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Abstract

In this paper we obtain the residual stress field of a nonlinear elastic solid with a spherically-symmetric
distribution of point defects. The material manifold of a solid with distributed point defects — where the body
is stress-free — is a flat Weyl manifold, i.e. a manifold with an affine connection that has non-metricity with
vanishing traceless part but both its torsion and curvature tensors vanish. Given a spherically-symmetric
point defect distribution, we construct its Weyl material manifold using the method of Cartan’s moving
frames. Having the material manifold the anelasticity problem is transformed to a nonlinear elasticity
problem; all one needs to calculate residual stresses is to find an embedding into the Euclidean ambient
space. In the case of incompressible neo-Hookean solids we calculate the residual stress field. We finally
consider the example of a finite ball of radius R, and a point defect distribution uniform in a ball of radius
R; < R, and vanishing elsewhere. We show that the residual stress field inside the ball of radius R; is
uniform and hydrostatic. We also prove a nonlinear analogue of Eshelby’s celebrated inclusion problem for
a spherical inclusion in an isotropic incompressible nonlinear solid.

1 Introduction

The stress field of a single point defect in an infinite linear elastic solid was obtained by Love [1927] almost
ninety years ago. He observed a 1/r® singularity. For distributed defects, Eshelby [1954] showed that for a
body with a uniform distribution of point defects, in the framework of linearized elasticity, the body expands
uniformly. In other words, a uniform distribution of point defects is stress-free (if the body is not constrained
on its boundaries)!. Such calculations for nonlinear solids have not been done to this date. In the linear
elasticity setting, point defects are modeled as centers of expansion or contraction [Garikipati, et al., 2006]. In
the nonlinear framework presented in this paper, we start with a distributed point defect and use non-metricity
in the material manifold to model the effect of point defects.

It has been known for a long time that the mechanics of solids with distributed defects can be formulated
using non-Riemannian geometries [Kondo, 1955a,b; Bilby, et al., 1955; Bilby and Smith, 1956]. In [Yavari and
Goriely, 2012a] we presented a comprehensive theory of the mechanics of distributed dislocations based on
Riemann-Cartan geometry. We showed that in the geometric framework several examples of residual stress
field of solids with distributed dislocations can be solved analytically. We calculated the residual stress field
of several examples analytically. Later in [Yavari and Goriely, 2012b], we extended the geometric theory to
the mechanics of solids with distributed disclinations. In the case of both dislocations and disclinations there
are exact solutions in the framework of nonlinear elasticity [Rosakis and Rosakis, 1988; Zubov, 1997; Acharya,
2001].

While it has been noted that the geometric object relevant to point defects is non-metricity [Falk, 1981; de
Wit, 1981; Grachev, et al., 1989; Kroner, 1990; Miri and Rivier, 2002], there are no exact nonlinear solutions for
point defects in the literature. In other words, the coupling between the geometry and the mechanics of point
defects is missing. The purpose of this paper is to develop a fully geometric and exact (in the sense of elasticity)
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theory of distributed point defects. As an application of this geometric theory, we obtain the stress field of a
spherically-symmetric distribution of point defects in a neo-Hookean solid. We also prove a nonlinear analogue
of Eshelby’s celebrated inclusion problem for a spherical inclusion in an isotropic incompressible nonlinear solid.

This paper is structured as follows. In §2 we briefly review some basic definitions and concepts from differ-
ential geometry and, in particular, Cartan’s moving frames and Weyl geometry. Kinematics and equations of
motion for nonlinear elasticity and anelasticity are discussed in §3. In §4 we look at the problem of a spherically-
symmetric distribution of point defects. Using Cartan’s structural equations we obtain an orthonormal coframe
field and hence the material metric. We then make a connection between the material metric and the volume
density of point defects using a compatible volume element in the Weyl material manifold. Having the material
metric we then calculate the residual stress field. Next, we study an example of a point defect distribution
uniform in a small ball and vanishing outside the ball. We show that for any isotropic incompressible nonlinear
solid the residual stress field inside the small ball is uniform. This is a nonlinear analogue of Eshelby’s celebrated
inclusion problem. We then show that a uniform point defect distribution is the only spherically-symmetric
zero-stress point defect distribution. Finally, we compare the linear and nonlinear solutions for the radial stress
distribution.

