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Surface Stress Effects on the Resonant

Properties of Metal Nanowires: The

Importance of Finite Deformation Kinematics

and the Impact of the Residual Surface Stress

Harold S. Park ∗,1 Patrick A. Klein 2

Abstract

We utilize the recently developed surface Cauchy-Born model, which extends the
standard Cauchy-Born theory to account for surface stresses due to undercoordi-
nated surface atoms, to study the coupled influence of boundary conditions and
surface stresses on the resonant properties of 〈100〉 gold nanowires with {100} sur-
faces. There are two major purposes to the present work. First, we quantify, for the
first time, variations in the nanowire resonant frequencies due to surface stresses
as compared to the corresponding bulk material which does not observe surface
effects within a finite deformation framework depending on whether fixed/free or
fixed/fixed boundary conditions are utilized. We find that while the resonant fre-
quencies of fixed/fixed nanowires are elevated as compared to the corresponding
bulk material, the resonant frequencies of fixed/free nanowires are reduced as a re-
sult of compressive strain caused by the surface stresses. Furthermore, we find that
for a diverse range of nanowire geometries, the variation in resonant frequencies
for both boundary conditions due to surface stresses is a geometric effect that is
characterized by the nanowire aspect ratio. The present results are found to agree
well with existing experimental data for both types of boundary conditions.

The second major goal of this work is to quantify, for the first time, how both
the residual (strain-independent) and surface elastic (strain-dependent) parts of the
surface stress impact the resonant frequencies of metal nanowires within the frame-
work of nonlinear, finite deformation kinematics. We find that if finite deformation
kinematics are considered, the strain-independent surface stress substantially alters
the resonant frequencies of the nanowires; however, we also find that the strain-
dependent surface stress has a significant effect, one that can be comparable to or
even larger than the effect of the strain-independent surface stress depending on
the boundary condition, in shifting the resonant frequencies of the nanowires as
compared to the bulk material.
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1 Introduction

Over the past decade, nanowires, both metallic and semiconducting, have
drawn considerable interest from the scientific community [1, 2]. The large
interest in nanowires has largely been driven by their remarkable physical
properties, most of which emerge due to their small size and thus large surface
area to volume ratio. These properties range across the scientific disciplines,
including unusual or enhanced optical [3, 4], electrical [5–7], thermal [8] and
mechanical [9–12] properties.

Nanowires are also important as they will serve as the basic building blocks for
future nanoelectromechanical systems (NEMS), which have been proposed for
a multitude of cross-disciplinary applications, including chemical and biologi-
cal sensing, force and pressure sensing, high frequency resonators, and many
others [13–18]. Because many of the proposed applications for nanowire-based
NEMS, such as resonant mass sensing and high frequency oscillators [15–17]
rely on the ability to control and tailor the nanowire resonant frequencies
with a high degree of precision, it is critical to be able to predict and control
variations in the nanowire resonant frequencies.

The potential of nanowires in future nanotechnologies has led to significant
interest in experimental characterization of the size-dependent elastic prop-
erties of nanowires. The experimental techniques utilized have varied from
time-resolved spectroscopy [19] to AFM-induced bending [9–12,20–24] or res-
onance measurements [13, 25–32]. In general, resonance measurements to ob-
tain the nanoscale elastic properties are predominant in the literature due to
their relative simplicity as compared to bending and tensile experiments at
the nanoscale due to the reduced amount of nanowire manipulation involved
in resonance-based testing. The experimental results show significant scatter,
with some predictions of enhanced elastic stiffness [10, 12, 27], some predict-
ing reduced elastic stiffness [19] with decreasing nanostructure size, and some
predicting no change with respect to the bulk elastic stiffness [11, 20].

The difficulty in predicting the resonant properties of nanowires stems from
the fact that they are characterized by a large surface area to volume ratio;
because of this, nanowires are subject to surface stresses [33,34], which occur
due to the fact that surface atoms have fewer bonding neighbors than do atoms
that lie within the material bulk. Surface stresses have been predicted to cause
many non-bulk phenomena in nanowires, including self-healing behavior and
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phase transformations [35–37], and non-bulk elastic properties [10, 12, 38–41].

The knowledge that surface effects are critical to understanding the mechani-
cal behavior and properties of nanomaterials has motivated the development
of enhanced continuum models, as standard continuum mechanics is length
scale independent. Various analytic models have been developed to study the
effects of surface stress on the resonant properties of nanobeams [42–45], or
more generally to capture the non-bulk mechanical properties of nanostruc-
tures [40–53]. Due to assumptions utilized to make the analyses tractable, the
coupled effects of geometry, surface orientation and system size on the reso-
nant properties of nanowires have not been quantified, nor have surface stress
effects arising directly from atomistic principles been included in the analyses,
which are generally in two-dimensions. The analyses also utilize overly simplis-
tic pair-type atomic interactions to describe the surface physics, which tend to
incorrectly predict a compressive surface stress for metals whereas the surface
stress for metals is almost always tensile. These errors indicate that quantita-
tive analyses for real materials cannot be made using these approaches.

There are two major goals to the present work. The first is to quantify, for the
first time, how surface stresses may be expected to alter the resonant frequen-
cies for gold nanowires with a 〈100〉 axial orientation and {100} transverse
surfaces considering both fixed/fixed and fixed/free boundary conditions a
compared to the corresponding bulk material that does not observe nanoscale
surface stress effects. These boundary conditions are ubiquitous in the study
of NEMS, as most NEMS employ nanomaterials such as nanowires and nan-
otubes as the active beam element.

We obtain the resonant frequencies using the recently developed surface Cauchy-
Born (SCB) model [54–58]. The uniqueness of the SCB approach as compared
to other analytical and theoretical [40–53] surface elastic models is that it en-
ables the solution of three-dimensional nanomechanical boundary value prob-
lems for displacements, stresses and strains in nanomaterials using standard
nonlinear finite element (FE) techniques [59], with the nonlinear, finite de-
formation material constitutive response obtained directly from realistic in-
teratomic potentials such as the embedded atom method (EAM) [60]. Fur-
thermore, the usage of a standard FE formulation enables the consideration
of arbitrary geometries and various materials once the SCB model has been
developed.

Therefore, the resonant properties of the gold nanowires are determined by
solving a standard FE eigenvalue problem for the resonant frequencies and
associated mode shapes, with full accounting for surface stress effects through
the FE stiffness matrix. The present analysis does not account for factors that
are known to deleteriously impact the resonant properties of nanostructures,
including clamping losses and thermoelastic damping [61–67]. We quantify the
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effects of surface stress on the fundamental resonant frequency as well as the
higher order resonant frequencies corresponding to the deformation modes of
second bending, twist and stretch for both fixed/free and fixed/fixed boundary
conditions as functions of geometry, size and surface area to volume ratio. We
further compare the results to those obtained using the standard bulk Cauchy-
Born (BCB) material, which does not account for surface stress effects, while
making contact with existing experimental data on the resonant frequencies
and elastic properties of metal nanowires.

The second major goal of the present work is to, for the first time within the
framework of nonlinear, finite deformation kinematics, determine the effects of
both the residual (strain-independent) and surface elastic (strain-dependent)
parts of the surface stress on the resonant frequencies of metal nanowires. Since
the work of Gurtin et al. [43], researchers have consistently found that, within
the confines of linear elastic continuum beam theory, the strain-independent
surface stress has no effect on the resonant frequency of a cantilever beam.
However, Huang and Wang [68] have recently demonstrated that if nonlinear,
finite deformation kinematics are considered, that the residual surface stress
does in fact change the effective elastic properties of the nanostructure. We
therefore quantify in this work the effects of the residual and surface elastic
parts of the surface stress on the resonant properties of metal nanowires using
a modified version of the SCB model in which the strain-dependent parts of
the surface stress and surface stiffness are subtracted from the original, fully
nonlinear SCB model.

