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Abstract

In this study, a new 2D Euler—Bernoulli beam element for large displacement analysis using the total Lagrangian formulation is proposed.
In large displacement analysis, the beam kinematics written based on the total Lagrangian description is complicated. As a result, it is not
easy to find suitable interpolations that are field consistent for beam elements developed in this description. For this reason, existing total
Lagrangian beam elements generally employ field-inconsistent interpolations, which result in degradation of element performances. In this
study, field-consistent interpolations for a 2D Euler—Bernoulli beam element are proposed. The field consistency is obtained by using a set of
interpolations that satisfy a required relationship between relevant displacement fields. The construction of the interpolations is made possible
by allowing the interpolations to be expressed as nonlinear functions of nodal degrees of freedom. The validity and efficiency of the proposed
element are shown by solving various numerical examples found in the literature.
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1. Introduction

Several beam finite elements for large displacement analy-
sis have been proposed by many researchers [1-12]. It may be
said that there are in essence three main aspects in the devel-
opment of this type of beam element. These aspects are the
reference configuration, the beam kinematics and the approx-
imation of the displacement fields. The choice of reference
configuration depends on the choice of kinematic description.
Three kinematic descriptions in current use are the total La-
grangian description, the updated Lagrangian description, and
the co-rotational description. In this paper, the last aspect of
the three aforesaid main aspects—the approximation of the dis-
placement fields—for 2D beams described based on the total
Lagrangian description is discussed. In fact, in this study, a new
2D Euler-Bernoulli beam element for large displacement anal-
ysis with small strains derived based on the total Lagrangian
description is proposed. The focus of the development of the
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proposed element is on creating displacement interpolations
that are field consistent even when displacements are large. It
is known that various interpolation functions have been used in
linear and geometrically nonlinear beam elements. These inter-
polation functions are defined based on various types of nodal
degree of freedom [1,2,6,8,9,11]. Nodal degrees of freedom
employed can be a set of translational displacements [1,9], a
set of rotational displacements [6], a set of translational and ro-
tational displacements [2,8], or even a set of curvatures [11]. In
case of 3D linear beam elements, it is common that the axial and
transverse displacements together with the axial and transverse
rotations are used as nodal degrees of freedom. Under the as-
sumption of small displacements used in linear beam analysis,
the transverse rotation and the transverse displacement of the
same bending plane are dependent. In linear Euler—Bernoulli
beam elements, which do not consider shear deformations, the
dependency between the transverse rotation and the transverse
displacement of each bending plane is generally considered
during the construction of the interpolation functions. In other
words, the transverse rotation and the transverse displacement
of each bending plane are expressed in forms that satisfy the
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dependent relationship between them. As a result, field-
consistent interpolations are obtained. On the contrary, in linear
Timoshenko beam elements, which consider shear deforma-
tions, this field dependency is normally neglected as a result
of independent approximations for the transverse rotation and
the transverse displacement of the same bending plane. The
field-inconsistent interpolations in linear Timoshenko beam
elements result in a well-known phenomenon called shear
locking where inaccurately stiff solutions are obtained. It is
possible, however, to remove the field inconsistency in linear
Timoshenko beam elements by using appropriate interpolation
functions [13,14]. One other possibility to achieve the field con-
sistency for linear beam elements, while still considering shear
deformations, is to employ the laminated beam theory [15].

In case of geometrically nonlinear beam elements with small
strains that employ the total Lagrangian formulation, nodal de-
grees of freedom are described with respect to a fixed reference
frame that is defined at the initial configuration. This fixed ref-
erence frame is normally defined by using coordinate axes that
are aligned with the longitudinal axis and the two orthogonal
bending directions of the beam at its initial configuration. With
the reference frame defined as such, the displacements and the
rotations in the directions of the coordinate axes are still mostly
used as nodal degrees of freedom. Due to large displacements,
the longitudinal displacement, the transverse displacements and
the transverse rotations become complicatedly dependent on
each other. As a result, it becomes difficult to find a set of in-
terpolation functions that are field consistent. To obtain field-
consistent interpolations, the interpolations for these transla-
tional displacements and rotations must satisfy the complicated
relationships between these interpolated fields. One practical
interpolation technique used in the total Lagrangian beam ele-
ments is to approximate displacements at a point from displace-
ments of points on nodal cross-sections that have the same pro-
jected position as the point of interest [16—18]. This technique
often employs standard polynomial interpolation functions. As
a result, the displacements are interpolated from the values
of nodal displacements and the values of nonlinear functions
of nodal rotations. This interpolation technique, unfortunately,
does not yield field-consistent interpolations.