2 Non-Riemannian Geometries and Cartan’s Moving Frames

2.1 Riemann-Cartan manifolds

We tersely review some elementary facts about affine connections on manifolds and the geometry of Riemann-
Cartan and Weyl manifolds. For more details see Schouten [1954]; Bochner and Yano [1952]; Nakahara [2003];
Nester [2010]; Gilkey and Nikcevic [2011]; Hehl, et al. [1981]; Rosen [1982]. A linear (affine) connection on a
manifold B is an operation V : X(B) x X(B) - X(B), where X(B) is the set of vector fields on B, such that
\ X,Y,X17X27Y1,Y2 € X(B),V f,f17f2 € COO(B)7V a,ag eR:

Z) Vf1X1+f2X2Y:flVXle"'féVXzYv (21)
’LZ) Vx(a1Y1 + GQYQ) = ale(Yl) + CLQVX(YQ), (22)
iii) Vx(fY)=fvxY +(X/)Y. (2.3)

VxY is called the covariant derivative of Y along X. In a local chart {XA}7 Vo, 0B = I'C 45dc, where T'C 45
are Christoffel symbols of the connection and 04 = a% are natural bases for the tangent space corresponding
to a coordinate chart {z}. A linear connection is said to be compatible with a metric G of the manifold if

Vx (Y, Z))¢ = (VxY,Z))g + (Y, VxZ)q (2.4)

where ((.,.))g is the inner product induced by the metric G. It can be shown that V is compatible with G if
and only if VG =0, or in components

oG
Gaplc = 8)?03 ~T%caGsp -TcpGas = 0. (2.5)

An n-dimensional manifold B with a metric G and a G-compatible connection V is called a Riemann-Cartan
manifold [Cartan, 1924, 1955, 2001; Gordeeva, et al., 2010].
The torsion of a connection is defined as

T(X,Y)=vxY -vyX - [X,Y]. (2.6)

In components in a local chart {XA}7 TApe =T340 -T4¢p. Vis symmetric if it is torsion-free, i.e. VxY —
VyX =[X,Y]. On any Riemannian manifold (B, G) there is a unique linear connection V that is compatible
with G and is torsion-free. This is the Levi-Civita connection. In a manifold with a connection the curvature
is amap R : X(B) x X(B) x X(B) - X(B) defined by

R(X,Y)Z = VxVvZ-VyVxZ-VixviZ, (2.7)
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or in components
or4cp ~ or4gp
0XB 0X¢

RApep = + 1T op ~T40uTY gp. (2.8)

2.2 Cartan’s moving frames

Consider a frame field {e,})_, that at every point of a manifold B forms a basis for the tangent space. Assume
that this frame is orthonormal, i.e. {(es,es))q = dap. This is, in general, a non-coordinate basis for the tangent
space. Given a coordinate basis {94} an arbitrary frame field {e,} is obtained by a GL(N,R)-rotation of {04}
as e, = Fo0, such that orientation is preserved, i.e. detF,“ > 0. For the coordinate frame [04,95] = 0 but
for the non-coordinate frame field we have

[eaaea] = _Cﬂyaﬁe'ya (2'9)

where c¢” o are components of the object of anhonolomy. It can be shown that ¢,z = FaAFgB (0aF7 B - 0BF7 4),
where F? g is the inverse of F,Z. The frame field {e,} defines the co-frame field {#*}2_; such that 9 (es) = 5.
The object of anholonomy is defined as ¢” = d¥”7. Writing this in the coordinate basis we have

T =d(F pdX"?) =3 0™ 0. (2.10)
a<f
Connection 1-forms are defined as
Vea =€y 0w’,. (2.11)

The corresponding connection coefficients are defined as Vesea = (w7a,€p)e, = w¥gqaey. In other words,
WY = w¥ge¥P. Similarly, V9 = —w®,97, and Ve,9* = -w®g,97. In the non-coordinate basis torsion has the
following components

Tag.y = wag,), - wawg + Caﬁpy. (2.12)

Similarly, the curvature tensor has the following components with respect to the frame field

Raﬁ)\u = agwa)\# - 8Aw°‘ﬁ# + wo‘ﬁgoﬁM - wa)\gwgg# + wagﬂcgm. (213)

In the orthonormal frame, metric has the simple representation G = 6,39 ® 9P,

2.3 Non-metricity and Weyl manifolds

Given a manifold with a metric and an affine connection (B, V, G), non-metricity is a map Q : X(B) x X(B) x
X (B) - X(B) defined as

Q(U,V,W) =(VuV,W)c +(V,VuW)c - U[(V,W)c] (2.14)

In the frame {e,}, Qyap = Q(ev,ea,eﬁ).2 Non-metricity 1-forms are defined as Qng = Qyap?¥?. It is straight-
forward to show that

Qrap = W yaGep +w'pGea = (AGap, €1) = Waya + Ways — (AGap, €4), (2.15)
where d is the exterior derivative. Thus
Qap =Wap +wga —dGap =t —DGyg, (2.16)

where D is the covariant exterior derivative. This is called Cartan’s zeroth structural equation. For an orthonor-
mal frame G5 = do3 and hence
Qap = WaB + Waa- (2.17)