2 Surface Cauchy-Born Model

2.1 Overview

Details regarding the SCB model and its differences from the standard BCB
model have been described in previous publications [54–58]. Therefore, we
briefly overview the main ideas of the SCB model here.

The BCB model is a hierarchical multiscale assumption that enables the cal-
culation of continuum stress and moduli from atomistic principles [69]. Be-
cause the BCB model does not consider surface effects, the SCB model was
developed [54–56] such that the energy density of a material would include
contributions not only from the bulk, but also the material surfaces thus lead-
ing to the incorporation of atomistic-based surface stress effects into standard
continuum stress measures.

Both the BCB and SCB models are finite deformation constitutive models
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that explicitly represent the stretching and rotation of bonds undergoing large
deformation through continuum mechanics-based kinematic quantities such
as the deformation gradient F, or the stretch tensor C = FTF. [59] Under
deformations which can be represented as homogeneous over the unit cell scale,
the approximation exactly reproduces the response of the corresponding, fully
atomistic representation of the crystal. The necessity for the finite deformation
kinematics gains credence through recent work that has indicated that surface
stresses can cause nonlinearly elastic compressive strains on the order of one
percent or more in the nanowires [39, 55]. The finite deformation formulation
utilized for the SCB model also enables the calculation of resonant frequencies
of highly deformed nanostructures, which may be useful due to the large elastic
deformations that nanowires can undergo prior to yield and subsequent failure
and due to the numerous sensing applications that are envisioned utilizing
nanowires as the sensing component [17].

A schematic of the SCB decomposition of bulk/non-bulk atoms near a free
surface is shown in Figure (1); note that all atomic interactions involving bulk
and non-bulk atoms are governed entirely by the range of the interatomic
potential chosen, as would be in an atomistic simulation. Mathematically,
the relationship between the continuum strain energy density and the total
potential energy of the corresponding, defect-free atomistic system can be
written as

natoms
∑

i

Ui(r) =
∫

Ωbulk

0

Φ(C)df +
∫

Γ1

0

γΓ1

0

(C)dΓ (1)

+
∫

Γ2

0

γΓ2

0
(C)dΓ +

∫

Γ3

0

γΓ3

0
(C)dΓ +

∫

Γ4

0

γΓ4

0
(C)dΓ,

where Ui is the potential energy for atom i, r is the interatomic distance,
Φ(C) is the bulk strain energy density, Ωbulk

0 represents the volume of the
body in which all atoms are fully coordinated, γΓa

0
(C) is the surface strain

energy density of a representative atom in surface layer a and natoms is the
total number of atoms in the system.

The bulk strain energy density Φ(C) in this work is obtained using EAM
potentials [60, 70], and takes the form

Φ(C) =
1

Ω0
(Fi(ρ̄i) + φi) , (2)

φi =
1

2

nbrvi
∑

j 6=i

φij(rij(C)), (3)

ρ̄i =
nbrvi
∑

j 6=i

ρj(rij(C)), (4)
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Fig. 1. Illustration of bulk and non-bulk layers of atoms in a 〈100〉/{100} FCC
crystal interacting by an EAM potential.

where nbrvi are the number of bonds in the representative unit volume Ω0 for
atom i, Fi is the embedding function, ρj is the contribution to the electron
density at atom i from atom j, φij is a pair interaction function and rij is the
distance between atoms i and j.

Analogous to the bulk energy density, the surface energy densities γ(C) de-
scribe the energy per representative undeformed area of atoms at or near the
surface of a homogeneously deforming crystal, and is also obtained using the
same EAM potential as the bulk energy density. For FCC metals, choosing
a surface unit cell that contains only one atom is sufficient to reproduce the
structure of each surface layer. The surface unit cell possesses translational
symmetry only in the plane of the surface, unlike the bulk unit cell which
possesses translational symmetry in all directions. Thus, the surface energy
density γΓa

0
(C) for a representative atom in a given surface layer Γa

0 in Figure
(1) can be written as

γΓa

0
(C) =

1

Γ0
(Fi(ρ̄i) + φi) , (5)

φi =
1

2

nba
∑

j 6=i

φij(rij(C)), (6)

ρ̄i =
nba
∑

j 6=i

ρj(rij(C)), (7)

where nba are the number of bonds for an atom in surface layer a, and Γ0 is
the representative unit area occupied by a non-bulk atom lying at or near the
free surface.

Once the bulk strain energy density is known, continuum stress measures such
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as the second Piola-Kirchoff stress S can be defined as

S = 2
∂Φ(C)

∂C
, (8)

while the material tangent modulus C is defined to be

C = 2
∂S

∂C
. (9)

Similarly, the surface stress on each surface layer Γa
0 in Figure (1) can be

defined as

S̃(a)(C) = 2
∂γΓa

0
(C)

∂C
, (10)

while the surface tangent modulus C̃ can be written as

C̃ = 2
∂S̃

∂C
. (11)

The SCB model thus uses the surface unit cells based on the surface energies
γ(C) to capture the undercoordination of atoms in the surface layers. Because
the surface unit cells are undercoordinated, they are not at a minimum energy
at the same atomistic spacing as bulk atoms, which results in the existence
of surface stresses in (10) through differentiation of the surface energies γ(C).
It is critical to emphasize again that both the surface stress in (10) and the
surface tangent modulus in (11) are quantities based upon finite deformation
kinematics that are functions of strain through the stretch tensor C.

We also discuss here differences between the current formulation for surface
stress and surface energy, and the traditional thermodynamic definition of
surface stress (see for example [33, 41]):

τ = τ0 + C0ǫ, (12)

where τ is the surface stress, τ0 is the residual (strain-independent) portion
of the surface stress, C0ǫ is the surface-elastic (strain-dependent) part of the
surface stress, and where C0 is the (constant) surface elastic stiffness. We will
return to this definition of surface stress later when investigating the effects
of the strain-independent part of the surface stress on the nanowire resonant
frequencies.

[ The thermodynamic interpretation of both the surface stress τ in (12) and
that of the surface energy γΓa

0
(C) in (5) is that of an excess quantity, i.e. a

measure of the difference as compared to the equivalent bulk quantity. The
surface energy γΓa

0
(C) in (5) differs from the conventional definition in that it

does not represent the excess, or difference in surface energy as compared to
a typical bulk atom; instead, it represents the actual potential energy of an
atom lying in surface layer a.]
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Furthermore, the definition of surface stress utilized in the present work in
(10) differs from (12) in that the surface energy is directly differentiated in
the present work to obtain the surface stress in (10). This choice can be un-
derstood by analyzing the energy balance in (1). Because (1) represents the
total energy of the nanostructure as decomposed into bulk and surface contri-
butions, minimization of the energy leads directly to a force balance [54, 71],
which carries the clear physical meaning that at equilibrium, the bulk forces
will balance the surface forces that originate from the surface stress. Fur-
thermore, starting from the energy balance in (1) is extremely favorable for
nonlinear finite element implementation; the full details of the finite element
equations are found in Park et al. [54]. We note in closing that an extensive
analysis of the SCB model in calculating the minimum energy configurations
of gold nanowires as compared to benchmark atomistic calculations can be
found in Park and Klein [55].

2.2 Finite Element Eigenvalue Problem for Nanowire Resonant Frequencies

The equation describing the eigenvalue problem for continuum elastodynamics
is written as

(K − ω2M)u = 0, (13)

where M is the mass matrix and K is the stiffness matrix of the discretized
FE equations; the solution of the eigenvalue problem described in (13) gives
the resonant frequencies f , where f = ω/2π and the corresponding mode
shapes u. We note that the stiffness matrix K contains the effects of both
material and geometric nonlinearities through a consistent linearization about
the finitely deformed configuration [59].

As detailed in Park and Klein [55], once the total energy is obtained by sub-
tracting from (1) the work due to external loads, the FE equilibrium equations
can be obtained by approximating the displacement field using standard FE
interpolation functions [59] and taking the first variation of the total energy.

