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Confined thin shells, films and membranes are prone to lose stability to relieve the in-plane
compression energy, which is traditionally regarded as a first route towards catastrophic
failure [1]. From another perspective, this buckling behavior can be harnessed to realize
certain functionality with the burgeoning use of extremely deformable materials and
structures [2][3][4], such as the synthetic camouflaging skins via programmable wrinkling
textures [5], shape-morphing of soft robotics actuators [6], bifurcation-guided printing of
autonomous actuation [7], shape-programmable multistable surfaces [8], dynamic tuning of
wrinkle-patterned topographies [9], and adaptive aerodynamic drag control [10].
Manipulation of reversible instability response, especially the flexible transition between
buckling and stabilization regimes, would be a key for relevant applications. Such control can
provide insights into fabricating topology-related functional membranes in broad
applications.

Curvature and mechanics are intimately connected in thin objects. Curvature in conforming
materials to rigid substrates can guide the self-assembly of defects such as crack paths [11]
and pleats [12][13][14]. Surface curvature plays a key role in wrinkling pattern selection and
morphological transition in core-shells [15][16][17][18][19] and curved film/substrate systems
[20][21][22]. Spontaneous curvature can induce rotational symmetry-breaking buckling and
snapping instability in thin shells [23][24]. Yet curvature can hold a delaying effect on the
formation of wrinkles in a homogeneous growing system [25], and instabilities occur first in
regions with the lowest curvature in a heterogeneous system for the morphogenesis of
developing mammalian brain [26]. Combining curvature and cuts can realize wave
propagation in kirigami structures [27] and network construction of curvy filamentary
structures leads to a bending-stretching transition of deformation mode under tension [28].
Understanding the mechanism of curvature effects on morphological evolution and pattern
formation is, in fact, crucial for the effective use of wrinkling as a tool for realizing
multifunctional surfaces.

This month jClub is intended to initiate and encourage discussion on curvature-affected
instability phenomena in membranes, surfaces and slender structures. Other influencing
factors such as growth, medium and photo are also involved. Former jClubs on instability of
soft materials are listed here for reference, e.g, by T. Zhang, S. Rudykh, P. Rothemund, etc.

Here, we provide a few recent illustrative examples from the large body of relevant works on
this vibrant topic.

1. (In)Stability of Stretched Curved Films
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Twenty years ago, Friedl et a/ [29] and Cerda et a/. [30][31] revealed that transverse wrinkles
can occur in a uniaxially tensile elastic membrane. However, their investigations and other
early studies were strictly constrained to small membrane strain (~1%) of a stiff flat sheet, while
a few recent works found that tension-induced transverse wrinkles on soft films can be
stabilized upon excess stretching up to ~30% overall strain. Zheng [32] first studied a
restabilization phenomenon in a highly stretched sheet, demonstrating that wrinkles appear
first, then decrease, and finally disappear with the continuous increase of stretching, as shown
in Fig. 1. Later, Healey et a/ [33] derived a rational Saint-Venant Kirchhoff (SVK) model by
accounting for large in-plane strains to predict wrinkling-restabilization (isola-center
bifurcation), with drastic contrast to the ever-increasing wrinkling amplitude vs. overall strain
obtained by classical Foppl-von Karméan (FvK) plate model. They pointed out that the
nonlinear in-plane components in geometric equations play a crucial role in the
disappearance of wrinkles. Recently, Fu et a/. [34] established a modeling and resolution
framework through extending the nonlinear FvK thin plate model to finite membrane strain
regime for various compressible and incompressible hyperelastic materials, and then Wang
et al. [35] analytically interpreted isola-center bifurcation points based on Koiter stability
theory and provided a 3D phase diagram on stability boundaries.
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Fig. 1 Wrinkling-restabilization evolutions of highly stretched hyperelastic films. The tensile strain is

continuously increasing from the left to right.

Do tensional wrinkles in thin films depend on curvature? How does curvature affect pattern
formation and pattern evolution? Whether does curvature trigger or delay stretch-induced
wrinkling behavior?

