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PHYSICS OF FRACTURE AND MECHANICS OF SELF-
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Abstract—The physics associated with self-affine crack formation and propagation is discussed. Some
novel concepts are suggested for the mechanics of self-affine cracks. These concepts are employed to
model the crack face morphology and, in turn, to solve various problems with seif-affine cracks. It is
shown that linear elastic fracture mechanics (LEFM) is a special case of self-affine crack mechanics and
should be used only in length scales larger than the self-affine correlation length. The theoretical results
are confirmed by available experimental data. It is emphasized that the ASTM standards for test pieces
for fracture toughness measurements must be completed by the specification of absolute specimen sizes
which should be larger than the self-affine correlation length for the fracture surface roughness. © 1997
Elsevier Science Ltd

1. INTRODUCTION

THE FAILURE of complex engineering systems generally encompasses a set of scale levels that cor-
relate with the scale lengths of separate elements and (or) groups of elements that made up the
system. Predicting and evaluating the parameters and consequences of catastrophes, as well as
developing measures to prevent them or reduce the level of danger from them, requires quanti-
tative and qualitative descriptions of catastrophic failure in hierarchically organized complex en-
gineering systems that take into account the nature and parameters of the interactions leading
to a catastrophe and the properties of the materials in which they are located and (or) through
which they come into contact with the complex system.

The fact that continuum approximation is often unsatisfactory for a real material is now
beyond doubt [1-4]. In man-made structures, a variety of nano-, micro- and macro-defects
appear at the production stage that may evolve during the structure’s service life. Numerous
fractographic and geophysical studies indicate the hierarchical non-Euclidean nature of the frac-
ture patterns [3-5]. There are four fundamental scale levels of failure: (1) nanoscale, 1-10° nm
(107°-107° m); (2) microscale, 1-10° um (107°~107> m); (3) macroscale, 1-10°mm (107°-1 m); (4)
global size-scale, 1-10° m (1 m—1000 km).

The last is related to geophysical phenomena and failure of large engineering systems|[3, 4].
The macroscale phenomena is common to experimental investigations in laboratories, whereas it
is precise processes in micro- and nanoscale that govern macro behavior and fracture of
deformed solids[5-15].

For this reason, a reliable prediction of the response of a solid to an external action should
be based upon a clear understanding of the mechanics of processes in nano- and microscales. It
is evident that only the description of failure processes within a single system, taking into
account the interrelation of different processes in nano-, micro- and macroscale, would provide
the development of an adequate theory of solid behavior and failure from first principles. It
seems that this noble goal may be advantageously achieved, if one uses the experimental fact of
statistical invariance of failure processes which leads to the fractal geometry of fracture patterns
[1]. This gives a reason to use the powerful tools of fractal geometry and multifractal analysis
for developing a statistical fracture mechanics within a framework of fractal solid mechanics[5,
16-60].

In this way one would wish to start with an atomic or molecular model of the material and
then construct a completely general theory of behavior that transcends all length scales of poss-
ible behavior. To achieve this aim we should answer two fundamental questions: “What is the
reason for fractal geometry of failure patterns?” and ‘“How does the statistical scale invariance
of crack faces affect crack mechanics?”
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In this work the problems associated with these questions are discussed. The physics associ-
ated with self-affine crack formation and propagation is advanced. Some novel concepts are
suggested to develop the mechanics of self-affine cracks. These concepts are employed to solve
various problems with self-affine cracks.

In the next section we analyze failure pattern morphology. We try to give the list of refer-
ences to this topic as completely as possible. A brief review of basic concepts of fractal math-
ematics with respect to their applications in solid mechanics is also given. Morphological aspects
of brittle and ductile fracture are discussed. A nonstandard representation for crack faces in
fractured solids is suggested. In Section 3 the physics of nano-, micro- and macrofracture is dis-
cussed. In Section 4 some problems with self-affine cracks are analyzed in detail. It is shown,
that the self-affine roughness of real crack faces leads to changes in stress distribution near the
crack and in this way affects the fracture toughness of brittle and ductile materials. The fractal
representation of the real morphology of crack patterns provides a strict approach to derive re-
lations between nano- and macrofracture parameters. Furthermore, some fracture phenomena
can be adequately described only when the self-affine nature of crack faces is taken into account.
Three examples of the dramatic role of fractality in crack mechanics are considered in the
Section 4. Experimental methods of fractal measurement are briefly reviewed in Appendix A
(the purpose of this review is to give a quite complete list of references, rather than to discuss
experimental methods in detail).

2. STATISTICAL TOPOGRAPHY OF CRACKS

The propagation of cracks is a problem of both technological and scientific interest. This
has motivated a large amount of research into how cracks form and how, once formed, they
grow. It is well-known that real cracks in solid materials have little resemblance to ideal cracks
with smooth edges which are usually considered in conventional fracture mechanics. For this
reason, in recent years, the quantitative analysis of fractured surfaces has become an integral
part of the study of deformation and rupture of materials[3, 61-64]. Such surface analysis often
provides information about surface morphology which is complementary to that obtained by
other metallurgical methods.

In the progress of science the ability to describe phenomena in precise quantitative terms
frequently leads to important advances in understanding. This certainly seems to be true in the
case of fracture surface formation. In the review [65], Nowicki has described 32 parameters and
functions that have been used to characterize rough surfaces. Obviously, it is important to clas-
sify phenomena in such a way that the task of understanding and describing them can be
reduced to a more reasonable magnitude. This noble goal can be achieved within a framework
of statistical topography of cracks[66].

The term “‘statistical topography” was introduced by Ziman [67] for the theory of the
shapes of random fields, with a special emphasis on the contour lines and surfaces of a random
potential. A mathematical survey of the statistical topography of Gaussian random fields was
given by Adler[68). The most compelling example of statistical topography is presented by the
diverse and whimsical patterns of natural coastlines and islands. The geographical consider-
ations apparently inspired Mandelbrot[69] to introduce the concept of fractals.

Starting from the pioneer work of Mandelbrot et al.[70], there have been numerous investi-
gations focusing on crack face morphology characterization within a framework of fractal geo-
metry, that is believed to give promising parameters with which to establish structure—property
relationships (see, for review [1-5, 16, 71-120] and references therein). Many different materials
have been investigated with different fracture behavior, from ductile to brittle, at very different
scales, from nanometer scale using atomic force or scanning tunneling microscopy, to the mi-
crometer to centimeter scale using profilometry measurements and image analysis techniques, up
to the meter to kilometer scale for geological faults and up to 1000 km scale for geophysical
phenomena(3,4].

It is now clearly established that, at first view, random fracture patterns can be treated as
fractal objects. Fractal geometry, developed by Mandelbrot [69], allows the description of such
irregular forms which are more complex than Euclidean, shapes.
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A feature having fractal properties is not differentiable and is characterized by the frac-
tional metric (fractal) dimension Dy, which exceeds its topological (Euclidean) dimension. The
fractal dimension is a generalization of the Euclidean topological dimension in the metric sense
(mass to length ratio) as well as in the topological sense (how many independent coordinates
are necessary to identify a point in the structure). Furthermore, the shape of a rupture is com-
monly anisotropic. This anisotropy also manifests itself in the scaling properties of the fracture
patterns. Although anisotropy is very often present, most of the efforts to understand the mor-
phology of fractal fracture has been concentrated so far on the concept of self-similarity (see,
for review, refs[2, 5] and references therein). It has been pointed out only quite recently that in
many cases self-affinity should be the adequate framework for the interpretation of the scaling
properties of the occurring structures[3].

First of all, we should be specific and determine what exactly is invariant in a selected pat-
tern and what is not. It was found that in the case of failure patterns the phenomenon of ““frac-
tality” most strikingly manifested itself in the following aspects: (1) hierarchical nature and
statistical scale invariance of the defect (pores, cracks, etc.) fields in a wide range of spatial
scales £p < L < ¢p, where £p and &p are, respectively, the lower and upper limits of length
interval within of which the defect fields possess statistical scale invariance, and (2) statistical
self-affinity of crack-faces within a wide, but bounded interval £, < L < &¢, where £, is the self-
affine cutoff and ¢c is the self-affine correlation length. Generally, £y and ¢c differs from ¢p and
¢pl[3]. Moreover, the fractal properties of failure patterns generally differs within different ranges
of length scales[3,4,113,121]. Hence, when we speak about the specified failure patterns fractal-
ity we should specify the scale interval under consideration.

Unfortunately, we cannot model real failure patterns using only the simple and well-
accepted concept of statistical self-similarity and self-affinity. The shapes of real failure patterns
require the introduction of the concepts of multi-fractality and multi-affinity (see refs[1,64,116—
118,122-130] and references therein). The neglect of these factors was responsible for the strong
contradictions between the results of experimental studies of the fractal properties of failure pat-
terns and their relations with strength parameters[3,60,70,78-81,94,97,98,102-105,111,112]. In
fact, in these studies, different definitions for the fractal dimension and different experimental
techniques for its estimation were used (see Appendix A and refs[130-137]). These different tech-
niques are associated with different definitions for the fractal dimension should give the same
value of fractal dimension only for self-similar or statistically self-similar monofractals and may
give dramatically different results for self-affine fractals, multi-fractals and multi-affine patterns
[130,137].

Nevertheless, the aforementioned contradictions as well as some confusions in the theoreti-
cal analysis in this problem ([138-143]; see also the discussion in refs[41, 144] and Sections 2.4,
2.6 and 4.1 of the present work) seem to give support to the arguments of traditional mechanists
concerning the non-utility of fractal concepts for describing failure phenomena. To avoid con-
fusion, we start with the definition of basic concepts used in fractal mathematics.

2.1. The concept of fractals and intuitive definitions of the fractal dimension

Before we tackle what a fractal is, let us ponder on what a fractal is not. For this purpose,
let us take a geometric shape and examine it in increasing detail. That is, take smaller and smal-
ler portions near a given point and allow each to be dilated, that is, enlarged to some prescribed
overall size. If our shape belongs to standard geometry, it is well-known that the enlargements
become increasingly smooth. Ultimately, nearly every connected shape is locally linear. One can
say, for example, that a generic curve is attracted under dilatations to a straight line; a generic
surface is attracted by dilatation to a plane, etc.

We all have a feeling for what is meant by a line or circle being one-dimensional, a plane
or sphere being two-dimensional, a ball or space being three-dimensional and so on. Roughly
speaking, we mean that the position of a point on a line can be specified by one coordinate; on
a plane, by two; and in space, by three. That quantity of the number of coordinates is com-
monly an integer. Thus, to look for a way of introducing fractional dimension, two steps are
necessary: (1) we have to find some relationship that characterizes dimension, but does not rely
on integers; (2) we need to pin down the weak point in our naive ideas about dimensions, elimi-
nating it so that we can ascribe, to certain objects, a fractional dimension.
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Fig. 1. Invariant construction of the triadic Koch curve and its fractal parametrization. A sequence of

points on G; with constant curvilinear distance c* = 0.1 to the origin is shown by bold lines. Note, that

the fractal geometry is obtained for an infinite number of iterations, G, i.e. F = G the fractal curve

is, therefore, nowhere differentiable. We can approximate this curve in two ways, with 1D gauge, or
with uncertainty balls that give it a thickness.

In mathematics the place of ordinary (topological) dimensions is taken by the metric dimen-
sion, first introduced by Felix Hausdorff early in this century[145]. However, Hausdorff relied
essentially on the ideas that had been expressed by Euclid.t Underlying his approach is the rec-
ognition that one- and two-dimensional structures are, in effect, three-dimensional portions of
space, two or one of their characteristic scales being very small, so that the notations of length,
¢, surface, £2, and volume, £3, have only a hypothetical meaning. By replacing these notions, by
the concept of “fractal content”, Mandelbrot [69] deliberately contributed to the review of tra-
ditional physics, in particular by writing the fundamental equation of fractal geometry.