2Here, we mainly follow the notation of Hehl and Obukhov [2003].
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Weyl 1-form is defined as
Q=056 (2.18)
n

Thus ~
Qaﬁ = Qa,ﬁ + QGOJD’; (219)

where Q is the traceless part of non-metricity. If @ = 0, (B, V, G) is called a Weyl-Cartan manifold. In addition,
if V is torsion-free, (B,V,G) is called a Weyl manifold. It can be shown that

R, = ng. (2.20)

This implies that for a flat Weyl manifold d@ = 0. One can show that [Hehl, et al., 1995]

W = gQ + %G“ﬂdGag - %Q +dIn\det G. (2.21)
Also n
DVdet G = dVdet G - w®,Vdet G = —EQ\/det G, (2.22)

i.e. the connection V is not volume-preserving.
The torsion and curvature 2-forms are defined as

T = d9™+w s n0°, (2.23)
'R,ag = dwa/@ +w“v/\oﬂg. (2.24)

These are called Cartan’s first and second structural equations. In this framework, Bianchi identities then read:

DQ(,Q = anﬂ - w'ya A Q.yﬁ —w’yg A Qa'y = RQB +R[3a7 (225)
DT® = dT®+w AT? =R A0°, (2.26)
DR% = dR“g+w 4y ARTg-wIgAR*, =0. (2.27)

Note that for a flat manifold D7 =0 and DQ,p = 0.

2.4 The compatible volume element on a Weyl manifold

Given a Weyl manifold one needs a volume element to be able to calculate volume of an arbitrary subset. Our
motivation here is to have a natural way of measuring volumes in the material manifold and hence to be able
to calculate the volume density of point defects using the geometry of the Weyl material manifold. Here, by
compatible volume element we mean a volume element that has vanishing covariant derivative. The volume
element of the underlying Riemannian manifold is not appropriate; we need a natural volume element in the
sense of Saa [1995] (see also Mosna and Saa [2005]). A volume element on B is a non-vanishing n-form [Nakahara,
2003]. In the orthonormal coframe field {*} the volume form can be written as

w=hot AL AD", (2.28)
for some positive function h to be determined. In a coordinate chart {X“} the volume form is written as

w=hVdetG dX' A ... AdX". (2.29)

Divergence of an arbitrary vector field W on B can be defined using the Lie derivative as [Abraham, et al.,
1988]
(DivW)u = Lwpt. (2.30)

On the other hand, divergence is also defined using the connection as

Divg W =W, =W 4 +T4 WP, (2.31)
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According to Saa [1995] p is compatible with V if

Swp=W)u, (2.32)

which is equivalent to

D (hv/detG) = 0. (2.33)

Using (2.22) we can write

D (h\/det G) - hDVdet G + Vdet G dh = (dh - ghQ) Vdet G = 0. (2.34)

Thus dh
n
— =dlnh=—-0Q. 2.35
V=dmh="1Q (235)
In coordinate form this reads Sk
n n
_n 2.36
x4 - 394 (2.36)
or 9
n
——hO4=0. 2.
o - ShQa =0 (237)

Remark 2.1. Note that a Weylian metric on B is given by the pair (G, Q) with the equivalence relation
(G,Q) ~ (¢*G,Q - dA) for an arbitrary smooth function A on B [Folland, 1970]. Now if Q = dQ for some
smooth function 2, then by choosing A = 2 we have

(G.Q) ~ (¢"G,0). (2.38)

In other words, when the Weyl 1-form is exact there exists an equivalent Riemannian manifold (B,e%*G). In
the equivalent Riemannian manifold the volume form is e Hg, where pg is the standard Riemannian volume

form of G. The volume form e’ e is identical to Saa’s compatible volume element [Saa, 1995]. In this paper
we call (B,e*G) and (B, G), the equivalent, and the underlying Riemannian manifolds, respectively.

3 Geometric Nonlinear Elasticity and Anelasticity

3.1 Kinematics of nonlinear elasticity

Let us first review a few of the basic notions of geometric nonlinear elasticity. A body B is identified with a
Riemannian manifold B* and a configuration of B is a mapping ¢ : B - S, where S is another Riemannian
manifold [Marsden and Hughes, 1983; Yavari, et al., 2006], where the elastic body lives (see Fig. 3.1a). The set
of all configurations of B is denoted by C. A motion is a curve ¢: R - C;t — ¢, in C. A fundamental assumption
is that the body is stress-free in the material manifold. It is the geometry of these two manifolds that describes
any possible residual stresses.

