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where F, is found by substitution in (1) and hence we obtain
2, (—1)(v-0/2

o rard 10)
s 0t = 7n a0

Wy= 008 YT

dge~v
*Dy .4
Thus the complete loluu‘nn is

Wl Z.: (Aw-+39~+ca~+be*‘v
=1,3,6

7Dy
(=1)=1/2 g-ar

nlrat — Ya'eW)

where the ) are given by Equations (7) and the constants are ob-

) cos vz (11)
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tained from the conditions on y = 0, b. Thepuﬁculuuu'o_ft
uniform thickness plate can, of course, be obtained by writing
¢ = 0, Noting that Equations (7) then give two sets of equal
roots %7,, the solution for uniform thickness is the well-known

4

W=

that the differonce was within the manufacturer’s stated calibra-
tion accuracy. This was evidence that the gages cemented to the
bar read the true strain within a few per cent.

Fig. 2 shows the viscoelustic behavior of CR-39 during long-
hm croep tests. Since the author was mostly concerned with
the results d in Figs. 7,8, and ¢
-sve the ones which are applicable, while Fig. 2 indicates the limi-
tation of CR-39 for static experiments.

The motion pictures of cavitation were used to obiain the se-
lunoeofevenhletd.mgwthonre-puln not the magnitude of
¢ fringe order. No accuracy was claimed for the motion pic-
phowehhcexpenmem seo page 347 of the paper. The

e order of 0.35 is reported on the bottom of page 346, and
meuund by means of 8 photomultiplier with 54614 light;
oe Fig. 15. The fringe order was determined aa follows:
quummnphmmdmglynrmmuntedmuhht
hey could be rotated at 30 rev/sec. Thnpo-'uouoﬂhopohmid-
nd quarter wave plates were interchanged, and the analyser was
jthen rotated, with the X sweep of the photomultiplier cscilloscope

h operation. Thobughtolthetnuonthaucnﬂogrmthm
iponded to ‘/n frmgeordnr Aﬂnrrea-amblyoftheup—

Za (Ac"" + Be—r 4 Cys"# + Dye=7o
a=1,3,8

+ ‘———"’““"") oy (12)
LN

The summations of (11) for specific boundary conditions will
involve considerable labor and since they must be repeated for
each gide ratio a/b and c value, they will not be made here.

Discussion

fparatus, the with the ph

ghes pevrlol'mod Thesmphtudeof thalmka(l?i‘.ls)wulhen
Its height de to !/s the calibra-

n height %10 per cent; thuathefnngeorderuO%*mper

cent,

A Photoelastic Study of Strain Waves
Caused by Cavitation'

AT Dmlﬁ’ The&ut.horemphmm'.haadvmhguol‘tha
of the

usein p ial-strain fringe value in respect
wthammdmfnnge vdue. This is particularly true in
of the useful of this

:ppmhmbalmmdmpspenpubmhedbythewnmm
nvuﬂdhu:mnﬂ,deuhngmﬂ:vmmpbmoﬂhspmpu-
tiem of phenolformaldehydes,? of Columbia Resin CR-39,* and of

epoxyredu' » .
1In some of these papers it is pointed out that it is actually possi-
bhwmumhndﬁefmmzbwﬂnmmmbe_pmm
in & plastic, without a stress. The “crept-in’ photoelastic effect
can be uised a long time after the loads have been removed from
specimen.$
mMorereoenﬂy it also haa been shown that transversal displace-
ments in Marblette plates can be messured a long time after the
loads have been removed, to determine the sum of the principal
stressen.” However, only in a few instances has the writer com-
puted the value of the strain fringe values. Strains have to be

1 W. Sutton, Nhhodh'.b.ﬂcpumb«.lﬂﬂmolm
I By'GolAm.m ¥ ABME, vol. 79, pp. 340-

“el’mh-or, Illinois Institute of Technology, Chicago, Il. Mem.

ASME.
'BmUanxl;r;;odd DW‘”"O;’YI.;EJ Durslli
R. L. Lake, Proc. A , 1o, pp. 97-]
m:l“m Concentrations Produced Bemi-Circular Notches in
InmumUndtUmmnvlj o "b’IAJ Durelli, R. L.
Lake, and E. Phillips, s , no, 1, pp. 53-64.
d Bap I‘; the D: of Transien

t Stress and

Diauributions it Two-D ional Problema,” by A. J. Durelli

gndwilblq' AL OF ArrLisD M Tras, ASME,
, 1087, 69-76.

Y“‘l'?g d il::p * by R. L. Lake and A. J. Durelli,

Machine vol. 25, no. 7, lﬁu.w 128-181.

1“Use of Creep to Determine the Sum of the Principal Stressee in
Two-Dimensional Problems,” by A. J. Dunllh.nd W. F. Riley, Proc.
SESA, vol, 14, no. 2, 1957, pp. 109-118.

The dismeter of the stressod area is postulated to be the same
that of the small pit, reported at the top of page 347. These
findividual pite are clearly visible in Fig. 16 (top), surrounding
he main pit. The variation of the diameter of the pit was leas
han 20 per cent.