N(£) x £P = constant, )

where D is the fractal dimension. In this equation, the resolution scale £ of the analysis of an
object is related by a power-law to the number of congruent segments (“‘modes”) N(£), necessary
to describe the entire object as shown in Fig. 1.

tIn fact, even in antiquity people realized how limited the concept of dimension is when it is restricted to an integer.
“The line is inconceivable” said the skeptic philosopher Sextus Empiricus{146], “for the geometers state that the line is
length without breadth, but we, in our inquiry, are unable to perceive length without breadth either in sensible or in
intelligible; for whatever sensible length we perceive, we perceive as including a certain breadth”. The end of the second
century!
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It reveals the existence of a constant that is the generalization of a Euclidean length (area,
volume) obtained for the integer value D = 1 (D = 2 and D = 3 for the area and volume, re-
spectively). The relevance of eq. (1) can be illustrated by the continuous, but nowhere differenti-
able triadic Koch curve shown in Fig. 1(a) and characterized by D = | — InN(£)/In¢ = In4/
In3 = 1.2618595.

Now, let us build the sequence of curvilinear coordinates, r;, of a given sequence of
points A; on the curves G; (see Fig. 1(a)). It is readily seen that r; can be defined as a distance
along G;

4\ .
r_/=xf<§) =40 =,

where ¢” is a constant. For example, in Fig. 1(b) the sequence of parameters 0.1, 0.03, 0.021,
0.0123,... defines points at a constant distance ¢ = 0.1 from the origin on the respective
curves Gy, G,, G3, Gs,... It is easy to understand, that in the limit j — oo parameter x; — 0
and

lim;_,¢ x; =0,

i.e. the point A in a fractal curve F = G4, coincides with the origin O of F, while the curvi-
linear distance between O and A., on F is equal ¢" = 0.1>0. From this “paradox”, it follows
that the real coordinate, x, is insufficient to thoroughly describe the fractal curve F: the dis-
tance along F between two points parametrized by two different Xs is infinite, while points
separated by a finite distance along F correspond to the same values of x.

While the number of conventional coordinates cannot be fractional, and to determine the
position of a point on the triadic Koch curve, we need same number of coordinates,
ny =[D] + 1 =d =2 ([..] denotes the integer part of the number), that is necessary to deter-
mine the point position in a plane. It is easy to understand that a situation changes dramati-
cally, when the positions of two or more points are analyzed. In fact, the positions of 1000
points on a smooth (differentiable) curve can be completely - determined by
niooo = 1 %1000 = 1000 numbers (distances of each point from the origin). To determine the
positions of 1000 points on a smooth surface or plane we need to use
Nigoo = 2 x 1000 = 2000 numbers (coordinates), whereas the positions of 1000 points on the
triadic Koch curve can be completely determined by njge0 = [1.2618 x 1000] + 1 = 1262 num-
bgrs. In this sense, we can speak about a fractional number of coordinates, since
hy = n1000/1000 = 1.262.

Another approach can be formulated, equally natural, but more comfortable to mechanists.
With one-dimensional objects we associate the concept of length, ¢; with two-dimensional
objects, area, £2; and with three-dimensional ones, volume, £°. Characterizing these concepts is a
construct which, similarly, is called dimensionality: [m], [m?] and [m®]. From other branches of
mechanics and physics we know that these dimensions can also be fractional. For example,
stress intensity factor and fracture toughness have the dimension of [Pa x m!/?] = [kg/s*m'’?];
the constant C in the Paris power-law [147] for fatigue crack propagation has the dimension
[Pa‘”k xm' "~ k/z], where k = constant, etc.

However, in order to put this fractional dimension into fractal geometry, we have to look
at the concept of coordinates somewhat more broadly. To any preassigned accuracy we can
specify a point inside a square, not just by a pair of coordinates, but also by only one, provided
we use a coordinate line that fills the square more and more densely (for example, Peano curve
in Fig. 2). In fact a coordinate of that kind is by no means exotic. For instance, a person’s
address in a city could, in principle, be specified by giving the geographic coordinates of his
apartment, but we use a different method, first naming the street, then the building and the
apartament numbers (like a coordinate with integer and fractional parts). Indeed, one could
actually number all the citys’ dwellings in a single sequence (the American nine digit ZIP code
comes closest).

In natural sciences, the fractal concept was originally put forward to cope with a single sali-
ent example: measuring the length of the coast of Great Britain by Lewis Fry Richardson (see
ref. [69]).
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Fig. 2. Three first iterations in the construction of plane-filling self-similar Peano curve. In the limit of
infinite number of iterations, the Peano curve densely fills the plane, so that the metric (fractal) dimen-
sion, D, of the Peano curve coincides with the topological dimension of the plane, i.e. D = 2.

Viewing a curve on a plane (Figs 1 and 2) at a given scale and the definition of its length
are two intimately connected notions. There are many different ways to represent a curve at a
given scale. For example, scaled curves can be derived from the actual curve by subdividing
them with dividers set to intervals of length equal to one-forth, one-sixteenth, etc. of the length
unit, starting at the beginning of the curve. Each new point is obtained by setting the compass
point on the previous point and marking the intersection of the arc of the compass and the
curve. The marked points are then connected with line segments. The relative length of the
curve, L(£), at scale £ is then defined by the relationship L(£) = £ x N(£), where N(£) is the num-
ber of segments of length £ that span the curve. The true length, L,, of the actual curve is then
defined as the limiting value that L(£) approaches, as £ approaches zero or mathematically

Lo = limg_,0 L(€) = limg—,o £ x N(E). @)

It is easy to verify that if we apply this method to each differentiable curve we obtain its
true length. For example, for a circle, this method gives L, = 2nR, where R is the circle radius.

However, when Richardson applied this method to determine the coastline length of Great
Britain and some other countries, taking more and more detail maps, he discovered that for
each of them the number of segments at scale £ satisfied the power-law (1), where the values of
constant and D are constants for a given coastline. These constants are different for coastlines
of different islands[69] and, as we shall see below, D is associated with the fractal dimension of
coastline. Inserting eq. (1) in the conventional definition of length L = € x N(£) Mandelbrot
suggested the relation
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Fig. 3. (a) The iterative construction of Koch curve with D = In 8/In 4 = 1.5, and (b) building of this
curve by deleting surface.

L(£) = ce'P, (3)

which yields straight lines when L(£) is plotted against £ on log-log graph paper.

By nature, eq. (3) diverges every time the geometrical approach is traditional, i.e.
Euclidean. For example, a length is naturally expressed by L = N x £, but for D> 1 fractal geo-
metry imposes L = Nx£oc £' =2 — 0o, when £ — 0, thus length diverges. A surface area is
expressed by S = N x £2oc €272 when £ — 0 the surface area diverges if D>2, or the surface
density 1/S diverges if D < 2. As a result, such physical notions as extensive and intensive prop-
erties acquire diverging characteristics on the boundaries. However, as it was noted above, real
failure patterns obey fractal (scaling) properties only within a bounded range of length scales
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X

Fig. 4. Building of the basic structure of a fractal curve[149].

and, thus, have a finite length (area, volume). Hence, explicitly speaking, from a mathematical
viewpoint, the metric dimension of a real failure pattern always coincides with its topological
dimension. However, we can speak about fractal properties of failure patterns (as well as coast-
lines and many other natural fractals) in a sense of the concept of ‘““intermediate asymptotic”
(see ref. [148]).

A fractal curve with fractal dimension lying between 1 and 2 is intermediate between a line
and a surface. Indeed, while it may be built by adding segments (Fig. 3(a)) it may also be
obtained by deleting surfaces [149]. This construction allows one to deal with the problem of
multiple points. Given an initial curve, G, consider a polygon, Py, of surface, Sy, with one of
its diagonals being the segment [0,1] and in which G is included. Then building around each
segment of G; an n-reduced scale version, Py, we obtain a figure P, as it is shown in Fig. 3(b).
Now, if we denote the angle between two segments in G, as d¢; = ¢;— ¢, _; (Fig. 4) then an
obvious condition for the absence of multiple points (all polygons of Py, as well as all polygons
of P;, Ps,..., P;,..., should be disjointed) implies

=Y =1+ p1) — 7 <3¢ < Y2 =71 — (02 + Ba),

where all angles are defined in Fig. 3(b).

Another fundamental property of fractals, which distinguishes them in a basic manner from
homogeneous euclidean objects, is the scaling invariance (self-similarity) of fractal patterns.
Many fractals are made up of parts which are, in some way, similar to the whole, such as classic
fractals that are shown in Figs 1-3. Structures are called self-similar if they appear the same at
every scale.t In other words, if we look at the fractal structure from afar, it appears the same as
it does in a close-up view, in terms of its details. Broadly speaking, mathematical and natural
fractals are shapes whose roughness and fragmentation neither tend to vanish, nor fluctuate up
and down, but remain essentially unchanged as one zooms in continually and examination is
refined. Hence, the structure of every piece holds the key to the whole structure.

One may classify fractals in two broad categories, namely the regular and random fractals
fractals[69]. Although all real failure patterns are random, the regular fractals, such as shown in
Figs 1-3, may be used as models, because the fractal dimension, D, does not change after a lin-
ear transformation of regular fractal structure. So, two curves in Fig. 5 are characterized by the
same value of D. In this way, for random fractals, the concept of similarity must be replaced by
the concept of “statistical self-similarity’’[150].

To understand how self-similar curves relate to the Richardson power-law eq. (3), it is suffi-
cient to set C = 1 and rewrite eq. (3) as

tSelf-similarity is not only the key property of a fractal, it may actually be used to define them—an approach which is
often extremely useful [69].
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i
]

Fig. 5. (a) Regular self-similar, and (b) random statistically self-similar versions of the triadic Koch
curve (see also Fig. 1). Notice that these curves are homeomorphic and characterized by the same frac-
tal dimension D = In 4/ln 3 = Dg[150].

1 D

Now, let us consider a trivial example of self-similar triadic Koch curve shown in Fig. I.
This curve is generated iteratively by replacing each segment of one stage with four identical
segments, one-third the original in length in the next stage. Thus, whereas for stage 1, L(1) = 1,
for stage 2, L(1/3) = 1/3 x4, or L(1/3) = (1 /3)x1—/1—3,5 etc. From this, it follows that the fractal
dimension of the triadic Koch curve is D = In4/In3. For each successive stage in the develop-
ment of the curve we have the same value of D. Mandelbrot[69] has shown that, as for the tria-
dic Koch curve, any geometrically self-similar curve may be characterized by the dimension of
self-similarity, Dg, also called the similarity dimension,

_In N(e)
ST In(1/e)’

where N(e¢) is the number of congruent segments of length ¢£ and ¢ is the contraction ratio that
replaces the unit interval in the initial stage of the iteration. For a regular self-similar fractal we
always have Dg = D [69, 150]. Thus, for the Peano curve (Fig. 2): N=9, ¢ = 1/3 and
D = Dg = 2; for the Koch curve in Fig. 3(a) we have N =9, ¢ = l/4 and D = Dg = 1.5.
Notice that eq. (4) is also valid for statistically self-similar patterns, since any random, but
statistically self-similar fractal can be transformed in the regular fractal with the same fractal
dimension D = Dg by a homeomorphic, one-to-one and onto transformation[130]. In this way
the aforementioned Richardson’s data indicate that the configuration of coastlines is derived
from a general law of nature and Mandelbrot’s analysis of Richardson’s data led to the follow-

4)
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ing expression of that law: each segment of a coastline is statistically similar to the whole, i.e.
the coastline is statistically self-similar[69].

When we speak of the fractality of coastline, non-smooth, broken-line trajectory of
Brownian particle or its infinitely high velocity, the real situation is idealized. On very tiny scales
the finite mass of a Brownian particle and the finite intercollision time will manifest themselves
and the trajectory will become smooth. When we speak of a fractal surface (for example, frac-
ture surface), we should think of a rough surface whose scale of irregularity gradually becomes
smaller, as the projected area of the irregularities diminishes. The irregularities should, however,
still be much coarser than the interatomic distance scale, otherwise the concept of a boundary
for the body would not apply at all. When we say that a lengthy polymer molecule fills up a
region of space, we mean that (in a different way to a Peano curve) from some filling factor
onward we have to allow not only for the molecule’s extension along a line, but also for its
thickness and we can no longer describe the situation in terms of tangled lines. That is why in
the natural sciences the fractal concept ties in with intermediate asymptotic: although the scale
of roughness is small, it remains much larger than something still smaller[148].