For a fixed t, p;(X) = (X, t) and for a fixed X, ¢ox(t) = ¢(X,t), where X is position of material points in
the reference configuration B. The material velocity is given by

op(X,t) d
Vi(X)=V(X,t)= —"—==— t). 3.1
(X) = V(X,t) = ZE = L) (3.)
Similarly, the material acceleration is defined by
ov(X,t) d
A(X)=A(X,t) = ————==—Vx(t). 3.2
(X) = A1) = o - LV () (32)
In components, A% = 86—‘/: + 9% VV ¢ where ¥%,. is the Christoffel symbol of the local coordinate chart {x%}.

Note that A does not depend on the connection coefficients of the material manifold. Here it is assumed that

3This is, in general, the underlying Riemannian manifold of the material manifold.



3.1 Kinematics of nonlinear elasticity
¢ is invertible and regular. The spatial velocity of a regular motion ¢; is defined as v; = V; 0 ;! and the
spatial acceleration a; is defined as a=v = %7

6
%‘t’ + V+V. In components, a® = 68—“: + g%zvb + %00,
Geometrically, deformation gradient — a central object describing deformation — is the tangent map of ¢ and
is denoted by F = T'p. Thus, at each point X € 3, it is a linear map

F(X) : Txlg d Tgp(x)s

(3.3)

If {x%} and {X“} are local coordinate charts on S and B, respectively, the components of F are

Op®
Fe4(X) = X).
A( ) 5‘XA( )
F has the following local representation

(3.4)

F=F" 8,0dX" (3.5)
Transpose of F is defined by
F': TS > TxB, (FV,v)e=(V,F'v)g, (3.6)
for all V e TxB, v € Ty S. In components, (FT(X))?, = gop(x)F?5(X)GAP(X), where g and G are metric
tensors on S and B, respectively. The right Cauchy-Green deformation tensor is defined by
C(X):TxB-TxB, C(X)=F(X)F(X). (3.7)
In components, C“}B =(F T)AaF @p. It is straightforward to show that C" is the pull-back of the spatial metric,
ie.
C=p*g=F*gF, ie

Cap = (gab o ) F 4 F5.

(3.8)
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Figure 3.1: (a) Kinematics of nonlinear elasticity. Reference configuration is a submanifold of the ambient space manifold. The
martial metric is the induced submanifold metric. (b) Kinematics of nonlinear anelasticity. Material manifold is a metric-affine
Riemannian ambient space manifold (S,g).

manifold (B,V,G). Motion is a time-dependent mapping from the underlying Riemannian material manifold (B, G) into the
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3.2 Material manifold and anelasticity

In classical elasticity one starts with a stress-free configuration embedded in the ambient space and then makes
this embedding time-dependent (a motion), see Fig. 3.la. In anelastic problems (anelastic in the sense of
Eckart [1948]), the stress-free configuration is another manifold with a geometry explicitly depending on the
anelasticity source(s), see Fig. 3.1b. The ambient space being a Riemannian manifold (S, g), the computation
of stresses requires a Riemannian material manifold (B, G) (the underlying Riemannian material manifold) and
a map ¢ : B - S. For example, in the case of non-uniform temperature changes and bulk growth [Ozakin
and Yavari, 2010; Yavari, 2010] one starts with a material metric G that specifies the relaxed distances of the
material points. However, the material metric cannot always be obtained directly.

It turns out that for defects in solids, a metric-affine manifold can describe the stress-free configuration of the
body. In the case of dislocations, the material connection is flat, metric-compatible, and has a non-vanishing
torsion, which is identified with the dislocation density tensor, i.e. the material manifold is a Weitzenbock
manifold [Yavari and Goriely, 2012a]. Given a dislocation density tensor one can obtain the torsion of the
affine connection. Then using Cartan’s moving frames and structural equations one can find an orthonormal
frame compatible with the torsion tensor. This, in turn, provides the material metric. Then, the computation
of stress amounts to finding a mapping from the underlying Riemannian material manifold to the ambient
space manifold. In the case of disclinations, the physically relevant object is the curvature of a torsion-free and
metric-compatible connection and one can again find the metric using Cartan’s structural equations [Yavari and
Goriely, 2012b].

For a solid with distributed point defects the material manifold is a Weyl manifold. Point defects affect the
volume of the stress-free configuration and this can be described using non-metricity with vanishing traceless
part as will be shown shortly. The metric is obtained using Cartan’s structural equations and the compatible
volume element of the Weyl material manifold. We conclude that all the anelastic effects can be embedded in the
appropriate geometric characterization of the material manifold on which the computation of stresses reduces
to a classical elasticity problem. This means that, in particular, the deformation gradient by construction is
purely elastic.

