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The authors present a theoretical model to predict the resonance frequency shift due to molecule
adsorption on micro- and nanocantilevers. They calculate the frequency shift experienced by
cantilevers made of either silicon or the polymer SU-8, when two adsorbates, myosin protein and an
alkanethiol, are attached to the cantilever surface. They demonstrate that the effect of the adsorbate
stiffness can be comparable or even larger than the mass effect, producing positive frequency shifts.
The results provide methods for decoupling both opposite effects and routes for the design of
resonators with high sensitivity to molecule adsorption based on either stiffness or mass effects.
© 2006 American Institute of Physics. �DOI: 10.1063/1.2388925�

Microcantilever resonators have been proposed for
highly sensitive label-free detection of organic and biological
molecules.1–3 The basic principle is the measurement of the
resonance frequency shift due to the added mass of the mol-
ecules bound to the cantilever surface. The sensitivity is in-
versely proportional to the active mass of the resonator. Ad-
vances in micro- and nanofabrication techniques have
motivated an intense effort for scaling the resonator size
down in order to push the detection limits.2,3 Thus the sen-
sitivity of the technique has rapidly evolved from the pico-
gram to the attogram range, by simply reducing the size
of the resonators �length�width� thickness� from �100–
500�� �20–100�� �0.5–1� to �5–20�� �0.5–2�� �0.1–0.3�
�m3. Consequently, the resonance frequency increases from
the kilohertz to the megahertz regime. By further reduction
of the size to the nanoscale, the detection limits can achieve
unprecedented values.3

Independently of the cantilever size, the quantification of
the adsorbed mass is an issue still not resolved. First, when
the molecules are not uniformly adsorbed, the resonance fre-
quency critically depends on the distribution of the mol-
ecules on the resonator.4,5 Second, a discrepancy is, in many
cases, found between the added mass calculated by the
theory and the mass adsorbed on the cantilever. This discrep-
ancy is generally justified by invoking the effect of the
adsorption-induced surface stress on the resonance
frequency.6 In this effect, the surface stress is simplified to an
external axial force that creates a shearing moment. Recently,
Lu et al.7 have demonstrated that this model is inadequate to
describe the physical system because in the real situation, the
cantilever free end allows the deformation to relieve the
stress. In their theoretical treatment, a strain-dependent sur-
face stress is necessary to observe some effect on the reso-
nant frequency, and therefore the surface stress effect is ex-
pected to be negligible in biomolecular applications.

Up to date, the influence of the mechanical properties of
the adsorbed molecules on the resonance has been neglected.
In this work, we present a theoretical model to study the
effect of the stiffness of the molecules bound to a microcan-
tilever on the resonance frequency. We demonstrate that this
effect is comparable to the added mass effect.

A schematic depiction of the resonator modeled in the
theoretical calculations is shown in Fig. 1. The resonator is a
singly clamped cantilever of length L, width W, and thick-
ness Tc, oriented along the x axis with flexural displacement
along the z axis. The origin of the x axis is situated at the
clamping. The schematic depicts the targeted molecules
trapped on the cantilever as a layer of thickness Ta that de-
pends on the x coordinate. The Young’s modulus and density
of the cantilever material and adsorbates are Ec, �c, Ea, and
�a, respectively. We assume that adsorbates are homoge-
neously distributed across the width of the beam.

Neglecting rotatory inertia and shear deformation, the
flexural displacement u�x , t� obeys the differential equation,

W��cTc + �aTa�x��
�2u�x,t�

�t2 +
�2

�x2�D�x�
�2u�x,t�

�x2 � = 0,

�1�

where D�x� is the flexural rigidity of the cantilever given by8

D�x� =
D0

1 + �Ea/Ec��Ta�x�/Tc�
�1 + �Ea/Ec�2�Ta�x�/Tc�4

+ 2�Ea/Ec��Ta�x�/Tc�2 + 3Ta�x�/Tc

+2�Ta�x�/Tc�2�� , �2�

where D0= �1/12�EcWTc
3 is the flexural rigidity of the un-

loaded cantilever. Since Eq. �1� cannot be analytically solved
in a general situation, we have calculated the resonance fre-
quencies of the system by performing an energy-work bal-
ance during a vibration cycle.9 The accuracy of the method
depends on how closely one can predict the vibration shape.
In this model, we assume that molecules adsorbed on the
cantilever negligibly change the eigenmode shape. We can
then assume a harmonic transverse vibration given by
u�x , t�=A�n�x�cos��nt+��, where �n is the nth eigenmode
shape of the unloaded cantilever, �n is the nth eigenfre-
quency of the loaded cantilever, and A and � are arbitrary
values of the amplitude and phase. The mean values of the
beam bending work and kinetic energy per oscillation cycle
are, respectively, given by