Some useful relationships for the similarity dimension of regular fractals are given in
Table 1. Prominent examples of the application of regular fractals to model real fractal patterns
formed in deformed solids are given in Figs 6-11. Figure 6 demonstrated how the complex
shape of grain boundaries in polycrystals can be modeled by the Koch curve. Figure 7 illus-
trated the Liiders—Chernov band formation in the deformed material and the fractal represen-
tation for final microstructure on the basis of Cantor set with fractal dimension Dg = In2/In3;
in Fig. 8 given the schematic representation of defectless channels in the crystal deformed after
irradiation or quenching; the dimple sizes distribution are shown in Fig. 9 together with corre-
sponding homeomorphic regular fractal. Two examples of tree-like fractals are shown in
Fig. 10(a,b). In ref. [108] these fractals were used as models of dendritic particles in iron
alloys. Experimental results obtained in the electron microscope study [108] are reproduced in
Table 2. Figure 11(a) illustrates the construction of a circle fractal the similarity dimension of
which strongly depends on the geometrical characteristics of structure (Fig. 11(b)). The circle
fractal was used as the model of dimples formed in ductile fracture surface[3].

The models considered, by virtue of their self-similarity are very useful for analysis of the
problems associated with formation and evolution of the corresponding real patterns. Some use-
ful variations of eq. (4), which may be directly applied for estimation of the fractal dimension of
real (random) fractals, are listed in Table 3. The results of computer simulations[152] of diffu-
sion-limited aggregation (DLA) and viscous fingering (VF) are reproduced in Table 4. Notice
that DLA and VF clusters are random statistically self-similar fractals.

There are also non-fractal objects, called “‘scales”, which are associated with this simple
scaling rule and are useful for more adequate description of natural objects, such as porous
media [S]. Scales are characterized by the integer metric dimension and are not fractals even
through the scale length itself, while its boundary (i.e. the surface of the pore space) can be a
fractal. Thus, in constructing such object we remain the important property of self-similarity,
but abandon the fractional dimensionality, requiring instead that the scale be characterized by

Table 1. Relations between similarity dimension and parameters of structure for different regular fractal structures

Type of regular fractal structure Expression for similarity Comments
NN dimension
1 Cantor set, Peano curves, Koch Dg = InN/In(1/¢) N—number of self-similar parts,
curves e—concern length of each part
(Figs 1-3, 5, 7(c), 9(c), 10(c))
2 “Fir-trees” Dg = InP/InK P—number of branch with length
L, + 1 on the branch with length
Ly
K = L,/L, + 1 (Fig. 10(a,b))
3 Sierpinski gaskets (carpets) Ds = In(b® — R)/Inb b-—the base of lattice, R—number

of ejection parts d—topological
dimension (Fig. 12(a))
4 Round fractal lattice N¢Ps Z,’:’:,(l —2¢)P*-V =1, N—number of sectorsM—number
@ = tan(n/N)-tan[(n/4)(1 — 2/N)] of possible scale transformations
(Fig. 11).
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Fig. 6. (a) Grain boundary approximation by regular fractal curve; and the results of experimental
evaluation of the fractal dimension D of grain boundaries in deformed zinc[151], by means of the (b)
yardstick (divider) method and (c) by using the perimeter—area relation for the grain ensemble.

specified porosity p and a power-law distribution of the number of particles (pores) N,(L,) over
sizes, L,:

(Np(Ln)) < L,*® (5

as it is shown in Fig. 9(d). Since scales and fractals are similar in many respects, let us begin
our construction of a regular scale by starting from the properties of a regular geometric fractal,
namely Sierpinski gasket shown in Fig. 12(a). The procedure for constructing this object
involves an iterative sequence of cutting out the central triangle. The fractal is obtained in the
limit as the number of steps # — oc. In Fig. 12(b) do the cutting out, not at every step, but only
at every other step, i.e. only at the odd-numbered steps, while keeping the rest of the procedure
of constructing the fractal unchanged [5]. We see that in the resulting object, which is an
example of a regular scale, there are black and white triangles of different sizes, both large and
small. We call the black triangles particles and the white ones pores. Clearly, neither the set of
particles nor the set of pores forms a fractal (for both D = d = 2), but both of these sets are
self-similar, with the coefficient 1/4. The distribution of particles and pores for scale F = G, in
Fig. 12(b) is described by the power-law eq. (5) with o = In3/In2 and the porosity p = 3/7,
whereas the porosity of Sierpinski gasket F = G, in Fig. 12(a) is one (100%). Random (sto-
chastic) scales are defined by analogy with random fractals and, unlike the case of regular scales,
the self-similarity, constancy of p and power-law distribution of particles and pores hold only in
a statistical sense.

In the surge of interest in applications of the concepts of fractal geometry to problems in
natural sciences following the publication of “The Fractal Geometry of Nature” [69], attention
was focused primarily on simple self-similar fractals that can be characterized by a single fractal

EFM 57/2-3—B
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Fig. 7. (a) The stress—strain behavior with heterogeneous deformation region associated with the

Liiders—Chernov bands formation; (b) the corresponding changes in the material microstructure [3]; (c)

the scheme of the fractal spatial distribution of dislocation bands[56] and the corresponding nonstan-

dard Cantor set; and (d) the results of experimental investigations of the fractal properties of dislo-

cation bands system in the single crystals of copper[87]. Ny is the number of sliding planes in the band
within the length interval Ly, (£9 ~ 70 nm, ¢ >~ 2000 nm).

dimension. For such structures almost any reasonable procedure for measuring the fractal
dimension will lead to essentially the same results if the fractal sealing regime extends over a suf-
ficiently wide range of length scales[137]. However, in some cases the higher chance of growing
into a given direction leads to clusters whose linear size diverges with a smaller exponent in the
direction perpendicular to that of the preferred growth. As a result the clusters become self-
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Fig. 8. Curves of strengthening (y) for (1) annealed, and (2) irradiated or quenched (a) metal crystals

[8]; and (b) schematic representation of defect channels in crystals deformed after irradiation or quench-

ing; (c) the width of defectless channels AA4 as a function of the separation between them A, in irra-

diated: (1) Cu, (2) Nb, (3) Ni, and quenched: (4) Al, (5) Au crystals (the data are taken from [119]
where the data collected by various authors were summarized).
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Fig. 9. (a) Schematic representation for ductile fracture surface of nickel alloy; (b) the perimeter — area
relation for dimple ensemble; (d) the dimple size distribution; and (c) the corresponding homeomorphic
(regular) fractal. Figure reproduced from[3), see also Table 1.
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Fig. 10. Four homeomorphic fractals: (a, b) two examples of the tree-like fractals; (c) the Koch curve;
and (d) the triangular Sierpinski gasket. Notice that all these fractals are characterized by the same
fractal dimension D = In 3/In 2 while their connectivity properties are different.
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Fig. 11. (a) The circle fractal and (b) the graphs of its similarity dimension as a function of number of
sections N plotted for different number of possible scale transformations, M (see Table. 1).

Table 2. The parameters of distribution histogram (€, op, K, and P) for zero-order of center axis of high disperse den-

dritic particles of iron and iron alloys formed by the two-layer electrolytic bath method (electrolysis parameters j, w, M)

and the comparison of experimental and theoretical values of the fractal (similarity) dimension of particles (results of
electron microscope study from{108])

Material Fe Fe Fe F-Co-Ni Fe-Co
Cathode current 1000 1000 2000 2000 2000
density j, A/m2

The disc cathode 0.30 2.00 1.05 1.03 1.05
rotation rate w, s~

The particle surface  Myristic acid Myristic acid Oleic acid Oleic acid Oleic acid
chemical modifier

(M)

Mean length £y, nm 180 130 260 480 430
Standard deviation, 1.82 2.14 1.52 1.47 1.40
D

P! 27 28 23 26 25
K =Luy /L 16 10 12 8 9
Dr = InP/Ink? 1.20 1.45 1.26 1.57 1.48
DIt 1.25 1.44 1.28

! Mean number of high-order branches on a branch of given order.
2 Mean ratio of branch lengths.

3 Theoretical values.

* Experimental values of fractal dimensions.
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Table 4. Results of computer simulations of diffusion-limited aggregation (DLA) and viscous fingering (VF) clusters
modeled by tree-like fractals[152]

Parameter and relationship Comments DLA VF

ry = N,/N, N, is the number of n-order 52+0.2 48405
branches

rp=L,JL,_, L, is the length of n-order 0.35+0.01 0.34 + 0.04
branch

Dgs = log ry/log(l/r.) Dyg is the similarity dimension 1.6 +0.02 1.5+ 0.1

Dy, N(§) ~ 5 Do Dg is the box dimension(d is  1.62 4 0.02'1.67 + 0.03° 1.51 £ 0.06

the size of boxes)

Dy, M(Rg) ~ Rg‘ Rg is the radius of gyration 1.710 + 0.005 -
and M is the mass

Dey, M(r) ~ rPa Dy is the cluster dimension 1.69 +0.017 1.62 +0.05"
M(r) is the mass of cluster

i Estimated by scaling different cluster sizes on to the same curve.
“ Box counting only points with R < R,.

affine instead of self-similar, which means that the clusters of very different sizes can be scaled
onto each other only by using direction dependent scaling factors. Self-affinity, i.e. a more gen-
eral scaling transformation which takes anisotropy into account, has been found to appear natu-
rally in quite a number of different areas. This scaling is fully characterized by d — 1 exponents
v; in d-dimensional Euclidean space. As pointed out by Mandelbrot[153-155], self-affine fractals
play an important role in a large variety of physical and chemical phenomena. Many fractal

Fig. 12. (a) The Sierpinski gasket and (b) the corresponding “scale”. Notice that while both patterns
are self-similar, the first one is fractal (Dg = In 3/In 2 = 1.58...), whereas the second one is not (the
metric dimension of the ‘“‘scale” coincides with its topological dimension, i.e. D = 2)[5].
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AN

Fig. 13. Invariant construction of self-affine fractal by means of affine transformations[156].

structures found in nature, for example erosion and fracture surfaces, exhibit a self-affine geome-
try. A variety of different processes including corrosion, erosion, wear, growth, fracture, depo-
sition and dissolution lead to the formation of rough surfaces that appear to be self-affine [64]. For
some processes the self-affine geometry has been established as a result of experimental studies
and/or computer simulations. Examples of this may be found in popular growth models such as
the boundary of Eden clusters, or ballistic-deposition models [64, 156]. An entire pattern grown
from an appropriate substrate such as a line (or a fiber) and a plane can often be subdivided into
individual clusters (or trees) grown from the substrate. The individual clusters in the case of
Scheidegger’s river network, Eden and ballistic deposition models have self-affine structures [64]:
the root-mean-square height from the substrate Py of a cluster of size N (¥ is the number of par-
ticles or constituent units forming the cluster) and root-mean-square width, Ly, both scale as

PN ~ NV and LN ~ NVL,

but the exponent vp and v; are, generally, different. Self-similar fractals such as individual clusters
of diffusion-limited deposition models, on the other hand, can be characterized by only one expo-
nent vp = vy = v = Dg![130], where Dy is the fractal dimension (Table 3).

A simple model for a self-affine fractal is shown in Fig. 13. The structure is invariant under
the anisotropic magnification x — 4x and y — 2y. If we cut a small piece out of the original pic-
ture (in the limit of n — oo iterations) and re-scaled the x-axis by a factor 4 and the y axis by a
factor 2, we will obtain the exact original structure. In other words, if we describe the form of
the curve in Fig. 13 by the function Y(x), this function satisfies the equation[156]

Y(4x) = 2Y(x) = 47 Y(x), where H = %

In general, if a self-affine curve is scale invariant under the transformation x — i,x and
y — Ay, we have

Y(hex) = 2, Y(x) = AH ¥ (x), (6)
where the roughness exponent
InA,
H= In A, ™

is called the Hurst exponent[64,69]. In the example of Fig. 13, H = 1/2.

Considerable difficulties and confusions were encountered when attempts were made to
measure the fractal dimensions of self-affine structures using the approaches that worked well
for self-similar fractals. Fortunately, confusion of self-affine and self-similar fractals is now

tImagine that on the fracture surface is a whole hierarchy of mounds having a common base area but differing in height,
so that the higher mounds occur much more rarely than the low ones. Clearly you can’t describe a roughness of this
kind by any single number, as a fractional dimension. Hence the fractal concept must build upon a premise which
excludes such complication upon the postulate that the corresponding power-spectrum expansions contain random
phases.
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much less common as a result of the much broader dissemination of the principles of fractal
geometry and the efforts that have been made by Mandelbrot [153-155], Falconer [150],
Matusushita and Ouchi [157], Voss [158], Matusushita, Ouchi and Honda [159], Moreira e? al.
[160], Schmittbuhl and Vilotte [161] and other authors (see refs [64, 130]) to clarify the basic
nature of self-affine fractals.