We emphasize that the addition of the surface energy terms in (1) leads natu-
rally to the incorporation of the surface stresses in the FE stiffness matrix K,
which then leads to the dependence of the resonant frequencies f on the surface
stresses. The eigenvalue problem was solved using the Sandia-developed pack-
age Trilinos [72], which was incorporated into the simulation code Tahoe [73].
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Table 1
Summary of geometries considered: constant surface area to volume ratio (SAV),
constant length, and constant cross sectional area (CSA). All dimensions are in nm.

Constant SAV Constant Length Constant CSA

64 × 16 × 16 232 × 9.7 × 9.7 64 × 16 × 16

110 × 15.2 × 15.2 232 × 11.6 × 11.6 128 × 16 × 16

170 × 14.9 × 14.9 232 × 15.95 × 15.95 256 × 16 × 16

230 × 14.7 × 14.7 232 × 23.2 × 23.2 384 × 16 × 16

290 × 14.5 × 14.5

3 Numerical Examples

All numerical examples were performed on three-dimensional, single crystal
gold nanowires that have a cross section of width a and length h as illustrated
in Figure (2). Three different parametric studies are conducted in this work,
which consider nanowires with constant cross sectional area (CSA), constant
length and constant surface area to volume (SAV); the geometries are sum-
marized in Table (1).

All wires had a 〈100〉 longitudinal orientation with {100} transverse surfaces,
and had either fixed/free (cantilevered) boundary conditions, where the left
(−x) surface of the wire was fixed while the right (+x) surface of the wire was
free, or fixed/fixed boundary conditions, where both the left (−x) and right
(+x) surfaces of the wire were fixed. All FE simulations were performed using
the stated boundary conditions without external loading, and utilized regular
meshes of 8-node hexahedral elements. The SCB bulk and surface energy
densities in (2) and (5) were calculated using EAM interatomic potentials, with
gold being the material for all problems using the parameters of Foiles [70].
In the present work, the bulk FE stresses were calculated using (8) and the
surface FE stresses were found using (10).

We note also that the nanowire cross sections considered in this work are
sufficiently large such that the nanowire surfaces do not reconstruct or reorient
to a lower energy orientation; it is well-established [74, 75] that gold {100}
surfaces will reorient to lower energy {111} surfaces only if the thin film or
nanowire thickness is less than about 2 nm. Thus, the {100} nanowire surfaces
in this work undergo only nonlinear elastic deformations.

Regardless of boundary condition, the nanowires are initially out of equilib-
rium due to the presence of the surface stresses. For fixed/free nanowires,
the free end undergoes a compressive relaxation strain to find an energy mini-
mizing configuration under the influence of surface stresses; previous work [55]
illustrated the accuracy of the SCB model in predicting energy minimizing con-

9



Acc
ep

te
d m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

Fig. 2. Nanowire geometry considered for numerical examples.

figurations of the nanowires due to surface stresses. Fixed/fixed nanowires, on
the other hand, are constrained such that the nanowire free surfaces are unable
to contract due to the boundary conditions. Therefore, fixed/fixed nanowires
exist in a state of tension, as they are unable to contract despite the presence
of the surface stresses. For both boundary conditions, the minimum energy
configuration was obtained while accounting for the surface stresses.

[ The fixed/fixed boundary conditions utilized in this work represent nanowires
that are fabricated through a top-down process of etching or lifting-off of a
metal film on a semiconducting substrate [76–78] as is commonly done in
experimental studies of NEMS-based nanowire resonance. Experimentally, the
residual tension in the fixed/fixed nanowires would occur due to surface stress
effects on the nanowires that are etched in a fixed configuration, and are
therefore unable to contract axially to relieve the tensile surface stresses.]

At that point, the eigenvalue problem described in (13) is solved using the
FE stiffness matrix from the equilibrated (deformed) nanowire configuration
to find the resonant frequencies. Resonant frequencies were also found using
the standard BCB model (without surface stresses) on the same geometries
for comparison. For all resonant frequencies reported in this work, the funda-
mental, or lowest mode frequencies corresponded to a standard bending mode
of deformation.

For each nanowire geometry, we plot the resonant frequencies in two ways.
First, we plot the normalized resonant frequency fscb/fbcb versus the aspect
ratio h/a. Second, we plot the normalized resonant frequency fscb/fbcb versus
the surface area to volume ratio to quantify the resonant frequency varia-
tion that the surface stresses cause. Finally, we compare the results for the
fixed/free nanowires to those of the fixed/fixed nanowires to ascertain the ef-
fects of boundary conditions and surface stresses on the predicted resonant
frequencies.

3.1 Constant Cross Sectional Area

For the first set of simulations, nanowires with constant square cross section
of width a = 16 nm and increasing length h were considered; the lengths
h considered ranged between four and twenty-four times a, resulting in FE
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Table 2
Summary of constant CSA nanowire fundamental resonant frequencies for fixed/free
boundary conditions as computed from: (1) The analytic solution given by Equa-
tion (14), (2) Bulk Cauchy-Born (BCB), and (3) Surface Cauchy-Born (SCB). All
frequencies are in MHz, the nanowire dimensions are in nm.

Geometry Equation 14 BCB SCB

64×16×16 873 917 922

128×16×16 218 226 225

256×16×16 55 56 54

384×16×16 24 25 23

Table 3
Summary of constant CSA nanowire fundamental resonant frequencies for
fixed/fixed boundary conditions as computed from: (1) The analytic solution given
by Equation (15), (2) Bulk Cauchy-Born (BCB), and (3) Surface Cauchy-Born
(SCB). All frequencies are in MHz, the nanowire geometry is in nm.

Geometry Equation 15 BCB SCB

64×16×16 5370 5450 5730

128×16×16 1340 1430 1560

256×16×16 336 358 440

384×16×16 153 159 226

meshes that contained between 5000 and 29000 nodes.

To validate the accuracy of the calculations for the bulk material, we compare
in Tables (2) and (3) the BCB and SCB resonant frequencies to those obtained
using the well-known analytic solution for the fundamental resonant frequency
for both fixed/free (cantilevered) and fixed/fixed beams [79]. For the fixed/free
beam:

f0 =
B2

0

2πh2

√

EI

ρA
, (14)

where B0 = 1.875 for the fundamental resonant mode, and E is the modulus in
the 〈100〉 direction, which can be found to be 35 GPa [70]. The BCB resonant
frequencies compare quite well to those predicted by the analytic formula, with
increasing accuracy for increasing aspect ratio h/a, as would be expected from
beam theory. We note that the SCB resonant frequencies become smaller than
the bulk resonant frequencies when the aspect ratio h/a > 8; reasons for this
trend, which will be observed in all parametric studies, will be discussed later.

For the fixed/fixed beam, the analytic solution is given as [79]

f0 =
i2π

2h2

√

EI

ρA
, (15)
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Fig. 3. Variation in fundamental resonant frequency for fixed/free and fixed/fixed
constant cross sectional area nanowires as a function of nanowire aspect ratio h/a.
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Fig. 4. Variation in fundamental resonant frequency for fixed/free and fixed/fixed
constant cross sectional area nanowires as a function of surface area to volume ratio.

where i is a mode shape factor, which is about 1.5 for the fundamental bending
mode of fixed/fixed beams with zero displacement and zero slope boundary
conditions [25,79]. Table (3) shows that the bulk CB and analytic frequencies
agree nicely, while the SCB resonant frequencies are consistently higher; the
reasons for this will be discussed in detail below.

Figure (3) shows the resonant frequencies for both the fixed/fixed and fixed/free
cases plotted as a function of the aspect ratio h/a. As can be seen, the cal-
culated resonant frequencies vary greatly depending on the boundary condi-
tion. For small aspect ratios, both boundary conditions give resonant frequen-
cies close to the bulk value. However, as the aspect ratio h/a increases, the
fixed/free resonant frequencies decrease relative to the bulk value, while the
fixed/fixed resonant frequencies increase relative to the bulk value. For the
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Fig. 5. Variation in fundamental resonant frequency for fixed/free and fixed/fixed
constant length nanowires as a function of nanowire aspect ratio h/a.

fixed/free case calculated in this work, the resonant frequency is reduced to
nearly 90% of the bulk value when the aspect ratio reaches h/a = 24, while
the resonant frequency for fixed/fixed nanowires increase to more than 140%
of the bulk value when h/a = 24.

