bhattacharya, 2005)

including a course note from the MIT website (Buehler, 2005) cite Zhou’s article as a 

reason for using just the potential part of virial stress as mechanical stress. One of the 

main objectives of this article is to provide evidence that using only the potential part of 

virial stress in MD simulations as Cauchy stress is not correct.  
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Andia et al. (2006), have taken a Lagrangian frame of reference to show that the 

stress in the atomic system does not contain velocity terms. However, this result is well 

known. For example, Gao and Weiner (1987) clearly show that the dynamic term is 

included only in an Eulerian (spatial) reference frame and not in a Lagrangian frame of 

reference. Gao and Weiner (1987) also show the equivalence between the Eulerian 

(spatial) and the Lagrangian (material) definitions of virial stress. The error in Andia et 

al. (2006) is in extending their Lagrangian framework for stress calculation in MD 

simulations. MD simulations are typically performed in the Eulerian reference frame and 

hence will need to have velocity included in the stress definition. In the rare case when a 

Lagrangian reference frame is used, care must be taken to modify the equations of motion

accordingly as described in later sections to follow (section 3.1). We think it is desirable 

to point out this anomaly because ignoring the dynamic terms causes significant errors in 

stress obtained via MD simulations. Multiple examples are given to prove the point. 

The rest of this article is organized as follows. Details and the results of a number 

of thermoelastic simulations are given in Section 2. Some fundamental characteristics of 

virial stress in molecular simulations are discussed in Section 3 and the necessity of 

kinetic part of virial stress to completely define mechanical stress is shown.
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2. Thermoelastic Study

2.1 A Thermoelastic analogy

The virial stress derived based on the virial theorem (Marc and McMillan, 1985, 

Swenson, 1983) is defined as (Tsai, 1979)

1

1 1
( )
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V
ij i i j d BR R F n k T

V
   

 




 
   

 
  (2)

where dn is the number of degrees of freedom, Bk is the Boltzmann constant, T is the 

temperature and all other quantities are the same as defined earlier. Note that the usual 

form has  i iR R   with both the first and second parts of the right hand side having the 

same sign. We have rearranged it to highlight the analogy to the thermo-elastic definition 

of Cauchy stress. Using the temperature-velocity relation (Lee et al., 1973) on Equation 

(2), we obtain the virial stress expression given in Equation (1).

Comparing Equations (1) and (2), it is clear that the velocity in the virial stress 

definition is only the thermal excitation velocity and not the total velocity of the atoms.

Rewriting the above virial stress, we have

 1V P K
ij ij ijV

    (3)

where P
ij is the potential part and K

ij is the kinetic part.
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Consider the simple case of an isotropic linear elastic material subjected to a 

temperature change T  along with elastic deformation. Cauchy stress can be calculated 

using uncoupled thermoelasticity as 

 3 2G
ij ij i ijT         (4)

where 2G
ij ij kk ij      , &   are Lame’s constants, i  is the coefficient of linear 

thermal expansion and ij  is the Kronecker delta function. The similarity between the 

thermoelastic definition of stress and the virial stress is striking. A word of caution is 

necessary here. We do not claim that the right hand side terms in Equations (3) and (4) 

are equivalent individually; they are not. There is a subtle difference between the two 

terms (on the right hand side) in Equations (3) and (4) that is usually missed (or 

misinterpreted). We will clarify the difference below.

In the continuum thermoelastic definition (Equation (4)), the first part  G
ij is the 

stress produced due to both thermal and elastic deformations. The second part is the total 

thermal stress which would be produced if we do not allow the body to expand or 

contract in response to the temperature change. In the virial stress definition (Equation 

(3)), the kinetic part of stress  K  is part of the thermal stress (not total) that would 

develop in a constrained system subjected to a temperature change. This is the main 

difference between Equations (3) and (4). It is interesting to note that in molecular 

dynamics (MD) simulations of condensed matter systems, most of the thermal stress is 

produced by the potential part  P . This is because the interatomic potential is not

temperature dependent. Hence, in the virial stress definition, the thermal stress has 
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contributions from both the potential term and the kinetic term. We will show that the 

sum of the potential and kinetic parts (i.e., not the potential part alone) gives the Cauchy

stress.

2.2 Thermal Expansion in Molecular Dynamics (MD) Simulations

We have stated above that the thermal stress in MD simulations is comprised of 

both kinetic and potential parts. It is easier to understand this by looking at the 

mechanism responsible for thermal expansion in MD simulations. Thermal expansion is 

an anharmonic phenomenon (Kittel, 1996, Girifalco, 1973). It is well known that at 

temperatures above absolute zero (0 Kelvin), atoms vibrate about their mean positions 

due to thermal activation (Kittel, 1996, Lee et al., 1973). In MD simulations, when the 

interaction of the atoms is described by an anharmonic potential, the anharmonicity in the 

inter-atomic potential causes the mean position between atoms to change, thus causing

thermal expansion (or contraction). In theory the above description is true. However, 

some additional details are necessary to completely describe the phenomena modeled in

MD simulations.