In general, fractal analysis provides a description of how space is occupied by a particular
curve or shape. The fractal dimension measures the relative amounts of detail or “roughness”
occurring over a range of measurement intervals. The more tortuous, convoluted and richer in
detail the curve, the higher fractal dimension. However, roughness and fractal dimension are
not synonymous. Roughness is generally measured as the average variation about the mean
value and is not related to the scale or changes in scale of measurement. Fractal dimension is
used to quantify the variation of the length or area with changes in the scale of measurement
interval. Hence, the fractal dimension is an intensive property, while roughness is not.

Nowadays the concept of fractals is increasingly considered in the natural sciences for sev-
eral reasons:

1. The unifying concept underlying fractals, power-law and chaos is self-similarity (or self-affi-
nity). Self-similarity, or invariance against changes in scale or size, is an attribute of many
laws of nature and innumerable phenomena in the world around us. Self-similarity is, in fact,
one of the decisive symmetries that shape our universe and our efforts to comprehend it[1,
130, 148, 156].

2. The length of a fractal curve (as well as the area of fractal surface) is dependent on the resol-
ution with which it is measured and diverges when the resolution tends to be infinite. The
analog of this phenomenon was discovered in the fractographic investigations of fracture sur-
faces[3,61-64].

3. Fractal curves are functions which are continuous, but nowhere differentiable. This property
has already been observed for some natural phenomena, such as trajectory of Brownian par-
ticle and particle trajectories in quantum mechanics, [130, 156], crack paths[2], etc. Some of
the most fertile fields for fractals are fluctuating phenomena [1]. The nondifferentiability of
fractals and their infinite length forbid a complete description based on usual real numbers.
It was shown that, using nonstandard analysis, it is possible to solve problem of the nondif-
ferentiability of fractals: a class of nonstandard curves (whose standard part is the usual frac-
tal) was defined so that a curvilinear coordinate along the fractal can be built[149].

4. A fractal dimension can be any real number.} So this concept may apply to various fields of
physics, such as theory of critical phenomena, where non-integer dimension has become a
necessity[1, 156,162, 163].

5. The concept of fractals is closely related to the concepts of renormalization group, self-simi-
lar solution and intermediate asymptotic. Actually, all these concepts are the most fruitful ap-
plications of self-similarity[1-5, 130, 148, 162].

These properties are mainly concerned with the static or kinetic aspects of the systems
under consideration. Physics, however, is primarily interested in dynamics, whose laws have
been formulated in terms of calculus since the Newtonian revolution three centuries ago. There
is a reasonable question: How are fractal structures generated in the framework of our conven-
tional physics formulated in the language of differential or partial differential equations?

The answer to this question was given only in the mid eighties, when it has been recognized
that differential equations genetically and inescapably produce fractals which are, in fact, re-
sponsible for the complex time-space behavior (chaos) exhibited by these systems. Dynamic sys-
tems are the foundation of the most of physical models (for example, the hydrogen and the
helium in quantum mechanics and the Solar system in astrophysics). Although elementary and
deterministic, their motions look almost random over long time intervals and cannot be
explained by the traditional approaches. The fact that deterministic processes are able to gener-
ate seemingly random output has philosophical, as well as practical, implications. Deterministic
chaos was brought to the fore of our scientific awareness by happenstance in the early 1960 s by

+Notice, however, that there are concepts of negative and even complex fractal dimension (see for review ref.[130] and
references therein.
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the meteorologist Edward Lorenz[164], when he was attempting to model convection in the at-
mosphere by computer calculations. As a natural consequence, there is widespread interest in
this subject [165]. Many thousands of scientific and technical articles have been written on the
subject and some of the language and ideas of fractal theory are regularly referred to in popular
magazines, in daily newspapers, in novels and on television shows.

Roughly speaking, the aforementioned concepts form the basis of the application of fractal
theory in fracture mechanics. Actually, in many experimental works, as well as in some theoreti-
cal models, the relations eqs (1)—(5) are directly used to characterize or model real patterns
observed in experiments. In practice, however, this leads to some confusion associated with, for
example, the notable Schwarz area paradox,[127], or its fractal analog,[153]. Furthermore, the
fact that real failure patterns are often multifractal or self-affine may also lead to some con-
fusion when eqs (1)-(5) applied, so that we need a more rigorous definition for the fractal
dimension of real patterns.

2.2. The concept of metric dimension and mathematical foundations of fractal geometry

Nature presents to us a great multiplicity of forms. The shapes of plants, animals, forest,
mountains, seas, clouds and universe know no bounds. Yet something in the human mind has
sought to tame this great diversity and reduce its orders of complexity to a few general prin-
ciples. All mythologies and religions begin by creating a world of order from the surrounding
chaos. The words of Blake express a yearning to see through the diversity of nature to the
underlying connectedness of all things. Natural sciences have introduced ways of naming, classi-
fying and finally understanding our observations of the natural world in order to gain mastery
over it for better or worse. The usefulness of mathematics as a tool for understanding the world
results from the process of abstraction involved in mathematical description, which focuses on
the general, rather than the particular[69].

Until very recently, scientists have been accustomed to describing the world in terms of what
can be called “smooth” mathematics. “Smooth mathematics” is the mathematics of continuous
and unjagged structures: unbroken lines, curves, surfaces, volumes. It includes major portions of
arithmetic, algebra, geometry and calculus. Its roots are in ancient human history. Galileo, the
first more or less modern scientist, expressed a deep belief that the geometry of Euclid is the
language in which the secrets of the cosmos are written. Newton invented calculus, in part to relate
Euclidean geometry formally to the description of continuously evolving processes. The objects of
classical geometry, associated with Newtonian mechanics, straight lines, circles, spheres, cones and
so on are ‘‘simple”. That is, each can be represented (modeled) by simple equations that describe
the shape and extent of the object. At the same time, as far as we can tell, the universe is an intrinsi-
cally nonlinear place. Linear behavior, wherever it seems to surface, only approximates more gen-
eral phenomena. Nonlinearity is the source of the diversity and apparent complexity surrounding
us [156]. Schooled in the Newtonian paradigm of linearization, we are constantly challenged to
recall that the real, nonlinear world is filled with nonlinear peculiarities. Striking to a linear path in
a nonlinear terrain can inflict painful lessons. Due to this, our physical world is no longer symbo-
lized by the stable and periodic planetary motions that are at the heart of classical mechanics. It is
a world of instabilities and fluctuations, which are ultimately responsible for the amazing variety
and richness of the forms and structures we see in nature around us. New concepts and new tools
are clearly necessary to describe nature, in which evolution and pluralism become the key words.
Chaos, self-organization, fractals, emergent properties the stuff of the study of complexity have
begun to appear as potentially useful tools and guiding principles in many areas of human intellec-
tual endeavor[1,127,130, 145,150,156, 162].

Fortunately, the mathematical foundations for these tools were developed in the latter half
of past century and the beginning of this century. Namely, as early as the latter half of the past
century, mathematicians of the school who criticized the foundations of analysis, above all Karl
Weierstrass (1815-1897), David Hilbert (1862-1943) and Giuseppe Peano (1858-1932) devised
functions that were continuous, but none had derivatives (such as shown in Fig. 1), as well as
curves that densely filled a square (see Fig. 2). Later, the analytic apparatus capable of describ-
ing such uneven objects was developed. Taking the place of ordinary dimensions in the frac-
tional metric dimensionality first introduced by Felix Hausdorff[145] earlier this century, while
the derivative is replaced by the so-called Hdélder index or fractional derivative, a concept put
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forward by a number of mathematicians. It was shown, that the strange properties of nondiffer-
entiable patterns reflect their having been thought of as one-dimensional, whereas it would be
more natural to regard them as objects of higher, including fractional, metric dimension, or in
present nomenclature, fractals. Hence, Weierstrass, in effect, was in possession of the fractal
concept without suspecting it!t

The topics associated with fractal theory have a long and interesting history in mathematics,
involving many mathematicians from many parts of the world over the last few centuries, includ-
ing Augustin Louis Cauchy (1789-1857), Carl Friedric Gauss (1777-1855), Henry Smith (1826—
1883), Karl Weierstrass, Vito Volterra (1860-1940), Georg Cantor (1845-1918), Alexander
Lyapunov (1857-1918), Jules-Henri Poincare (1854-1912), Hermann Minkowski (1864-1890),
Giuseppe Peano (1858-1932), David Hilbert (1862-1943), Pierre Fatou (1878-1927), Georges
Bouligand (1889-1979), Helge von Koch, Waclaw Sierpinski (1882-1968), Felix Hausdorff (1868~
1942), Andrei Andreevich Markov (1856-1922), Abram Besicovitch (1891-1970), Jacques
Hadamard (1865-1963), Norbert Wiener, Arnaud Denjoy (1884-1974), Gaston Julia (1893-1978),
Andrei Nikolaevich Kolmogorov (1903-1987), A. Rényi and many others. However, the systema-
tic study of fractal geometry began with Mandelbrot’s research at IBM in the 1970 s, culminating
in his books Les Objets Fractals, followed in 1982 by The Fractal Geometry of Nature[69].

Mandelbrot first realized that the bizarre, seemingly contrived geometric constructions and
mathematical ideas engineered by these mathematicians were not at all pathological, as they at
first regarded. Rather, he showed that many everyday objects such as coastlines, snowflakes,
leaves, ferns, clouds, mountain ranges, fracture surfaces and many others were naturally
described by fractals. Mandelbrot’s book[69] is the most popular reference and contains both the
elementary concepts and an unusually broad range of new and rather advanced ideas, such as
multifractals, currently under active study. This book can be regarded as an excellent example of
scientific advertising or popularization, in this case of naturally new concepts and models.{ Thus,
was born a new branch of mathematics, fractal geometry and fractal analysis that are powerful
mathematical tools for dealing with complex systems that obeyed scale-invariance and are usually
characterized by non-integer metric (fractal) dimensions. The development of fractal theory rep-
resents the revolution in geometry. Like non-Euclidean geometries before it, fractal geometry
provides a new view of the world. The interest, in the mathematics and in the anomalies of frac-
tal sets, encompasses the foundations of quantum mechanics [162],§ the possibility of defining
classical and relativistic quantum mechanics on fractal support and the implication of fractal geo-
metry in particle physics, in cosmology and solid mechanics (see ref.[130] and references therein).

Fractal mathematics considerably extends the potentialities of natural science and makes it
possible to unravel new facets of unity of natural phenomena. This, in particular, leads to a
sophisticated understanding of the important and, sometimes decisive, influence of morphology
on the physical properties and the nature of the behavior of various objects. However, the
potentialities of fractal mathematics are not used in full measure. This is easy to understand,
because Mandelbrot’s works were published in english as recently as 15 years ago. One might
expect that the progress in fractal analysis will have an impact on the modern natural science
which is comparable with the progress that was achieved by applying calcuius!q|

fThere is a profound historical irony in the fact that these old characters of the new geometry had been among the
“monsters” for a long time.

TA book that preceded by more than half a century Mandelbrot’s classic book [69] and was known by every scientist at
that time is On Growth and Form by W. D’Arcy Thompson (1917). This book first called attention to the fact that on
microscopic level are completely random, despite the fact that on the macroscopic level we can perceive patterns and
structures.