The results can also be analyzed with respect to the surface area to volume
ratio, as seen in Figure (4). We note that in this case, increasing the length
while keeping the cross sectional area constant leads to a decrease in surface
area to volume ratio. Again, the boundary conditions impact the trends with
surface area to volume ratio; while the fixed/fixed nanowires show a decrease in
resonant frequency with increasing surface area to volume ratio, the opposite
is observed for the fixed/free nanowires.

3.2 Constant Length

Simulations were also performed keeping the length of the nanowire fixed at
h=232 nm, while increasing the cross sectional area. Aspect ratios of h/a = 10
to h/a = 24 were studied to quantify the variation in resonant frequencies for
the two boundary conditions; the resulting FE meshes ranged in size from
about 16000 to 46000 nodes.

The normalized resonant frequencies are plotted versus aspect ratio h/a in
Figure (5). Again, the fixed/fixed nanowires show a marked increase in res-
onant frequency with increasing h/a, while the fixed/free nanowires show a
marked decrease in resonant frequency with h/a. For the smallest nanowires
considered in this work, with a transverse dimension of 9.7 nm, the fixed/free
resonant frequency is only 90% of the bulk value, while the fixed/fixed reso-
nant frequency is more than 160% of the bulk value. In all cases, the fixed/free
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Fig. 6. Variation in fundamental resonant frequency for fixed/free and fixed/fixed
constant length nanowires as a function of surface area to volume ratio.

resonant frequencies are below the bulk value.

An interesting result is obtained when the resonant frequencies for the constant
length geometry are plotted against surface area to volume ratio in Figure
(6). Unlike the constant cross sectional area resonant frequencies shown in
Figure (4), the fixed/free resonant frequencies decrease with increasing surface
area to volume ratio, while the fixed/fixed resonant frequencies increase with
increasing surface area to volume ratio.

3.3 Constant Surface Area to Volume Ratio

To draw general conclusions about the impact of surface area to volume ratio
on the nanowire resonant frequencies, we calculate the resonant frequencies of
nanowires that have the same surface area to volume ratio (0.28 nm−1), but
different square cross sections of length a and longitudinal length h; a ranged
from 14.5 to 16 nm, while h ranged from 64 nm to 290 nm, leading to FE
mesh sizes ranging from about 5000 to 25000 nodes.

The results for the constant surface area to volume ratio nanowires are shown
in Figure (7); in this case, because the surface area to volume ratio is con-
stant, we plot the resonant frequencies for both boundary conditions only with
respect to the aspect ratio h/a.

Figure (7) clearly shows that the resonant frequency does not remain constant
if the surface area to volume ratio remains constant, for either fixed/free or
fixed/fixed boundary conditions. In fact, the results strongly mirror those pre-
sented earlier in Figure (3) for the constant cross sectional area nanowires, and
thus indicate that the nanowire aspect ratio h/a is a much more reliable tool
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to controlling, predicting and tailoring the resonant frequencies of nanowires
than is the surface area to volume ratio. This fact will be discussed later in
this work.

3.4 Higher Order Modes

In addition to analyzing boundary condition and surface stress effects on the
fundamental resonant frequencies of gold nanowires, we also now analyze their
effects on the higher order resonant frequencies corresponding to the modes
of second bending, twist and stretch.

We first plot the higher order mode resonant frequencies normalized by the
corresponding bulk values of each mode for the two boundary conditions and
for the constant CSA nanowires. The fixed/fixed higher order modes are plot-
ted in Figure (8), while the fixed/free higher order modes are plotted in Figure
(9). In both cases, the largest variation occurs in the second bending mode
resonant frequency, which increases with h/a for the fixed/fixed case similar
to the fundamental mode resonant frequency, and decreases with h/a for the
fixed/free case, again similar to the fundamental mode resonant frequency. In
contrast, the twist and stretch frequencies show little variation with increasing
aspect ratio h/a.

We also plot in Figures (10) and (11) the variation in the higher mode res-
onant frequencies by normalizing each mode resonant frequency for both the
BCB and SCB calculations by the first (fundamental) bending mode resonant
frequency (f scb

stretch/f
scb
bend1, f

bulk
stretch/f

bulk
bend1, etc.), to quantify how surface stresses

cause the higher mode (second bending, stretch, twist) resonant frequencies
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Fig. 9. Surface stress effects on higher mode resonant frequencies for fixed/free
nanowires with constant cross sectional area.

to either increase or decrease relative to the fundamental bending resonant
frequency.

Figures (10) and (11) illustrate two points: first, how the higher mode (sec-
ond bending, twist, stretch) resonant frequencies change with respect to the
fundamental resonant frequency with increasing h/a, and second how surface
stresses alter the changes as compared to the BCB material. These figures
again illustrate the effects of boundary conditions and surface stresses on the
resonant frequencies. For example, in the fixed/fixed case in Figure (10), all
higher mode resonant frequencies decrease due to the surface stresses, with
the effects being particularly dramatic for the stretch and twist modes; the
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fundamental bending frequency for fixed/free nanowires with constant cross sec-
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fstretch/fbend1 ratio including surface stresses is only 71% of the equivalent bulk
ratio when h/a = 24, while the twist differential is nearly identical. Similarly,
the fbend2/fbend1 ratio including surface stresses is about 87% of the bulk ratio
when h/a = 24.

The trends for the fixed/free nanowires are completely different, as shown in
Figure (11). There, all higher mode resonant frequencies increase due to the
surface stresses relative to the fundamental resonant frequency. The fstretch/fbend1

ratio including surface stresses is 108% of the equivalent bulk ratio when
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h/a = 24, while ftwist/fbend1 is 116% of the equivalent bulk ratio. Similarly,
the fbend2/fbend1 ratio including surface stresses is about 109% of the bulk ratio
when h/a = 24.

4 Discussion, Analysis and Comparison to Existing Theoretical

and Experimental Studies

4.1 Fixed/Fixed Nanowires

We now turn our attention to the fact that the resonant frequencies of fixed/fixed
nanowires due to surface stresses as predicted using the SCB model are consis-
tently larger than the resonant frequencies of the corresponding bulk material.
Experimental measurements of the elastic properties of metal nanowires have
generally focused upon using the atomic force microscope (AFM) to calculate
the elastic properties through bending related techniques [11,12,20]. Alterna-
tively, some researchers have utilized resonance-based measurements to extract
the elastic properties. One such study was performed by Cuenot et al. [10], who
utilized electrostatic resonant-contact AFM to determine the Young’s modu-
lus of silver and lead nanowires by first calculating the resonant frequencies.
The nanowires analyzed in that work had fixed/fixed boundary conditions,
while the diameters ranged from about 50-200 nm. The major finding of the
Cuenot et al. work is that the nanowire Young’s modulus (and therefore the
resonant frequency) increases with respect to the bulk value with a reduction
in cross sectional area. Similar results were obtained by Jing et al. [12], who
utilized an AFM to perform three-point bend tests to extract the elastic prop-
erties of fixed/fixed silver nanowires. For nanowires with diameters ranging
from 20-140 nm, similar results to those of Cuenot et al. were obtained, i.e.
an increasing modulus with decreasing size.

