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We analyze elastic wave propagation in highly deformable layered media with isotropic
hyperelastic phases. Band gap structures are calculated for the periodic laminates undergoing
large deformations. Compact explicit expressions for the phase and group velocities are derived
for the long waves propagating in the ﬁnitely deformed composites. Elastic wave characteristics
and band gaps are shown to be highly tunable by deformation. The inﬂuence of deformation on
shear and pressure wave band gaps for materials with various composition and constituent
properties are studied, ﬁnding advantageous compositions for producing highly tunable
complete band gaps in low-frequency ranges. The shear wave band gaps are inﬂuenced through
the deformation induced changes in eﬀective material properties, whereas pressure wave band
gaps are mostly inﬂuenced by deformation induced geometry changes. The wide shear wave
band gaps are found in the laminates with small volume fractions of a soft phase embedded in a
stiﬀer material; pressure wave band gaps of the low-frequency range appear in the laminates
with thin highly compressible layers embedded in a nearly incompressible phase. Thus, by
constructing composites with a small amount of a highly compressible phase, wide complete
band gaps at the low-frequency range can be achieved; furthermore, these band gaps are shown
to be highly tunable by deformation.

1. Introduction
Metamaterials have attracted considerable attention due to their unusual properties such as negative elastic moduli (Babaee
et al., 2013), mass density (Brunet et al., 2013), and negative refractive index (Liu et al., 2011). Soft metamaterials, capable of large
deformations, open promising opportunities for tuning and switching acoustic properties by deformation (Bertoldi and Boyce,
2008a; Rudykh and Boyce, 2014b; Babaee et al., 2016). Even relatively simple deformable homogeneous materials can exhibit
switchable acoustic functionalities upon applied deformations (Galich and Rudykh, 2015a). Indeed, soft microstructured
metamaterials possess even greater capability for transforming and tuning wave propagation by external stimuli, such as mechanical
loading (Rudykh and Boyce, 2014b; Bertoldi and Boyce, 2008b), electric (Gei et al., 2011; Galich and Rudykh, 2016) or magnetic
ﬁelds (Destrade and Ogden, 2011). Applied deformation can lead to a change in the internal geometry of a phononic crystal giving
rise to formation and/or transformation of phononic band gaps (BGs) (Kushwaha et al., 1993, 1994; Tanaka et al., 2000; Hussein,
2009). Moreover, local material properties can also change as a result of inhomogeneous distribution of local deformation ﬁelds
leading to local softening or stiﬀening (Galich and Rudykh, 2015b). In fact, these eﬀects are of signiﬁcant importance for
understanding elastic wave phenomena in soft biological tissues that are frequently found in a deformed state due to growth or other
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biological processes. Large deformations together with material heterogeneity may give rise to elastic instabilities (Bertoldi et al.,
2008; Rudykh and deBotton, 2012; Li et al., 2013; Slesarenko and Rudykh, 2016) – a phenomenon actively used in material design
by nature (Crosby, 2010). Recently, this approach has been employed to utilize instability-induced dramatic microstructure
transformations and achieve remarkable tunability of acoustic metamaterials (Bertoldi and Boyce, 2008a; Rudykh and Boyce, 2014b;
Babaee et al., 2016). Inspired by possible applications – such as noise reducers, acoustic mirrors and ﬁlters, waveguides, to name a
few – a number of recent works were dedicated to the analysis of inﬂuence of material parameters (Zhou et al., 2009), topologies
(Mousanezhad et al., 2015), deformations (Bertoldi and Boyce, 2008a), and stiﬀening eﬀects (Wang et al., 2013) on elastic wave
propagation and band gap structure in various phononic crystals. Nevertheless, realization of the complex microstructures remains
challenging, especially, at small length-scales desirable for some applications. Recent advances in additive and layer-by-layer
material manufacturing allow fabrication of highly structured layered materials ranging from sub-light-wavelength scale (Kolle et al.,
2013) to meso-length-scale (Li et al., 2013; Rudykh et al., 2015). These layered materials can produce complete phononic BGs – the
frequency ranges where neither pressure nor shear waves can propagate – spanning diﬀerent frequency ranges depending on the
characteristic microstructure size. Moreover, these BGs can be further actively controlled by deformation. In this work, we
speciﬁcally focus on identifying the key parameters deﬁning the appearance of shear wave, pressure wave, and complete BGs in
ﬁnitely deformed layered composites with isotropic phases. Special attention is given to the inﬂuence of deformation on the acoustic
characteristics and BGs.
The layered media exhibit both geometrical and material non-linearities when subjected to ﬁnite strains; hence, these non-linear
eﬀects need to be taken into account in the model. To this end, we ﬁrst obtain the solution for the ﬁnitely deformed state of
hyperelastic periodic layered materials, and then perform the wave propagation analysis in terms of the incremental small amplitude
motions superimposed on the ﬁnitely deformed state. By utilizing an exact analytical solution for the ﬁnitely deformed
incompressible laminates with alternating isotropic hyperelastic phases, we derive explicit relations for the phase and group
velocities in ﬁnitely deformed incompressible laminates in the long wave limit. Moreover, based on the expressions of the phase
velocities for ﬁnitely deformed compressible homogeneous materials, we estimate the phase velocities of pressure and shear waves
propagating perpendicular to the layers in ﬁnitely deformed laminates comprised of compressible phases. Next, considering steadystate plane waves in layered media, we thoroughly analyze band gap structures for shear and pressure waves propagating
perpendicular to the layers in soft laminates with nearly incompressible and highly compressible phases. We show that wide shear
wave BGs at the low-frequency range can be achieved by constructing laminates with thin soft layers embedded in a stiﬀer matrix.
Moreover, these band gaps can be further tuned by deformation through the change in the geometry and eﬀective properties of the
phases. We ﬁnd that for layers with pronounced stiﬀening eﬀects (such as Gent materials), the change in the material eﬀective
properties prevails over the change in the geometry. However, for the materials with weak stiﬀening eﬀects (such as neo-Hookean
materials) the deformation induced change in the material properties is entirely compensated by the change in the geometry. We
ﬁnd that wide pressure wave BGs at the low-frequency range are attainable in laminates with small amount of highly compressible
phase embedded in a nearly incompressible matrix. These pressure wave BGs are highly tunable by deformation. The laminate
geometry change induced by deformation is shown to be the dominant factor inﬂuencing pressure wave BGs (as compared to the
inﬂuence of the change in the eﬀective material properties). Consequently, wide complete BGs at low-frequency range can be
achieved by including a small amount of thin highly compressible phase into a nearly incompressible matrix. Furthermore, these
complete BGs can be widened and shifted via deformation.
2. Theoretical background
Consider a continuum body and identify each point in the undeformed conﬁguration with its position vector X. When the body is
deformed, the new location of a point is deﬁned by mapping function x = χ (X, t ). Thus, the deformation gradient is F = ∂x/∂X , and
its determinant J ≡ det F > 0 . For a hyperelastic material whose constitutive behavior is described in terms of a strain energy
function ψ (F), the ﬁrst Piola–Kirchhoﬀ stress tensor is given by

P=

∂ψ (F)
.
∂F

(1)

The corresponding true or Cauchy stress tensor is related to the ﬁrst Piola–Kirchhoﬀ stress tensor via the relation σ = J −1PFT . In the
absence of body forces the equations of motion can be written in the undeformed conﬁguration as

Div P = ρ0

D 2χ
,
Dt 2

(2)

where ρ0 is the initial density of the material, and the
operator represents the material time derivative. If the deformation
is applied quasi-statically, the right hand part of Eq. (2) can be assumed to be zero, and the equilibrium equation is obtained, namely

D 2 (•)/ Dt 2

(3)

Div P = 0.

2.1. Wave propagation in homogeneous media
Consider next small amplitude motions1 superimposed on the equilibrium state. The equations of the incremental motions are
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Div P = ρ0

D2u
,
Dt 2

(4)

where Ṗ is an incremental change in the ﬁrst Piola–Kirchhoﬀ stress tensor and u is the incremental displacement. The incremental
change in the deformation gradient is F˙ = Grad u .
The linearized constitutive law can be written as

Pij̇ =  0ijkl Fkl̇

(5)

with the tensor of elastic moduli deﬁned as  0iαkβ =
equation takes the form of

∂ 2ψ /∂Fiα ∂Fkβ .