The author hopes that the foregoing description of the calibra-
hion, while somewhat lengthy, may be of help to the casual reader
ho may not be acquainted with some of the ultra high-speed
echniques which have been developed at the California Insti-
hate of Technology.

. The value of 2 X 10% psi cavitation strees should not be sur-
priting to Profeesor Durelli, in view of other published data which
jndire indicate the order of magnitude of the stress level.
n fact, the apparent high lovel of stress lod to the reported in-
Jrestigation in order to obtain a more quantitative estimate of the
pavitation strees level,

measured precisely for this purpose. Poisson’s ratio values g
by the author are remarkably accurate.
Thamﬂhpubkahedbythaautborml‘xg 2 seem very i
portant to the writer because they indicate the limit of applicati
of his method of working with CR-39. 4
The writer has difficulty in following the evaluation of th
photoelasticity tests reported by the author. It doesn’t seem "
be proved !.hnu.hadmphoement of the residual fringes in th
pieces of Columbia resin is as itive and as te &
of measurement as the author claims. The conclusions ob
from Formula [21] seem to be premature. The formula d
in & very sensitive way on the value of Poisson’s ratio, on
vdmdtbedumawdthemunodm,mdonthe
order. The author 1/ of the d
mﬁhoutpvm;axpmmnmmdenumdunulvduofoza
fringe order which again does not seem substantiated by his te

Author’s Closure

Theaumrwuhuto'.hmkl’mfuorDuremforhnmny
comments, His results ing the st:
caet epoxy reains are not inconsistent with t.ha preuut udy
‘Whether or not this is ad depends upon th ]

muneprdtothemuncyofﬂwstmu muluremnh,
strain gages on the specimen were calibrated with Huggenb
extensometers agalost tima$ TheHuumhergarmh:d

nalysis of Stresses and Strains Near
the End of a Crack Traversing
a Plate’

F. A, McClintock.* It is interesting to note how high the ap-
hedﬁmmbemdahlluhdyﬂzeau@hmumd\honthﬁ
rsdmlofthopluuclonebelmﬂleompnedwthewk
3 eng ,le r,/a € r/a < 0.1. The solid line in Fig. 1 of this
cent, The precision of Poisson’s ratio is indicated in Fig. ' u shows the distribution of strain in front of & crack in s
pe;‘mmdynmnwﬂ (sos Fig. 13), no direct s bisxial tensile field, as given by Equations [3] and [5]. As indi-
gage calibration was possible. However, the following indired tedbythedoﬁedhno,phttwymldmgmllaxmdnhmu
Tibration was used: G Yuuthend:mntwhwhtho-heunthayuldmeuuﬂhem
MA’““’“"”“'"”""”“”WMT" " 0n the Moshasismnof Cavitation Dazmage” by M. 6. Plsst snd
side. on top of each gage, ano gog avi amage,
x«:;hw' A’;‘:“Y, O e eiante e resistanos d T. Ellis, Traxs. ASME, vol. 77, October, 1065, pp. 10651064,

I . ‘ByGRIzmnpqubAdmth telnber, 1057, issue of the
impwtbet.wemthambondletmdthoouwm eveale m ‘or ArpLizp A Tnf:-)ASME.voln.wsm—
l"AMOl lication of P Lot

T mmnmmmc.m 3 Amsociate Prof of Mechani 3
W "bycw M 1 cha
b dsnr ook deas, Calif., 1055 b , G Mam, Mem,

A,

De;
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DISCUSSION

_

29

Etasrrc, %
% U-2% 1

+ ‘ . —EinTIe PLASTE

“*
as
2.0
% —

ll/;}.’ 1 Stress distributions ahead of crack under biaxial tension, for
/¥ =

terial, and actually equilibrium of the ¥ component of force acroms
the z-axis will require that it extend farther. Triaxiality would
only inhibit yielding significantly if the thickneee of the sheet were
greater than about r,. In the case of a crack subjected to shear,
the plastic sone extends twice as far as would be calculated from.
the theory of elasticity.? Taking the radius of the plastic sone
to be twice the radius at whxch o= Y according to elasticity
theory, we find

ry/a = 2[(0/Y)*/2] <01 oro/¥ <03

Hence the nominal applied stress must be well below the yield
strees if the radius of the zone of plastic deformation is to be small
compared to the crack length. And perhaps one also should re-
quire that the sone of plastic deformation should be small com-
pared to an elastic region which is itself amall compared to the
crack length. This would limit the applied stress even further.