Due to the existence of an analytic solution that was derived by Cuenot et
al. [10] to model the observed increase in nanowire Young’s modulus with
decreasing size for the fixed/fixed boundary conditions, we compare results
obtained in the present work with their analytic solution. From the work of
Cuenot et al. [10], the analytic solution is:

Escb = Ebulk +
8

5
(1 − ν)γ

h2

D3
, (16)

where h is the nanowire length, Escb is the apparent Young’s modulus tak-
ing surface effects into account, Ebulk is the bulk Young’s modulus, D is the
nanowire diameter, γ is the surface energy and ν is the Poisson’s ratio. We
note that (16) implies that the modulus of the nanowires will change both
as functions of the length, cross sectional diameter, and therefore the aspect
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Fig. 12. Escb/Ebulk as a function of aspect ratio h/a due to surface stress effects for
fixed/fixed constant CSA nanowires.

ratio. Here, the relaxed {100} surface energy γ = 0.914 J/m2 for the Foiles
potential [70] was utilized, while the bulk Poisson’s ratio of 0.44 for gold was
utilized. We also note that in the Cuenot et al. [10] work, the analytic rela-
tion in (16) was not actually utilized to compare against the experimentally
obtained results.

Figure (12) thus shows the Escb/Ebulk ratio for the present work, which is
obtained by substituting the numerically obtained resonant frequencies for
both the SCB and BCB cases into (15) to solve for the SCB and BCB Young’s
moduli. We utilize the standard continuum beam theory equation in (15) to
solve for the SCB Young’s modulus due to the fact that the analytic solution
given in (16) is also based upon continuum beam theory.

As can be seen, the modulus ratio obtained through the present work agrees
well with the analytic solution of Cuenot et al. [10] for the aspect ratios con-
sidered in this work, and illustrates that the expected length dependence of
the nanowire Young’s modulus is captured in the present work. The present
results are not expected to agree exactly with the analytic solution in (16)
for multiple reasons; the major reasons include the fact that metal nanowires
typically form oxide layers on the surface [10,12], and also because the SCB res-
onant frequencies were calculated using finite deformation kinematics, where
the stiffness of the nanowire changes due to deformation induced by surface
stresses. In contrast, the Cuenot et al. beam theory solution is based upon
linear elasticity, and therefore constant material properties for both the bulk
and surface components.

Despite these uncertainties, the general trend in Figure (12) of increasing
nanowire Young’s modulus with increasing aspect ratio for fixed/fixed bound-
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ary conditions is correctly predicted using the SCB model. More importantly,
Cuenot et al. experimentally observed an increase in apparent Young’s mod-
ulus with decreasing size for fixed/fixed silver nanowires; the same trend is
predicted in the present work for gold, and is explained naturally by under-
standing that the fixed/fixed nanowires exist in a state of tensile stress due
to the fixed/fixed boundary conditions, which prevent surface stresses from
contracting the nanowires.

We also compare our results with those obtained from Husain et al. [27]; we
make this comparison due to the fact that they also studied the resonant
properties of a fixed/fixed FCC nanowire, in this case platinum. To compare
with their larger nanowires (cross section of 43 nm, length of 1300 nm), we
created gold nanowires of the same dimensions, and calculated the resonant
frequency using the SCB model. The Husain et al. work found a resonant
frequency for their fixed/fixed platinum nanowire of about 105 MHz, which
exceeds the predicted value of 69 MHz as calculated using (15), with the
experimentally measured resonant frequency being 1.5 times larger than the
predicted resonant frequency.

For gold, the predicted resonant frequency using (15) should be about 35 MHz;
the SCB calculations predicted a resonant frequency of 47.5 MHz, thus leading
to the SCB results being about 1.4 times larger than that expected using
(15). In the Husain et al. work, thermal effects due to mismatch between the
nanowire and the substrate were cited as being a likely cause for placing their
platinum nanowire under tension. The present results indicate that surface
stress effects are likely to have played a role in elevating the experimentally
observed resonant frequencies above those predicted using bulk continuum
measures.

We also discuss the experiments of Verbridge et al. [25], who studied the
effect of applied tensile stress on the resonant frequencies of fixed/fixed SiN
nanowires. This study is of relevance as it is one of the few to study the
effects of tensile stresses on the resonant frequencies of nanowires, and thus is
analogous to our situation where surface stresses cause a tensile stress within
the gold nanowires.

A key finding of that work was the fact that the resonant frequency was found
to vary linearly with the inverse of length; as shown in Verbridge et al. [25],
the resonant frequency of a beam under high tensile stress can be written as

f =
i

2h

√

S

ρA
, (17)

where S is the force in the beam. Interestingly, as can be seen in Figure (13),
both the SCB and BCB resonant frequencies scale linearly with 1/h2, instead
of 1/h. The bulk dependence on 1/h2 is not surprising considering the 1/h2

20



Acc
ep

te
d m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

0 1 2 3 4 5 6 7

x 10
−5

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

1/h2 (1/nm2)

f/f
be

nd
1

Fixed/Fixed Constant CSA Nanowires, a=16 nm

 

 

Fundamental Bending − Bulk
Fundamental Bending − SCB

Fig. 13. Linear variation of both SCB and bulk CB resonant frequencies for constant
CSA nanowires as a function of 1/h2.

dependence of the analytic solution given in (15).

However, the same dependence of the SCB resonant frequencies is interesting,
and implies that the surface stresses, and the nonlinear elastic deformation
they cause in the nanowire, may be responsible for the variation from the
behavior observed experimentally in the larger (100 nm) SiN nanowires. We
also note that the different surface stresses of metallic (generally tensile [80])
and semiconductor (sometimes compressive [81]) surfaces may also help to
explain the observed differences. Finally, for the nanowires considered in that
work, it is likely that the 100 nm cross section is too large for surface stresses to
have a significant effect on the mechanical properties, and thus the measured
resonant frequencies.

4.2 Fixed/Free Nanowires

The large disparity in the calculated resonant frequencies between the fixed/free
and fixed/fixed cases indicates that the nanowire stiffness and state of stress
is strongly dependent on the boundary conditions. As previously discussed,
the fixed/fixed boundary conditions prevent the nanowires from relaxing axi-
ally, as would occur due to surface stresses if one of the ends were free [35–37].
Thus, the fixed/fixed nanowires exist in a state of tension, which elevates their
resonant frequencies as compared to the unstrained fixed/fixed bulk material.

However, when fixed/free boundary conditions are utilized, the free end of
the nanowire is able to contract axially in response to the tensile surface
stresses, thereby reducing their transverse surface area and finding a minimum
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energy configuration. The prediction of the fixed/free resonant frequencies is
therefore dependent on obtaining the correct stiffness of the nanowires after
the surface-stress-driven relaxation has occurred; previous work [55] indicated
the ability of the SCB model to predict the correct relaxation strain due to
surface stresses.

Figure (14) illustrates one of the key findings of this work. In Figure (14),
we plot the variation in the fixed/free nanowire resonant frequencies due to
surface stresses for all three geometries considered in this work (constant cross
sectional area, constant length, constant surface area to volume ratio) versus
the nanowire aspect ratio h/a. As can be seen, for the diverse geometries we
have considered, the variations in resonant frequency due to surface stresses
are quite similar as a function of h/a, indicating that the resonant frequency
variation is purely geometric in nature.

Recent atomistic simulations [39, 82] have indicated that the nanowire elastic
properties are strongly dependent upon the amount of compressive surface-
stress-driven relaxation strain that the nanowires undergo. We therefore plot
in Figure (15) the variation in nanowire resonant frequencies for the three
different geometry types as a function of the percent compressive relaxation
strain. As can be observed, while the nanowire resonant frequencies do decrease
with increasing relaxation strain, the variation is not the same for the three
geometries, which indicates that knowledge of the state of strain is not suffi-
cient to predict the resonant frequencies, and therefore the elastic properties
of the fixed/free nanowires. Furthermore, this indicates that the nanowire as-
pect ratio h/a is the critical geometric parameter for determining the resonant
frequency variations due to surface stresses as compared to the corresponding
bulk material.
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tal resonant frequency shift fscb/fbulk observed by fixed/free nanowires of constant
cross sectional area, length, and surface area to volume ratio.

The reduction in resonant frequencies for the fixed/free 〈100〉 nanowires con-
sidered in this work is due to the fact that bulk FCC metals tend to soften if
compressed in the 〈100〉 direction [39]; in the present work, the compression
arises due to the surface stresses, rather than any externally applied forces.
Therefore, the resonant frequencies for other orientations, for example the
〈110〉 orientation in which FCC metals are known to stiffen under compres-
sion [39], may increase rather than decrease for fixed/free boundary conditions
as compared to the bulk material.