	Ws
 =
A2

4
�

0

L

D�x��̈n
2�x�dx , �3a�
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The eigenmode shapes of the unloaded cantilever are given
by9

�n�x� = sin��nx/L� − sinh��nx/L�

+
sin �n + sinh �n

cos �n + cosh �n
�cosh��nx/L� − cos��nx/L�� ,

�4�

where the eigenvalues �n satisfy the equation 1
+cos �n cosh �n=0. The first eigenvalues are given by
�n=1.8751,4.6941,7.8548, . . .. We express the curvature as

function of the unitless function �n�x�=L2�̈n�x�. By equal-
ling Eqs. �3a� and �3b�, the resonant frequency is calculated
as

�n
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0

L
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mc�
0

L

�1 + ��a/�c��Ta�x�/Tc���n
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, �5�

where mc is the mass of the beam.
We will analyze first the effect of a homogeneous adsor-

bate layer on the cantilever. Equation �5� can be written in
powers of Ta /Tc,
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where �0n is the unloaded eigenfrequency. In many cases,
the layer formed by the adsorbed molecules is much thinner
than the cantilever. The relative frequency shift can be then
characterized by the proportionality constant �1. Thus, the
resonance frequency shift is the result of the addition of two
linear effects, the stiffness of the layer �first summand in Eq.
�6b�� that produces a positive shift of the resonance fre-
quency, and the well-known effect of the added mass �second
summand in Eq. �6b�� that shifts the resonance to a lower
frequency. However, as the size of the resonators is being
increasingly reduced, the thickness of the adsorbed layer is
getting comparable to the cantilever thickness, bringing
about nonlinear effects and the coupling of the stiffness and
mass effects as shown below.

Figure 2 shows the relative frequency shift calculated
from Eq. �5� for two cantilever materials and two organic
and biological adsorbed layers. As cantilever materials we
have chosen silicon ��c=2330 kg/m3, Ec=169 GPa� and the
photoresist SU-8 ��c=1190 kg/m3, Ec=4.0 GPa�.10 As para-
digmatic organic and biological layers on the cantilever, we
have chosen the self-assembled monolayer �SAM� formed by
the alkanethiol –SH– �CH2�11–CH3 ��a=675 kg/m3, Ea

=12.9 GPa� and the monolayer formed by the myosin sub-
fragment 1 ��a=183 kg/m3, Ea=0.7 GPa�. The mechanical
properties of these films were obtained from monolayers
with a thickness of few nanometers via force-based
techniques.11,12 The adsorption of the protein layer on the
silicon cantilever produces a decrease of the resonance fre-
quency that is approximately linear with the amount of ad-
sorption �Fig. 2, open stars�. Interestingly, the added mass
would be underestimated about 18% if the effect of the layer
stiffness would be neglected �Fig. 2, continuous line�. For the
highly packed SAM on the silicon cantilever, the contribu-
tion of the stiffness becomes more important and the result-
ing curve shows a more complex behavior �Fig. 2, open tri-
angles�. For Ta /Tc	0.04 the resonance frequency decreases
approximately linearly, indicating that the mass effect domi-
nates for small thicknesses. In an intermediate regime be-
tween Ta /Tc=0.04 and 0.1, the contributions of the mono-
layer stiffness and added mass practically cancel each other
and the resonance frequency is practically insensitive to ad-
sorption. For values of Ta /Tc
0.1 the resonance frequency
and its slope increase with Ta /Tc, implying that the stiffness
effect dominates over the added mass. The complex pattern
exhibited in this curve can be accurately fitted with the
simple second order approximation expressed in Eq. �6�
�dashed line�. When the cantilevers are fabricated in SU-8,
the stiffness of the adsorbed film dominates the resonance
response due the low Young’s modulus of SU-8 �Fig. 2, in-
set�. Thus the adsorption of both films produces large posi-
tive frequency shifts.

Let us now study the case in which the adsorbed mol-
ecules are located on a region whose position coordinate and
width are given by x0 and �xi respectively. Figure 3 shows
the adsorption position dependence of the first mode relative
resonance frequency shift for the proteins described above on
silicon and SU-8 cantilevers. Here, �x /L=0.1 and Ta /Tc
=0.1 and the frequency is numerically calculated by using
Eq. �5�. For both cantilever materials, the resonance fre-

FIG. 1. Schematic depiction of a singly clamped cantilever with molecules
adsorbed on its surface.