When the updated Lagrangian formulation is used in large
displacement analysis with small strains, the problem of field
inconsistency may be avoided. This is true when the displace-
ments from the last reference configuration to the next con-
figuration are small and appropriate interpolation functions are
used. Accordingly, the Euler—Bernoulli interpolation functions
for small displacement analysis are sometimes used in beam el-
ements derived with the updated Lagrangian formulation with-
out any modification [5,12,19]. Note that, with the updated La-
grangian formulation, the problem of field inconsistency will
arise every time the displacements from the last reference con-
figuration to the next configuration are not small. The co-
rotational formulation [3,7,8,20,21] can also avoid the problem
of field inconsistency when it is used in large displacement anal-
ysis with small strains. This is because the basic concept of the
formulation is to decompose the displacements into a portion of
large rigid displacements and a portion of small displacements

due to small deformations. The interpolation functions are con-
sequently used for the small displacements. If appropriate in-
terpolation functions are used, there will be no problem of field
inconsistency. A comparative discussion on beam elements de-
rived with the total Lagrangian and co-rotational formulations
can be found in the work by Pacoste and Eriksson [22].

This paper presents an approach to handle the problem of
field inconsistency found in 2D beam elements for large dis-
placements with small strains derived with the total Lagrangian
formulation. The proposed beam element is derived based on
the Euler—Bernoulli beam assumptions. The derivation of the
proposed beam element is straightforward and does not involve
any complicated concepts or assumptions. To tackle the prob-
lem of field inconsistency, it is natural that required relation-
ships among interdependent fields are considered and satisfied.
The interdependent fields cannot be independently interpolated.
Instead, interpolations of all interdependent fields must be con-
sidered together. In this study, the field consistency is obtained
by finding a set of interpolations that satisfy a required relation-
ship between relevant displacement fields in the proposed 2D
beam element. The construction of the displacement interpola-
tions becomes possible by appropriately allowing the interpo-
lations to be expressed as nonlinear functions of nodal degrees
of freedom. The validity and efficiency of the proposed element
are shown by using various numerical examples found in the
literature.

2. Kinematics of an Euler-Bernoulli beam with large
displacements

Consider a section of a beam shown in Fig. 1. Due to the
deformation of the beam, a particle at Py(X, Y) in the original
configuration o moves to P(x, y) in the current configuration
%. Under the assumptions of the Euler—Bernoulli beam, the
following relations can be obtained:

x=X+uyx — Ysin0, (D)
y=uy + Y cos b, 2)

where ux and uy are the displacements of the projection of
Py(X, Y) on the neutral axis in the XY system. In addition, 60
represents the rotation of the cross-section.

Denote s as the arc length along the neutral axis in the current
configuration. The following relations can then be obtained:

1+u’y=s"cos0, ufy=s"sin0, (3)
1 !
cos O = +lx , “4)
A+ + )?
sin 0 = y : 5)
\/(1 +ul)? + (ul))?
tan 0 = —Y (6)

1+uy’
where primes denote the derivatives with respect to X. Note
that Eqgs. (4)—(6) represent a dependent relationship between
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Fig. 1. Euler—Bernoulli beam with large displacements.

uyx, uy and 0 that must be satisfied by the interpolations in
order to obtain the field consistency. Note further that, for small
displacements, Eq. (6) becomes 0 = u’,.

By using Eqgs. (1) and (2), the deformation gradient matrix
is written as

Oox Ox
-~ = L .
F— 0X oY _ 1+/”x Y/QCOS@ sin 0 . 7
Oy 0y uy — Y0 sin0 cos 0
0X oY

The deformation gradient matrix is used to compute the Green
strain matrix as

[Exx Exy 1 o7
E= =—(F'F-1. 8
| Eyx EYY:| 2( ) ®)
Introduce an orthogonal matrix R defined as
[ cos® sinf
R__—sinB 0050:|' ©)
Define a matrix F as
_ I / : _ /
F:RF:[(1+uX)cos();|)—uYsm() Yo (1)] (10)
Note that from Eq. (3)
—(1+u'y)sin 0 + uy cos 0 =0. (11)
With help of Eq. (3), write F as
F=I+L, (12)
where
[ =D=Y0 0
L- [ ) 0. (13)

Since R is orthogonal, the Green strain E can be rewritten as

E=JFF-D=JL+L"+L'L)~ J@L+L") =L
(14)

The term LTL can be neglected because, under the
Euler-Bernoulli beam theory that assumes small strains,
(s’ — 1) and Y@ in L are small. Note that Eyy is the only
non-zero strain component.