Under substitution of Eq. (5) into Eq. (4) the incremental motion

D 2u i
.
Dt 2

 0ijkl uk , lj = ρ0

(6)

To analyze small amplitude motions superimposed on a ﬁnite deformation, we present (6) in the updated Lagrangian formulation

 ijkl uk , lj = ρ

∂ 2ui
,
∂t 2

(7)

J −1

J −1ρ0

is the density of the deformed material.
where  iqkp =
0ijkl Fpl Fqj and ρ =
We seek a solution for Eq. (7) in the form of the plane waves with constant polarization
(8)

u = gh (n·x − ct ),

where h is a twice continuously diﬀerentiable function and unit vector g is the polarization; the unit vector n deﬁnes the direction of
propagation of the wave, and c is the phase velocity of the wave.
By substitution of (8) into (7), we obtain

Q (n)·g = ρc 2g,

(9)

Qij =  ijkl nj nl

(10)

where

is the acoustic tensor which deﬁnes the condition of propagation of the inﬁnitesimal plane waves.
For incompressible materials J = 1 and g ·n = 0 , and Eq. (9) reads as

 (n)·g = ρc 2g,
Q

(11)

 = ^I ·Q ·^I and ^I = I − n ⊗ n is the projection on the plane normal to n.
where Q
2.2. Wave propagation in periodic layered media
Consider periodic laminates constructed of two alternating phases with initial volume fractions va and vb = 1 − va . Here and
thereafter, the ﬁelds and parameters of the constituents are denoted by subscripts (•)a and (•)b , respectively. Geometrically, the
layers are characterized by their thicknesses dao = va d o and dbo = vb d o , where d o is the initial period of the laminate (see Fig. 1(a)).
When laminates are deformed (see Fig. 1(b)), the layer thicknesses change as follows:

da = λ1a dao,

db = λ1b dbo,

and

d = λ1 d o,

(12)

where λ1 = va λ1a + vb λ1b ; λ1a, b are the stretch ratios in the direction e1 for phases a and b, respectively.
Let us consider steady-state compression small amplitude plane waves superimposed on a ﬁnitely deformed state and
propagating along the x direction orthogonal to the interface between the layers (Bedford and Drumheller, 1994) (see Fig. 1(b)
and (c)). For each layer, the one-dimensional wave equation takes the form

∂ 2uξ
∂t 2

= cξ2

∂ 2uξ
∂x 2

,

(13)

where uξ denotes the displacement in x direction, and subscript ξ stands for a or b . We seek a solution within each layer in the
following form2:

uξ = Aξ ei (kξ x − ωt ) + Bξ ei (−kξ x − ωt ),

(14)

where ω denotes the angular frequency, and kξ = ω / cξ is the wave number. The normal stress within each layer is
1
Note that we consider only small amplitude elastic waves (Ogden, 1997); the amplitudes of the superimposed on ﬁnite deformations displacements of the material
points are assumed to be much (inﬁnitesimally) smaller than any characteristic dimension of the composite, |u|/d ⪡1; so that its geometry and the constitutive
properties of the material (such as density and tangent elastic moduli) at each point of the composite are assumed to be unchanged by these small amplitude motions.
2
Note that we consider only small amplitude elastic waves here, i.e. uξ /d ⪡1.
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Fig. 1. Schematic representation of the undeformed (a) and deformed (b) periodic layered material with alternating phases a and b . A unit cell (c); (e1, e 2, e3) is the
orthonormal basis.

σξ = ρξ cξ2

∂uξ
∂x

=

zξ2 ∂uξ
ρξ ∂x

,
(15)

where zξ = ρξ cξ is the acoustic impedance.
The interface continuity condition between the layers implies

ua (0, t ) = ub (0, t )

(16)

and σa (0, t ) = σb (0, t ),

where we assign x = 0 to be the interface between the layers of the unit cell (Fig. 1(c)).
Two additional conditions are obtained from the periodicity of the material by the use of Floquet theorem. For this reason we
adjust Eq. (14) to be the steady-state wave expression with the same wave number k for both materials

uξ = Uξ (x ) ei (kx − ωt ),

(17)

where
+

−

Uξ (x ) = Aξ eiKξ x + Bξ e−iKξ x

and

Kξ± = kξ ± k.

(18)

According to Floquet theorem, function Uξ (x ) must be periodic functions of x with the period equal to the length of the unit cell,
namely d = da + db ,
(19)

Ua (−da ) = Ub (db ).
The corresponding relations for the stress are

σξ = Σξ (x ) ei (kx − ωt ),

(20)

where
−

+

Σξ (x ) = izξ ω (Aξ eiKξ x − Bξ e−iKξ x )

(21)

and
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(22)

Σa (−da ) = Σb (db ).

Thus, Eqs. (16), (19) and (22) together with (17), (18), (20) and (21) yield the dispersion relation ω = ω (k ) for the steady-state
wave (Rytov, 1956)

⎛ ωd ⎞ ⎛ ωd ⎞
z ⎞ ⎛ ωd ⎞ ⎛ ωd ⎞
1 ⎛z
cos kd = cos ⎜ a ⎟ cos ⎜ b ⎟ − ⎜ a + b ⎟ sin ⎜ a ⎟ sin ⎜ b ⎟ .
⎝ ca ⎠ ⎝ cb ⎠
z a ⎠ ⎝ ca ⎠ ⎝ cb ⎠
2 ⎝ zb

(23)

The dispersion relation (23) is derived for pressure waves. However, the same expression can be obtained for shear waves by
considering displacements perpendicular to axis x in Eq. (13). In this case, the phase velocities of shear waves are used in (23) to
obtain the dispersion relation for shear waves.
3. Results
The macroscopically applied loading is expressed in terms of the average deformation gradient
(24)

F = va Fa + vb Fb ,

where Fa and Fb are the corresponding deformation gradients within each phase. The displacement continuity condition along the
interface between the layers yields the condition for Fa and Fb
(25)

(Fa − Fb)·q = 0
and the interface stress jump condition is

(26)

(Pa − Pb)·m = 0 ,

where unit vector m denotes the initial lamination direction (see Fig. 1(a)), q is an arbitrary unit vector orthogonal to m.
Loading paths. Although the analysis is general and can be applied for materials subjected to any deformation F , the examples
are given for (i) in-plane and (ii) equibiaxial deformations. The corresponding macroscopic deformation gradients are
(i) in-plane tension
(27)

F = λ1 e1 ⊗ e1 + λ e2 ⊗ e2 + e3 ⊗ e3,
(ii) equibiaxial deformation

(28)

F = λ1 e1 ⊗ e1 + λ (I − e1 ⊗ e1),

where λ is the applied stretch in the direction of the layers (see Fig. 1), and λ1 is an unknown and needs to be calculated. For an
incompressible laminate λ1 = λ−1 and λ1 = λ−2 for in-plane and equibiaxial deformations, respectively. To describe the behavior of
incompressible phases, we utilize the neo-Hookean strain energy function (Ogden, 1997)

ψξinc =

μξ
2

(Fξ : Fξ − 3),

(29)

where μξ is the initial shear modulus.
The constitutive behavior of the compressible phases is assumed to be governed by the extended neo-Hookean strain energy
function (Ogden, 1997)

ψξcomp =

μξ
2

(Fξ : Fξ − 3) − μξ ln Jξ +

Λξ
2

( Jξ − 1)2 ,

(30)

where Λξ is the ﬁrst Lame's parameter. Recall that Λ relates to the bulk modulus as K = Λ + 2μ /3.
By making use of strain energy function (30) together with (25) and (26), the unknown stretch ratios λ1a and λ1b are determined.
In particular, the explicit expressions are
(i) in-plane tension

λ1a =

ηa λγ +

2(4 + ηa (4 + ηa ) λ2 )(2 + ηb λ (γ + 2λ ))

where ηa = Λa / μa , ηb = Λb / μb , and γ = ηb λ +
(ii) equibiaxial deformation

λ1a =

and

2(1 + ηa λ2 ) γ

ηa λ2ζ +

4 + ηb (4 + ηb

) λ2

2(4 + ηa (4 + ηa ) λ 4 )(2 + ηb λ2 (ζ + 2λ2 ))
2(1 + ηa λ 4 ) ζ

λ1b =

γ
,
2(1 + ηb λ2 )

(31)

;

and λ1b =

ζ
,
2(1 + ηb λ 4 )