Remark 3.1. In a body with distributed point defects we expect the natural volume element to change from
point to point (see Fig. 3.2) and this change of volume element is, in general, anisotropic. Weyl 1-form can
model such an anisotropic change in the volume element. This is why the traceless part of non-metricity is not
needed in modeling distributed point defects.

Figure 3.2: In a Weyl manifold the Riemannian volume element varies from point to point.

3.3 Equations of motion

The internal energy density E (or free energy density ¥) of a solid depends on the deformation gradient F.
Since a scalar function of a two-point tensor must explicitly depend on both G and g, we have

E:E(X7N7@7F7G7g)’ W:W(X'7@7F‘)G7g)’ (3'9)

where N and © are the specific entropy and absolute temperature, respectively.
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One can derive the equations of motion by either using an action principle or using covariance of energy
balance [Marsden and Hughes, 1983; Yavari and Marsden, 2012]. For a motion ¢ : B - S, where (B,G) and
(S,g) are, respectively, the (underlying) Riemannian material and ambient space manifolds, the governing
equations obtained as a consequence of the conservation of mass and balance of linear and angular momenta,

in material form read 5

% -0, DivP+pB=pA, PF'=FPT, (3.10)
where pg, P,B, and A are the material mass density, the first Piola-Kirchhoff stress, the body force per unit
undeformed volume (calculated using the Riemannian volume form), and the material acceleration, respectively.

In components, the Cauchy equation (3.10), reads

op4
oXA

+ DA PP 1 4% FP A P4 4 poB® = pg A, (3.11)

where I' 5o are the Christoffel symbols of the material metric. Equivalently, in spatial coordinates

Lyp=0, divoe+pb=pa, o' =0, (3.12)
where p, o, b, and a are the spatial mass density, Cauchy stress, body force per unit deformed volume, and spatial
acceleration, respectively. Lyp is the Lie derivative of the mass density with respect to the (time-dependent)

spatial velocity. Note that 0% = %P“AF ® 4, where J = s:tt & det F is the Jacobian.

4 Residual Stress Field of a Spherically-Symmetric Distribution of
Point Defects

As an application of the geometric theory, we revisit a classical problem of linear elasticity in the general
framework of exact nonlinear elasticity. Namely, we construct the material manifold of a spherically-symmetric
distribution of point defects in a ball of radius R,, which is traction-free (or is under uniform pressure) on its
boundary sphere. The Weyl material manifold is then used to calculate the residual stress field.

4.1 The Weyl material manifold

In order to find a solution, we follow the procedure in [Adak and Sert, 2005; Yavari and Goriely, 2012a] and
start by an ansatz for the material coframe field. We then find a flat connection, which is torsion-free but has
a non-vanishing non-metricity compatible with the given point defect distribution. We do this using Cartan’s
structural equations and the compatible volume form of the Weyl material manifold. In the spherical coordinates
(R,0,®), R>0, 0<O <7, 0<® <27, let us look for a coframe field of the following form*

0" = f(R)dR, ¢*=RdO, ¥°=Rsin® d, (4.1)

for some unknown function f to be determined. We choose the following connection 1-forms

w11 wlg —w31
w=[w]=| -w'y w w3 |, (4.2)
w31 —w23 w33
where
1 t O 1
why = —§ﬂ2, wg = —COR 93, W= Eﬂg, wh = w?y = w3 = q(R)Y, (4.3)

for a function ¢ to be determined. This means that

Qup = 260p q(R)V". (4.4)

4This construction is similar to that of Adak and Sert [2005]. Note that the Riemannian volume element is pg = 9! A 92 A 93 =
R2f(R)sin® dR A dO A d®, and hence f(R) > 0.
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We now need to enforce 7< = 0. Note that

1 1 cot ©

vt =0, dv*= I AP, dYP = - PP A9+ TANES 4.5
RI(R) R (B) R )
From Cartan’s first structural equations we obtain
Tioo, 2ot rium|etaer, o]t C Ly |ePaet (4.6)
’ Rf(R) R ’ Rf(R) R ' '

Therefore

1 1
q(R) = R[l_f(]%)} (4.7)

It can be checked that for these connection 1-forms R%3 = 0 are trivially satisfied. In this example the Weyl
1-form is written as

_ o2 1 1 2(f(R)-1)
Q =2¢(R)Y _R[1 f(R)]ﬁ - R, (4.8)

It is seen that d@Q = 0 as is expected for a flat Weyl manifold.