3. Displacement interpolations

Consider a 2D beam element of length L in the XY plane
shown in Fig. 2. The element has two end nodes and one aux-
iliary node at its center. There are three displacement fields to
be interpolated, i.e., uyx, uy, and 6. The strategy used to obtain
the field consistency is to explicitly describe the interpolations
of only two of the three fields. After that, the interpolation of
the last field is obtained by employing the dependent relation-
ship between these three fields defined by Eq. (6). Here, uy
and uy are selected to be explicitly interpolated by polynomi-
als. Define the displacement vector u as

u:{”x}zpﬁx (15)
uy
where

I x x200 0o o]
P“[o 0 0 1 X Xx? 4X3} ’ (16)
A=lay ai ay by by by b3]". 17)

Here, P holds polynomial bases while A contains their coeffi-
cients.
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Fig. 2. Proposed beam element.
: 1
Define the nodal displacement vector U and the nodal force by = — — [Buy| — uys) +2(L — 3ux| — uxs + duxs)

vector f as

U=[uxi uyr 0z1 uxz uy> 0z2 ux3l’, (18)
f=[Fx1 Fy1 Mzi Fxa Fys Mz 01" 19)

The number subscripts represent node numbers. The last degree
of freedom at the center of the element is introduced only to
increase the order of the interpolation of the axial displacement.
The applied force is not allowed at the center node. As a result,
for the user, the element has only two nodes.

From Eq. (15), with help of Eq. (6), the degrees of freedom
can be expressed as

uy| = ao, (20)
uyi =b0, (21)
20 b
071 =tan™" (uy—(/)) = tan”! < 1 ) (22)
1+ u', (0) I+a
uX2=a0+a1L+a2L2, (23)
uys = by + b1 L + byL* + b3L>, (24)
"L
0, = tan™! (uY—(,)>
1+ u'y (L)
by 4+ 2byL 4 3b3L?
—tan~! [ 2 + ook 4 OB (25)
14+a; +2aL
L L?
ux3 :ao—f—alE +a27. (26)

By using Egs. (20)—(26), the coefficients in Eq. (17) are ex-
pressed in terms of the nodal degrees of freedom as

ap =uxi, (27)
= ~Buxi tuxs — 4Mx3, 28)
L
2(ux +uxs — 2uxs)
ay = 12 , (29)
by =uyq, (30)

1
bl:Z(L—?)uxl—MX2+4MX3)tan021, (3D

-3
x tan0z1 + (L +uxi + 3ux> — duysz) tan 0731,
(32)

1
by = F5 [2(uy1 —uy2) + (L —3ux1 —uxs +4uxz)tan 0z
+ (L +uxi +3uxz —4uxz) tan 03] (33)

Consequently, the displacements can be expressed as

X
ux =ux1— L [Buxi +ux> —4uxsl

X2
+ 2 [2(ux1 +ux> — 2ux3)]l, (34)

X
uy =uyi + I [(L —3ux; —ux2+4uxs)tan0z;]
X2
1z [Bluyr —uy2) +2(L —3ux1 — ux2 + 4uxs3)

xtan Oz + (L +uyx; + 3uxy —4uys)tan 0z7]
3

+ % [2(uy1 —uy2) + (L — 3uxi —ux2 + 4uxs3)
x tan0z1 + (L +uxi + 3ux> — duysz) tan 0z;].
(35
In contrast to conventional displacement interpolations, it can
be seen that the displacements are not linear functions of the
degrees of freedom. Note that Eqs. (34) and (35) are derived
with the help of Eq. (6). The interpolation expressions related
to 6 can be obtained by appropriately considering Egs. (4)—(6)
together with Eqs. (34) and (35). In this way, the dependent
relationship between uy, uy, and 0 is ensured.

4. Derivation of the nonlinear stiffness matrix equation

Consider the virtual work equation for the total Lagrangian
formulation written as

L
/ / SxxéExdidX
0 A

L
=/ /EEXX5EXXdAdX
0 JA

2 2 2

= Z Fxouxy + Z Fyjouyr + Z Mz160z;
=1 =1 =1

L L
+/ pxouy dX-I—/ pyouy dX. (36)
0 0
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Here, Sy x is the XX component of the second Piola—Kirchhoff
stresses and is related to the Green strain Eyy through the
Young’s modulus E. The cross-sectional area of the beam is
denoted as A. Moreover, py and py denote the distributed axial
and transverse loads, respectively.