Lately, Wang et al [36] found that the curvature can control effectively and precisely the
wrinkling and smoothing regimes (see Fig. 2). When the sheet is bent, the regime of wrinkling
amplitude versus membrane elongation is narrowed, with local wrinkling instability coupled
with global bending. There exists a critical curvature, where no wrinkles appear when the value
is beyond this threshold. To quantitatively understand the underlying mechanism and the
evolution of wrinkling-restablization regimes as well as influential factors, Wang et a/. [36]
developed novel theoretical models that can describe large in-plane strains of curved soft
shells to effectively capture their nonlinear behaviors. The models build on general differential
geometry and thus can be extended to arbitrarily curved surfaces [37].

As for practical insights, fundamental understanding of morphological evolution and 3D
phase diagram of stability boundary (see Fig. 2), is critical for the effective use of wrinkling as
a tool for morphological design, which may shed light on designs of wrinkle-tunable
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membrane surfaces and structures.
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Fig. 2 (a)-(b) Transverse wrinkles appear in a stretched flat sleeve, while no wrinkles occur in a stretched
cylindrical sleeve. (c)-(d) Sketch of the experimental setup and geometry of an open cylindrical shell. (e)-(g)
At the same tensile strain, increasing the curvature resists wrinkles, and the membrane remains smooth when
the curvature is beyond than a critical value. The right side shows a 3D phase diagram (curvature
width/thickness a, length/width ) of stability boundaries. Theoretical prediction of critical surface remarkably

agrees with experiments (dots) [36].

2. Pattern Selection in Curved Film/Substrate Systems

Instability patterns of rolling up a sleeve appear more intricate than the ones of walking over
a rug on floor, both characterized as systems of uniaxially compressed soft film on stiff
substrate [21][38]. This can be explained by curvature effects. Yang et a/. [21] revealed a novel
post-buckling phenomenon involving multiple successive bifurcations: smooth-wrinkle-
ridge-sagging transitions (see Fig. 3). The shell initially buckles into periodic axisymmetric
wrinkles at the threshold and then a wrinkle-to-ridge transition occurs upon further axial
compression. When the load increases to the third bifurcation, the amplitude of the ridge
reaches its limit and the symmetry is broken with the ridge sagging into a recumbent fold. It
is identified that hysteresis loops and the Maxwell equal-energy conditions are associated
with the coexistence of wrinkle-ridge or ridge-sagging patterns. Such a bifurcation scenario
is inherently general and independent of material constitutive models.
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Fig. 3 Soft shells sliding on rigid cylinders. (a) Patterns upon rolling up a sleeve. (b) An air-inflated latex
balloon with one end fixed on an acrylic rod. With increasing compression from the right side, four
distinguished states are observed: (c) initial undeformed configuration, (d) wrinkle, (e) ridge, (f) sagging ridge.
(9)-(j) are representative sketches corresponding to (c)—(f), respectively. The right side shows a bifurcation
diagram of dimensionless deflections of the ridge peak (red curve) and its neighboring wrinkle peak (blue

curve) as a function of overall compressive strain [21].



Apart from cylindrical geometry, curvature-induced symmetry-breaking pattern formation
and transition are widely observed in spherical film/substrate systems across different length
scales such as embryogenesis, heterogeneous micro-particles, dehydrated fruits, growing
tumors and planetary surfaces [15][39][40][41][42][43]. Lately, Xu et al [19] revealed that
surface morphological pattern formation of core-shell spheres upon shrinkage of core (or
expansion of surface layer) are primarily determined by a single dimensionless parameter
C=(E/E)(R/h)”” which characterizes the modulus ratio (£/£) and geometric curvature (R/A)
of core-shell spheres (see Fig. 4). Understanding morphological selection and transition, and
in particular the dependence of wrinkling behavior on curvature offer the necessary guidance
for multifunctional surface design and fabrication based on wrinkling. Roll up your sleeves,

there is more work to do in this area [44].
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Fig. 4 Phase diagram of core-shell spheres [19]. Pattern selection among dimples, buckyball, labyrinth and

checkerboard modes, is characterized by a dimensionless parameter C.=(£/E)(R/h)™.