(32)

where ζ = ηb λ2 + 4 + ηb (4 + ηb ) λ 4 .
To account for the stiﬀening eﬀects (for example, due to a ﬁnite extensibility of polymer chains) in ﬁnitely deformed
incompressible laminates, we employ the strain-energy density function corresponding to an approximation of the Arruda–Boyce
model (Arruda and Boyce, 1993), namely the Gent model (Gent, 1996)
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ψξinc = −

μξ Jmξ
2

⎛
Fξ : Fξ − 3 ⎞
⎟,
ln ⎜1 −
Jmξ
⎝
⎠

(33)

where Jmξ is the so-called dimensionless locking parameter deﬁning the lock-up stretch ratio, such that in the limit (Fξ : Fξ − 3) → Jmξ ,
the strain energy becomes unbounded. Thus, for incompressible Gent materials under in-plane tension, the lock-up stretch ratios
can be calculated as

λξlock = ( Jmξ + 4 ±

Jmξ )/2,

(34)

where “+” and “−” correspond to the extension (λ > 1) and contraction (λ < 1), respectively. Clearly, in the limit Jm → ∞, the strainenergy function (33) reduces to the neo-Hookean material model (29).
The constitutive behavior of the compressible phases exhibiting strong stiﬀening is assumed to be governed by the extended Gent
strain energy function (Horgan and Saccomandi, 2004; Wang et al., 2013)

ψξcomp = −

⎛
⎛ Λξ
μξ ⎞
Fξ : Fξ − 3 ⎞
⎟ − μξ ln Jξ + ⎜
⎟ (Jξ − 1)2 ,
ln ⎜1 −
−
Jmξ ⎠
Jmξ
⎝
⎠
⎝2

μξ Jmξ
2

(35)

Again, in the limit Jm → ∞, the strain-energy function (35) reduces to the extended neo-Hookean material model (30).
3.1. Long wave estimates for ﬁnitely deformed layered materials
3.1.1. Incompressible laminates
First, let us consider layered materials with incompressible phases. The incompressibility assumption allows us to obtain a closed
form exact solution for ﬁnitely deformed periodic layered materials with neo-Hookean phases (deBotton, 2005; Tzianetopoulou,
2007; Rudykh and Boyce, 2014a; Spinelli and Lopez-Pamies, 2015). By utilizing the exact analytical solution, an eﬀective strain
energy function can be constructed (Spinelli and Lopez-Pamies, 2015)

ψ (F) =

⎞
μ
μ − μ˘ ⎛
1
(F: F − 3) −
⎟,
⎜m · C · m −
2
2 ⎝
m ·C−1·m ⎠

(36)

T

where C = F ·F is the average right Cauchy–Green deformation tensor, and

μ = va μa + vb μb

and

−1
⎛v
v ⎞
μ˘ = ⎜ a + b ⎟⎟ .
μb ⎠
⎝ μa

(37)

Note that while the solution for ﬁnitely deformed laminates is provided in deBotton (2005), Tzianetopoulou (2007), Rudykh and
Boyce (2014a), Spinelli and Lopez-Pamies (2015), the strain energy function in the form of (36) is reported by Spinelli and LopezPamies (2015).
The acoustic tensor (11) corresponding to the strain energy function (36), takes the form

 (n, F) = q ^I + q (^I ·F−T ·m) ⊗ (^I ·F−T ·m),
Q
1
2

(38)

where

q1 = μ (n·B· n) + (μ˘ − μ )(n· F·m)2

and

q2 =

⎞
μ − μ˘ ⎛ 4β 2
− 1⎟ ,
⎜
⎠
α2 ⎝ α

(39)

where B = F·FT is the average left Cauchy–Green deformation tensor, α = m ·C−1·m , and β = n·F−T ·m . One can show that the
acoustic tensor (38) has the following eigenvalues in the two-dimensional space normal to n:

a1 = q1

and a2 = q1 + q2 (α − β 2 ).

(40)

In general, we have two distinct shear waves propagating in the ﬁnitely deformed incompressible laminate. The corresponding
phase velocities are
(1)
csw
=

a1/ ρ0

(2)
and csw
=

a2 / ρ0 ,

(41)

where ρ0 = va ρ0a + vb ρ0b is the average initial density of the laminate.
Note that the phase velocities of shear waves (41) coincide only for special cases of applied deformation and direction of wave
propagation. For instance, for wave propagating perpendicular to the layers, i.e. n = m = e1, the phase velocities of shear waves
coincide:
(i) in-plane tension
(1)
(2)
csw = csw
= csw
= λ−1 μ˘/ ρ0 ,

(42)

(ii) equibiaxial deformation
(1)
(2)
csw = csw
= csw
= λ−2 μ˘/ ρ0 .

(43)
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However, if the wave propagates along the layers, i.e. m = e1 and n = e2 , the phase velocities of shear waves are distinct:
(i) in-plane tension
(1)
csw
= λ μ / ρ0

(g = e3)

(44)

and
(2)
csw
= λ−1 (μ˘ + (λ 4 − 1) μ )/ ρ0

(g = e1),

(45)

(ii) equibiaxial deformation
(1)
csw
= λ μ / ρ0

(g = e3)

(46)

and
(2)
csw
= λ−2 (μ˘ + (λ6 − 1) μ )/ ρ0

(g = e1).

(47)

Note that expressions (45) and (47) yield explicit expressions for the critical stretch ratios corresponding to the onset of macroscopic
instability under in-plane and equibiaxial contractions:
(i) in-plane tension
1/4
⎛
μ˘ ⎞
λcrpt = ⎜1 − ⎟ ,
μ⎠
⎝

(48)

(ii) equibiaxial deformation
1/6
⎛
μ˘ ⎞
λcrbt = ⎜1 − ⎟ .
μ⎠
⎝

(49)

It is worth mentioning that Eq. (48) agrees with the results obtained by Rosen (1965), and Triantafyllidis and Maker (1985) utilizing
distinct approaches.
To illustrate the inﬂuence of the deformation and direction of wave propagation on the elastic waves in the layered materials, we
construct slowness curves (which are commonly used in acoustics, Auld, 1990) by the use of the explicit relations (41). Fig. 2 shows
examples of the slowness curves ssw (φ) = 1/ csw (φ) for (a) out-of-plane (with polarization e3) and (b) in-plane (with polarization lying
in plane e1 − e2 ) shear waves in layered material undergoing equibiaxial deformation, where the direction of propagation is deﬁned
as n = (cos φ , sin φ , 0). Note that the critical stretch ratio for the laminate with va = 0.1 and μa / μb = 20 undergoing equibiaxial
contraction is λcrbt = 0.92 ; therefore, we present slowness curves corresponding to the equibiaxially contracted laminate (λ = 0.95) in
the macroscopically stable state. The slowness curves clearly indicate the signiﬁcant inﬂuence of the applied deformation on the wave
propagation. Speciﬁcally, an extension results in a decrease of the phase velocities of the shear waves propagating perpendicular to
the layers; while the phase velocities increase for waves propagating along the layers since these directions experience extension. The
phase velocity of the in-plane shear wave in the equibiaxially deformed laminate has maxima for certain directions of wave

Fig. 2. Slowness curves for (a) out-of-plane and (b) in-plane shear waves propagating in the laminate with va = 0.1, μa /μb = 20 , and ρ0a /ρ0b = 1 under equibiaxial
deformation. Scale is 0.4 per division, and the slownesses are normalized by

μ /ρ0 .
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propagation (see Fig. 2(b)). In particular, these directions are expressed as

⎛
⎞
⎜
⎟
6
⎜ 1−λ ⎟
1
φ0 = ± arccos ⎜
⎟ + πz,
2
μ˘ ⎞ ⎟
⎜ ⎛
⎟
4
1
−
⎜ ⎜
μ ⎠ ⎟⎠
⎝ ⎝
π
,
4

z = 0, 1.
(50)

3π
.
4

±
Moreover, these directions diﬀer from the principal directions in contrast to the out-ofIn the undeformed state, φ0 = ±
plane shear wave – the phase velocity of which has maxima in the directions of the principal axes. For example, in the equibiaxially
deformed laminate the phase velocity of the out-of-plane shear wave is maximal for the wave propagation along the layers, i.e. for
n = ± e2 (see Fig. 2(a)). Note that in the undeformed state the phase velocity of the in-plane shear wave is the same for wave
propagation along and perpendicular to the layers, namely Eq. (41)2 yields
(2)
csw
=

μ˘/ ρ0 .