Wheuﬂwphwthwknmuenoughgmurthanr, 60 that a
phm-m‘ﬂn condition exists at the elastic-plastic boundary, thers
isa amount of elastio constraint. For, from Equations
(2] and {3], except at the very tip of the crack, g, = o, and
hence for plane strain

¢ =0=0,/E -, /E or o, =20,

Thus the maximum difference between the principal stresses,
which approximately governs yielding, is

Y=o, -0, =01 -2

For v = 1/3, the value of ¢, at which yielding occurs would be 3
timee that for an unnotched specimen. Thus the author’s presen-
tation has made it easy to recognise that important constraints
may arise in elastic as well as plastic stress distributions around
notches,

1t also may be noted that the plastic sone really consists.of two
regions, one caused by general yielding over macroscopic regions,
and the oﬁhar associated with the ductile fracture required to
join_ ol in neighboring grains, It is this latter
Tegion, whooeudxmuoftluordunftba grain sise r,, which is
tnﬂylocdwthenufmofmemk To insure that the general
plastic def be negligible, it ia y that

r,-a(%) <r, or g/¥ <r,fa

For cracks. in with ordinary grain sizes,
this eondition would be satiafied only for very low values of the

MM Streea and 8Strain Distributions Around Sharp
Notches Under Repeated Shear,” by J. A. H.fHult and F. A. MoClin-
tock, Proceedings of the Ninth International Congress for Applisd
Mechanics, Brussels, Belgium, 1956,
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applied stress. Where the genera.l plastic zone ia not neghpble,
it would seem that an und of the energy ab d in
plastic deformation around the crack, supplied by g, would re-
quire an analysis based on the theory of plasticity. This analysis
might involve not only the material, but also the size of the crack,
the previous history of loading, and, as noted in reference (7) of
the paper and elsewhere, the thickneas of the sheet. This limita-~
tion on our understanding of the energy absorbed in plastic defor-
mation makes the correlation obtained from the concept of crack
extension force seem somewhat fortuitous, but of course does not
negate the practical utility of the resulting equations in those
cases where they correlate experimental data.

F. R. Steinbacher.5 1t is of intereet to note that the author's
solution, although applying Westergaard’s (author’s reference
11) method differently, agrees with certain phases of those ob-
tained by Williams* recently. For example, both show that for
s symmetrically loaded crack the energy density is not a maxi-
mum along the erack direction but at an angle of approximately
£70 deg. However, it would be of interest to obtain experi-

-mental. verifioation of this from strain gages located near the
crack in & pattern similar to the one suggeated in Fig. 2 of the
paper. It is of interest to note that Liu and Carpenter,’ in
plotting the energy distribution on the surface of a steel plate
containing a symmetrically loaded central crack, did obtain pat-
terns of equal energy lines which agree reasonably well with the
suthor’s energy distribution as a function of r and 6,

Thanaounhalymbolgunfomtendm;tocaunmkex-
tension instead of dW/dA, the strain-energy rate, appears to
change Equation [12) from the one quoted in the author’s earlier
‘work only symbolically; namely

8 - [Ed'W/dA /s
v 2z

]

Attempts to evaluate either § or dW/d4 experimentally has
n)mwn that either value is very susceptible to material and to the

i of the As a matter of fact, Kies® and
more recently Frisch? have shown that for some materials values
for § may vary as much as 3to 1. Our experience has shown tbat
such variations can be reduced somewhat by using (Eg/x).
Nevertheless, since neither term is 400 satiafactory for predicting
crack propagation characteristics in aircraft fail-safe design, re-
liable modifieations and for either Ex ion [12] or
[17] must be found.

It is quite possible, of course, that much of this variation could
be due to the differences which exist between the characteristics
of a stationary crack and those of a rapidly moving crack, ’I‘here
is sure to be as much difference as there is in the ch i
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Iathe, In each case the force needed to start the action is always then the five stress functions Z of the examples in the paper pr:;
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two kmds (a) The stresa dietribution ncmu.lly present in the test
may differ from that assumed in the calculation of G,.

vide the solution to five specific probl of eracks

shearing forces. The k. ion force iated with each

of these stress fields tends to produce extension of the crack as a

 shear dislocation.
Williams’ di i that the k don force G

may be related to Neuber’s plastic particle hypothesis. The u!a-

greater than that required to keep it going. Lockheed is presen
investigating this phase of crack propagahon :

M. L. Williams.» The sauthor has presented another of hi
illuminating papers on the mb;ect of stress ﬁelds lround a cmk.
To extend his resulte, an additi

For example, a thin sheet in uniaxial tension with a central start~
ing crack may buckle across the span of the crack unless sup-
ported by face plates whereas the equation used for calculation of
G, assumes the sheet is flat; (5) under conditions of plane strain
(thick sections) G, is much less than for conditions of plane stress

p of this hypothesis to the Griffith equation was
by Orovu.n 3

The general relationship of G to notch strees theory can be stated
concisely as follows. Assume the stress intensity factor repre-
 sented by the symbol X where

for plane strain

i” or “base particle width.”11

The first term in the displacement variation normal to the X - S
orack for “t:le particular case discussed by the author, or the =
more general Beries expansion,’ shows that locally the free odges: strese
of the crack deform Accordmé to the positive square root of the end for plane
distance from the base of the crack, i.e. EG

x! -—
uz, 0) = Kot 4., r

from which the local radius of curvature R at the base of the |

crack is found to be finite and equal to B = (1/2)K* snd thus
oz, 0) = (2R)/1z'/2

the author's

/s
o) = 3 ()" o

there is the association

xE
9-4—1?

which may be of additional assist; in ph 1

and perhape related to Neuber’s work on eqmvnlent parhcle nn ‘

with E and v being Young’s modulus and Poisson’s ratio. Then
for any notch, internal or external, and having nearly zero flank

angle

X=Ltm 1
R—-OZ VR

where 0. is the maximum tensile stress at the root of thenotchand _

R in the notch root radius of curvature.
In terms of Neuber’s plastic particle hypothesis

x-«,J;.

where o, is the average tensile stress across a small segment of
length € beyond the end of the crack. Since fracture strength
i do not d eritical values of o, and Ve

from which effective st factors are ded

In the latter part of the paper, the apparent diseimilarity with
other results® as to the circumferential location of the maximura
normal stress, o, —73.4 or 60 deg—is quickly resolved by noting
that the maximum stresses were evaluated holding y and r con-
stant, respectively.