We were able to find in the literature one experimental study of free-standing
gold nanowires, that of Petrova et al. [19], who used time-resolved spectroscopy
to excite the fundamental resonant mode of 〈100〉 gold nanowires with cross
sectional sizes between 8 and 20 nm. Because the experimentally synthesized
wires in that study were free standing, the implication is that the nanowires
were also free to relax due to surface stresses. The major result of the Petrova
et al. work is that the resonant frequencies, and thus the elastic properties,
were lower than the bulk 〈100〉 modulus for gold, with the postulated reason
being due to the elimination of defects in the ultrasmall nanowires.

We note that the SCB calculations in this work, which are also on defect-
free nanowires, also predict a decrease in resonant frequency with decreasing
nanowire size. We calculated both the SCB and BCB Young’s moduli using
(14), with the normalized results for the constant CSA fixed/free nanowires
shown in Figure (16). The present results and the Petrova et al. results agree
in the range of the modulus values; the Petrova et al. paper reported Young’s
modulus ranging from about about 67 to 93 percent of the bulk values for
nanowire cross sections ranging from 8 to 18 nm. However, the Petrova work
found that the nanowire Young’s modulus was independent of surface area to

23



Acc
ep

te
d m

an
usc

rip
t 

 

 

 

 

 

 

 

 

 

0 5 10 15 20 25

0.85

0.9

0.95

1

h/a

E
sc

b
/E

bu
lk

Fixed/Free Constant CSA Nanowires, a=16 nm

 

 

Resonance Formula Ratio

Fig. 16. Escb/Ebulk as a function of aspect ratio h/a due to surface stress effects for
fixed/free constant CSA nanowires.

volume ratio, which conflicts with the findings in this work where the nanowire
resonant frequencies vary strongly for the same surface area to volume ratio.

In general, we emphasize that the present analysis predicts an increase in
resonant frequencies (and thus elastic stiffness) for the fixed/fixed case, while
predicting a decrease in resonant frequencies (and thus elastic stiffness) for
the fixed/free case. Both of these predictions emerge naturally by correctly
obtaining the nanowire state of deformation due to the surface stresses for
both fixed/fixed and fixed/free boundary conditions.

4.3 Surface Area to Volume Effects

We also discuss the effects of surface area to volume ratio on the predicted
nanowire resonant frequencies. To do so, we refer again to the experiments
of Verbridge et al. [25]. In that work, an additional key finding was made, in
that the fixed/fixed high tensile stress silicon carbide nanostrings were found to
have resonant frequencies that did not remain constant for similar surface area
to volume ratios. Similarly, no predictive relationship between the variation
in the fscb/fbulk ratio and surface area to volume ratio could be found for the
nanowire geometries considered in this work, which is apparent from studying
Figures (4), (6), and the constant SAV nanowires in Figure (7).

Figures (4) and (6) show opposing trends in the fscb/fbulk ratio with increasing
surface area to volume ratio, while Figure (7) shows that for a constant surface
area to volume ratio, the fscb/fbulk ratio varies with the aspect ratio h/a.
Because the resonant frequencies of nanowires appear to be independent of
surface area to volume ratio for both large sizes where surface stresses may not
be important [25], and for the current results where surface effects are critical,
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the implication is that surface stresses are likely to increase the difference
between the resonant frequencies of nanowires with the same surface area to
volume ratio as that ratio increases with decreasing structural size. These
results also correlate with earlier work [55] which showed that the minimum
energy configurations of nanowires due to surface stresses are independent of
the surface area to volume ratio.

5 Effect of the Strain-Independent Surface Stress on the Nanowire

Resonant Frequencies

5.1 Motivation and Methodology

Traditionally, surface stress has been defined in the mechanics and physics
communities as being decomposed into residual (strain-independent) and sur-
face elastic (strain-dependent) parts [33, 41–43]. This decomposition is typi-
cally written as

τ(ǫ) = τ0 + C0ǫ, (18)

C0 =
∂τ

∂ǫ
|ǫ=0, (19)

where τ0 is the residual (strain-independent) part of the surface stress τ , C0ǫ
is the surface elastic (strain-dependent) part of the surface stress, and C0 is
the surface elastic constant, or surface stiffness. Note that (18) is typically
written in terms of the infinitesimal strain ǫ.

Historically, this decomposition has lead to controversy as to which parts of the
surface stress actually alter the resonant frequencies of nanostructures. More
than 30 years ago, Gurtin et al. [43] demonstrated that, within the context of
linear elastic continuum beam theory, the resonant frequency is independent
of the strain-independent surface stress τ0. Correspondingly, Lu et al. [42]
recently showed that the resonant frequency of cantilevers is only impacted
by the strain-dependent part of the surface stress. However, in contrast, recent
work by Lachut and Sader [83] has also shown that previous analytic models of
surface stress effects on the resonant frequencies [45] that are based upon one-
dimensional models violate Newton’s third law. Lachut and Sader have further
noted that the effects of the strain-independent part of the surface stress on the
resonant frequencies can only be captured by fully three-dimensional models.

Recently, however, Huang and co-workers [68, 71] considered the effects of
the strain-independent surface stress on the elastic properties of nanomate-
rials within a fully nonlinear, finite deformation context. In doing so, they
have conclusively shown that if nanostructure surface effects are studied using
fully nonlinear, finite deformation kinematics, there exists a residual surface
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stress that, unlike the linear case, impacts the overall elastic properties of the
nanostructure and which must be accounted for. However, those authors did
not consider, within the finite deformation context, the effects of the residual
surface stress on the resonant frequencies.

There are significant complexities involved in attempting to separate, due to
the large nanowire deformation resulting from the surface stress, the effects of
the strain-independent and strain-dependent parts of the surface stress on the
resonant frequencies. Due to the nonlinearity, we were not able to exactly sep-
arate the strain-independent and strain-dependent parts of the surface stress,
for multiple reasons. One reason for this is because if the surface stress is
modified to include only the strain-independent part, then by definition, the
surface stiffness must also be modified (see (10) and (11), or alternatively (18)
and (19)), as the surface stiffness is the strain derivative of the surface stress.
Within the linearized framework that will be utilized in the upcoming discus-
sion, that entails removing the strain-dependent surface stiffness C0 due to the
definition in (19). Furthermore, even if only a strain-independent surface stress
is considered, the strain-independent surface stress will cause the nanowire to
deform elastically, which causes the bulk stress and stiffness to vary as both
are strain-dependent (see (8) and (9)). This mechanism of the surface stress
causing deformation in the bulk nanowire and thus causing variations in the
bulk stress and stiffness was illustrated in the previous numerical examples
using the SCB model.

Taking into account the difficulties in delineating the effects of the strain-
independent and strain-dependent parts of the surface stress, the approach we
take is to modify the surface energy density in (5) as

γ(C) → β
(

γ(C) −
1

2
αET C̃0E

)

, (20)

where E = 0.5(FTF − I) is the Green strain tensor, α and β are adjustable
parameters, and C̃0 is the undeformed surface stiffness, i.e. the surface stiffness
defined in (11) evaluated at C = 1. Taking derivatives of the surface energy in
(20) to get the modified surface stress and surface stiffness, the surface stress
that was originally defined in (10) is modified as

S̃(C) → βS̃(C) − βαC̃0E, (21)

while the surface stiffness that was originally defined in (11) is modified as

C̃(C) → βC̃(C) − βαC̃0. (22)

The fundamental idea behind the modified surface energy in (20) leading to
the modified surface stress in (21) and surface stiffness in (22) is to, in a lin-
earized manner, subtract the contributions from the strain-dependent surface
stress and stiffness via the parameters α and β such that the nanowires, upon
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relaxation to a minimum energy configuration due to surface stresses, will have
the same relaxation strain as the results obtained previously using the SCB
model, which can be obtained from the above by setting α = 0 and β = 1.