(51)

The dispersion relations for long waves in the incompressible laminates are derived from (41)
(1)
ωsw
=

b1/ ρ0

and

(2)
ωsw
=

b2 / ρ0

(52)

where

b1 = μ (k·B· k) + (μ˘ − μ )(k· F·m)2

and

b 2 = b1 +

2
⎞⎛
β2⎞
μ − μ˘ ⎛ 4βk
⎜⎜
− k 2⎟⎟ ⎜⎜α − k2 ⎟⎟ ,
2
k ⎠
α ⎝ α
⎠⎝

(53)

−T

where k is the wave vector, k = |k| is the wave number, and βk = k·F ·m .
Now we can ﬁnd the transmission velocity of a wave packet or the group velocity (Kittel, 2004)

vg = ∇k ω.

(54)

From (52) and (54), we obtain the explicit formulae for the group velocities in homogenized laminates

v(1)
sw =

μ B·n + (μ˘ − μ )(n·F·m) F·m
ρ0 a1

(55)

and

v(2)
sw =

1
ρ0 a2

⎛
⎞ ⎞⎞
⎛ 4β 4
μ − μ˘ ⎛ ⎛
8β 2 ⎞ −T
⎜⎜μ B·n + (μ˘ − μ )(n·F·m) F·m +
⎜β ⎜5 −
⎟ F ·m + ⎜
− α⎟ n⎟⎟ ⎟⎟ .
2
⎝ α
α ⎝ ⎝
α ⎠
⎠ ⎠⎠
⎝

(56)

To illustrate the derived results (55) and (56), energy curves (Nayfeh, 1995) are plotted in Fig. 3. Fig. 3 shows the energy curves
for (a) out-of-plane and (b) in-plane shear waves in the laminate with va = 0.1, μa / μb = 20 , and ρ0a / ρ0b = 1 under equibiaxial
deformation. Clearly, the group velocities of the both shear waves strongly depend on the applied deformation and direction of wave

Fig. 3. Energy curves for (a) out-of-plane and (b) in-plane shear waves in the laminate under equibiaxial deformation (va = 0.1, μa /μb = 20 , and ρ0a /ρ0b = 1). Scale is
0.2 per division, where group velocity is normalized by

ρ0 /μ .
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propagation. In particular, an equibiaxial extension increases the group velocity of the out-of-plane shear wave propagating
perpendicular to the layers while it decreases the group velocity of the in-plane shear wave propagating in the same direction. An
equibiaxial contraction increases group velocities of both the out-of-plane and the in-plane shear waves propagating perpendicular
to the layers. Moreover, the energy curves of the in-plane shear waves have the cusps, and position of the cusps is highly tunable by
deformation (see Fig. 3(b)). According to Nayfeh (1995) these cusps correspond to regions of null energy. However, for the out-ofplane shear wave the cusps are not observed (see Fig. 3(a)).
3.1.2. Compressible laminates
Next we present long wave estimates for the phase velocities of pressure and shear waves propagating in the direction
perpendicular to the layers in the ﬁnitely deformed laminate with compressible neo-Hookean and Gent phases. Recall (Boulanger
et al., 1994) that the phase velocities of shear and pressure waves in the ﬁnitely deformed neo-Hookean material for
Fξ = λ1ξ e1 ⊗ e1 + λ2ξ e2 ⊗ e2 + λ3ξ e3 ⊗ e3 and n = e1 are the following:

cξs = λ1ξ

μξ
ρ0ξ

and cξp =

Λξ Jξ2 + μξ (1 + λ12ξ )
ρ0ξ

.
(57)

When the wavelength is much larger than the period of the laminate, the sines can be replaced by their arguments and only second
order terms are retained from the cosines in Eq. (23), namely

⎛ ωdξ ⎞
ωdξ
⎟ ≃
sin ⎜
cξ
⎝ cξ ⎠

⎛ ωdξ ⎞
ω 2dξ2
⎟ ≃1−
.
and cos ⎜
2cξ2
⎝ cξ ⎠

(58)

Under this assumption, substitution of (12) and (57) in (23) yields expressions for the phase velocities of shear and pressure waves
propagating perpendicular to the layers (n = m = e1) in the ﬁnitely deformed layered material with neo-Hookean phases:

csw = λ1 μ˘/ ρ0

and cpw = λ1 Γ˘ / ρ0 ,

(59)

where

Γ˘ = (va /Γa + vb /Γb )−1 and Γξ = Λξ (λ2ξ λ3ξ )2 + μξ (1 + λ1−2
ξ ).

(60)

For the in-plane tension (27), λ2ξ = λ and λ3ξ = 1, while for the equibiaxial deformation (28) λ2ξ = λ3ξ = λ .
For the Gent material model, the phase velocities of shear and pressure waves are (Galich and Rudykh, 2015b)

cξs = λ1ξ μξ Jmξ /(θξ ρ0ξ )

(61)

and

cξp =

μξ (1 + (ηξ − 2/ Jmξ ) Jξ2 + Jmξ θξ−2 (θξ + 2λ12ξ ) λ12ξ )
ρ0ξ

,
(62)

where θξ = 3 + Jmξ − Fξ : Fξ . Hence, substitution of (12), (61) and (62) in (23) together with (58) yields expressions for the phase
velocities of shear and pressure waves propagating perpendicular to the layers (n = m = e1) in the ﬁnitely deformed layered material
with Gent phases, namely

csw = λ1 Θ˘ / ρ0

and cpw = λ1 G˘ / ρ0 ,

(63)

where
−1
⎛v
v ⎞
Θ˘ = ⎜ a + b ⎟
and
⎝ Θa
Θb ⎠

−1
⎛v
v ⎞
G˘ = ⎜ a + b ⎟ ,
⎝ Ga
Gb ⎠

(64)

where Θξ = μξ Jmξ / θξ and

⎛
⎞
⎛
2 ⎞
⎟⎟ (λ2ξ λ3ξ )2 + Jmξ θξ−2 (θξ + 2λ12ξ ) ⎟⎟ .
Gξ = μξ ⎜⎜λ1−2
ξ + ⎜ηξ −
Jmξ ⎠
⎝
⎝
⎠

(65)

Fig. 4 shows a comparison of the long wave estimates (59) and (63) with the exact solution (23) for the waves propagating
perpendicular to the layers under equibiaxial deformation. Here and thereafter, we present the normalized frequency fn = fd o ρ0 / μ˘ ,
where f = ω /(2π ). Remarkably, the long wave estimates (59) and (63) are in excellent agreement with the exact solution (23) for
wavelengths exceeding the eﬀective period of the laminate, namely l ≳ πd . For example, for l = 4d the diﬀerences in frequencies
between the long wave estimates and exact solution are less than 1% for both shear and pressure waves (see Fig. 4).
3.2. Band gap structure
Band gap is a frequency range where waves cannot propagate due to, for example, Bragg scattering (Kushwaha et al., 1993) or/
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Fig. 4. Comparison of the long wave estimates (59) and (63) with the exact solution (23) for the waves propagating perpendicular to the layers in the laminates with
neo-Hookean ((a) and (c)) and Gent ((b) and (d)) phases under equibiaxial deformation (λ = 1.5). va = 0.2, μa /μb = 100, ρ0a /ρ0b = 1.5, Λa /μa = 10 , Λb /μb = 5, Jmb = 2.5,
and Jma /Jmb = 2 . (a) and (b) correspond to shear waves and (c) and (d) – pressure waves.