Author's closure

The author wishes to thank those who submitted discussions for
their suggestions and for their interest in his paper. In this reply

of
starting friction and sliding friction. Even a better illustration
may, be that of the removal of metal from a specimen, as with &

. 0“8'om de Consid f:; ;l; -Res: Airplane 8trdo~

ures,” I e A oal Bei

print No. 618 Jlnn 1956 encos Pre-
¥ Grou ! Dy Group, Lockheed Air-

o S b
" tross at the Base of sm "
by M, L. Williams, Ji oF Arry M arice, %‘:k‘

the di ion by Williams is considered first, linee those by
McClintock and by Steinbacher refer to mntten
‘whereas the paper dealt ily with th

By Williams’ method® for developing the stress dm.nbutmn
at the base of a stationary crack, one may obtain the stressos
associated with a shear-type dmpheemenc of the cnck surfaces
along with the stresses pe crack-
surface displaserments. Only stresses of the latter type were dis-
cuged by the writer. The stress relations for a crack opening

ABME, vol. 79 1957, pp. 109-114,

d to shear are, however, eanly represented in terms of the
stress function method of the writer’s paper. For example, if one

TA Btudy Defonmtmn lnd Fracturing by Btrain Ener;
Distribution,” by 8, I Liu aud 8, T, Ship Cotn. the Airy stress function is
mittes, Bumu of Ships, Report 880-38 Deoember 20, 1950.
+“The R, of to Fract: and Gun F = —yReZ
Fire Damage,” by J. A. Kies, vaal Ruumh Laboratory Memo
Report 504, May, 1058, ®A iate Professor, Cali Instit of Teck Pasa-

“‘ '‘Comparison of Semi-Empirical Solutiona for Crack Propaga
with Experiments,” by J. Frisch, Trans. ASME, vol. 80 1968
pp. 921-928,

dena, Calif.
w "Theory of Notch Stresses,” by H. Neuber, Edward
Ann Arbor, Mich., 1946. ouber, Bdward Bros, In.,

separately but only a critical value of their product, those using
the Neuber hypothesis must assume a value of ¢,, usually the
ultimate tensile strength, in order to obtain an experimental
value for a cnt.lcal plut.lc particle size e.

By ical” for “f " in his final sen-
tence the author can agree with all of McClintock’s remarks,
However, readers should not confuse a theoretioal estimate of the
limits of applicability of brittle fracture theory with what appears
to be the actual situation practically. Fracture strengths, G,,
measured with flat sheets in uniform tension have shown no
sigrificant error due to local plastic yielding when the net section
stress was lees than the yield strees. For the nonuniform stress
field of a spinning disk with the crack in the central region of
greatest stress, Winne and Wundt!® found that plastic yielding
influenced the measured values of G, only when the average net
section strees excaeded 65 per cent of the yield stress. Thus the
suggested ion force analysis is applicable when, as in
common engineering practice, the net section atress has been
made substantially lees than the yield stress.

Difficulties with variations in G, or dW/d4 for the same ma-
terial have been experienced at the author’s laboratory as well
a8 by Bteinbacher and his iat These difficulties are of

1t “Energy Criteria of Fracture,” by E. Orowan, The Welding
Journal Ressarch Supplement, March, 1955.

1 “Application of the Griffith-Irwin® Theory of Crack Propagation
to the Bursting Behavior of Disks,” by D. H. Winne and B. M.
‘Wundt, ASME Paper No. 57—A-249. .

{thin i In general, whether due to triaxiality, tempera~
ture, or strain rate, changee which cause an increase of yield
strees cause a decrease of G,.

Different values of G, or W /dA for the same material due to
() are to be expected from the physical nature of the property
and the variability itself is of definite interest. Incounsistent re-
sults due to (a) can be eliminated with growth in testing ex-
perience.

A Direct Method for Determining
Airy Polynomial Stress Functions'

J. N. Goodier.t Problems of the kind illustrated in this paper
by the two examples worked out are not completely determinate
boundary-value problems in the theory of elasticity because the
loadings, or resctions, or both, are specified only as resultants.
The distribution of traction forming the resultant is not specified.
It follows that there is no unique solution. The method proposed
appears to lead to a unique solution, and this means that one
solution has somehow been singled out. Examination of
Equations {11] and [16] shows that they do not demand C,,, = 0
3 the text following Equation [17} would have it. They merely
allow such a solution out of an infinity of solutions. Thus an
arbitrary choice has occurred bere. Being the choice of the
simplest solution, it has led to the well-known solution usually
obtained by seeking the polynomisl stress function of lowest de-
gree which meets the required resultant conditions, A similar
comment appliea to the second example, and in general.