3. Morphogenesis of Growing Biofilms

Having waves in morphological pattern is energetically favorable for thin living tissues [45]
such as leaves [46][47], flowers [48][49], and biological membranes [50], where spontaneous
symmetry breaking induced by differential growth is normally considered as a significant
factor in the origin of such complex patterns. Growth-induced morphogenesis can be
affected by many elements including intrinsic (e.g., gene [45]) and external (e.g., phototropism
[51]) ones. Lately, Xu et a/. [52] observed that water can dramatically alter the morphogenesis
of lotus leaves in the same plant, where the ones floating on water demonstrate flat geometry
with short-wavelength wrinkles on the edge, while the leaves growing above water usually
morph into a bending cone shape with long rippled waves near the edge (see Fig. 5). Such a
phenomenon reveals the interplay between internal growth-induced residual stresses and
external support from the water (liquid substrate), which affects the morphogenesis of
growing tissues. Besides, other influencing factors, such as mechanical constraints from the
stem or vein, heterogeneity-induced growth curvature and size effect (see Fig. 5), can alter
the shape of leaves. Understanding growth-triggered morphological evolution and in
particular the dependence of wrinkling behavior on liquid foundation can help design
biomimetic deployable structures that quantitatively harness surface instabilities using
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substrate or edge actuation [53][54].
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Fig. 5 The left side indicates water effect on morphogenesis of diverse aquatic plant leaves. A floating lotus
leaf (a) grows with short waves along the edge, while suspended lotus leaves (b) and (c) morph into long
wavelength ripples near the margin. With water foundation, the leaf of white water lily (d) remains flat, while
for the suspended leaf (e) globally bends with long ripples near the edge. The leaf of Victoria water lily (f)
where water substrate occupies about 80% of the entire leaf area (local effect of liquid foundation) grows into
a bowllike shape with sharp edge bending. The right side illustrates size effect (R/4) on growing shapes of
lotus (circular) and white water lily leaves (fan-shaped): (a), (b) water foundation (blue background), (c), (d)

suspended (stem support) [52].

4. Bioinspired Surface/Interface Devices

Implantable electronic devices, such as sensors and probes, have enabled the precise
measurement of biological activities treatments to be delivered to a specific location. However,
most sensors cannot adapt to the physically dynamic and biochemically complicated
environment in vivo. Biological tissues are soft, curved and transient, whereas most flexible
sensors made from monolithic membrane substrates with large sizes show high bending
stiffnesses that further increase after coating the substrate with conductive and sensing
materials. Mechanical mismatches between implanted electronics and biological tissues can
lead to inaccurate readings and long-term tissue damage [55]. Wang et a/. [56] designed a
flexible fibre-based implantable electrochemical sensor that mimics the hierarchical curvy
structure of muscle (see Fig. 6). The sensor, which was generated by twisting carbon
nanotubes into helical bundles of fibres, resembles muscle filaments and matches the bending
stiffness of tissues and cells and therefore, provides a flexible, strong and stable fibre—tissue
interface. The implantable fibre showed good biocompatibility and was further modified to
adapt to applications in vivo.

How to improve pressure-sensing performances especially the sensitivity and the detection
limit, is another important concern to expand the related applications. Yu et a/. [57] showed
that rose petal-templated positive multiscale millimeter/micro/nanostructures combined with
surface wrinkling nanopatterns (see Fig. 6) endow the assembled pressure sensors with
outstanding pressure sensing performances. The introduction of multiscale hierarchical
structures combined with simple light control is expected to design next generation of
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advanced electronic devices with unprecedented performances and smart applications (e.g.,
optically switchable microcircuit and photodetection).
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Fig. 6 The left side demonstrates a bio-inspired hierarchical helical structure (mimic muscle) and the
implantation of the biosensor [56]. The right side shows a highly sensitive piezoresistive pressure sensor

fabricated on the base of bioinspired (/e,, biotemplating and surface wrinkling) multiscale structures [57].