Fig. 5. Dispersion diagrams for shear (a) and pressure (b) waves in the laminate with va = 0.3, μa /μb = 100, Λa /μa = 100 , Λb /μb = 10 , and ρ0a /ρ0b = 1 under
equibiaxial tension, λ = 1.5. The shaded areas correspond to the shear (gray) and pressure (blue) wave band gaps. Frequency is normalized as fn =
interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)
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and local resonance (Auriault and Bonnet, 1985; Auriault, 1994; Liu et al., 2000; Auriault and Boutin, 2012). In case of layered
media with high contrast in the mechanical properties between the phases both Bragg scattering and inner resonance of stiﬀer layer
(Auriault and Boutin, 2012) participate in formation of band gaps (Khelif and Adibi, 2016). Mathematically, it corresponds to the
situation when wave number k becomes imaginary in the dispersion relation (23), i.e. within a band gap displacement and stress
amplitudes exponentially attenuate (see Eqs. (17) and (20)). Fig. 5 illustrates the band gap structures of shear and pressure waves in
the ﬁnitely deformed laminate with va = 0.3, μa /μb = 100, Λa / μa = 100 , Λb / μb = 10 , and with identical densities of the phases,3 i.e.
ρ0a / ρ0b = 1. The laminate is subjected to equibiaxial tension with the magnitude of the stretch ratio λ = 1.5. The shaded gray and blue
areas correspond to the shear and pressure wave BGs, respectively. Clearly, the shear wave BGs appear earlier (i.e. at lower
frequencies) than the pressure wave BGs (compare Fig. 5(a) and (b)); thus, to induce complete BGs at the low-frequency range, one
needs to design laminates with pressure wave BGs at the low-frequency range. Next, we identify the key parameters that govern the
shear and pressure wave band gaps.
3.2.1. Incompressible laminate
Here we consider the inﬂuence of (a) microstructures, (b) deformations, and (c) elastic moduli on the band gap structures in
incompressible laminates. Recall that incompressible materials support only shear waves; consequently, only shear wave band gaps
(SBGs) are considered, while pressure wave BGs (PBG) will be considered in detail in the next section.
(a) Material geometry. First, we investigate the inﬂuence of the material geometry on SBG structure. Fig. 6(a) presents the width
of the ﬁrst SBG as a function of the volume fraction of phase a . The ﬁrst SBG has a maximal width for a certain volume fraction va ;
moreover, the maximal width of SBG with corresponding volume fraction of phase a strongly depends on the contrast in shear
modulus between the phases (compare Fig. 6(a) and (b)). Thus, for the contrast in shear modulus of μa / μb = 10 , the maximal width of
the ﬁrst SBG is Δfn = 0.41 with va = 0.76 ; while for the contrast in shear modulus of μa / μb = 1000 , the SBG width signiﬁcantly
increases up to Δfn = 2.25, and the corresponding volume fraction shifts to va = 0.97. It is clear that an increase in the shear modulus
contrast widens the maximal SBG width. Thus, wide SBGs can be achieved by composing laminates with thin soft layers embedded in
the stiﬀ phase (vb = 0.03 in Fig. 6(b)). As expected SBGs disappear when va = 0 or 1.
(b) Deformation. Next, we analyze the inﬂuence of deformation on SBGs. We start from the consideration of laminates with
phases characterized by weak stiﬀening, which can be described by neo-Hookean model (29). Substitution of the corresponding
phase velocities (57)1 into the dispersion relation (23), together with the deformation induced change in geometry (12), yields

⎛
cos kλ1 d o = cos ⎜⎜ωdao
⎝

ρ0a ⎞ ⎛ o
⎟⎟ cos ⎜⎜ωdb
μa ⎠ ⎝

ρ0b ⎞
1⎛ ρ μ
⎟⎟ − ⎜⎜ 0a a +
2 ⎝ ρ0b μb
μb ⎠

ρ0b μb ⎞ ⎛ o
⎟⎟ sin ⎜⎜ωda
ρ0a μa ⎠ ⎝

ρ0a ⎞ ⎛ o
⎟⎟ sin ⎜⎜ωdb
μa ⎠ ⎝

ρ0b ⎞
⎟⎟ .
μb ⎠

(66)

This result clearly shows that SBGs in layered materials with neo-Hookean phases do not depend on deformation. This is due to the
equal contribution of two competing eﬀects induced by deformation: (i) the change in the phase properties (i.e. cξnH / cξo = λ1ξ , where
cξnH and cξo are the phase velocities in the deformed and undeformed material) and (ii) change in the layer thicknesses (i.e.
dξ / dξo = λ1ξ ). Clearly, any deformation induced change in the geometry is fully compensated by the change in the phase velocity.
However, for laminates with phases exhibiting stronger stiﬀening (such as Gent phases), the deformation induced change in the
eﬀective properties prevails over the geometry changes. The phase velocities of the shear waves in a deformed Gent material are
larger than in the identically deformed neo-Hookean material (i.e. cξG / cξnH = Jmξ / θξ > 1) while the changes in the geometry are the
same. Fig. 7 presents the relative changes in the phase velocities of the shear waves as functions of the stretch for the neo-Hookean
and Gent phases under in-plane tension. Clearly, for the contraction (λ < 1), the phase velocities of the shear waves in the Gent phase
increase more signiﬁcantly than in the neo-Hookean phase. For the extension (λ > 1), the phase velocities of the shear waves in the
Gent phase decrease in the beginning; however, the phase velocity starts to grow as the stiﬀening eﬀect becomes more pronounced
with an increase in deformation. Eventually, the phase velocity becomes larger than the one in the undeformed material. This
corresponds to a certain stretch ratio λ* < λlock (see Fig. 7); the expressions for this stretch ratio are

*=
λpt

1 + Jm

(67)

for the in-plane tension and

λbt* =

1
1 + Jm +
2

9 + (10 + Jm ) Jm

(68)

for the equibiaxial extension. Since in laminates with Gent phases the deformation induced change in material properties (i.e.
cξG / cξo = λ1ξ Jmξ / θξ ) is not fully compensated by the change in the geometry (i.e. dξ / dξo = λ1ξ ), the tunability of SBGs by deformation is
observed.
Fig. 8 illustrates the dependence of SBGs on in-plane ((a) and (c)) and equibiaxial ((b) and (d)) deformations for the layered
materials with Gent phases. The lock-up stretches for Jm = 2.5 are λ−lock = 0.48 and λ+lock = 2.07 for the in-plane deformation; and
λ−lock = 0.68 and λ+lock = 1.64 for the equibiaxial deformation. We observe that SBGs shift towards higher frequencies and widen as the
lock-up stretch ratio is approached. In particular, for the laminate with va = 0.3, μa / μb = 100, Jma = 5, and Jmb = 2.5 the ﬁrst SBG
widens from Δfn = 0.16 up to Δfn = 0.49 and its lower boundary shifts from fn = 0.43 up to fn = 1.35 by application of the in-plane
3
Typical deformable polymers are characterized by low densities that change only slightly from polymer to polymer. Therefore, we present the results for laminates
with similar or identical phase densities; the values of the density contrast ratio are speciﬁed in each example.
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Fig. 6. First shear wave band gap vs. volume fraction of phase a for layered materials in undeformed state with (a) μa /μb = 10 and (b) μa /μb = 1000 ; ρ0a /ρ0b = 1.

Fig. 7. Relative change in the phase velocities of shear waves as functions of in-plane tension for laminates with va = 0.97, μa /μb = 1000, Jma = 5, Jmb = 2.5, and

ρ0a /ρ0b = 1.

deformation of the magnitude λ = 0.5 or λ = 2 (see Fig. 8(a)). The equibiaxial deformation of magnitude λ = 0.70 or λ = 1.58 widens
the ﬁrst SBG from Δfn = 0.16 up to Δfn = 0.42 and shifts its lower boundary from fn = 0.43 up to fn = 1.14 (see Fig. 8(b)). Fig. 8(c)
and (d) show the ﬁrst SBG as a function of the stretch ratio for the in-plane (c) and equibiaxial (d) deformations for the laminate with
the volume fraction producing a maximal width of the ﬁrst SBG in the undeformed laminate, namely va = 0.97 and μa / μb = 1000 .
Consistent with the previous observations the ﬁrst SBG widens and shifts towards higher frequencies once the lock-up stretches are
attained. In particular, lower boundary of the ﬁrst SBG shifts from fn = 0.33 up to fn = 1.00 and its width increases from Δfn = 2.25
up to Δfn = 2.73 in the laminate undergoing the in-plane contraction with λ = 0.5 or extension with λ = 2 (Fig. 8(c)). Clearly,
equibiaxial deformation has a more pronounced eﬀect on SBGs as compared to the in-plane deformation (compare Fig. 8(a) vs. (b)
and (c) vs. (d)). Remarkably, contraction (λ < 1) and extension (λ > 1) of the laminate with Gent phases inﬂuence SBGs in similar
ways, namely any homogeneous deformations considered here widen and shift up SBGs towards higher frequencies (see Fig. 8). This
happens because for both contraction (λ < 1) and extension (λ > 1), the stiﬀening leads to an increase in the phase velocities of the
Gent phases compared to the phase velocities of the neo-Hookean constituents, i.e. cξG / cξnH = Jmξ / θξ > 1 (see Fig. 7), whereas the
deformation induced geometry changes are identical for laminates with weak and strong stiﬀening eﬀects, i.e. dξ / dξo = λ1ξ . For
example, the in-plane contraction of the magnitude λ = 0.5 increases the phase velocities in the layers a and b up to caG / cao = 2.7 and
cbG / cbo = 6.3, respectively, whereas the layer thicknesses increase up to d / d o = 2 only (see Fig. 7). Again, the in-plane extension of the
magnitude λ = 2 decreases the phase velocity in the layer a down to caG / cao = 0.7 and increases it up to cbG / cbo = 1.6 in the layer b ,
whereas the layer thicknesses decrease down to d / d o = 0.5 (see Fig. 7). Note that for the in-plane tension of magnitude λ = 0.5 or
λ = 2 , the phase velocities in Gent phases increase by the same value compared to the phase velocities of the neo-Hookean phases,
namely caG / canH |λ =0.5 = caG / canH |λ =2 = 1.35 and cbG / cbnH |λ =0.5 = cbG / cbnH |λ =2 = 3.16 . This together with the identical deformation induced
change in the geometry leads to the identical width and position of the SBGs for these values of the stretch ratio.