The majority of the interatomic potentials used in MD simulations are 

temperature independent. Thermal expansion is produced by an intricate combination of 

the interatomic forces and velocity (due to temperature) interacting via the equations of 

motion. The contribution of the potential part to the total stress may vary greatly 

depending on the state of thermal equilibrium of the system. To illustrate this effect, we 
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subjected a nickel system to various thermoelastic loadings. The details of the 

simulations follow.

The classical MD simulation code LAMMPS (Plimpton, 1995) from Sandia 

National Labs was used for all simulations in this article.  A 500 atom nickel system was

used for all subsequent simulations. The simulation box was oriented along [1 0 0],        

[0 1 0] and [0 0 1] directions. Periodic boundary conditions were applied along all 

boundaries. EAM (embedded atom) potentials (Daw et al., 1993, Foiles et al., 1986) were 

used to describe the interaction between the nickel atoms. A time step of 1 fs was used in 

all simulations. The system was equilibrated at a temperature of 2 K (very low 

temperature) to stress free conditions using the isothermal-isobaric (NPT) and 

microcanonical (NVE) ensembles for 40 ps. After the initial equilibration, temperature 

was gradually increased using velocity rescaling under NVE for 50 ps. Since raising 

temperature results in a non-equilibrium process, a further 10 ps of equilibration was 

performed under NVE with temperature fixed at 500 K. The system was then allowed to 

expand freely to achieve stress-free thermal equilibrium under NPT for 50 ps. The 

velocity rescaling was removed and the system was equilibrated for 10 ps under NPT 

followed by NVE dynamics of 50 ps for data collection.

The thermodynamic variables, viz., temperature, potential energy, kinetic energy 

and total energy trajectories are plotted in Figure 1. Clearly, the solution has converged 

during all stages of the simulations. The colors correspond to the various ensembles 

described above. A legend is included in Figure 2 for completeness. We also monitored 
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the potential and kinetic parts of the virial stress during the entire simulation. The normal 

components along [0 1 0] direction are shown in Figure 2. Stresses in other directions 

show similar trends.

Figure 1: Evolution of thermodynamic quantities during the thermal loading of a nickel 

system, (a) temperature (b) potential energy (c) kinetic energy and (d) total energy. All 

quantities are plotted against time in pico seconds.

It is interesting to note (from Figure 2) that when the system is not allowed to 

expand, the potential contribution to the total stress is about 5/6ths (the ratio depends on 

the material and the temperature). This huge potential stress is responsible for the 



ACCEPTED MANUSCRIPT

AC
C

EP
TE

D
 M

AN
U

SC
R

IP
T

10

expansion when the system moves to stress free thermal equilibrium at the set 

temperature. Once the system reaches stress free thermal equilibrium, the potential 

contribution to the stress is exactly equal to the kinetic contribution (with opposite sign). 

This potential stress is produced because the inter-atomic potential is temperature 

independent. As shown in Figure 3, the interatomic force at thermal equilibrium may be 

zero only when the potential is temperature dependent. Hence, kinetic contribution to the 

stress is essential to maintain stress free thermal equilibrium. It is thus clear that the total 

virial stress (including both the potential and kinetic contributions) is indeed equivalent to 

Cauchy stress. Even at such moderate temperatures, the velocity part of the stress is 600 

MPa, which is not negligible under most circumstances.

Figure 2: Kinetic and potential parts of the dynamically evolving virial stress due to 

thermal loading. The legend corresponds to the following ensembles: (a) NVE at 2 K (b) 

NVE with increasing temperature (c) NVE at 500 K (d) NPT at 500 K (e) NPT without 

temperature rescaling and (f) NVE without temperature rescaling.
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Figure 3: Variation of inter-atomic forces with temperature in temperature independent

and temperature dependent potentials (F is the interatomic force).

2.3 Additional thermal loading

To reiterate the numerical equivalence of virial stress to Cauchy stress, some

more thermoelastic MD simulations of the nickel system were performed. Three separate 

boundary conditions were considered: free (full expansion), fixed (no expansion) and 

partially free (partial expansion). In the fixed case, all boundaries were fixed and the 

system was equilibrated at 500 K under NVE for 150 ps. Similarly, for free expansion, 

the system was allowed to relax (stress-free) at 500 K under NPT for 150 ps. In the case 

of partial expansion, the system was first heated to 250 K and allowed to freely expand 

under NPT for 150 ps. After stress free expansion (at 250 K), all boundaries were fixed 

and the temperature was increased to 500 K. The system was then equilibrated under 

NVE for 100 ps at 500K.
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In all the above cases, the kinetic and potential contributions of the virial stress 

were monitored. To compare the MD results with Cauchy stress, we also calculated the 

bulk modulus of the nickel system using MD simulations. The bulk modulus was 

calculated by subjecting the nickel system to a bulk strain of 0.75 % in increments of 0.25 

% (engineering strain). Figure 4 shows a comparison of the stresses in all three cases 

considered. The continuum stress is the bulk thermal stress (Cauchy stress) which was 

calculated using3 LK T , where L is the coefficient of linear thermal expansion

6(13.5 10 / )oK  (Toloukian et al., 1975), K is the bulk modulus and T is the temperature.