These are a tip of the iceberg of curvatures and instabilities in thin films and slender structures.
We hope that this post would initiate insightful thoughts and fruitful discussions in this
dynamic research field. | quoted a comment by Reis et a/ [3] as the closing of this post:
“Modern physics edged mechanics out into the wilds of engineering. But multidisciplinary
Interest in pattern formation has moved it back into the mainstream, bringing with it interest
from other fields.”

References

[1] Bazant, Z.P., 2000. Structural stability. Int. J. Solids Struct. 37, 55-67.

[2] Li, B, Cao, Y.P, Feng, X.Q., Gao, H., 2012. Mechanics of morphological instabilities and
surface wrinkling in soft materials: A review. Soft Matter 8, 5728-5745.

[3] Reis, P.M., Brau, F., Damman, P., 2018. The mechanics of slender structures. Nat. Phys. 14,
1150-1151.

[4] Reis, P.M., 2015. A perspective on the revival of structural (in) stability with novel
opportunities for function: From buckliphobia to buckliphilia. J. Appl. Mech. 82, 111001 -
1-111001-4.

[5] Pikul, J.H,, Li, S., Bai, H., Hanlon, R.T., Cohen, I., Shepherd, R.F., 2017. Stretchable surfaces
with programmable 3D texture morphing for synthetic camouflaging skins. Science 358,
210-214.

[6] Siéfert, E., Reyssat, E., Bico, J., Roman, B., 2019. Bio-inspired pneumatic shape-morphing
elastomers. Nat. Mater. 18, 24-28.

[7] Jiang, Y., Korpas, LM., Raney, J.R., 2019. Bifurcation-based embodied logic and
autonomous actuation. Nat. Commun. 10, 128-1-128-10.

[8] Bende, N.P, Evans, AA, Innes-Gold, S., Marin, LA., Cohen, |, Hayward, R.C., Santangelo,
C.D., 2015. Geometrically controlled snapping transitions in shells with curved creases.
Proc. Natl. Acad. Sci. USA 112, 11175-11180.

[9] Box, F., O'Kiely, D., Kodio, O., Inizan, M., Castrejon-Pita, A.A., Vella, D., 2019. Dynamics of

6



wrinkling in ultrathin elastic sheets. Proc. Natl. Acad. Sci. USA 116, 20875-20880.

[10] Terwagne, D., Brojan, M., Reis, P.M., 2014. Smart morphable surfaces for aerodynamic
drag control. Adv. Mater. 26, 6608—6611.

[11] Mitchell, N.P., Koning, V., Vitelli, V., Irvine, W.T.M., 2017. Fracture in sheets draped on
curved surfaces. Nat. Mater. 16, 89-93.

[12] Irvine, W.T.M,, Vitelli, V., Chaikin, P.M., 2010. Pleats in crystals on curved surfaces. Nature
468, 947-951.

[13] Ma, L., Liu, X,, Soh, AK., He, L., Wu, C., Ni, Y., 2019. Growth of curved crystals: competition
between topological defect nucleation and boundary branching. Soft Matter 15, 4391-
4400.

[14] Janssens, S.D., Sutisna, B., Giussani, A., Vazquez-Cortés, D., Fried, E., 2020. Boundary
curvature effect on the wrinkling of thin suspended films,
http://arxiv.org/abs/2002.08010v1

[15] Li, B., Jia, F., Cao, Y.P., Feng, X.Q., Gao, H., 2011. Surface wrinkling patterns on a core-
shell soft sphere. Phys. Rev. Lett. 106, 234301-1-234301-4.

[16] Zhao, Y., Cao, Y., Feng, X.Q., Ma, K., 2014. Axial compression-induced wrinkles on a core-
shell soft cylinder: Theoretical analysis, simulations and experiments. J. Mech. Phys. Solids
73, 212-227.

[17] Xu, F., Potier-Ferry, M., 2016. On axisymmetric/diamond-like mode transitions in axially
compressed core-shell cylinders. J. Mech. Phys. Solids 94, 68-87.

[18] Xu, F., Abdelmoula, R., Potier-Ferry, M., 2017. On the buckling and post-buckling of
core-shell cylinders under thermal loading. Int. J. Solids Struct. 126-127, 17-36.