Tt also may be of interest to point out that polynomial strees
functions can be written down st once, avoiding the neceseity of
obtaining relations between coefficients as in Equation [8]. The
function of the nth degree (only) is obtained from the form

¢ = Reltf(s) + x(2)], s=z+iy

by taking
(z) = (on + ibu)e=t,  x(2) = (¢, + id))2
‘where a,, by, ¢,, d, 8Te arbitrary resl constanta.

G. Horvay.* The author furnishee a new method of solution
to the old problem of finding the biharmonic polynomial which
properly represents the effects of prescribed tractions applied
to the boundary of a rectangle. It may be d that Don-
nell on one hand,* Boley and Tolins* on the other, also tackled the

1 By Ching-Yuan Neou, published in the September, 1987, issue of
%_Jsoognnu or A.rrl.mn Mzxcranics, TraNs. ASME, vol. 79, pp.

* Professor of Engineering Meochani University, Stan~
ford, Calit. Mem. ASME.
* General Electric R h Lab 8ch W N.Y. Mem.

ASME,

4 “Bending of Rectangular Beams,” by L. H, Dénnell, JourNaL or
ArrLizp Mrcmaxics, Trans, ASME, vol. 74, 1052, p 123,

$“On the Stressea and Deflections "byB
A. Boley and L 8. Tolins, J
ASME, vol. 78, 1956, pp. 339-342.

of
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problem, bﬂtm ldxﬂerenc mmner,mgthemethod of progres-
sive by b ials.¢ This algo-
rithm automatichlly breaks off when du applied tractions are
polynomials. TheDBTnpprowhnppenananbhtomNeou
mptbod ntlnnnn because the Iati may bc
thei di ’b the
polynnmlﬂlnjudgedtoboned-pbh (Inhwthor’lmothod
one has to before the solution is usable.)
Inprwhuthalutharlmﬂwdmyverywellludmouqmek]y
to the goal. This has not been checked.
‘The present aim to hasise the oft-f

fact that the bih im0l oy b is i licable to
rectanglea which are nearly squares. In Fig. 1(a) we show a
aquare, subject to the traction

(s, £1) = Pgz) = =

on top and bottom; P, denotes the kth Legendre polynomisal.

Writing the harmonic polynomials’
Vom o), U, = &=

ie.

Vi=y Uy = 2 —~ ¢*

Vim sty -y Ul = 2t~ oty + 0

Vi = Bty — 105%* + 1 U.-z‘—l&z‘y'+15z’y‘—y'

mevmmﬁ . . e e
s,=tu-Lo+lw fal

8 4
s the bibarmonic polynomial which produces the prescribed

c,(:, %x1) traction, but creates, at the same time, an equally

large

3y —1
2

stress on the left and right edges. In this case ﬂwrefore the beat
one can do is to write

el y) = — [r(£L, ) =0]....... (a]

§ There are atill further types of approaches floating around in
the literature.
TR, § denote real and imaginary parts.

JOURNAL OF APPLIED MECHANICS

1
Pupprox = ;é.
That leaves residuals
3y -1
4

on(-bsfw.redm thuen-dudanolonguc‘nbenduesdbym

pp , but must be d by an
eigenfunction method.>*

‘The cases shown in Figa. 1(b, ¢) of this discussion illustrate the
same fact. When self-equilibrating tractions, such as

3zt ~1
oz, £1) = ram o (£l y) = —

T(z, k1) = kPyz) == f Pt)dt = i’_;_’ )

o,(%, £1) = Pi(z) =

act on the horizontal edges of the square, the polynomial bi-
harmonic functions
S 1
¢.-ﬁv.+y[ =vi+d v.+i°—v.] ..... @l
7

15
q’."rsUl—l—qu—ﬂ'h

+,[ Vit g Vim lv.] ...... o)
cmh-hmunhngthaverﬁc&lodgu, to wit
3 13
ES - —— = .
o£l,v) = Pyy) + 21 Pyy); 7
(1, y) = F2Py)...... %)
a1,3) = 2P(y) - 5 Puao;
(%1, y) = £35By)...... C]
"‘Thn Use of Seli-Equilibrating Functions in Solution of Beam
Problems,” by G. H d J. 8. Born, Proc,
of Applied Mochanios, ASME, 1954, pp. m—wso'mdu 8. Congress

* “Baint Venant's Prhmpla A Biharmonje Eigenvalue Problem,”
881-386 or Arruizp M Trans. ASME, vol. 79, 1957, pp.

c,(: '-"""‘““P‘”
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which again cannot be el d by bih ic polynomial
without the tractions that produced them.