§The observation that quantum paths exhibit fractal properties was first made by Feynman[166].

f|Skeptics, overemphasizing a generally correct observation, that most physically significant resuits which were achieved
by application of fractal analysis in physics, can be obtained within a framework of conventional methods of theoretical
physics without use of the concept of metric dimension and without the notion of fractals, can be reminded that
Newton's “Philosophic Naturalis” [167] was written without the use of the concept of derivative (this was somewhat for-
gotten, even though Newton was one of the founders of calculus). Now, let us imagine modern exposition of classical
mechanics without calculus! At the same time, most of the known results, in principle, can be obtained without using the
concepts of derivative and integrals. Moreover, computer modeling inevitably substitutes continuum of physical theory
by discrete set of numerical models and differential equations are substituted by equations in finite differences which in
essence brings us back to the original Newton’s formulation in *‘Philosophle Naturalis”. However, who will take risks
today talk about uselessness of calculus?
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Table 5. The properties which must be hold for any reasonable definition of dimension (see ref.[150])

NN Property Relation for dimension Conditions

1 Monotonicity dimy E < dimgF IfEF

2 Stability dimy F = max{dimy E, dimy A4} IfF: FUA

3 Countable stability dimg{UR, Fi} = sup)gjene {dimy Fi} If F;is a (countable) sequence
of sets

4 Geometric invariance dimy AAF) = dimy F If A{F) is a transformation of #”

such as a translation, rotation,
similarity, affinity
5 Lipschitz invariance dimy AF) = dimyF If f{F) is bi-Lipschitz
transformation (i.e. Ci-lx— <
[fx)y — )l < Corlx = 3. for (x,
yeFand 0 < (< <

Talking about fractals, we usually think of the fractal dimension concept of which was dis-
cussed in a previous section, but the original concepts of fractal mathematics reside in the early
development of topology. The last deals with questions of form and shape from a qualitative
point of view. Two of its basic postulates are dimension and homeomorphism. All the objects of
Nature can be treated as the sets of points in a d-dimensional Euclidean space. A topological
dimension can be introduced for any such set. This quantity is introduced as follows. The
dimension of any finite or denumerable set of points is dr = 0. The dimension of any connected
set is di = dr + 1, if it can be cut into two unconnected parts by excluding at least a dy-dimen-
sional set of points (by a dy-dimensional cut). From the very definition of the topological dimen-
sion it follows that it can be only an integer. The topological dimension of a line is dt = 1, that
of a plane or spherical surface is 2, for a sphere it is dt = 3, etc. The invention of space filling
curves (such as Peano curve which is shown in Fig. 2) was a major event in the development of
the concept of dimension. They questioned the intuitive perception of curves as one-dimensional
objects, because they filled the plane, i.e. an object which is intuitively perceived as two-dimen-
sional.

In mathematics, fractal and its fractal (or metric) dimension D both are defined in terms of
an embedding metric space.t Obviously, any reasonable definition of the dimension, specifically
the metric dimension, should satisfy the basic properties listed in the Table 5.

Intuitively one can interpret metric (fractal) dimension dimyF as the smallest non-negative
real number for which one can define a volume form on #” space which is not identically zero;
such a volume form being entirely described by the metric dimension or capacity. Underlining
this approach is the recognition that one- and two-dimensional structures are in effect three-
dimensional portions of space, two or one of their characteristic scales being very small. While
the first definition of the metric dimension was given by Hausdorff, here, we first consider the
definition of the Kolmogorov capacity of a set of points (F) in a d-dimensional Euclidean space.

Let N(r) be the smallest number of spheres of radius » needed to cover this set. The
Kolmogorov’s capacity is the number Dy for which the following limit differs from zero:

lim, .o N(n)T(Dx + 1/2)rP% /TP (1/2). ®)

In this definition we simply multiply N(») by a quantity which is the generalization of the
formula for the volume of a d-dimensional sphere to the case of fractional value Dg. The limit
discussed here is simply an upper bound for the Dg-dimensional volume of our set. Notice that
spheres are used to deal with the coverage only in order to avoid the problem of orientation.
We can equally use d-dimensional cubes; the term with the I'-functions in eq. (8) should then be
omitted. In the experimental determination of Dy it is preferable to use the latter method.

By this means one can define the metric dimension in the following way: the real number
dim,F is the smallest positive real number for which one can construct non-zero measure on
the system F, or equally, it is the greatest real number for which one can construct finite
measure on the system F. The original Hausdorff definition of the *‘dimensional number” Dy of

+On the other hand, Schmutz [168] has pointed out that D can be interpreted as an intrinsic metric property of the
object.
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Table 6. Hausdorff-Besicovitch dimension of some objects (see ref.[150])

NN Object Conditions Dimension

1 Open sets F is open subset of #" dimyF = n
2 Countable set F is finite of countable set dimgF = 0

3 Smooth manifolds F is a smooth (i.e. continuously dimgF = m

differentiable) m-dimensional
submanifold of #”

Smooth curves dimyCy, = 1

Smooth surfaces dimgSgy = 2
4 Hoélder function of exponent o I/(x) — ) < Clx = 3% (x.y € F) for some dimyf(F) < (1/)dimgF

constant C F#", f: F—R"
5 Lipschitz function FeR", f. F—R™, |fix) ~ fy) < Clx — ¥, dimf{F) < dimpF
C <o
6 Jordan curve on the plane C is the image of an interval {a,b) 1 <dimzC<2
under a continuous bijection f:
[a.b1—%#*

a set of points F embedded in d-dimensional space is as follows. Let F be covered by the
“boxes” U, U,,... (meaning F U;UU,VU...) having the diameters (maximum linear size
measured in the d space) ry, r5...., respectively. Denote by U(F,r) the set of all possible coverings
of F with r; < r. Then the “exterior s-dimensional measure” Mg(F) is defined as

Ms(F) = lim,_ o infyn y 15 )

where the sum is taken over all the “boxes” of radius r; <r. Finally, if Mg(F) = 0 for s> Dy
and Mg = oo fors < Dy, then Dy is the “dimensional number”, or the Hausdorff dimension,
also called the Hausdorff—Besicovitch dimension, of F is

Dy = inf{s : Ms(F) = 0} = sup{s : Mg = oo}. (10)

This definition becomes more physically intuitive if the mass (M) of the object is taken to
depend on the linear extent L by the power-law M o L2+,

The Hausdorff-Besicovitch as well as the Kolmogorov notations of metric dimension cap-
ture properties which are not all topologically invariant. For “‘well-behaved” sets, both the
metric (Hausdorff-Besicovitch) dimension Dy and the capacity Dk are equal to the topological
dimension dy, which is an integer. For example, for the straight line Dx = Dy = 1, for the
smooth plane Dg = Dy = 2, while for the triadic Koch curve (Fig. 1) they are equal to
Dg = In4/In3. In other words, the metric dimension has changed, through from a topological
point of view the Koch curve is just a straight line (the topological dimension of the Koch curve
is dr = 1). The Hausdorff—Besicovitch dimensions of some classical objects are listed in Table 6.

The Kolmogorov capacity and the Hausdorff—Besicovitch dimension are often equal
Dk = Dy, specifically for regular fractals, such as Cantor set, Peano, Hilbert and Koch curves,
Sierpinski carpets and gaskets, etc. (see [69, 130]). At the same time the Hausdorff-Besicovitch
dimension and the Kolmogorov capacity may differ even for very simple patterns. For example,
for a set of points on a straight line with the coordinates X, = 1/N the former is 0 and the lat-
ter is Dx = 1/2[150]. Another interesting example of an object with different metric dimension
and Kolmogorov capacity is presented by the algebraic spiral R(P) = @, >0, where R and @
are the polar radius and angle, respectively,[169]. Being clearly different from conventional frac-
tals, such a spiral still has the nontrivial Kolmogorov capacity,

2
Dx = l,—1,
K max{ 1+a}

associated with a single accumulation point at the origin [169]. However, for any ¢>0, a vari-
able-size covering (with the box sizes r, depending algebraically on ®) can be found such that
the sum of r!*¢ tends to zero as r — 0. That is the Hausdorff-Besicovitch dimension of the
spiral is unity: Dy = dr = 1. Such objects (which is not fractals in Mandelbrot’s sense) were
called “K-fractals” [170]. The algebraic spiral is an example of local self-similarity with respect
to only its center. Notice that the Hausdorff—Besicovitch dimension is generally not greater than
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Table 7. Some different definitions of metric dimension (see refs{130, 150])

NN Dimension Measure Definition of dimension
1 Hausdorff- Besicovitch dimension {U;} is a d-cover of F,ie. FCUR, dimy F= =inf{S:HS (F)=0}=
with 0 < |U| < 8, where U is any non- =sup{S:HS (F)} = o0
empty subset of n-dimensional Euclidean
space, #". Hausdorfl measure is
H®(F)=lims—.o H§ (F), where
HY(F) = inf{Z?iolU,-ls : {U,)l and
diameter of U is |U| = sup{|x — |
x,y e U} -
2 Mincowski—~ Bouligand dimension Let Ns(F) denotes the least number  A(F)=lim;_,({lg Ns(F)/lg (1/0)}.
(logarithmic density) of balls in a covering of F by balls A(F) > dimgyF
of radius ¢. It is follows from the
definition of H§ that
H3(F) < (28)° x Ny(F)
3 Divider dimension (of Jordan curves) Ms(C)-maximum number of points  Dp =lims—,o {lg Ms(C)/lg (1/5)}
X0, X15--,Xm, ON the curve C, in that
order, such that |x, - x, _ | = 5.
k=12..m
4 Packing dimension {B,} is a collection of disjoint balls dimp F = = inf{S:
of radius at most é with centers in F. P3(F) = 0} = = sup{S:
Packing measure PS(F) = oo} dimgF <
isPS(F) = inf[ZPg(F,) : dimp F < A(F)
:F C U2, Fi)
,where
PS = lims_o P(F).P§ = (1B[° : {B))
Table 8. Some definition of box-counting (or box) dimensions (see refs[145,150])
Dimension Definition Comments
Lower box-counting dimgF = F is non-empty subset of #” Ny(F) is any of

(or lower box)

Upper box-counting
(or upper box)

Box-counting (or
box)

Minkowski

Lower modified box-
counting

Upper modified box-
counting

lim o {logNs(F)/logs} the following: A. The smallest number of

dimgF = (1) closed balls of radius J,(2) cubes of side
— 4,(3) sets of diameter at most d, that cover F,
lims—,o{logNs(F)/logs}

dimgF = B. The largest number of disjoint balls of
. radius  with center in F; C. The number of §-
lims—.o (logNs(F)/logs} mesh cubes that interset of F.
dimg[(F) = n — lims_,o{logvol"(Fs)/logs} F5 is the é-parallel body to
FFs={xe®" :|x—y < forsome ye F};
n—topological dimension

dimypF = If F can be decomposed into a countable
— inf{sup,dimyF. : number of pieces F; in such a way that the
- p;—-B 0 largest piece has a small a dimension as

FcUZF possible.

dimypF =
= inf{sup,dimp F; :

FcUuX F)

dimyF < dimgF < dimgF

0 < dimyF < dimypF < dimppF = dimpF < dimF < n
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the Kolmogorov’s capacity, i.e. Dy < Dk. In contrast to the dimensions, particularly in the case
of the Hausdorff-Besicovitch dimension, the capacities do not remain invariant in the case of
piecewise-smooth (but with possible singularities) transformation of the coordinates: in the case
of the quantities that lay claim to being dimensions such an invariance is an essential feature.

Of the wide variety of fractal dimension in use, the definition of Hausdorff, based on a con-
struction of Carathéodory, is the oldest and probably the most important. Hausdorff dimension
has the advantage of being defined for any set and is mathematically convenient, as is based on
measures, which are relatively easy to manipulate. A major disadvantage is that in many cases it
is hard to calculate or to estimate by computational methods. However, for an understanding of
the mathematics of fractals, familiarity with Hausdorff measure and dimension is essential. At
the same time, for practical applications a wide variety of other definitions of metric dimension
have been introduced, many of them only of limited applicability, but nonetheless useful in their
context. Some of the most important definitions of metric dimension are listed in Table 7.

In practice, the characterization of natural random (stochastic) fractals usually use the box-
counting (or box) dimensions. Various definitions for box dimensions are listed in Table 8. The
special forms of some types of fractals give rise to the different definitions of some other dimen-
sions. However, some of the confusion and ambiguity in quantifying a fractal dimension could
be related to differences in the procedures (thus definitions) among different dimensions. Some
of them are listed in Tables 9 and 10. We have listed these definitions because, as a rule, differ-
ent studies of the fractal geometry of nature use different definitions of fractional dimensions.
For example, the comparison of various experimental measurements of the fractal dimension of
fracture surfaces is given in Table 11 (experimental techniques are discussed in details in ref.
[137]). Notice that the difference can be very large (see refs[130,133,137]). Thus, more attention
needs to be given to the problem of linking the mathematical definitions with the practical appli-
cations.