401

J. Mech. Phys. Solids 98 (2017) 390–410

P.I. Galich et al.

Fig. 8. Shear wave band gaps vs. in-plane ((a) and (c)) and equibiaxial ((b) and (d)) deformations for the layered materials with Gent phases, namely ρ0a /ρ0b = 1,

Jma = 5, Jmb = 2.5, va = 0.3, μa /μb = 100 ((a) and (b)) and va = 0.97, μa /μb = 1000 ((c) and (d)).

Fig. 9. Shear wave band gaps as a function of locking parameter Jmb for the layered material with va = 0.3, Jma = 100 , ρ0a /ρ0b = 1, and μa /μb = 100 subjected to the
in-plane tension of the magnitude λ = 2 .

To illustrate the inﬂuence of the stiﬀening of the laminate constituents on the SBGs, we present SBGs as functions of locking
parameter Jmb for the layered material with va = 0.3, Jma = 100 , and μa / μb = 100 subjected to the in-plane tension of the magnitude
λ = 2 in Fig. 9. We observe that SBGs widen and shift towards higher frequencies with a decrease in the locking parameter Jmb . In
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Fig. 10. Shear band gaps vs. shear modulus contrast for the layered material with va = 0.9 , ρ0a /ρ0b = 1, and Jma = Jmb = 1 in the undeformed state (a) and the one
subjected to the in-plane tension with λ = 1.5 (b).

particular, the lower boundary of the ﬁrst SBG shifts from fn = 0.44 up to fn = 1.35 and its width increases from Δfn = 0.16 up to
Δfn = 0.46 when locking parameter of phase b decreases from Jmb = 100 down to Jmb = 2.5. This happens because the lock-up stretch
ratio (34) decreases together with Jmb , leading to the signiﬁcant increase in the phase velocity of shear wave in the phase b (see Eq.
(61)).
(c) Shear modulus contrast. To illustrate the inﬂuence of the shear modulus contrast of the phases on SBGs, we present SBGs as
functions of the shear modulus contrast for the laminates with va = 0.9 and Jmξ = 1 in Fig. 10. The corresponding lock-up stretch ratio
is λ = 1.62 . The SBGs of the undeformed (λ = 1) laminate and the one subjected to the in-plane tension with λ = 1.5 are presented in
Fig. 10(a) and (b), respectively. Fig. 10(a) shows that the ﬁrst SBG rapidly widens with an increase in the contrast from 1 to ∼100 ,
after that the upper boundary ﬂattens, and the SBG width changes slowly with further increase in the shear modulus contrast. The
second and the following SBGs close at certain values of the shear modulus contrast. For example, the third SBG closes when
μa / μb = 20 and μa / μb = 322 ; however, the SBG reopens again if the shear modulus contrast increases. For laminates with phases
exhibiting strong stiﬀening (such as Gent phases), these BGs shift towards higher frequencies for any shear modulus contrast with
application of deformation. In particular, the ﬁrst SBG widens from Δfn = 0.79 up to Δfn = 1.44 and its lower boundary shifts from
fn = 0.35 up to fn = 0.63 in the laminate with μa / μb = 50 subjected to the in-plane extension of the magnitude λ = 1.5 (Fig. 10(b)).
3.2.2. Compressible laminates
To analyze the pressure wave BGs (PBGs), we consider periodic layered materials with compressible phases to ensure the
existence of pressure waves. Fig. 11 shows pressure and shear wave BGs as functions of the volume fraction of phase a in the
undeformed and deformed laminates. Here and thereafter, gray, blue, and black colors correspond to the shear wave, pressure wave,

Fig. 11. Band gaps vs. volume fraction of the phase a in the undeformed laminate (a) and the one subjected to the in-plane tension of the magnitude λ = 1.5 (b) with
μa /μb = 100, Λa /μa = 1000 , Λb /μb = 10 , and ρ0a /ρ0b = 1. The gray, blue, and black colors correspond to the shear wave, pressure wave, and complete BGs, respectively.
(For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

403

J. Mech. Phys. Solids 98 (2017) 390–410

P.I. Galich et al.

Fig. 12. Band gaps vs. in-plane ((a) and (c)) and equibiaxial ((b) and (d)) deformation for laminates with va = 0.1, μa /μb = 100, Λa /μa = 1000 , Λb /μb = 10 , and

ρ0a /ρ0b = 1. (a) and (b) refer to the laminate with neo-Hookean phases and (c) and (d) refer to the laminate with Gent phases having Jma = 5 and Jmb = 2.5.

and complete BGs, respectively. We refer to complete BGs when both pressure and shear waves cannot propagate. We ﬁnd that the
ﬁrst PBG has a maximal width for a certain volume fraction va depending on the contrast in shear moduli and compressibility of each
phase. Thus, diﬀerent complete BGs can be tailored by varying the initial material properties and geometry.
In the case of shear waves, the ratio of acoustic impedances z a / zb is independent of deformation, although the acoustic
impedances zξ = ρξ cξ for both phases are functions of the principal stretches. Substitution of the corresponding phase velocities
(57)1, geometry changes (12), and densities ρξ = Jξ−1 ρ0ξ into (23) together with the boundary conditions (25), producing relations
λ2a = λ2b and λ3a = λ3b , yields the dispersion relation (66). Consequently, the SBGs are not inﬂuenced by deformation in the laminates
with compressible neo-Hookean phases. Similarly to the laminates with incompressible neo-Hookean phases, the deformation
induced changes in the material properties are fully compensated by the changes in the geometry.
In the case of pressure waves, the dominant factor inﬂuencing PBGs is the deformation induced change in the geometry. This is
due to the fact that the phase velocities of pressure waves in neo-Hookean materials change very slowly with the deformation;
moreover, the change is negligible in the case of nearly incompressible materials (see Eq. (57)2). A comparison of the BGs in the
undeformed laminates (Fig. 11(a)) and the BGs in the laminates subjected to the in-plane tension, λ = 1.5 (Fig. 11(b)), shows that
the applied deformation does not change the SBGs while it signiﬁcantly inﬂuences the PBGs.
To clarify how the pressure wave and complete BGs depend on deformation in the laminates with compressible phases exhibiting
weak and strong stiﬀening, we present these BGs as functions of the applied stretch ratio in Fig. 12. Fig. 12(a) and (b) illustrate how
the in-plane (27) and equibiaxial deformations (28) of the layered material with neo-Hookean phases inﬂuence the BG structure. We
observe that PBGs narrow and shift towards lower frequencies in the laminate undergoing contraction while extension of the
laminate widens and shifts PBGs towards higher frequencies. In particular, the lower boundary of the ﬁrst PBG shifts from fn = 1.65
up to fn = 3.17 and its width increases from Δfn = 0.18 up to Δfn = 0.34 in the laminate subjected to the in-plane extension of the
magnitude λ = 2 (see Fig. 12(a)). The equibiaxial deformation has a more pronounced eﬀect on the PBGs, in particular, the
equibiaxial extension of the magnitude λ = 1.6 shifts the lower boundary of the ﬁrst PBG from fn = 1.65 up to fn = 4.04 and widens it
from Δfn = 0.18 up to Δfn = 0.44 (see Fig. 12(b)). Remarkably, complete BGs can be induced in a required frequency range by
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Fig. 13. Relative change in thicknesses of the layers (a) and phase velocities of pressure (b) waves as functions of equibiaxial deformation for the laminates with
va = 0.1, μa /μb = 100, Λa /μa = 1000 , Λb /μb = 10 , Jma = 5, Jmb = 2.5, and ρ0a /ρ0b = 1. (For interpretation of the references to color in this ﬁgure caption, the reader is
referred to the web version of this paper.)