4.2 Volume density of point defects

Consider a spherical shell of radius R and thickness AR. In the absence of point defects (Euclidean material
manifold), the volume of this shell is

T R+AR R+AR
AVp = 27 [ sin® dO fR €2d¢ = 4 fR €2de. (4.9)
0

Now in the underlying Riemannian material manifold, the volume of the same spherical shell with point defects
is

w R+AR R+AR
AVvRiemannian =2m / sin© dO© -/1:_5 £2f(£)d§ =4m /}; €2f(€)d§ (410)
0
If there are only vacancies in this spherical shell (and no interstitials) we expect the volume of the Riemannian

material manifold to be smaller than AVj. In other words, for a distribution of vacancies we expect 0 < f(R) < 1.
In the presence of point defects the compatible volume element in the Weyl material manifold is written as

p=h(R)O' A9* A3 = R2f(R)R(R)sin® dR A dO A dd, (4.11)

for some positive function h satisfying (2.36). In the Weyl material manifold the volume of the spherical shell
of radius R and thickness AR is®

n R+AR R+AR
AV =27 f Sin® do fR €2 F(E)(E)dE = 4 fR 2 F(E)h(€)dE. (4.12)
0
Total volume of defects in the spherical shell is AV = AVy — AV. Thus
R+AR 9
AVy=ar [ €[1- f(©h(9)]de: (4.13)
The volume density of point defects is defined as®

LAV A [T - F(h(E))de
n(R) = dim, Ay, Al InRPAR

=1- f(R)h(R). (4.14)

5Note that for the case of a spherically-symmetric point defect distribution as a consequence of the Poincaré Lemma, Q = d) (see
Remark 3.2). In other words, we are calculating the volume of the equivalent Riemannian manifold of the Weyl material manifold.
6For a distribution of vacancies n(R) < 0 and for a distribution of interstitials n(R) > 0.
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Therefore L= n(R)
-n
R)y=—F—"—+. 4.15
FOR) = 1) (115)
Note that f(R) >0 and h(R) > 0 imply that
n(R) < 1. (4.16)
For our spherically-symmetric point defect distribution, the relationship (2.36) is simplified to read
d W(R) 3(f(R)-1)
— Inh(R) = = . 4.17
g M) =R R (417)
From (4.15) and (4.17) we obtain
RA'(R) +3h(R) =3(1-n(R)). (4.18)
Hence
h(R)—l—ifR3 2n(y)d (4.19)
=1-55 ) Syn(ydy. :
Therefore - n(R)
-n
f(R) = (4.20)

L= g Ju 3y*n(y)dy

To check for consistency, let us consider a spherically-symmetric distribution of vacancies in a ball of radius
R, such that n(R) <0 (h(R) > 1) and n’(R) > 0. For a distributed vacancy, we expect a smaller relaxed volume,
ie. py > pe and hence f(R) < 1, where p, and pg are the volume forms of the flat Euclidean manifold and
the underlying Riemannian manifold, respectively. This can easily be verified using (4.20).

Example 4.1. If n(R) = ng, then f(R) = 1.

Remark 4.2. For an arbitrary distribution of point defects the defective solid is stress-free in a Weyl manifold
(B,G,Q). Let us denote the volume form of the Weyl manifold by . For a subbody U c B, the volume of the
virgin (defect-free) and the defective subbody are

vu:fu, VL{:fu. 4.21
o) 0 u) " (4.21)
The volume of the point defects in U is calculated as

Va@) = [ o= [ w= [ (o= = [ nuo (4.22)

This implies that n is the volume density of the point defects. Note that for vacancies Vg < 0.

4.3 Residual stress calculation

The material metric in spherical coordinates (R, ©, ®) has the following form:
fA(R) 0 0
G-= 0 R? 0 . (4.23)
0 0 R?sin’0©

We use the spherical coordinates (r, 6, ¢) for the Euclidean ambient space with the following metric.

1 0 0
g=| 0 »? 0 . (4.24)
0 0 r2%sin’0

In order to obtain the residual stress field we embed the material manifold into the ambient space. We look for
solutions of the form (r,0,¢) = (r(R),0,®), and hence detF = 7'(R). Assuming an incompressible solid, we
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have
detg r2(R) ..
T\ qer T = gy () = 1 (4.25)
Assuming that r(0) = 0 this gives us
R 3
r(R) = ( A 3521'(5)«15) . (4.20)

For a neo-Hookean material we have P®A = F%pGAB —p(F‘l)bAg“b, where p = p(R) is the pressure field.
Thus

HR2 _ P(R)Tz(R) 0 0
f(R)r2(R) f(R)R?
P = 0 % - 55 0 : (4.27)
p(R)
0 0 R? sliln("@ " r(R)%sin? ©
Hence .
TIZ?R) —p(R) 0 . 0
o= 0 & - 55 0 : (4.28)
0 0 sinlz@ [% - 7?2((1}2{))]