Table 9. Definitions of some other fractional dimensions (see refs[145,150])

Dimension Definition Comments
Capacity dimension dimcF= Capacity is C,(F)=
0,if Co(F) =0, Ya > 0 (W (F)7V2, if W(E)<oc,
de > 0,if Co(F) =0, VYa>dc 0, otherwise

T Vo<a<d .
and Co(£) > 0. ¥0<a<de WhereWo(F) = inf{y ()} L )

= [ Jellx = y1="dm(x)dm(),
for each 0 < a < n, where n is a topological
dimension of F and ||...|| is the euclidean
norm.
One-sided dimension (of dimos F = n— F is the boundary of a set 4; 1]",; is the &~
boundary F of set 4 in #” . ” parallel body of F: Fs5 = {xe®": |x —y| <4, for
Y ‘ —lims—.o (logvol"(F N A)/logd} some y e F}, n is a topological dimension.

Fourier dimension dimg If |A(U)| < BIU|™"? for some constant
B,|4(U)| <u(#") for all U, we have I, =
— max{t: [AU)| < BIUI™P), 1) <p(R7) ()

for some constant B where the mass =(Qm)"'C I U (UYPdU <
distribution A(U) on #" is
MUY = [y.explix - U)du where Ue#" and
x-U represents usual scalar product.

< c‘J |UIF-"dU+
Ul=1

+C2J |UF-"\U1~ dU
W|>1

which converges if &k < t.
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Table 10. Definitions of Menger—Urysohn dimension and dimension print (see ref.[150])

Dimension

Definition

Comments

Menger—Urysohn

Dimension print

The dims — (F is defined inductively
as follows:
(1) The empty set F has
dim(M - F= —1,
(2) A topological space F has
dim( M- U)F =n
if n is the largest natural number such
that each point of F has arbitrarily small
neighborhoods with frontiers of
dimension less than n.

print F of subset F is defined to be
the set of non-negative pairs (k, p)
for which

HP(F)>0

A. If every point p of space F has arbitrarily small
neighborhoods with empty frontier (i.e. for every
neighborhood U of p there exists a neighborhood V of
p that V C U, fr(¥) = 2) then dimy, _ (, F = 0.

B. The set of irrational numbers, the Cantor set and
any countable space are of dimension 0 is itself zero
dimensional.

C. If X is a separable metric space, then dimgy — ¢,
X = inf{dimy X'}, where the minimum is taken over
the set of spaces X" homotropic to X.

D. lfdlm{M_ 12)) X—dim(M_ 7)) Y = K > 0, then
there exist point of ¥ whose inverse image under F
has dlm(M —_n= K.

U is a rectangle (the sides need not be parallel to the
coordinate axes). Let a(U) = b(U) is the length of sides
of U; k and p are non-negative numbers.

For F a subset of #°,

HEP(Fy=Nims. o HE P (F).
HEP(F) = inf{3a(UY BULY
{U,;} is a d-cover
of F by rectangles}
H*Y is just the k-dimensional Hausdorff measure

Table 11. Comparison of fractal measurements of the fractal dimensions of fracture surfaces by means of different tech-
niques (data are taken from ref.[133] where the data collected by various authors were summarized)

Material Dg Dg (Slit-island)

Dp, (Vertical sections) D (Power spectrum)

Titanium - 2.099 = 2.126 2.320 -
Copper 221 2.47 231 2.54
Steel 2.330 = 2.395 2.180 = 2.310 2.280 2.450
Rock 2.041 = 2.159 2.058 = 2.261 - 2.124 - 2.383
Rock - 2.410 + 2.500 - 2.51

Clearly the knowledge of the fractal dimension does not tell everything about the mor-
phology of the system.t For example, two systems with the same fractal dimension may actually
look very different and have very different connectivity properties (see for example four different
fractals with the same fractal dimension in Fig. 10). So for a more complete determination of
the morphological properties of the structure, it is quite reasonable to complete the study of its
dimensionality with other types of studies, particularly, correlation analysis and the analysis of
connectivity using percolation theory concepts [40, 170-174]. A new topological measure for
quantitative analysis of fragmentation for brittle materials was suggested in ref. [175]. It seems
that the generalized statistical mechanics developed by Tsallis [176, 177] offers new possibilities
for the quantitative analysis of the statistical topography of multifractal failure patterns[66]. We
expect that a certain combination of various approaches and models can give an adequate rep-
resentation of failure topography within a framework of fractal geometry.

2.3. Non-standard representation of fractal patterns

The nondifferentiability of fractals and their infinite length (area, volume, hyper-volume)
forbid a complete description based on usual real numbers. Nottale and Schneider [149] have
proposed to deal with the infinities appearing on fractals and then to work effectively on the
actual fractal F instead of on its approximations G,(lim, _, ,,G, = F) by using non-standard
analysis (NSA).

It has been shown by Robinson[178] that proper extensions *# of the field of real numbers
# could be built, which contain infinitely small and infinitely large numbers. The theory, first
evolved by using free ultrafilters and equivalence classes of sequences of real, was latter formal-

tThe morphology of a system has two major aspects: the topology, the interconnectiveness of individual microscopic el-
ements of the system and geometry, the shape and size of this individual elements and their distribution.
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ized by Nelson[179] as an axiomatic extension of the Zermelo set theory. Let us briefly recall
some results of NSA which is the most relevant for application to fractals[149, 180].+

The set *# of hyper-real numbers is a totally ordered and non-Archimedean field, of
which the set # of standard numbers is a subset. *# contains infinite elements, i.e. numbers
such that VneN, |4|>n (where N refers to the set of integers). It also contains infinitesimal el-
ements, i.e. numbers B such that Vn # 0eN, IBl < n~'. A finite element C is defined as Ine N,
IC| < n. Now all hyper-real numbers may be added, subtracted, multiplied and divided; subsets
like hyper-integers *N (of which N and the set of infinite hyper-integers *N,, are subsets),
hyper-rational *Q, positive or negative numbers, odd or even hyper-integers, etc. may be defined
and, more generally, most standard methods and definitions may be applied in the same way as
in the standard set £, but the different set of properties are classified as being either internal or
external.

An important result is that any finite number « can be split up in a single way as the sum
of a standard real number reZ and an infinitesimal number

ceJ:a=r+e

In other words the set of finite hyper-real contains the ordinary real plus new numbers (x)
clustered infinitesimally closely around each ordinary real r. The set of these additional numbers
{a} is called the monad of r. More generally, one may demonstrate that any hyper-real number
A may be decomposed in a single way as 4 = N + r + ¢, where Ne *N, reZN[0,1[ and 3.

The real r is said to be the “standard part” of the finite hyper-real a, this function} being
denoted by r = St(x). Indeed, apart from the usual strict equality, one introduced equivalence
relation * ~”, meaning “infinitely close to” and defined as a« ~ < St(x — f) = 0. Hence, two
numbers of the same monad are infinitely close one to the other, but are not strictly equal.

The practical consequence is that a very large domain of mathematics may be reformulated
in terms of NSA and, in particular, concerning physics, the integro-differential calculus. The
method consists of replacing the Cauchy—Weierstrass limit formulation by effective sums, pro-
ducts and ratios involving infinitesimal and infinite numbers and then taking the standard part
of the result. Hence, the derivative of a function, f{x) will be defined as a ratio

fx+9 —f(x)} an

d
—_ =St
S0 = 51f
with €3, provided this expression is finite and independent of ¢.
The integral of a function is defined from an infinitesimal portion of the interval [a,b] in an
infinite number { of bins, as a sum:

b s
J f(x)dx = StlZf(x,-)sz,-] (12)
a i=1

provided it is finite and independent of the portion. The number of bins, s, infinite from the
standard point of view, is assumed to be given integer of *N.. It is said to be *-finite.§

By its ability to deal properly with infinite and infinitesimal, NSA proved to be particularly
well-adapted to the description of fractals. Nottale and Scheider[149] have proposed to continue
the fractalization process Gy, Gy,... G,,..., (see Figs 1 and 2) up to an *-finite number of stages s.
This yields a curve Gy, from which the fractal F is defined as

F = St{F,). (13)

Now, let us come back to Koch curve in a plane shown in Fig. 3. This curve may be gener-
alized in the complex plane by first given ourselves a generator G; made of k& segments of equal

+We do not intend to give here a detailed account of this branch of mathematics, ref.[179].

1This operation, ‘““take the standard part of’, plays a crucial role in the NSA, since it allows one to solve the contradic-
tions which prevented previous attempts, such as Leibniz’s to be developed (see Ref.[180]).

§A summation from 0 to co may be replaced by summation over an *-finite number of terms ranging from 0 to s € *No,.
The sum will be said to converge if for different s’s its standard part remains equal to the same finite number.
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Fig. 14. (a) Building of a plane fractal Koch curve (see Fig. 3) from a generator, G, and (b) two carte-

sian coordinates of fractal curve, x(p) and y(p), in terms of the normalized curvilinear coordinate p. A

curvilinear coordinate p is defined on the fractal curve F = G Structural constants in Fig. 14(a) are
defined in text.

length 1/n. The coordinates of the k points K, of G, are given either in Cartesian or in polar
coordinates (see Fig. 14(a)):

1 .
Zg:_xz:l'ygzzx ngelei, EG(O,p) (14)

If we number the segments from 0 to p — 1, then another equivalent representation would
be to give ourselves either the polar angle of the segment number ¢, say (,, or the relative angle
between segments £ — 1 and £, say ¢,.

Below, for simplicity, we choose a coordinate system such that Gy is identical to the seg-
ment [0,1]. In this system, the length of the individual segments is 1/n, and the similarity (fractal)
dimension, Dy, is given by relation eq. (4) according to which

Ink
=—. 1
5T inn (13)
Furthermore, three conditions hold between the “‘structural constants’:
1 ¢ k=1
Zei—Zy=—x explig), L= ¢, and Y ¥ =n (16)
j==() i=0

A curve G, is obtained by substituting each segment of G| by G, itself, scaled at its length
1/n, as illustrated in Figs 1, 2 and 4. The resulting curve of an infinite sequences of these steps
(substitution of each segment of G, by n"G, giving G,, +) is the fractal Koch curve
FK = Goo
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As is readily seen from Fig. 14(a), the Koch curve (Fig. 3) can be parametrized by a real
number p € [1,1] developed in the counting base k in the form

p=0'P1P2"'Pj"'=§ Djn_j, (17)
J

where each p; taking integer value from 0 to p — 1. The fractal limit F will apparently be comple-
tely defined when the complex coordinate Z(p) of the point on F parametrized by a normalized
curvilinear coordinate p is known. For a Koch curve, Z(p) can be easily obtained, thanks to the
above building process of F. The hierarchy of figures G, reproduces the hierarchical structure of
the fractal. Therefore, the fractal equation may be written in the form

1, 1.
Z@yzzm+;ewh[ah+;d@m[ah+.“ﬂ (18)
so that we have
o0 .
Z(p) = nYy_pynexp (i0)), (19)
Jj=1
where
Op = o + ity +0,. (20)

This is an “external’” description of the fractal curve, in which for each value of the curvi-
linear coordinate p, the two coordinates x(p) and y(p) in the plane may be calculated as
Z(p) = x(p) + iy(p). In terms of p, x(p) and y(p) are fractal functions, for which successive ap-
proximations x,(p) and y,(p) may be built. Thought to each value of p corresponds only one
value of x and y (while the reverse is false), their fractal character is revealed by the divergence
of their slope when ¢ — oo. Their fractal dimension is the same as that of the original fractal
curve. This is illustrated in Fig. 14(b) for the Koch curve of Fig. 3.

The structure of eq. (18) is remarkable, since it evidences the part played by &k on the fractal
and » in the plane:

(p=_pk7) « [2(0) =) Cip) - n7].

An “intrinsic” building of the fractal curve may also be made {149, 180]. Placing ourselves
on G, we only need to know the change of direction from each elementary segment of length
n 7 to the following one. On the fractal generator G, these angles have been named ¢,,. In this
way, the problem is to find the function ¢(p).