The reason we enforce that the relaxation strain due to surface stresses be the
same in the SCB model and the modified SCB model described by (20)-(22)
is to eliminate any variations in resonant frequency that arise due to the de-
formation, and therefore the change in stiffness that occurs in the underlying
bulk CB material. To find the same relaxation strain using the above mod-
ified SCB model as was obtained using the SCB model discussed in earlier
sections, we selected α = 0.5, then solved for β for each geometry to find the
same relaxation strain. The choice of α was also constrained by instabilities
in the numerical simulations if the product of α and β exceeded about 0.5;
therefore, we chose α = 0.5 leading to values of β that ranged from 0.84 to
0.93. We note also that this implies that we were not able to remove the entire
contribution of the strain-dependent surface stress. For α = 0.5 and varying β,
the surface stiffness in (22) is reduced by approximately 55% as compared to
the SCB surface stiffness for both constant CSA and constant length nanowire
geometries.

Another reason why we chose α and β such that the modified SCB model in
(20)-(22) gave the same relaxation strain for a given geometry as the SCB
model arises with respect to the SCB surface stress defined in (10) and the
modified surface stress defined in (21). If the relaxation strain is the same, then
the surface stress in (10) and the modified surface stress in (21) are equivalent
because at the minimum energy configuration at the same relaxed compressive
strain, the forces in the bulk material must balance the forces arising due to
the surface stress; because the deformation of the bulk is the same, then the
surface forces due to the surface stresses that the bulk forces are balancing
must also be the same. This can be justified mathematically by differentiating
the energy balance in (1), which leads directly to the bulk and surface force
balance just described.

Therefore, the key result of the previous discussion, which is required to in-
terpret the following numerical examples, is that if the SCB surface stress as
defined in (10) and the modified surface stress as defined in (21) are equiv-
alent at the energy minimum/fully relaxed nanowire configuration, and the
bulk deformation is the same, then any difference in resonant frequency be-
tween the SCB model and the modified SCB model in (20)-(22) arises solely
due to differences in the surface stiffness resulting from the subtraction of the
strain-dependent part of the surface stress in (21). Because of this fact, we
refer from here on to the modified SCB model described in (20)-(22) as the
“stiffness modified” SCB model.
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5.2 Results and Discussion

The comparison between the resonant frequencies calculated earlier using the
SCB model (α = 0, β = 1) that was detailed in Section 2.1 and those cal-
culated using the stiffness modified SCB model described in Section 5.1 are
shown in Figure (17) for the fixed/free constant CSA nanowires, and in Figure
(18) for the fixed/fixed constant CSA nanowires.

We pause briefly here to elaborate upon what is being plotted in the figures
in this section, taking Figure (17) as an example. In Figure (17), we plot both
the SCB results obtained using the formulation in Section 2.1, as well as the
SCB (α = 0.5) results obtained using the stiffness modified SCB formulation
in Section 5.1. Because the stiffness modified SCB results are found through
subtracting the strain-dependent part of the surface stress and stiffness as
shown in (21) and (22), the difference between the SCB and SCB (α = 0.5)
curves represents the resonant frequency shift caused by subtracting the strain-
dependent part of the surface stress and stiffness. As discussed earlier, we were
not able to subtract the entire contribution of the strain-dependent surface
stress, which is why we do not refer to the SCB (α = 0.5) curve as the
resonant frequency due to the strain-independent surface stress. Therefore,
the actual resonant frequencies due to the strain-independent surface stress
alone are likely to be further reduced as compared to the SCB (α = 0.5) curve
in Figure (17).

One important similarity is that for both fixed/free and fixed/fixed constant
CSA nanowires, it is observed that the resonant frequencies calculated using
the stiffness modified SCB model are further reduced as compared to the
bulk CB resonant frequencies than the SCB resonant frequencies. The lower
resonant frequency found using the stiffness modified SCB model occurs, as
previously discussed, due to the subtraction of the strain-dependent surface
stress in (21) which results in the reduction of the surface stiffness through
(22).

However, when comparing the results of the stiffness modified SCB resonant
frequencies and the SCB resonant frequencies to the bulk value, there are
differences that arise depending on the boundary condition. As can be seen for
the fixed/free constant CSA nanowires in Figure (17), the difference between
the stiffness modified SCB and SCB resonant frequencies is larger than the
difference between the SCB resonant frequencies and the bulk value until
aspect ratios larger than about h/a = 16 are reached. Even when h/a = 24, the
difference between the stiffness modified SCB resonant frequency and the SCB
resonant frequency is nearly 4%, which is half of the 8% difference between the
SCB resonant frequency and the bulk value; these results strongly indicate that
the strain-dependent part of the surface stress has a significant contribution
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Fig. 17. Effect of subtracting the strain-dependent surface stress and stiffness on
the resonant frequencies of fixed/free constant CSA nanowires.
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Fig. 18. Effect of subtracting the strain-dependent surface stress and stiffness on
the resonant frequencies of fixed/fixed constant CSA nanowires.

in causing variations in the resonant frequencies of fixed/free constant CSA
nanowires as compared to the bulk material.

The opposite trend is observed for the fixed/fixed constant CSA nanowires
in Figure (18); there, the difference between stiffness modified SCB and SCB
resonant frequencies as compared to the bulk value is largest at small aspect
ratios. As the aspect ratio increases, the difference between the stiffness modi-
fied SCB and SCB resonant frequencies is reduced (about 4% when h/a = 24)
compared to the difference between the SCB resonant frequency and the bulk
value, which exceeds 40% when h/a = 24.
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Fig. 19. Effect of subtracting the strain-dependent surface stress and stiffness on
the resonant frequencies of fixed/free constant length nanowires.

We also discuss the recent predictions of resonant frequency shift due solely
to the strain-independent surface stress by Lachut and Sader [83]. In that
work, the following expression was derived for the resonant frequency shift
of a fixed/free beam due to the strain-independent surface stress within the
context of linear elastic beam theory:

∆ω

ω0

= −0.042
ν(1 − ν)σs

Ew

(

b

h

)(

b

w

)2

, (23)

where ∆ω is the shift in resonant frequency, ν is Poisson’s ratio, σs is the
strain-independent surface stress, h is the beam length and w and b are the
cross sectional dimensions. In the present work, the nanowire cross section is
square, i.e. b = w, leading to the following simplification of (23):

∆ω

ω0
= −0.042

ν(1 − ν)σs

Eh
, (24)

which indicates that the shift in resonant frequency due to the strain-independent
surface stress should be dependent only on the nanowire length h. To test this
hypothesis, we also calculated the variation in resonant frequency using the
stiffness modified SCB model for the constant length nanowires, which the
Lachut and Sader equation (24) states should be constant if the nanowire
length is constant. We note that the SCB results previously shown in this
work (see Figures (5) and (6)) clearly indicated a distinct resonant frequency
shift due to surface stresses for the constant length case.

The results are shown in Figures (19) and (20) for the fixed/free and fixed/fixed
constant length nanowires, respectively. As can be seen for the fixed/free con-
stant length case in Figure (19), the change in resonant frequency varies even
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Fig. 20. Effect of subtracting the strain-dependent surface stress and stiffness on
the resonant frequencies of fixed/fixed constant length nanowires.

when the nanowire length is held constant, which disagrees with the analytic
expression of Lachut and Sader in (24). Figure (20) demonstrates that this is
also the case for the fixed/fixed constant length nanowires. Furthermore, the
change in resonant frequency is observed to be strongly boundary condition-
dependent; fixed/free constant length nanowires show a decrease in resonant
frequency with respect to the bulk value with increasing aspect ratio, while
fixed/fixed constant length nanowires show an increase in resonant frequency
with respect to the bulk value with increasing aspect ratio.