‘When the rectangle is narrow like a beam, then the story is the
same, but the ending is different. Figs. 4(a) and §(a) of Horvay
and Born¢ illustrate the case of a rectangle with 2, y-dimensions
2/5 and 2, respectively. A traction

o(Frs) 4=

is applied; ihethreeotheredcelmfm ‘The maximum residusl
left by the bih p 1 solution on the short edges is
found to be

oy (-— —};, il) = —173
as contrasted with the maximum stress in the rectangle
0,(1,0) = —385

A‘mtheplvkul mses,thelalf-equﬂxbnﬁng regiduals eannot
be eliminated by bil (only an eigenft
whmehmmtoﬂmn),buﬂhaymymwbemdmdm
In , they are not
mglachdbutmdmmudbymofhvmhomﬂydota—

mined eigenfunction expansion. Themﬂulonbhmeduethm
compuodwlththemuluofu loulation where the: variati
method repl the bih ic-polynomial method from the
outset and icall the residual don; the
edges; the second phase of the problem is thereby el d.

The agreement of the results by the two methods is found to be
very good.)

A. L. Ross, H. A. Eagle.!! In reading the author’s solution
for finding the coefficients C,,, = 0, it is indicated that it results
from a unique solution of Equations [11], [18], [12], and {17].
However, an jon of, say, Equations [11] and [16] for &
specific value of m, shows that there are » unknown coefficients
C,.. and only two equations for their solution, which of course
means that s unique solution eannot be determined from these
equations alone. Of course, an examination of the results of the
first example shows that for this problem the trivial solution, for

DISCUBSION a3

(Resion I}
Ca Ce Coo

4 Cn Cn. Cn Cm CH
Ces ICot Cos Co Cor Cos Caw

Cancucm

FWg. 2

sero in the same manner as was used for Region II. Proceeding in
thummnsr,thoeoeﬁcwnﬁlmllmomlllmofﬁn
matrix can be shown to be identically sero. The i 00~
efficients are then determined as outlined in & clear mauner by
the author,

C. J. Thorne,'s It is well known that the real and imaginary
parts of f(z), f(3), #(s), and £() with 2 =z + iy are bibarmonie
funcuom W\hf(:) = z*/nlwe have & umque sot of biharmonie

under diff i It may be of in-
terest to know that these pol ials have been tabulated for
many values over the unit square.!?

Author’s Closure

The author wishes to thank Drs. Goodier, Horvay, Roas, Eagle,
and Thorne for their helpful discussions. Besides, he wishes to
point out that the sentence following Equation [17] on page 388
should read: “Equations [11] for m > 3'and [18]. . .” instead of

m > 3, is indeed the unique and correct one. It therefore ap-
pears that a more detailed discussion of the method used in prov-
ing that these coefficients actually are sero is in order. The Re-
cursion Relationship [8] and the two pairs of Equations [11],
[16), {12], and [17] will be used to determine the coefficients of the
three sections of the matrix shown as Fig. 2 of this discussion.
The coefficients in the three regions will be determined by
three distinct patterns of solution. For a matrix of M X N size
the coefficients of Region I can be shown to be sero by the use
of the Recursion Relationships [8] since all coefficients outnide of
the region, i.e., forn> Norm> M are d to be identicall,

“Equation [17] form > 3and [16]..

The question of hking Cun=0 tor m 2 3 as unique solutiony
to the Equations [11], [16], [13], and [17] might well be an-
awered by the Rose-Eagle proof, if we could only establish the fact
that the inatrix in finite and all the C,,, outside of the region of
n > N orm > M are assumed to be identically sero. Iniact, the
matrix is finite and the question is where to draw the lines in our:
infinite matrix. Many investigators use & polynomial stress func-
tion up to m + n = 5, without giving sny reasons for leaving out
the terms of higher power which might be important.

Equations [11} for m 2> 3 and [16] for a particular value of m

sero. In determining the coefficients of Region II, one makes use
of Equations [11] and [16] to find the second and fourth columns
and uses Equations [12] and [17] to find the first and third

- columns of this region. The coefficients of Region III are shown
to be sero by a pattern along diagonals (Region IIla) and four

column rows (Region ITIb) and then progreesing upward. Co-
efficients of Regions IIla can be shown to be identically sero by

oan be satisfied either by C., = 0 or by an infinite number of sets
of solutions which d to an infinité ber of bi
tions.of boundary eondmona Although an alternative boundary
condition of o, = 0 at the free end in Example 1 may be used to
replace the self-equilibrating conditions, the number of combina- .
tions of boundary conditions is certainly not infinite. More.
over, Althoughthuommorethmtwounknownlmthbtwo

the use of the Recursion Equation [8] as was done for Region I.
The coefficients of Region IITh can then be shown to be identically

1 Principal Engineer, Aircraft Nuclear Propulsion Department,
General Eloctric Company, Cincinnati, Ohio.

[11} and [18], the indeterminacy, how-
wer,mbemmovod:!wehkemwmountmtheﬁ‘qumm
17, 8. Naval Ordnance Test Station, China Lake, Calif.
1 A Table of Harmonic and Biharmonic Polynomials and Their
Dmvmvu," by C J. Thom. Supp]mant to Bullstm No. 39 of the.

i1 Technical Engineer, Airorafé Nuclear Propul D
General Electric Company. .

Utah E Shﬁm of Utah, Novem-
ber, 1940.
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[11} and [16]) form = 3,4, 5. . ,M(whereMunverylarge
number or mﬁmh) and the m'.e!dependenee of the various C,,.
By from the ion [8], it is
possible to express Cp., for n > 4 in terms of the two Cp, at the
lower ends of the diagonals in the Matrix [4]. For example

Cy = =15Cw ~ 2Ca,

and
Cu = 20 + % Ca.