The points of G, which are common with the fractal Koch curve F (those relating the seg-
ments) are characterized by rational parameters p written with g figures in the counting base &,
p = 0-p;-p>...p,. Let us designate by p, the last non-null figure of p, i.e.

P D2 Ds
=—4+=4+...4+=, 1
p=E 4T+ 42 Q1)

where s € *N.
From the obvious condition of self-avoidance

do = Lo — Lk—1 (22)

it immediately follows that the relative angle between segment number (p x k7 — 1) and segment
(p x k%) on G, is determined by the relation

W) = ¢p,. (23)

This relation completely defines the fractal in a very simple way, uniquely from the (k — 1)
structural angles ¢,, and, independently, from any particular coordinate system in plane (x, y).
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It should be noticed that G, is not a fractal in the nonstandard sense (since the fragmentation is
*_limited up to s), but its standard part is identical to the fractal, i.e. F = St{G;}. This means
that we define an *-curvilinear coordinate from its expansion in the base &:

Jj=s

*p=0-p1...pj...ps= 5 pjn"»" 24)
Jj=1

and that the equation of G| is given by eq. (17) now summed from 1 tos, Z(p) being its stan-
dard part.

One of the main interest of the introduction of the curve G, is that it not only contains and
sums up all the properties of each of the approximations G;, but also of their fractal limit F.
Hence the study of G, allows us to study the properties of F, thanks to the standardization
axiom [179]. Moreover a sense may now be given to the length of the fractal curve. The length
of G, is a number of *#.:

k s
L= L()(;) = Ly x n*'P~D (25)

and the (non-renormalized) curvilinear coordinate on G; is
P="p Li=n*{p,+pik+...+pk}. (26)

This verifies that G, is built up with elementary segments of length »°. So, by using an infi-
nitely great magnification power, G, can be drawn exactly, while this was not the case for F. In
this way the fractal is no more a limit concept.

Between 0 and p, it is made of (p x k°) segments of length n™. The surface of G, can be
also defined as

k s
—s(2—-D
S, = lo(n—2-> =n ), (27)

which is an infinitesimal number when D < 2.

When taking the standard part of L; or S, one finds again that the length is undefined (in-
finite) and the surface is null for D < 2. The surface is finite for plane filling curves (such as the
Peano curve in Fig. 2) for which D = 2.

Thus, the nondifferentiability of fractal may be visualized by the fact that any standard
point of the fractal may be considered as structured: when viewed with an infinite magnifier, it
contains all the values of the slopes owned by the complete fractal. At the same time fractal
may be defined by e-differentiability. It consistsof setting that any part of the fractal magnified
by n’ is to be differentiable. Indeed, there is an infinite number of curves Fy, the standard part
of which will be the same fractal F; an e-differentiable one may be a priori chosen. This is in
fact equivalent, from the practical viewpoint, to imposing that each approximation G; be differ-
entiable, which is always a possible choice. Two consequences for physical modeling is not negli-
gible. This means that the nondifferentiable fractal may be built as the limit of a family of
differentiable curves, for which the usual integro-differential formalism may then be kept.

These concepts may be generalized by the case of the fractal curve in a space of three or
more dimensions and for the case of statistically self-similar and self-affine surfaces. Nottale
[180] has used these generalizations for the construction of fractal space—time, but the NSA
approach may be applied to some other problems, for example to some problems of crack
mechanics([43,130].

2.4. The concept of self-affinity and self-affine functions

Above, we considered pattern scaling properties which are associated with similarity trans-
formations, by means of which a rectangle is reproduced as a rectangle, a triangle with certain
angles is reproduced as a triangle with the same angles and so on. The only thing which is chan-
ged is the scale of the image. One principal direction for an extension of the notion of fractals is
the constructions associated with affine transformations. For example, the generator image may
be reduced by a factor of 4; = 1/2 in the horizontal direction and by a factor A, = 1/3 in the
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vertical one. The effect of such transformation is to destroy similarity: a square is reduced to a
rectangle; a triangle with certain angles is reduced to a triangle with different angles; etc. When
an object is invariant under a transformation with different length scales in different directions it
is a self-affine fractal.

It should be emphasized that most experimental studies indicate that fracture surfaces and
crack propagation paths are self-affine rather than self-similar (see refs[42-47, 60, 66, 86, 89, 90,
102,107,121, 126-128, 130, 132, 137,139, 144, 163, 181] and references therein). In the application
of fractal models to real crack faces the concepts of self-similar and self-affine fractals must be
carefully distinguished[41-49].

In order to discuss the difference between self-similar and self-affine fractals, let us consider
a bounded set F in a Euclidean d-space. The position of each point in F is described by a vector
X = (x1,x2,..., xg). An affine transformation of real scaling ratios A0 < 4; < 1, i = 1,2,...,d)
takes each element of F with position X into an element of the set A(F) with position
R = (A1x1,A2x3,...,Aq0x).T The set F is self-affine if it is the union of N distinct subsets congruent
to A(F).] Set F is statistically self-affine if its subsets are statistically congruent to A(F).

For example, a statistically self-affine surface is invariant under an affine transformation,
X' — Ayx, y' — Ay, 2 — i.z. Requiring that such transformations be combined implies a group
structure. As a consequence A, and 4. have to be homogeneous functions of, say, 4,; both scale
as

Ay oAy, A oAV, (28)

but the exponents v, and v, are in general different [64]. If so, then A; Af , where the Hurst
exponent eq. (7), H, also called the roughness exponent[61,62,130], is given by the relationship

H=" (29)
Vy

Notice that in the case of self-similar surface we have

= 1. (30)

This means that the Hurst exponent eq. (29) is useless when discussing both self-affine and
self-similar fractals in the same context. For self-similar surface the roughness exponent is
defined as H = v, =v,.[130]. In the special case of an isotropic surface with mean plane parallel
to the coordinate plane (x, y), we have v, =1, so that H = v,. The last relation is also valid for
any self-affine profile on a two-dimensional plane. As an example of a self-affine curve in plane
we can refer to the graph of the Mandelbrot—Weierstrass function{182, 183], which may be rep-
resented in the following particular form

2(x) = ir”"[l — cos (A*x)], @31
k=0

where A>1and 0 < H < 1.

The graph of function eq. (31) possesses self-affine scaling eq. (6). This implies that the
whole function z(x) can be reconstructed (in statistical sense!) from its value in the range
Xo £ x < ixo. For example, z(x) in the ranges Axg<x < %% and A7 'xy < x < xo are magnified
and diminished versions, respectively, of z(x) in the range x, < x < Ax,.

The nondifferentiability of this function can be formally expressed in the terms of Hélder
inequality.

limay—so [20x + Ax) — z(x)] < C(Ax)",

where C is a constant[150].

+When all the scaling ratios A; are equal we have a similarity transformation.
1By congruent we mean identical under translations and/or rotations.
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Fig. 15. The self-affine image of (a) a ductile and (b) brittle fracture modeled by the Weierstrass—
Mandelbrot function (31).

Physically, the Weierstrass—Mandelbrot function eq. (31) represents the Gaussian roughness
with mean zero, {(z(0)) = 0 and the stationary randomness of increments, that implies

(z{x + Ax) — z(x)) = 0. (32)

In this way, the graphs of eq. (31) are often used as models of rough crack faces, as, for
example, it is shown in Fig. 15(a,b). The statistical properties of a self-affine function are charac-
terized by the delta-variance, 6(Ax), and the standard deviation

N N
(Mm5=2ﬁrhﬁ Mmea=%2k; (33)
=l i=1

here (z,,x;) are the coordinate of the ith measured point on the graph of z(x).
Both the delta-variance and standard deviation obey self-affine scaling. For example, for
the Mandelbrot-Weierstrass function in the form eq. (31) we obtain
T2 - H))cos(n(2 — H))

8(Ax) = (|z(x) — 2(x + Ax)|?) =~ HOH X (ax)* (34)

and

— 92—
(et = LU Ikosta — 1)

(33

where I'(...) denotes the I'-function.
Furthermore, the correlation function (covariance) of a self-affine fractal also scales in the
same manner, namely

c(Ar) = (z(r)z(bfr + Ar)) x (Ar)*H (36)

where r = x for a self-affine curve in plane, or r = {x,y} for a self-affine surface with mean
plane (x,y); the angular brackets denote averaging over the statistical ensemble of z(r). For
homogeneous patterns, the ensemble average is the same as the space average (over r) for almost
any realization of z(r)t (the ergodicity property), hence, c(Ar) and 5(Ar) do not depend on r.

We note that as Ax — oo the delta-variance of a self-affine function in plane also
approaches infinity 6(Ax) — oo, but

3(Ax)
(Ax)

—0 (37)

tFor almost any means with probability one.
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for H < 1, ie. self-affine curves characterized by H < 1 are asymptotically linear (a self-affine
surface is asymptotically flat). Hence, we can introduce the length (¢, such that in the scale
Ax > [ self-affine curve in plane can be treated as a smooth Euclidean curve, while in the local
scale Ax < (¢ the fractal properties of the curve should be taken into account. The existence of
a well-defined correlation length {[64,130] is the distinctive feature of self-affine fractals, which
distinguishes them from (statistically) self-similar patterns, the fractal properties of which are
limited only by physical factors[3, 130].

Because of this, any reasonable procedure of the fractal measurement should lead to the
same fractal dimension D of a (statistically) self-similar pattern[3,137], whereas a self-affine pat-
tern is characterized by different fractal dimensions in the local (Ax<{c) and global
(Ax > {o)limits[153-155].

Namely, the global fractal dimension of a self-affine fractal, DY, equals its topological
dimension {153], while in the limit Ax < {¢c different scaling properties of the self-affine fractal
are governed by different local fractal dimensions[64,127,130,153-159].

Specifically, the length scaling of a self-affine curve in the scale Ax < {¢ is governed by the
local divider dimension of trail, also called the latent fractal dimension[158], which is equal to

1
Dp=. if H>z, or Dp=2 if Hs%. (38)

1
H

At the same time, the metric properties of the same curve in the limit Ax < {¢ are character-
ized by the local box-counting dimension Dg = 2 — H, while in the global limit Ax >¢ both the
scaling and metric properties of self-affine curve are characterized by the global dimension, DS,
which equals the topological dimension of the curve, i.e.

DS =D8 =pC =1, (39)

and so, the self affine fractal may be treated as Euclidean object (differentiable curve, smooth
surface, etc.), when it is analyzed in the global scale[69, 130].

There are some other fractional dimensions which are associated with other scaling proper-
ties of the self-affine fractal. These fractional dimensions govern different physical and chemical
properties of the self affine fractal [1, 130]. The relationships between these different fractal
dimensions and the roughness exponent, H, are listed in Table 12. Note that for a (statistically)
self-similar fractal all these dimensions are equal.

We emphasize that different experimental techniques lead to estimation of different fractal
dimensions which have quite different dependence from the Hurst exponent (Table 13). Notice
that, whereas most of them increase as H decreases, the elliptical fractal dimension decreases as
H decreases. This leads to the aforementioned contradictions between the experimental data

Table 12. Relationships between roughness (Hurst) exponent and various fractal dimensions for self-similar and self-
affine fractals with topological dimension equal to d — 1 embedded in d-dimensional Euclidean space (see refs[42, 153-

155])
Dimension Self-affine fractals Self-similar fractals
Local limit Global limit

Similarity, Dg - - d-1H/H
Hausdorff-Besicovitch, Dy d—H d—1 (d- )/H
Box-counting, Dp d-H d-1 d-1)/H
Divider, Dp (compass, rule) Latent fractal dimension: D, d—1 (d-1)/H

=(d - 1)/H, if H>(d - 1)/d,

Dy =d if HS(d-1)/d

Contour (d = 2), D, (single 2/(1 + H)* d-1 t/H
coastline) 1+ (1 -Hjv+ )t
Gap,} Dg 1gN/1gh* - d-1/H
Mass, % Dy logy,(Nb"/b") log,(Nb'[b") d—1/H

* Mean field approximation.

+ v is the correlation length exponent from percolation theory.