In the absence of body forces, the only non-trivial equilibrium equation is 0%, = 0 (p = p(R) is the consequence
of the other two equilibrium equations), which is simplified to read

2
o+ 20— 1o —rsin? 6 0%? = 0. (4.29)
T
Or )
2
RL?fO'TT’R'F ;O'TT_QTO'GO ZO. (430)

This then gives us

6 R 3
S | )( <R>) (r(R)) HIH).

Let us assume that the defective body is a ball of radius R,. Assuming that the boundary of the ball is
traction-free (6" (R,) = 0) we obtain

P (R) =~ (4.31)

R4
p(R,) = p R (4.32)
Therefore, the pressure at all points inside the ball is
£° €3 o (5)]
R - d 4.33
WR) =g e [ [f(ﬁ) 6 e e | € (4:33)

and the radial stress is

e e, 8 f(é)]
) = o f [f“) EORREGREG]

R4 R4
8 [r4(R> - r4<§o>]‘ (434

For a given point defect distribution n(R), f(R) is obtained using (4.20). Pressure and stress are then calculated
by substituting f(R) into (4.33) and (4.34), respectively.

Remark 4.3. When n(R) = ng, we saw that f(R) = 1. This then implies that r(R) = R and p(R) = u, i.e. this
point defect distribution is stress-free. Eshelby [1954] showed this in the linearized setting. We will show in §4.4
that this is the only zero-stress spherically-symmetric point defect distribution.
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Remark 4.4. We can calculate the stress field for the case when on the boundary of the body tractions are
non-zero. Assuming that P"%*(R,) = ~pe., we have

rr £° 53 f(ﬁ)]
R) = -2 - d
i = [ 105G 2 1 |
R Ry f(Ro)R)
it~ iy | =Sy 439
Example 4.5. Let us consider the following point defect distribution”
_Jno  0<R<R,
n(R) = {0 R> R (4.36)
where R; < R,. Thus
0<R<R;: f(R)=1, (4.37)
1
R>R;: f(R)y= ———. (4.38)
T=n (%)
Also
0<R<R;: r(R) =R, (4.39)
R>R;: r(R)= —R3+n0R‘f 1n((R/1R"):_”°)]S. (4.40)
| —nNg
Note that for 0 < R < R;:
£° £ f(f)]
+2 d¢ = 4.41
W(R) =g [ f(g)mg) o e e (441)

i.e. pressure is uniform and consequently o"" =y — p; is uniform. Fig. 4.1 shows the distribution of P"® in the
interval [R;, R,] for different vacancy distributions and when R, = 10R;.

0.14
0.12]
PrR L
0.08 |

0.06 %

0.8 1.0 0
Figure 4.1: P™F distributions for R; = Ro/10 and different values of ng.

Remark 4.6. The other two stress components are also equal to p — p; in the ball R < R;. To see this, note

"Note that the total volume of point defects is (%R?) no
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that in curvilinear coordinates, the components of a tensor may not have the same physical dimensions. The
following relation holds between the Cauchy stress components (unbarred) and its physical components (barred)
[Truesdell, 1953]

7" = 0%\ /Gaagsy ~ MO summation on a or b. (4.42)

2

The spatial metric in spherical coordinates has the form diag(1,72,r sin? #), and this means that the nonzero

Cauchy stress components are

rr rr R4 —00 2 _00 TZ(R)
=0 =M@—P(R)a =ro =p R2 -p(R),

r*(R)

%% = r?sin 90¢¢—u i

- p(R). (4.43)

It follows that inside the sphere of radius R; both 3% and %% are equal to p — p;. Thinking of the ball R < R;
as an inclusion, this is a nonlinear analogue of Eshelby’s celebrated inclusion problem [Eshelby, 1957]. This
result also holds for an arbitrary nonlinear isotropic incompressible solid as shown next.

Now let us assume that the body is isotropic and incompressible (not necessarily neo-Hookean). The second
Piola-Kirchhoff stress tensor has the following representation [Marsden and Hughes, 1983]

SABZaoGAB+Oz10AB+OéQCADCDB, (4.44)

where ag, a1, and as are functions of position and invariants of C. For R < R;, Cap = d4p and hence
Sap = adap, where a = a9 + a1 + o is a constant for a homogeneous solid. This means that similar to the
neo-Hookean solid P4 = (a - p(R))6*?. Equilibrium equations dictate p(R) = «, and hence we have proved
the following proposition.