deformation while the undeformed laminates do not produce complete BGs in that range. For example, the laminate with
va = 0.1, μa /μb = 100, Λa / μa = 1000 and Λb / μb = 10 has no complete BGs (in the considered frequency range) in the undeformed state
while it has the complete BG of width Δfn = 0.15 when subjected to the in-plane contraction of the stretch ratio magnitude λ = 0.85
(see Fig. 12(a)). In contrast to the in-plane tension, for the equibiaxial deformation we have more “islands” of the complete BGs in
the same range of deformation, however, these “islands” are smaller (compare Fig. 12(a) and (b)).
Fig. 12(c) and (d) illustrate how the in-plane (27) and equibiaxial deformations (28) of the layered material with compressible
Gent phases inﬂuence the BG structure. We observe that in the laminate undergoing in-plane contraction PBGs shift towards lower
frequencies less than in laminates with neo-Hookean phases (compare Fig. 12(a) and (c)). In particular, the lower boundary of the
ﬁrst PBG shifts from fn = 0.94 up to fn = 1.23 due to the stiﬀening of the laminate induced by the in-plane contraction of the
magnitude λ = 0.5. Analogously, the equibiaxial contraction of the laminate with Gent phases shifts PBGs towards lower frequencies
less than in the laminate with neo-Hookean phases (compare Fig. 12(b) and (d)). Speciﬁcally, the lower boundary of the second PBG
shifts from fn = 1.86 up to fn = 2.39 because the laminate under the equibiaxial contraction of the magnitude λ = 0.7 signiﬁcantly
stiﬀens. Similar to the eﬀect of contraction in the laminate with Gent phases, the extension induced stiﬀening shifts PBGs towards
higher frequencies compared to the laminates with neo-Hookean phases. In particular, the lower boundary of the ﬁrst PBG shifts
from fn = 3.17 up to fn = 3.68 in the laminate with Gent phases undergoing the in-plane extension of the magnitude λ = 2 (compare
Fig. 12(a) and (c)).
Next, let us consider the mechanisms governing the PBGs in the ﬁnitely deformed compressible laminates exhibiting weak and
strong stiﬀening. Fig. 13 presents the relative changes in the thicknesses of the layers (a), and the relative changes in the phase
velocities of pressure waves (b) in each layer as functions of the stretch ratio. The example is given for the laminates with neoHookean and Gent phases subjected to equibiaxial deformation. The laminate parameters are va = 0.1, μa /μb = 100, Λa / μa = 1000 ,
Λb / μb = 10 , Jma = 5, and Jmb = 2.5. The corresponding dependence of the BGs on deformation is presented in Fig. 12(b) and (d). A
comparison of Fig. 12(b) and (d) together with Fig. 13 shows a correlation between the position of PBGs and changes in the geometry
and phase velocities of the layers. In particular, we observe that in the laminate with Gent phases undergoing equibiaxial contraction,
the phase velocity of the pressure wave in the highly compressible Gent phase increases while it decreases for the highly
compressible neo-Hookean phase (compare continuous blue and dotted black curves in Fig. 13(b)). For example, for the equibiaxial
contraction of the magnitude λ = 0.7 the changes in the pressure wave velocities are cbG / cbo = 1.11 and cbnH / cbo = 0.91 for the highly
compressible Gent and neo-Hookean phases, respectively. On the other hand, the layer thickness of the highly compressible Gent
phase increases less than for the neo-Hookean phase, namely dbG / dbo = 1.53 and dbnH / dbo = 1.62 for the laminate subjected to the
equibiaxial contraction of λ = 0.7 (compare continuous blue and dotted black curves in Fig. 13(a)). As a result, the PBGs in the
laminates with Gent phases shift towards lower frequencies less than in the laminate with neo-Hookean phases. For the equibiaxial
extension of the magnitude λ = 1.6 , the changes in the pressure wave velocities are cbG / cbo = 1.02 and cbnH / cbo = 1.03 for the highly
compressible Gent and neo-Hookean phases, respectively (Fig. 13(b)); whereas the changes in the layer thicknesses are dbG / dbo = 0.37
and dbnH / dbo = 0.42 (Fig. 13(a)). Although the diﬀerence in the phase velocities and layer thicknesses between the Gent and neoHookean phases is relatively small, the lower boundary of the ﬁrst PBG shifts from fn = 4.04 in the laminate with neo-Hookean
phases up to fn = 4.50 in the laminate with Gent phases undergoing the equibiaxial extension of the magnitude λ = 1.6 (see
Fig. 12(b) and (d)). This happens because of the nonlinear dependence of PBGs on the changes in the material properties and
geometry induced by deformation, especially in the case of the extreme deformations approaching the lock-up state (λlock = 1.64 ).
Finally, we consider the inﬂuence of compressibility of the laminate constituents on the BGs. Fig. 14 shows BGs as a function of
compressibility of the thin softer layers embedded in the nearly incompressible stiﬀer phase. The results for the undeformed
laminate are presented in Fig. 14(a) while the response of the laminate subjected to the equibiaxial compression (λ = 0.5) is shown in
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Fig. 14. Band gaps vs. compressibility of the phase b for the laminate with va = 0.96, μa /μb = 100 , Λa /μa = 1000 , and ρ0a /ρ0b = 1 in the undeformed state (a) and the
one subjected to the equibiaxial compression, λ = 0.5 (b).

Fig. 14(b). We observe complete BGs in low-frequency range when compressibility of softer phase increases (i.e. Λb / μb decreases).
For example, for the undeformed laminate with Λb / μb = 10 we observe the ﬁrst complete BG of width Δfn = 0.89 with the lower
boundary at fn = 1.25, while for Λb / μb > 35 there are no complete BGs in the considered frequency range (see Fig. 14(a)).
Furthermore, the maximal width and position of the lowest complete BG vary depending on the applied deformation; thus, for the
laminate with Λb / μb = 10 undergoing equibiaxial contraction (λ = 0.5), the lowest complete BG has width Δfn = 0.61 with the lower
boundary at fn = 0.50 (see Fig. 14(b)). Note that an increase in compressibility of the thin layers results in a shift of PBGs towards
lower frequencies, producing complete BGs at the low-frequency range. Thus, the wide complete BGs can be realized by composing
laminates of a nearly incompressible matrix and highly compressible thin layers.
Fig. 15 shows BGs as functions of deformations for the laminates with both highly compressible phases exhibiting weak ((a) and
(c)) and strong ((b) and (d)) stiﬀening eﬀects. Consistent with the observations in Fig. 14, complete BGs shift down towards lower
frequencies. Moreover, the position of complete BGs is highly tunable via deformation. In particular, in the undeformed laminate
with va = 0.95, μa / μb = 100, Λa / μa = 10 , and Λb / μb = 5, the lowest complete BG has the width Δfn = 0.29 with the lower boundary at
fn = 0.92 , while for the laminate under in-plane compression, λ = 0.5, the lowest complete BG has the width Δfn = 0.63 with the
lower boundary at fn = 0.57 (see Fig. 15(a)). In case of the equibiaxial compression, λ = 0.5, the lowest complete BG has the width
Δfn = 0.75 with the lower boundary at fn = 0.46 (see Fig. 15(c)). Consequently, the equibiaxial deformation has a more pronounced
inﬂuence on the position of complete BGs as compared to the eﬀect of the in-plane deformation.
A comparison of Fig. 15(a) and (b) (and also Fig. 15(c) and (d)) shows that in the laminate with Gent phases the PBGs are wider
and they appear at higher frequencies compared to the PBGs in the laminates with neo-Hookean phases. This leads to the shifting of
complete BGs towards higher frequencies. In particular, the lower boundary of the ﬁrst complete BG in the laminate undergoing the
in-plane contraction of the magnitude λ = 0.5 shifts from fn = 0.57 up to fn = 0.71 (compare Fig. 15(a) and (b)). In the case of the
equibiaxial contraction of magnitude λ = 0.7, the lower boundary of the ﬁrst complete BG shifts from fn = 0.57 up to fn = 0.69
(compare Fig. 15(c) and (d)). Similarly to the laminates considered in Fig. 12, the transformations of the BGs correlate with the
changes in the thicknesses of the layers and phase velocities within each layer. In particular, an increase in the thicknesses of the
layers (d / d o > 1) shifts BGs towards lower frequencies whereas a decrease in the layer thicknesses (d / d o < 1) shifts BGs towards
higher frequencies. Once again, an increase in phase velocities (c / c o > 1) shifts BGs towards higher frequencies, and a decrease in
phase velocities (c / c o < 1) shifts BGs towards lower frequencies.
3.2.3. An example of band gap structures for possible realistic layered materials
In this section, we provide a calculation of the BG structure for composites made of silicon rubber (Elite Double 32, Zhermarck)
and one of a digital material used in multimaterial 3D printing (A85). Both of these materials can be described by the extended neoHookean strain energy function (30). Table 1 summarizes the corresponding parameters for these deformable materials. The phase a
is made of the digital material A85, and the phase b is made of the silicon rubber Zhermarck Elite Double 32. Fig. 16 shows pressure
and shear wave BGs as functions of the volume fraction of phase a in the undeformed and deformed laminates. We observe that the
lowest complete BG has a maximal width for a certain volume fraction va in the undeformed laminate. In particular, for the laminate
with va = 0.87 the lowest complete BG has width Δfn = 0.26 with the lower boundary at fn = 2.50 , while for the laminate with va = 0.1
the lowest complete BG has width Δfn = 0.3 with the lower boundary at fn = 3.4 . Consistent with previous observations in this paper,
an extension of the laminate does not change the position of SBGs and shifts up PBGs towards higher frequencies. For example, the
in-plane extension of the magnitude λ = 1.3 shifts the lower boundary of the ﬁrst PBG from fn = 2.50 up to fn = 3.23 in the laminate
with va = 0.87 (compare Fig. 16(a) and (b)).
To clarify how the pressure wave and complete BGs depend on deformation in the laminates made of silicon rubber (Elite Double
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Fig. 15. Band gaps vs. stretch ratio for laminates subjected to ((a) and (b)) in-plane tension and ((c) and (d)) equibiaxial deformations.
va = 0.95, μa /μb = 100, Λa /μa = 10 , Λb /μb = 5, ρ0a /ρ0b = 1, and Jma = Jmb = 2.5. (a) and (c) refer to laminate with neo-Hookean phases and (b) and (d) refer to
laminate with Gent phases.