We compare again the resonant frequencies calculated using the stiffness mod-
ified SCB model and the SCB model to the bulk value. For the fixed/free
constant length nanowires in Figure (19), the same trend is observed as pre-
viously found for the fixed/free constant CSA nanowires in Figure (17). For
the constant length nanowires, the difference between the stiffness modified
SCB resonant frequency and the SCB resonant frequency is larger than the
difference between the SCB resonant frequency and the bulk value for nearly
the entire range of aspect ratios considered. Only when the aspect ratio is
large, i.e. h/a = 24, is the difference between the stiffness modified SCB and
SCB resonant frequency (about 7%) smaller than the difference between the
SCB resonant frequency and the bulk value, which is about 9%; this illustrates
that the strain-dependent part of the surface stress is significant in shifting
the resonant frequencies of fixed/free constant length nanowires as compared
to the bulk material.

Furthermore, similar to the fixed/fixed constant CSA nanowires, the fixed/fixed
constant length nanowires show an opposite trend, as observed in Figure (20).
There, the difference between stiffness modified SCB and SCB resonant fre-
quencies as compared to the bulk value is largest at small aspect ratios. As the
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aspect ratio increases, the difference between the stiffness modified SCB and
SCB resonant frequencies is reduced (about 6% when h/a = 24) compared to
the difference between the SCB resonant frequency and the bulk value, which
exceeds 60% when h/a = 24.

The preceding results collectively demonstrate that the strain-dependent sur-
face stress has a significant effect, one that can be comparable to or even
larger than the effect of the strain-independent surface stress depending on
the boundary condition, in shifting the resonant frequencies of the nanowires
as compared to the bulk material. Furthermore, as discussed earlier, we were
not able to remove all effects of the strain-dependent surface stress; removing
more of the strain-dependent surface stress would lead to a greater reduction
in surface stiffness, leading to even larger deviations in resonant frequency as
compared to the bulk material for a given boundary condition.

6 Conclusions

In conclusion, we have utilized the recently developed surface Cauchy-Born
model [54–58] to quantify, for the first time, boundary condition and sur-
face stress effects on the resonant properties of fixed/free (cantilevered) and
fixed/fixed 〈100〉 gold nanowires with {100} surfaces. We note that the present
analysis was conducted on ideal, non-defective nanowires and thus did not con-
sider factors that are known to deleteriously impact the resonant properties of
nanostructures, including clamping losses, internal friction, surface losses and
oxidation effects [10, 12, 61–67].

Through a parametric study of various nanowire geometries, we draw the
following conclusions about surface stress and boundary condition effects on
the resonant properties of 〈100〉 gold nanowires with {100} surfaces: (1) The
boundary conditions determine how the nanowires deform in response to the
surface stresses. Fixed/free nanowires are able to contract, thus relieving the
tensile surface stresses, and leading to an state of compression in the nanowire
core that reduces the nanowire resonant frequencies as compared to the bulk
material. Fixed/fixed nanowires are constrained such that they cannot deform
axially, causing them to exist in a state of tensile stress, and elevating their
resonant frequencies as compared to the bulk material. (2) The reduction in
resonant frequencies for the fixed/free boundary condition and increase in res-
onant frequencies for the fixed/fixed boundary condition indicate that those
nanowires are expected to be elastically softer, and stiffer respectively than
the corresponding bulk material, agreeing with recent experimental results for
both free-standing [19], and fixed/fixed nanowires [10, 12, 27]. (3) The varia-
tion in nanowire resonant frequencies due to surface stresses for the various
geometries was found to be dependent on a geometric factor, the nanowire
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aspect ratio h/a. In contrast, no dependence of the resonant frequencies on
the surface area to volume ratio was found, again agreeing with recent experi-
mental data [19,25]. (4) The variation in resonant frequency for the fixed/free
case occurs due to the fact the bulk 〈100〉 material softens under compression.
Because of this, the resonant frequencies of fixed/free nanowires of other orien-
tations that stiffen under compression, such as 〈110〉, are expected to increase
rather than decrease as compared to the corresponding bulk material. (5) In
analyzing the higher order resonant modes (second bending, stretch, twist),
surface stresses cause the largest variation in the second bending frequencies,
while the twist and stretch frequencies show little variation due to surface
stresses. (6) All higher order resonant frequencies decrease with respect to the
fundamental bending frequency with increasing aspect ratio for fixed/fixed
nanowires due to surface stresses, while the opposite is true, i.e. the higher
order resonant frequencies increase with respect to the fundamental bending
frequency for fixed/free nanowires.

We have also, for the first time, quantified the effects of both the residual
(strain-independent) and surface elastic (strain-dependent) parts of the sur-
face stress on the resonant frequencies of metal nanowires if fully nonlinear,
finite deformation kinematics are utilized. We find that if finite deformation
kinematics are considered, the strain-independent surface stress substantially
alters the resonant frequencies of the nanowires. However, we also find that
the strain-dependent surface stress has a significant effect, one that can be
comparable to or even larger than the effect of the strain-independent surface
stress depending on the boundary condition, in shifting the resonant frequen-
cies of the nanowires as compared to the bulk material. In particular, we
found, using the stiffness modified SCB model described in Section 5.1 that:
(1) Fixed/free nanowires, due to their state of compression resulting from the
surface stresses, show resonant frequencies that are considerably reduced as
compared to a standard bulk continuum model. Furthermore, it is for the
fixed/free nanowires that the strain-dependent surface stress is found to have
the largest effect on the resonant frequencies, with the effect being compara-
ble to or even larger than the effect of the strain-independent surface stress
in shifting the resonant frequencies of fixed/free nanowires as compared to
the bulk material. (2) Fixed/fixed nanowires, due to the state of tensile stress
resulting from the fixed end boundary conditions and the tensile nature of
the surface stress, show resonant frequencies that are considerably elevated
as compared to the standard bulk continuum model. It was determined that
the strain-dependent surface stress had a much smaller effect on fixed/fixed
nanowires, with the largest impact made at smaller aspect ratios.

A key point to highlight with regards to the preceding discussion is that be-
cause the surface stiffness does contribute to the observed resonant frequency
variation, it cannot be set arbitrarily. This point was gleaned through utiliza-
tion of the stiffness modified SCB model in Section 5.1 to obtain the same
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compressive relaxation due to surface stresses as the SCB model. Despite the
equivalence in the state of deformation, which was imposed so as to elimi-
nate any effects on the resonant frequency that could occur due to variations
in the bulk stiffness arising from different states of deformation, the reso-
nant frequency predictions were significantly different, which indicates that
knowledge of the amount of strain in the nanowire after deformation due to
surface stresses is not sufficient to predict the resulting resonant frequencies.
This point is also illustrated in Figures (14) and (15), which show the varia-
tion in resonant frequency for the fixed/free nanowires using the SCB model
depended on the nanowire aspect ratio, and not the amount of compressive
relaxation strain the nanowire free end undergoes due to surface stresses. The
SCB model developed in the present work thus has the distinct advantage that
the surface stiffness is derived directly from the underlying lattice structure
and interatomic potential, which is preferable to phenomenological approaches
to deriving a surface elastic constitutive model.

We close by discussing the implications of the present work with regards to
the standard linear elastic beam theories that are often utilized to interpret
the elastic properties of nanowires. The results we have obtained have shown
in all cases that the elastic properties of nanowires, when surface stress effects
are fully accounted for using nonlinear, finite deformation kinematics, show
substantial deviations from those predicted by linear elastic continuum beam
theory. This fact is evident in the resonant frequencies predicted using the
SCB model for both fixed/free and fixed/fixed boundary conditions, and were
further evident in comparing results obtained in the present work to those
for the resonant frequencies of (linear elastic) beams when both the strain-
independent and strain-dependent parts of the surface stress were considered.
Considering the large, nonlinear deformations that metal nanowires are known
to undergo due to surface stresses in which the nanowire compressive strain
can easily exceed 0.5% [35,36,55], it is clear that nonlinear, finite deformation
kinematics should be utilized in describing the deformation, and thus the
elastic properties of nanowires, when surface stress effects are significant.
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