Proposition 4.1. For a homogenous spherical ball of radius R, made of an isotropic and incompressible solid,
traction-free on its boundary sphere, and with the following point defect distribution

< < R
n(R)=1"" O<fi<l, (4.45)
0 Rz <R§B§o7

in the ball R < R;, the stress is uniform and hydrostatic.

Remark 4.7. This proposition still holds when P"®(R,) = —ps. In this case, the uniform value of the
hydrostatic pressure inside the sphere of radius R; is

) o e f(f)] R
wean ], [f(f)ﬂ(s) @ o)) AR,y TP (446)

4.4 Zero-stress spherically-symmetric point defect distributions

Next we identify all those spherically-symmetric point defect distributions that are zero-stress. This is equivalent
to the underlying Riemannian material manifold being flat (in the case of simply-connected material manifolds).
Given the coframe field (4.1) using Cartan’s first structural equations its Levi-Civita connections are obtained

as
1 cot © 1
oty = - 92, @’3=- 9, @b = 9. 4.47
W2 Rf(R) , W3 R , Wi Rf(R) ( )

Using Cartan’s second structural equations we obtain the following Levi-Civita curvature 2-forms

§ R : % R
Rias i A0 R (U ) R s aa

The Riemannian material manifold is flat if and only if f/(R) =0 and f2(R) = 1. This means that f(R) =1 is
the only possibility. From (4.20) we see that the zero-stress point defect distributions must satisfy the following
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integral equation

RB(R)—fR32 dy v
n = yn(y)dy R>0. (4.49)

Taking derivatives of both sides we obtain n’(R) =0 or n(R) = no.

4.5 Comparison with the classical linear solution

Here we compare our nonlinear solution with the classical linearized elasticity solution. For a sphere of radius
R, made of an incompressible linear elastic solid with a single point defect at the origin recall that [Teodosiu,

1982]
rr 4/,LC R3 00 ob ZIUC 2R3
g :_Rs(l_]%g), g =0 :F 1+R72 ) (450)
where 5
c=2 (4.51)
47

and dv being the volume change due to the point defect. To compare our nonlinear solution with this classical
solution we note that

4
dv = ?”ano. (4.52)

Therefore 1
C = gR;”no. (4.53)

While an exact analytic solution is not available, an asymptotic expansion for R; small gives

. 4uC R? R} R’
o= —% {(1— R%) [1+log(R?(1inO))] +10g(R2)}+O(R?)7 (4'54)

valid for R; < R < R,. We see that the linear solution is modified by a geometric factor log(R3/(R3(1 - ng))
and a nonlinear logarithmic correction. As can be seen in Fig. 4.2, the two solutions are very close and the
classical linear solution captures most of the features of the nonlinear solution but it diverges at the origin and
systematically underestimates the stress outside the core of the defect. By comparison, the nonlinear solution
is regular over the entire domain. The nonlinear analysis of a continuous distribution of point defects in a
small core provides an effective way of regularizing the solution for the stress. This is particularly important in
deriving estimates for fracture and plastic yielding.

5 Concluions

In this paper we constructured the material manifold of a spherically-symmetric distribution of point defects,
which is a flat Weyl manifold, i.e. a manifold equipped with a metric and a flat and symmetric affine connection,
which has a nonvanishig traceless non-metricity. Using Cartan’s moving frames and Cartan’s structural equa-
tions we constructed an orthonormal coframe field that describes the material manifold. We then embedded the
martial manifold in the Euclidean three-space. In the case of neo-Hookean materials we were able to calculate
the residual stress field. As particular examples, we showed that a uniform distribution of point defects is
zero-stress. We also showed that for a point defect distribution uniform in a sphere of radius R; and vanishing
outside this sphere residual stress field in the sphere of radius R; is uniform (in any isotropic and incompressible
solid). This is the nonlinear analogue of Eshelby’s celebrated result for spherical inclusions in linear elasticity.
We also compared our nonlinear solution with the classical linear elasticity solution of a single point defect. We
observed that as expected for a small volume of point defects the two solutions are close.

Acknowledgments

This publication was based on work supported in part by Award No KUK C1-013-04, made by King Abdullah
University of Science and Technology (KAUST). AG is a Wolfson Royal Society Merit Holder. AY was partially



REFERENCES 15

xk=0.01
K =0.05
0.14 + K‘(=0.l
1 -
= k=02
0.12 }
orr ;
W o0l 1 Nonlinear solution
1
1
oosfy ! ) .
Il Linear solution
0.06H l|
1
1
0.04 W |}
I 1
1 \‘
o2t
N\
-
N R
0.00
0.0 0.2 04 0.6 0.8 10 /RO
Figure 4.2: Comparison of the linear (dashed) and nonlinear (solid) solutions for the radial stress distribution for ng = 0.1 and
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