[19] Xu, F., Zhao, S., Lu, C., Potier-Ferry, M., 2020. Pattern selection in core-shell spheres. J.
Mech. Phys. Solids 137, 103892-1-103892-14.

[20] Cai, S., Breid, D., Crosby, A.J., Suo, Z., Hutchinson, J.W., 2011. Periodic patterns and energy
states of buckled films on compliant substrates. J. Mech. Phys. Solids 59, 1094-1114.

[21] Yang, Y., Dai, H.H., Xu, F., Potier-Ferry, M., 2018. Pattern transitions in a soft cylindrical
shell. Phys. Rev. Lett. 120, 215503-1-215503-5.

[22] Zhao, Y., Zhu, H., Jiang, C., Cao, Y., Feng, X.Q., 2020. Wrinkling pattern evolution on
curved surfaces. J. Mech. Phys. Solids 135, 103798-1-103798-15.

[23] Zhang, C., Hao, Y.K,, Li, B., Feng, X.Q., Gao, H., 2018. Wrinkling patterns in soft shells. Soft
Matter 14, 1681-1688.

[24] Pezzulla, M., Stoop, N., Steranka, M.P., Bade, A.J., Holmes, D.P., 2018. Curvature-induced
instabilities of shells. Phys. Rev. Lett. 120, 048002-1-048002-5.

[25] Jia, F., Pearce, S.P., Goriely, A., 2018. Curvature delays growth-induced wrinkling. Phys.
Rev. E 98, 033003-1-033003-11.

[26] Budday, S., Steinmann, P., Goriely, A., Kuhl, E., 2015. Size and curvature regulate pattern
selection in the mammalian brain. Extreme Mech. Lett. 4, 193-198.

[27] Rafsanjani, A., Jin, L., Deng, B., Bertoldi, K., 2019. Propagation of pop ups in kirigami shells.
Proc. Natl. Acad. Sci. USA 116, 8200-8205.

[28] Yan, D., Chang, J., Zhang, H., Liu, J.,, Song, H., Xue, Z., Zhang, F., Zhang, Y., 2020. Soft
three-dimensional network materials with rational bio-mimetic designs. Nat. Commun.
11, 1180-1-1180-11.

[29] Fischer, F.D., Rammerstorfer, F.G., Friedl, N., Wieser, W., 2000. Buckling phenomena

7



related to rolling and levelling of sheet metal. Int. J. Mech. Sci. 42, 1887-1910.

[30] Cerda, E., Ravi-Chandar, K., Mahadevan, L., 2002. Wrinkling of an elastic sheet under
tension. Nature 419, 579-580.

[31] Cerda, E., Mahadevan, L., 2003. Geometry and physics of wrinkling. Phys. Rev. Lett. 90,
074302-1-074302-4.

[32] Zheng, L., 2009. Wrinkling of Dielectric Elastomer Membranes. California Institute of
Technology, Pasadena, USA. Ph.D. Thesis.

[33] Healey, T.J,, Li, Q., Cheng, R.B., 2013. Wrinkling behavior of highly stretched rectangular
elastic films via parametric global bifurcation. J. Nonlinear Sci. 23, 777-805.

[34] Fu, C., Wang, T., Xu, F., Huo, Y., Potier-Ferry, M., 2019. A modeling and resolution
framework for wrinkling in hyperelastic sheets at finite membrane strain. J. Mech. Phys.
Solids 124, 446-470.

[35] Wang, T., Fu, C., Xu, F., Huo, Y., Potier-Ferry, M., 2019. On the wrinkling and restabilization
of highly stretched sheets. Int. J. Eng. Sci. 136, 1-16.

[36] Wang, T., Yang, Y., Fu, C,, Liu, F., Wang, K., Xu, F., 2020. Wrinkling and smoothing of a
soft shell. J. Mech. Phys. Solids 134, 103738-1-103738-20.

[37] Wang, T., Liu, F, Fu, C., Zhang, X., Wang, K., Xu, F., 2020. Curvature tunes wrinkles in
tensile hyperelastic shells. Submitted.