Now, for M — 2 rows (below the dotted line in Fig. 3 of the dis-
cussion), we have M — 2 Equations [11] and [18], respectively,
for M — 2 unknowns Cpe and Cms respectively (shown by O in
Fig. 3), i.e., the number of mdependent unknown- is now equal
to°the number of%ind The solution is thus

JOURNAL OF APPLIED MECHANICS

RelZ(as + ibs)2¢ + (o5 + ds)2Y into
(a5 + o)z* ~ (35 + Bdialy — (2 + L0cs)ady®
— (2bs — 10d)2%y* — (3 — Sesdoy® + (bs — dy)y

is no simpler than the use of Equation [3] subjected to the re-
striction of Equation (8], which, for most of the time, is used to
set. one C,, to sero by inspection when the other two coefficients
i in the Equatlon (8] are sero. Besides, to obtsin o, 0,, and 7,,
rom:

o, + o, = 4Rey'(Z)
and
Gy ~ 04 + 2ir,, = 2[Z2Y"(2) + x%(2))

is certainly more tedious than to obtain Equation {5], [6], and
{7] from Equation [3].

Since it is clearly indicated in the paper that the present method
applies only to a long narrow rectangular beam under continuous
loadings, we must rule out the case of a square plate or a rectangu-
lar strip having & small length-to-depth ratio; otherwise the in~
fluences of the extraneous end tractions could hardly get a chance
to fade out, as are clearly illustrated in Dr. Horvay’s discussion,
and consequently the results would find little or no place to be
held, by virtue of Saint Venant's principle as good approxima~
tions to the exact streas conditions in the beam.

Interaction Curves for Shear and
Bending of Plastic Beams!

B. T, Onat.? The etatic analysis of perfectly plastic beams
shows that bending usually predominates so that the concept of
simple plastic hinges is sufficient for most cases. As the author's
results indicate once more, the shearing action is of importance
only for extremely short beum Therefore it might seem at
first that the establish curves for
bending and shear of pluhe beams is hardly justified since the
structures in question cannot any longer be labeled as beams.
Howmr, the malym of the plastic behavior of the beams under

oading

Cus = Cpa = 0 form =3,4,5...

unless the determinant of Cis and Cps of the powers of ™™ in
the 2(M — 2) equations is sero which is most unlikely. The same
reasoning can be used to obtain C,,, = 0 in Equations [12] for
m 2 3and [17].

Further support for C,,, = O for m 2> 3and n = even number
can be rallied from the obvious fact that because of the asym-
metric loadings at ¥ = g, the polynomial terms even in y must
be excluded and, by virtue of Equation [16] or (8], Cwform 2> 3
maust all be zero,

The author fully realizes the emtenee of many exeellent

methods other than the bik h, such
a8 the method of l 3 t.he D 1. Bol Toluu
method of . A PPN cto.,
as mentioned by various di The lex stress fi i

N
¢ =Re Z 1200 + B2t + (e, + id,)2%),

(N= o theorehedly) u an elepnt but more complex, way for

stress f of E ion [3]. Al-
though it emoyn '.ha ndvnntage of being no longer subjected to
the tibility Equation (8], the expansion of, for i

2 indi that shear action may be important
even for technical beams at the initial stage of loading. There.
fore any attempt to include the shear action into the analysis in
an approximate manner (such as the author’s) may be of great
help for a better und ding of the dynamic beh of beams.
However, the author's h to blish int curves
for shear and bending is apen to some objections,

‘The author states at the outset that the derivation of the inter-
action curve is first approached from the view of statically ad-
missible stress fields. It is difficult to see that statically admisaible

felds are indeed used since no effort is made to extend the field

beyond the critical section considered. Moreover, it is seen from

Equations {4] and [1] that the stress-boundary conditions are -

violated at y = ::h since r,, is not zero there.

On the other hand, the ption that the def in the
critical section of the beam is the composite of a pure bending
and uniform shear does not necessarily result in & kinematically
admiseible velocity field that leads to the rate of energy dissipa-

1 By P. G, Hodgs, Jr., published in the SBeptember, 1957, issue of the
:ggnux. or ArrLizp MxcEANICS, TrANS. ASME, vol, 79, pp. 453~
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tion given by Equation [16]. It is easily seen that, if no effort is
made to extend the strain-rate field of Equation [15] beyond the

b critical cross section conlldered 1o clum should be made that
F this strai

te field is k i issible. As a matter of
fact, the success of the interaction curves for bending and stretch-
ing of plastic beams! is related to the fact that physically sig-
nificant kinematieally admissible velocity fields may be found
which can be associated with the desired rates of curvature and
extension at the critical cross section under consideration. Even
the simple plastic hinge does not correspond to a discontinuity

b which acte within the. section but. it spreads out over a distance
equal to the depth of the beam.%$ It can be stated in conclusion

that the introduction of generalized streeses and strains and aaso-

| ciated strain rates cannot alone constitute a basis for approxi-
mate analysis,

Two-dimensional stress and velocity fields must be considered

[ in order to obtain a realistic inclusion of shear effects.