FIG. 2. Relative eigenfrequency shift vs ratio between the thickness of the
uniformly adsorbed layer and the cantilever.
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quency shift is positive when the proteins are positioned near
the clamping and it monotonically decreases up to be nega-
tive at the free cantilever end. This behavior is understood
through the proportionality constants for the change of the
mass and flexural rigidity in Eq. �5�, �n

2�x0� and �n
2�x0�, re-

spectively. These quantities, respectively, correspond with
the square values of the amplitude and curvature of the vi-
bration shape at the adsorption position. When the proteins
are positioned near the clamping �1

2�0 whereas �1
2 reaches

its maximal value, and conversely, when the proteins are
near the free end �1

2�0 and �1
2 is maximal. For both cases,

we provide useful simple approximate expressions to relate
the resonance frequency with the increase of stiffness and
mass,

�1

�01
� �1 + f�L − x0

x0
�ma

mc
�−1/2

for x0 � L , �7a�

�1

�01
� �1 + f� x0

L
�D − D0

D

�x

L
�1/2

for x0 � 0, �7b�

where the function f�z�=4.000–11.012z accounts for small
deviations of the adsorption position with respect to the fixed
or free ends of the cantilever. Both approximated expressions
are plotted in Fig. 3 at both ends �dashed lines� and they
show a good agreement with the theoretical values of the
resonance frequency obtained from Eq. �5�.

Due to the low Young’s modulus of the SU-8, the ad-
sorption of the proteins produces positive frequency shifts
from x0=0 to x0=0.60L, whereas the crossover position for
silicon is x0=0.38L. By positioning the proteins near the
clamping, the protein adsorption produces a positive relative
frequency shift due to the stiffness of the adsorbates of about
1.1% whereas for the silicon cantilever this is about 40 times
lower. Similarly, when the proteins are located at the canti-
lever free end, the added mass produces a negative relative
frequency shift of 0.27% in the SU-8 cantilever and of
0.14% in the silicon cantilever. To compare the performance

of Si and SU-8 resonators with identical dimensions, an
analysis of the frequency noise must be performed. If the
noise is dominated by the displacement sensor and readout
circuitry, the frequency noise can be assumed constant and
independent of the resonator material. Then the sensitivity is
given by the absolute values of the frequency shift, which
can be compared by multiplying the relative resonance fre-
quency shift by the factor �Ec /�c�0.5 that is about 4.6 times
higher for silicon than for SU-8. If the noise is dominated by
the intrinsic thermomechanical fluctuations, the frequency
noise can approximately be written as ��0

2

�kBT�f / �m*�0	z2
Q�.3 Here, kB is Boltmann’s constant, T
is the resonator temperature, 	z2
 is the mean square ampli-
tude, �f is the measurement bandwidth, and m*�0.243mc is
the effective mass of the resonator. The ratio between the
absolute resonance frequency shift and the frequency noise is
the figure of merit to compare performances. By introducing
the material properties, the ratio between the frequency
noises of SU-8 and Si resonators with identical dimensions is
���0,SU-8 /��0,Si��3�QSi /QSU-8�0.5. For resonators in gas or
liquid, the energy loss is dominated by the viscous damping
and Q�Tc�c /3��0 / �2�fluid��0.5, where  and �fluid are the
viscosity and density of the fluid. In this case QSi /QSU-8
�4.2, resulting ���0,SU-8 /��0,Si��6.2.13

The presented work clearly shows the important influ-
ence of Young’s modulus of the adsorbates in the response of
biological and chemical sensors based on micro- and nano-
mechanical resonators. The calculations show how the oppo-
site contributions of the added mass and stiffness can cancel
each other producing small responses. Both effects can be
decoupled by confining the adsorption to defined areas of the
resonator. The result point at polymer materials, such as
SU-8, as good candidates for future resonating sensors with
enhanced sensitivity based on molecule stiffness.
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FIG. 3. Relative resonance frequency shift for the fundamental mode due to
the adsorption of the myosin subfragment 1 as a function of the adsorption
position along the cantilever normalized to the cantilever length. Two can-
tilever materials are modeled, SU-8 and silicon. The inset shows a zoom of
the curve corresponding to the silicon cantilever.
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