[38] Stoop, N., Mller, M.M., 2015. Nonlinear buckling and symmetry breaking of a soft elastic
sheet sliding on a cylindrical substrate. Int. J. Nonlinear Mech. 75, 115-122.

[39] Cao, G., Chen, X, Li, C, Ji, A, Cao, Z, 2008. Self-assembled triangular and labyrinth
buckling patterns of thin films on spherical substrates. Phys. Rev. Lett. 100, 036102-1-
036102-4.

[40] Yin, J., Chen, X, Sheinman, |, 2009. Anisotropic buckling patterns in spheroidal
film/substrate systems and their implications in some natural and biological systems. J.
Mech. Phys. Solids 57, 1470-1484.

[41] Breid, D., Crosby, A.J., 2013. Curvature-controlled wrinkle morphologies. Soft Matter 9,
3624-3630.

[42] Stoop, N., Lagrange, R., Terwagne, D., Reis, P.M., Dunkel, J., 2015. Curvature-induced
symmetry breaking determines elastic surface patterns. Nat. Mater. 14, 337-342.

[43] Zhang, X., Mather, P.T., Bowick, M.J,, Zhang, T., 2019. Non-uniform curvature and
anisotropic deformation control wrinkling patterns on tori. Soft Matter 15, 5204-5210.

[44] Li, Y., 2018. Roll up your sleeves. Nat. Phys. 14, 534.

[45] Sharon, E., Marder, M., Swinney, H.L., 2004. Leaves, flowers and garbage bags: Making
waves. Am. Sci. 92, 254-261.

[46] Dervaux, J., Ben Amar, M., 2008. Morphogenesis of growing soft tissues. Phys. Rev. Lett.
101, 068101-1-068101-4.

[47] Liang, H., Mahadevan, L., 2009. The shape of a long leaf. Proc. Natl. Acad. Sci. U.S.A. 106,
22049-22054.

[48] Liang, H., Mahadevan, L., 2011. Growth, geometry, and mechanics of a blooming lily.
Proc. Natl. Acad. Sci. U.S.A. 108, 5516-5521.

[49] Huang, C., Wang, Z., Quinn, D., Suresh, S., Hsia, K.J., 2018. Differential growth and shape
formation in plant organs. Proc. Natl. Acad. Sci. U.S.A. 115, 12359-12364.

[50] Zhang, C., Li, B., Huang, X, Ni, Y., Feng, X.Q., 2016. Morphomechanics of bacterial

8



biofilms undergoing anisotropic differential growth. Appl. Phys. Lett. 109, 143701-1-
143701-5.

[51] Darwin, C., 1880. The Power of Movement in Plants. John Murray, London.

[52] Xu, F., Fu, C., Yang, Y., 2020. Water affects morphogenesis of growing aquatic plant leaves.
Phys. Rev. Lett. 124, 038003-1-038003-6.

[53] Weiss, P., 2020. Explaining the ruffles of lotus leaves. Physics 13, 8.

[54] Rubber ‘leaves’ reveal the physics of the floating lotus. Nature 578, 10, 2020.

[55] Feiner, R., Dvir, T. 2020. Soft and fibrous multiplexed biosensors. Nat. Biomed. Eng. 4,
135-136.

[56] Wang, L, Xie, S.,, Wang, Z., Liu, F., Yang, Y., Tang, C., Wu, X,, Liu, P, Li, Y., Saiyin, H., Zheng,
S., Sun, X, Xu, F., Yu, H., Peng, H., 2020. Functionalized helical fibre bundles of carbon
nanotubes as electrochemical sensors for long-term in vivo monitoring of multiple
disease biomarkers. Nat. Biomed. Eng. 4, 159-171.

[57] Yu, S, Li, L, Wang, J,, Liu, E.,, Zhao, J.,, Xu, F., Cao, Y., Lu, C,, 2020. Light-boosting highly
sensitive pressure sensors based on bioinspired multiscale surface structures. Adv. Funct.
Mater., https://doi.org/10.1002/adfm.201907091