Author’s Closure
The author wishes to thank Professor Onat for his illuminating

[ comments on the possible effect of shear in dynamic plasticity
| problems. Certainly, it was.not the author’s intention to 1mp1y
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h ic a9 is d, and the litude of the harmonic is
only approximate in that it is one half the range of oscillation.
At best, this free-vibration “solution’ is characterized by s range
of oscillation equal in magnitude to the exact one and a period
equal to the exact period. The details of the exact motion are not
there. It is entirely possible that another method would come
closer to the details of the motion and be slightly off in amplitude
for any selected frequency of vibration.

The author may be interested in papers by K Klotter and
others on the Rits method as listed in the bibliography of the
paper by the writer in the JourNAL or AprLIED MxcuANICS,
December, 1955.

The author’s method that the fi ibrati Tuti
be known first. This is often quite a trick to obtain, The Rits
method needs nothing but the differential equation as the start-

ing point.
The method as p d is, h ,a.nother' ing ap-
proach to imate solutions of nonli blems which well

deserve all the methods that can be devised.
Author’s Closure

The author wishes to thank Professor Arnold for his comments.
In the F(a) = w,% given in the paper,sis half the range

that the approximate treatment in the paper wna 8 p

of free and w, the mrreapondmg frequency In the

accurate anewer to the probl di ionsal
stress and velocity fields would be prelemble, nf they could be
found, In fact, to be strictly accurate, three-dimensional fields
must be constructed.

case of a bilinear ch istic or & ch i of the form
f(z) = az + B=* the relationship between a and w, can be de-
termined exactly by direct methods. It is then assumed that o
is the litude of the one-term approximation for free vibra~

However, the author cannot agree with the rather di i
picture painted by Professor Onat. Just as a simple bending
theory is sufficiently accurate for many beam problems, so may
the theory presented in the paper be useful in cases for which
uheu is of lome unpornnoo In view of the fact that very few

are ilable, it would seem worth
whxlptontlust ider the d i theory. Cer-
tainly, it would be desirable to compare the results of the approxi-
mate theory with a more exact theory and with experiments in
both static and dynamic problems, Until this haa been done, it
is difficult to make a final assessment of the value of the approxi-
mate theory.

Forced Vibration of Systems With
Nonlinear, Nonsymmetrical
Characteristics'

F. R. Amold? Contrary to the author’s statement, his
method does not yield an exact solution for the free-vibration
case (P = 0) of the nonlinear problem. Even for this
case for which the exact range and period of oscillation may be
determined by ordinary methods, the exact solution is not a pure

. “Tho Influence of Axial Forces on the Collapse Load of Frames,”
by E. T. Onat and W. Prager, Proceedings First Midwest Con-
hronco on Bolid Mechanics, University of Illinois, Urbaaa, Ill,, 1953,
Wl "Thn ‘Effect of Shear on the Plastic Bending of Beams,” by D. C.
Drucker, JOURNAL OF APPLIED MEcHaNics, Trans. ASME, vol. 78,
1956, pp. 500-514.

¢ “Plans Pludcity." by B. B Hundy, P:pet MW/B/54 of the

Solid Group of the Working Division, British
Iron & Steel Research Associati .
1 By 8. Mahali blished in the ber, 1957, iswue of the
JourNaL or AprLiED Mxcuanics, Trans. ASME, vol. 79, pp. 435—
39
Associate Professor of Mech 1 Engincering, Stanford Univer-

dty. Stanford, Calif.

tions. -~ The graphical construction then yields an approximate
value for one half the range of forced vibration. In the apecial
case P w 0, however, the method gives an exact value for the
magnitude of one half the range of oscillation. It wasin this sense
that the.term “‘exact solution” was used in the paper. As Pro-
fessor Arnold states, the method does not give any indication
regarding the details of the motion. The method has been put
forward as an improvement of the Martienssen method and, as
such, it has the usual limitations of one-term approximate solu-
tions.

A Photoelastic Study of Maximum

Tensile Stresses in Simply Supported

Short Beams Under Central Trans-
verse Impact’

A. ]. Durelii.? This paper is a new contribution in the field of
wave propagation, a field which is being explored very intensively
at present in many laboratories in many, countries.
ticular experience of the authors will certainly be found useful by
other investigators.

A few comments, basic in nature, seem appropriate:

1 The authors give 154 pai as a fringe value for the Caatolite
they used. This is considerably less than the average value 215
pei given by Flynn (reference of the paper) for Castolite. Al-
though the suthors do not give any details about the way the
fringe value was determined, they mentioned that SR-4 strain
gages were used for the purpose of calibration, The basi¢ ques-
tion t0 be raised is the interpretation of the readings of the 8R-4
meemmtndtoaphlﬁomodel. The authors are referred to the

‘ByA A. Betser and M. M. Frocht, published in the December,
1957, insue of the JOURNAL or APPLIED MecHANICS, TRANS. ABME,
vol. 79, pp. 509-514.

1 Bupervisor, Armour Research Foundation, and Profeasor, Illinois
Institute of Technology, Chicago, IIl. Mem. ASME.