32, Zhermarck) and the digital material (A85), we present BGs as functions of the applied stretch ratio in Fig. 17. Fig. 17(a) and (b)
illustrate how the in-plane (27) and equibiaxial deformations (28) of the layered material with va = 0.3 inﬂuence the BG structure.
We observe that PBGs narrow and shift towards lower frequencies in the laminate undergoing contraction while an extension of the
laminate widens and shifts PBGs towards higher frequencies. In particular, the lower boundary of the ﬁrst PBG shifts from fn = 3.05
down to fn = 2.45 and its width decreases from Δfn = 1.33 down to Δfn = 1.07 in the laminate subjected to the in-plane contraction of
the magnitude λ = 0.8 (see Fig. 17(a)). The equibiaxial deformation has a more pronounced eﬀect on the PBGs; in particular, the
equibiaxial contraction of the magnitude λ = 0.8 shifts the lower boundary of the ﬁrst PBG from fn = 3.05 down to fn = 1.98 and
narrows it from Δfn = 1.33 down to Δfn = 0.86 (see Fig. 17(b)). Remarkably, complete BGs can be induced in a required frequency
range by deformation while the undeformed laminate does not produce complete BGs in that range. For example, the considered
here laminate has no complete BGs (in the frequency range up to fn = 3) in the undeformed state while it has the complete BG of
width Δfn = 0.49 when subjected to the in-plane contraction of the stretch ratio magnitude λ = 0.83 (see Fig. 17(a)).
Fig. 17 also shows the Bragg limit frequency, f (BL ) = cpw /(2πd ), and an estimate for the resonance frequency of stiﬀer layer,
(
R
)
f
= cpw /(2πda ). Clearly, the ﬁrst complete BG occurs in the vicinity of the resonance frequency of the stiﬀer layer; moreover, it
occurs above the Bragg limit. Hence, a composition of both Bragg scattering and inner resonance of stiﬀer layers participate in
formation of complete BGs. In other words, in layered media the mechanism forming complete BGs is based on the destructive

Table 1
Material parameters.
Material

μ, MPa

Λ, MPa

ρ0 , kg/m3

Elite Double 32
Digital material (A85)

0.444
22

22.2
1100

1050
1200
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Fig. 16. Band gaps vs. volume fraction of the phase a in (a) the undeformed laminate and (b) the one subjected to the in-plane tension of the magnitude λ = 1.3 with
μa /μb = 50, Λa /μa = 50 , Λb /μb = 50 , and ρ0a /ρ0b = 1.14 . The gray, blue, and black colors correspond to the shear wave, pressure wave, and complete BGs, respectively.
(For interpretation of the references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

Fig. 17. Band gaps vs. in-plane (a) and equibiaxial (b) deformations for the laminate with va = 0.3, μa /μb = 50, Λa /μa = 50 , Λb /μb = 50 , and ρ0a /ρ0b = 1.14 . The blue
dash-dotted and red dashed curves correspond to estimates of the Bragg limit and the resonance frequency of stiﬀer layer, respectively. (For interpretation of the
references to color in this ﬁgure caption, the reader is referred to the web version of this paper.)

interference of the scattered waves by the stiﬀer layers and inner resonances of these layers.

4. Conclusions
We considered elastic wave propagation in soft periodic layered media undergoing ﬁnite deformations. Firstly, based on an exact
analytical solution for ﬁnitely deformed laminates with alternating neo-Hookean phases, we derived explicit relations for phase (41)
and group velocities (55) and (56). Secondly, we obtained long wave estimates (59) and (63) for the phase velocities of pressure and
shear waves propagating perpendicular to the layers in the ﬁnitely deformed compressible laminates with neo-Hookean and Gent
phases. These estimates provide the important information on elastic wave propagation with wavelengths larger than microstructure
size, namely l ≳ πd ; moreover, these explicit expressions may provide estimates for transversely isotropic ﬁber composites. Thirdly,
we provided a detailed analysis of the band gap structures for the waves propagating perpendicular to the layers in the
incompressible and compressible layered materials. Speciﬁcally, we identiﬁed the key parameters and mechanisms inﬂuencing
the shear wave, pressure wave, and complete BGs. Based on the analysis, we revealed the advantageous compositions of the
laminates producing the wide BGs in the low-frequency range.
For incompressible laminates, we showed that (i) a small amount of a soft phase in a stiﬀer matrix produces wide SBGs; (ii) SBG
structure in layered materials with phases exhibiting weak stiﬀening eﬀects is not inﬂuenced by deformation because deformation
induced changes in geometry and eﬀective material properties compensate each other; (iii) contraction or extension of the laminate
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with stiﬀening in phases widens and shifts up SBGs towards higher frequencies due to the stronger eﬀect of deformation induced
changes in the material properties (as compared to the geometry changes).
For compressible laminates, we showed that (i) wide complete BGs can be produced by composing periodic laminates with thin
highly compressible layers embedded in a nearly incompressible matrix; (ii) the dominant mechanism inﬂuencing PBGs is the
deformation induced change in the thicknesses of the layers; (iii) by application of deformation to the laminates with highly
compressible phases, complete BGs in the low-frequency range can be produced. These low-frequency range BGs are not accessible
for laminates with nearly incompressible phases.
In this work, we considered small amplitude motions (superimposed on ﬁnite deformations); therefore, the presented results
cannot be fully applied for ﬁnite amplitude elastic waves propagating in soft microstructured materials. This can be potentially an
interesting direction of future research. Another aspect is the inﬂuence of the direction of elastic wave propagation. We fully address
this aspect in the analysis of long waves considering any direction of wave propagation and any applied deformations. However, our
analysis of elastic wave band gaps focuses on the normal direction of wave propagation, and the consideration of oblique elastic
waves would require diﬀerent techniques such as Bloch–Floquet numerical analysis or transfer matrix methods. Finally, we note that
a consideration of dissipation can potentially improve the accuracy of the predictions, especially for the composites with constituents
characterized by strong damping eﬀects (Babaee et al., 2015).
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