The average pressures (negative trace of the stress tensor) for all cases are plotted 

in Figure 4. The results in Figure 4 clearly prove beyond any doubt that the total virial

stress is indeed the Cauchy stress (when appropriate averages are taken). Clearly in the

free expansion case, without the velocity part of the virial stress, one cannot achieve 

stress-free expansion.  In both no expansion and partial expansion cases, the total virial

stress corresponds to the Cauchy stress. In the moderate temperature range considered, 

using the potential part of the virial stress without the kinetic contribution results in 15 –

35% error. These errors are by no means negligible.
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Figure 4: Comparing the kinetic and potential contributions of virial stress to continuum 

bulk stress.

3. Discussion

3.1 Fundamental issues with neglecting kinetic contribution to virial stress

The Nose-Hoover NPT dynamics uses a coupled external bath to control pressure 

(Nosé and Klein, 1983). NPT and NPH ensembles rely on the stress tensor to adjust the 

simulation box size for pressure control (Andersen, 1980, Parrinello and Rahman, 1981).

The relevant modified governing equation for volume change (pressure control terms in

Melchionna modification) of an isotropic system is given below (Melchionna et al., 1993, 

Smith et al., 2003):

 2

( ) 1
( ) ext

B ext p

d t
V t P P

dt Nk T




  (5)
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where N is the total number of atoms, kB is the Boltzmann constant, V(t) is the volume of 

the system, Pext is the external applied pressure, P is the internal pressure (negative of 

total virial stress), ( )t is an additional degree of freedom to control pressure, p is the 

time parameter for pressure control.

Note that P is the total virial stress and the external pressure  extP  is a continuum 

representation. Hence, the equivalence between the virial and continuum stresses is

implicit in the MD simulation algorithm. Thus the interpretation of Cauchy stress to be 

just the potential part of the virial stress is flawed. Furthermore, if Equation (5) is 

modified with only the potential part of the virial stress, then the results of the MD 

simulation will be in error. This can be seen clearly by performing a simple thermal 

expansion calculation using the potential part of the virial stress in Equation (5). 

3.2 Conditions for using the kinetic part of virial stress

One of the main conditions for using the kinetic terms in the virial stress is that 

the mean velocity be removed from the velocity used to calculate stress. Otherwise, even 

a rigid body motion would produce stress. Another equally important and necessary 

condition is averaging. Proper spatial and temporal averages of the virial stress have to be 

taken in order for it to be equivalent to the Cauchy stress.

A special case where the kinetic part in the virial stress is unnecessary is when we 

consider a Lagrangian frame of reference (i.e., atoms do not cross the periodic boundary). 

In a Lagrangian reference frame, the velocity term should not be included (Gao and 
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Weiner, 1987, Andia et al., 2006). In this case, care must be taken to ensure that the 

pressure tensor in the modified Nose-Hoover equations (Equation (5)) does not contain 

the velocity term as well.

Zimmerman et al. (2004) have clearly pointed out the issues in using the virial

stress as a continuum point stress directly. They have also suggested alternatives like the 

Hardy formulation that can be used in a point wise manner. However, note that the issue 

is with using virial stress to calculate instantaneous values for stress at an atomic point. 

As shown in this article, there is no ambiguity about the definition of virial stress as a 

time and spatially averaged quantity. In the ensemble average, the total virial stress is 

indeed the Cauchy stress.

4. Summary

Using thermo-elastic analysis, we have numerically shown that appropriately 

averaged (spatial and temporal) virial stress is indeed the Cauchy stress. The examples 

prove that the kinetic term in the virial stress is necessary to interpret virial stress as 

Cauchy stress in MD simulations. A simple case of stress free thermal expansion clearly 

shows beyond any doubt that without the kinetic part of the virial stress, it is impossible 

to compute a stress in the atomic system that comes anywhere near the expected 

continuum value. It was reiterated that the kinetic part of virial stress contains only the 

thermal excitation velocity. It has been clearly shown that potential part of the virial 

stress does not constitute the total mechanical stress at elevated temperatures (T > 0 K).  

Neglecting the kinetic part of the virial stress, as suggested by some researchers, will 
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cause significant errors even in solids. The implicit assumption inherent in molecular

dynamics simulations about the equivalence of virial stress and Cauchy stress was 

highlighted. Thus, the confusion about the correct interpretation of virial stress as Cauchy

stress in MD simulations has been cleared.
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