From Eq. (14), the virtual Green strain can be expressed as

SExx = 0[(1 4+ u'y) cos 0+ uy sind — YO — 1]
= cos 0du'y — (1 + u'y) sin 060 + sin 0u'y
+ uy cos 050 — Y 50’

= cos 0du'y + sin Oou’y, — Y50’ (37)

Hence, the internal virtual work is expressed as

L
/ / EExx0ExxdAdX
0 A

L
=/ /E[s’—YO/
0 A

+ sin 00uy — Y60'1dAdX

— 1][cos 0du'y

L L
= EA/ s' cos Oou’y dX + EA/ s"sin 06u’y dX
0 0

L
— EA / cos Odu'y dX
0
L L
- EA/ sinQou’y, dX + EI | 060 dX
0 0
L L
—EA [ (14 ul)ouy dX + EA f ulSutl, X
0 0
L L
— EA/ cos Oou'y dX — EA/ sin Oou’y, dX
0 0
L
+ EI/ 060" dX. (38)
0

By using Egs. (4) and (6), ¢ is derived as

g = Loy ~ tyity (39)
(U + )+ ()

The internal virtual work then becomes

L
/ / EExx0ExxdAdX
0 A

L L
—EA [+l dx + EA/ Sty dX
0 0

—EA/ 1+u'y
0 \/(l—f-u’x)2+(u/y)2

5u/X dX

ouy dX

_ EA/
\/(1 —+—ux)2 + (dly)?

1 —
cpr [OE Wy U S ax, (40)
0 (L + )’ + W)

Define vectors Nx and Ny as

NX=|:6L£X aux aux aux aux aux aux:|
aqu aqu 6021 auxz auyz 6922 aux3
(41)
NY _ |: al/ly auy auy auy auy auy auy :|
aqu aqu 6921 auxz auyg 6922 aux3
(42)

The virtual translational displacements and their derivatives
are then written as

5MX = Nx5U, (Suy = Ny5U, (43)

ou’y =Ny oU, duly =N} oU. (44)
Note that Nx, Ny, Ny and N}, can be derived from Eqs. (34)
and (35).

By using Egs. (4), (6) and (44), the virtual rotational dis-
placement and its derivative can be derived as

) 1—i_uX /

u
00 = — Y duly +
(w4 X A w+ e

| uy , 1—|—uX N/
(4 ul)? + @) X A+ul)? + @) "

x oU
=NyoU, (45)
60’ =N,oU. (46)

Finally, by using Eqgs. (40), (44), and (46) in Eq. (36), the
nonlinear stiffness equation is obtained as

o) =t, (47)

where
L T L .
(D(U)=EA/ (1+u’X)N/X dX—i—EA/ u’YN’Y dXx
0 0

1+uy

L
/0 Ja+ u/X)2 + (up)?

T
—EA Ny dX

—EA N, dx

/ \/(1 + uX)2 + (uy)?

La+ ux)u2Y — uyuszeT dX
o (I+uy)”+ uy)

+EI

—/ N} px dX — f NP py dX. (48)
0 0

Note that derivatives of ux and uy can be derived from Eqgs.
(34) and (35). It can be seen that Eq. (47) is nonlinear. In this
study, the Newton—Raphson method is employed to solve this
nonlinear equation.
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Fig. 3. Cantilever beam with an end point load.

5. Results

The following four examples are used to illustrate the valid-
ity and efficiency of the proposed beam element. The results
obtained from this study are compared with the existing results
in the literature.

5.1. Cantilever beam with an end point load

The first problem to be considered is a cantilever beam
subjected to a concentrated load at the free end as shown in
Fig. 3. In this problem, five elements are used to model the
beam. The obtained results are compared with the elliptic in-
tegral solutions by Mattiasson [23] in Fig. 3 and, in numeric
form, in Table 1. The results indicate good agreement between
the present solutions and Mattiasson’s solutions.

5.2. Cantilever beam with an end moment

A cantilever beam in this example is subjected to a concen-
trated end moment as shown in Fig. 4. This problem has been
used by many researchers for testing nonlinear beam elements
since the analytical solutions for the problem exist. Examples

1245

Table 1
Cantilever beam with an end point load

PLE )L w/L

Mattiasson [23]  Present study  Mattiasson [23]  Present study

1.0 0.05643 0.05559 0.30172 0.29946
2.0 0.16064 0.15672 0.49346 0.48748
3.0 0.25442 0.24757 0.60325 0.59534
4.0 0.32894 0.32003 0.66996 0.66126
5.0 0.38763 0.37733 0.71379 0.70479
6.0 0.43459 0.42335 0.74457 0.73550
7.0 0.47293 0.46103 0.76737 0.75831
8.0  0.50483 0.49245 0.78498 0.77597
9.0 0.53182 0.51909 0.79906 0.79011
10.0  0.55500 0.54199 0.81061 0.80173
M
lw
PUR———
u
-l L -

Normalized Load ML / EI

—@— Analytical u/L
—8— Analytical w/L
A Presentu/L
X Presentw/L

0 0.5 1 1.5
Normalized Displacements u /L & w/L

Fig. 4. Cantilever beam with an end moment.

include works by Filho and Awruch [24], who solved the prob-
lem by using 160 eight-noded hexahedral isoparametric ele-
ments, and by Shi and Voyiadjis [25], who used 10 four-noded
plate elements. In this study, the problem is solved with only
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Fig. 5. Williams’ toggle.

five elements. The results obtained from this study are com-
pared with the analytical solutions in Fig. 4. It can be seen
from the comparison that good agreement between the present
solutions and the analytical solutions is obtained.

5.3. Williams’ toggle frame

A frame in Fig. 5 was first solved analytically and exper-
imentally by Williams [26]. It is sufficient to consider only
half of the frame since the problem is symmetric. The problem
is considered as a good benchmark for testing new nonlinear
beam elements and it has been investigated by many researchers
[1,27,28]. Wood and Zienkiewicz [1] solved the problem by us-
ing five six-noded paralinear isoparametric elements per mem-
ber. Yang and Chiou [28] employed five two-noded beam ele-
ments per member. In this study, the problem is analyzed by
using only two elements per member. The result obtained from
this study is compared with the analytical solution by Williams
[26] in Fig. 5. Good agreement between the present and ana-
Iytical solutions is observed.

12
—@— Mattiasson u /L
—— Mattiasson w/ L
101 A  Presentu/L

X  Presentw/L

Normalized Load PL?/ EI
N

0 0.1 0.2 0.3 0.4 0.5
Normalized Displacements u / L & w/L

Fig. 6. Pinned-fixed square diamond frame in tension.

5.4. Pinned-fixed square diamond frame in tension

A pinned-fixed square diamond frame is loaded in tension
as shown in Fig. 6. Since the problem is symmetric, only half
of the diamond is analyzed. The problem is analyzed by using
two elements per member. The results are compared with those
from Mattiasson [23] in Fig. 6 and, in numeric form, in Table 2.
Good agreement between the present and Mattiasson’s results
can be observed from the comparison.

6. Conclusions

In this study, a new 2D field-consistent Euler—Bernoulli beam
element for large displacement analysis with small strains using
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Table 2
Pinned-fixed square diamond frame in tension

PLE )L w/L

Mattiasson [23]  Present study  Mattiasson [23]  Present study

1.0 0.13960 0.15592 0.11252 0.12276
20 0.23184 0.24894 0.16429 0.17228
3.0 0.29447 0.30958 0.19183 0.19750
4.0 0.33940 0.35211 0.20839 0.21238
5.0 0.37322 0.38367 0.21931 0.22211
6.0 0.39966 0.40810 0.22703 0.22895
7.0 0.42097 0.42765 0.23279 0.23405
8.0  0.43855 0.44370 0.23726 0.23801
9.0 0.45335 0.45716 0.24084 0.24120
10.0  0.46601 0.46865 0.24380 0.24383

the total Lagrangian formulation is proposed. When the total
Lagrangian formulation is used to formulate beam elements for
large displacement analysis, it is difficult to find a set of inter-
polations that are field consistent. This is unfortunately because
of the intrinsic complex relationships between the relevant dis-
placements. As a result, performances of total Lagrangian beam
elements are unnecessarily degraded by field-inconsistent inter-
polations. If interpolations that are field consistent can be found,
better performances of total Lagrangian beam elements can be
expected. For the 2D Euler—Bernoulli beam element proposed
in this study, there are three displacement fields to be inter-
polated, i.e., the axial displacement, transverse displacement,
and rotation. The interpolations for the axial and transverse
displacements are described first by using polynomials. Sub-
sequently, the interpolation for the rotation is derived from the
dependent relationship between the three displacement fields.
Thus, the problem of field inconsistency is avoided and the
proposed element eliminates this disadvantage of the total La-
grangian formulation. The obtained interpolations are found to
be nonlinear functions of nodal degrees of freedom. From the
comparison with the existing problems in the literature, it can
be seen that the proposed element is capable of giving accurate
results by using small numbers of elements. This confirms the
validity and efficiency of the proposed element.
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