1 N is the number of similar parts, b~ = (rlrz,...,rd)” “ is the effective base, r; is the concern length of each part in i-direc-
tion (for self-similar fractal all r; equals to r). % & = max r; and " = min r; are the largest and smallest base of self-
affine transformation (for self-similar transformation 4’ = 4").
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Table 13. Special values of the Rényi dimension, Dg, and corresponding values of 1(¢), «, and f{a) for a multifractal
measure M = {P;}, supported by a set with fractal dimension Dg = dimy M, where dimy M is the Hausdorff-
Besicovitch (metric) dimension (see refs[17,152)).

q Dimension Dy (q) a= —dt/dg fla) = g + 1(g)
0 Fractal dimension dimyM % Jroax = dimyM
DB = Do = dlmHM .
1 Information dimension 0 x= —I(r)/inr fi=a =1
Dy = D,
2 Correlation dimension —D¢ ~D¢ —(dD/dg), = » 205 — De
D¢ = D,
+ 00 Upper limit D, ~ — G- Omin —0min = — InP + In rt f—0
—00 Lower limit D_, ~ — §-Omax —max = —In P_/n rt f—0

* The measure M has entropy /= —limI(r)/limr = f;, which is the fractal dimension of the set of concentration for the
measure M. (Here I(r) is the entropy of partition of measure M over boxes of size r).
t Here P. and P_ are the largest and smallest probabilities in boxes of size r..

obtained by different authors in the studies of fracture surface topography (see refs[66, 7480,
86,102-105,121,130,132,133,184-192)).

Furthermore, it is pertinent to note, that in a view of nondifferentiability of self-affine func-
tions a standard formula for the increase in the true length of smooth curve

X2 29172
X1

is not valid for self-affine curves. The use of this formula (with one or other approximation
for dz/dx, as, for example, in ref.[139]) leads to incorrect results. For example, in this way the
authors of [139] have obtained relation AL, oc (AL,)", where L, is the curve projection length
and 0 < H < 1. According to this relation the true length of crack profile increases with increas-
ing L, more slowly that the true length of a smooth curve, ALY™°" o (AL,).t Actually, in the
case of self-affine profile the true length increment relates to the projection length increment as
AL, x (AL,)P?, where 1 < Dp < 2 is the latent fractal dimension eq. (38).
Now, let us consider a special form[127] of the correlation function

"
€0 =26

It is easy to verify that for a self-affine fractal the correlation function eq. (40) does not
depend on x (see ref.[127]).
For the Mandelbrot—Weierstrass function eq. (31) we have

(40)

Clx)=24-1-1= ", (41)
where the sign of constant C* is determined by the type of correlations which, in its turn, is gov-
erned by the value of H.

For H = H* = 1/2 (Dp = 2) the graph of function eq. (31) represents the trajectory of a
random walk with independent (uncorrelated) increments (C* = 0). If H>1/2 (Dp < 2) then
C*>0 and self-affine function eq. (31) displays persistence, i.e. a trend (for example, a high or
low value) at x is likely to be followed by a similar trend at x + Ax, whereas if H < 1/2
(Dp = 2), then C* < 0 and function eq. (31) generates antipersistence, i.e. a trend at x is not
likely to be followed by a similar trend at x + Ax[127]. Thus, varying H allows us to model
highly correlated or anticorrelated heterogeneities of crack face morphology.

It should be emphasized that two self-affine patterns with the same value of H are homeo-
morphic, so they cannot be distinguished in a statistical sense, even when the geometric images
of these patterns are quite different[130]. This gives way to model real self-affine patterns by the
graphs of deterministic self-affine functions.

tThis result leads to incorrect conclusion that a more singular stress field is related to a more rough crack[139] (see also
refs[42, 144]).
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Notice that for a (statistically) self-similar fractal the correlation function eq. (40) always
positive or equals zero,

Clx) = C" = C(22-"/P=1 _1) > g, 42)

so that (statistically) self-similar patterns are always highly correlated and cannot display anti-
persistence.

2.5. The concept of multifractals and multifractal analysis of random patterns

A distinguishing feature of the patterns shown in Figs 1-3, 5-11, 13 and 15 is that they can
be modeled by regular fractals and in this way are characterized by a unique value of the fractal
dimension (Figs 1, 2 and 4-11) or the Hurst exponent (Figs 13 and 15). It is easy to see, that
for patterns shown in Figs 1-3 and 5-11 all definitions listed in Tables 1, 3 and 7-10 lead to the
same dimensional number, generally fractional, which coincides with the dimension of self-simi-
larity Ds.

Unfortunately, we can use such simple representation only for some special cases.
Generally, a failure pattern should be considered as multifractal which is not of the self-similar
variety, but can be interpreted as an inextricable mixture of simple fractals, each one character-
ized by its own fractal dimension and the whole pattern described by an infinite family of rel-
evant exponents a,[127,130,150].F

Multifractal measure is related to the study of a distribution of physical or other quantities
on a geometric support. The support may be an ordinary plane, the surface of sphere or a
volume, or it could itself be a fractal. Statistical properties of a multifractal pattern can be com-
pletely described either by the spectrum of singularities f{a)[127] or by an infinite number of the
generalized dimensions

. I,(r) 1 WX W
D, = lim ,_,0{ . } I(r) = —71 In [ ;P?(r)], ZPi(r) =1, (43)

also called Rényi dimensions[127]. Here, I, is the generalized entropy of order g(—oo < ¢ < 00),
and P(r) is the probability that a point of the structure under consideration lies in the box (cell)
number i of the covering network with box size r: P, = jbcx,dy, u is the probability measure.
Generally, D, differs from the topological dimension dr of a multifractal structure
embedded in d-dimensional Euclidean space. Particularly, Dy is equal to the metric dimension of
a random structure evaluated by means of the box-counting algorithm, Dg, also called fractal
dimension. The generalized dimension of order ¢ = 1 is equal to the information dimension Dy,
which is associated with information (Shannon) entropy Is =I,-1 = YN, P;In P;. Generalized
dimension D, is equal to the correlation integral exponent D¢, also called correlation dimension,
which was introduced by Grassberg and Procaccia[193] as the exponent of a power-law corre-
lation integral
_l ¥ O — Ir; ~ 1j]) oc rP¢ (44)
NN - 1) 4~ Y ’

Lj=

C(r)= limy_.

where 6(.) is the Heaviside function. Integral C(r) counts the number of pairs of points (with
coordinates r; and r;) such that r < r; — rjl. Note that, generalized Rényi dimensions satisfy the
general inequality

Dy < Dy, for¢' > g, v 43)

and the spectrum has the characteristic form shown in Fig. 16(a) [127]. The equality in eq. (45)

+The absolute disorder of a large system is in principle impossible by virtue of the Ramsey’s theorem, rigorously proved
in number theory (ref. [1]), according to which any sufficiently large quantity N < R(N,n) of points (numbers, objects,
congruent segments, etc.) will contain a highly ordered subsystems of N, < R{N.n) elements, where R(N,n) are the
Ramsey numbers. Moreover, it has been shown (1, 3,38] that any random structure (or point set) consisting of a suffi-
ciently large number of elements N> B(N,n), where B(N,n) is a certain set of numbers, can be represented as a multifrac-
tal consisting of a finite number, n, of the pre-fractals of i-generation (i > n).
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Fig. 16. The spectrum of fractal dimensions D, as a function of the order ¢ (a) for multifractal pattern

with metric dimension equals 2.5; (b) for statistically self-similar monofractal with the same value of

metric dimension; and experimental estimated in[101] spectrum of generalized dimensions for disconti-

nuity spacing in a fractured rocks for two samples with (c) multifractal, and (d) monofractal size distri-
bution of discontinuity spacing.

being obtained in the case of uniform sets (monofractals), i.e. such that the probability measure
is constant, P,= 1/N(r), and the generalized dimension D, equals to the metric (fractal) dimen-
sion Dg < d for all g (see Fig. 16(b)).

A statistical method for estimation of the correlation dimension of multifractal patterns
was suggested in [194]. Box counting algorithms for the determination of generalized fractal
dimensions spectrum were advanced in[195]. Two examples of the generalized dimensions spec-
trum for discontinuity spacing in a fractured rocks are given in Fig. 16(c,d).

The alternative characteristic of a multifractal pattern is the fla) curve which is defined by

In P(x)

Ine ’ (46)

a(x) = lime o

where P(x) is the integral of the probability measure du over a box with center in x. The func-
tion f{a) 1s then defined by the relation

N(a*, Aot*) ~ Aa*p(a*)eﬂ“*), e—0, 47)

where N(a*,Aa*) is the number of boxes with « between o* and a* + Aa*, p(ax*) is the distri-
bution probability of points with a between a* and a* + Aa*, and f{a*) may be regarded as the
fractal dimension of these points.
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Fig. 17. (a,b) Multifractal characterization of the Pamir-Tien Shan seismic region and (c, d) graphical
interpretation of the generalized dimension spectrum.

In the study of relation between the number of earthquakes and the size of the seismic area
[4] the maps of the four seismic regions were divided into the nearly square cells of the area, £2,
each, the minimum £ value being as small as 3 km. The frequencies of earthquakes in each cell
for a selected period of time were used as sampling estimates of earthquake probability. In this
way, the distribution function f{«) was obtained for each region (Fig. 17(a)).

The function fla) relates to D, by a Legendre transformation

S(@(q) = 1(q) — qa(g), where t(q)=(¢— DD, alg) = diqf(q), (48)

where 1(g) is the sequence of mass exponents, N(e, q) = 37 P? o € ™@[127]. A method to per-
form a direct evaluation of the spectrum of singularities flo) of multifractal patterns was
suggested in [196].f On the other hand, the generalized dimension spectrum, D, may be
obtained from the spectral function f{a) by using the graphical method.

Figure 17(c,d) shows the geometric interpretation of the generalized dimensions and their
relation with the spectrum of singularities f{a). According to the definition eq. (43) and eq. (48)
at the point ¢ = 0 we have Dy = flap), where the value og is fixed by the condition df/da = 0.
This means that the fractal dimension Dy = Dy corresponds to the ordinate of the maximum of
the spectral function f{o) (Fig. 17(c)).

Furthermore, it is easy to see that ofl) = fla(1)) and df/da, - «n =1, so Dy = a(l).
Hence, in order to determine the dimension D; = D; from fla) we must construct the tangent to

tWe note some misprints in ref. [196], namely in egs (5) and (8).
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the plot of fla), passing through the origin (Fig. 17(c)). Then the abscissa and ordinate of the
point of tangency determine D).

In order to determine the quantities D, graphically, let us rewrite eq. (48) for ¢ = k in the
form

af

(k = DDy = ka(k) = flelk)). k== laza)- (49)

Now we can see that in order to determine D, we must construct the straight line f = ka,
and then displace it parallel to itself until it is tangent to the dome of the spectral function f{«).
According to the second relation of eq. (49) the point of tangency gives a(k), knowing which we
determine from the first relation in eq. (49) the exponent D, (Fig. 17(d)).

Finally, it is readily seen, that the limiting values D_., and D, can be determined from the
equation fla) = 0, which has two solutions oy, = Do and aymax = D_o (Fig. 17(c)). Some use-
ful relationships between special values of D, t(g) and f{«) are given in Table 13. Figure 17(b)
shows the generalized dimension spectrum for the Pamir-Tien Shan seismic region [5], which
was obtained from the graph in Fig. 17(a).

2.6. Morphology of crack faces in brittle and ductile fractured solids

The quantitative description of rough fracture surfaces has been an important challenge for
many years. Research into the field of quantitative fractography has progressed considerably
during the past few years (refs[3, 62] and references therein). Numerous fractographic investi-
gations have confirmed that under actual conditions, the crack face morphology in the micro-
scale represents a complex mosaic of microstructural artifacts, the features of which are
characteristics of the particular fracture mode and the overall material microstructure [3]. The
size of these features varies over a wide range of length scales, from the atomic dimensions of
dislocation slip steps to the macroscopic dimensions of grains. The understanding of this mor-
phology requires the deconvolution of these characteristic dimensions, which together form the
“building blocks* of the fracture surface. The characteristic failure dimensions are related to sig-
nificant microstructural length which influence the specific local micromechanics of fracture(3].

Elevation information is needed in order to quantify the true magnitude of the features in
the rough crack face. The essential key that unlocks these quantitative data is the true fracture
surface area. The important parameters for characterizing the morphological properties of the
crack patterns are: (1) fracture trace length; (2) fracture connectivity of a crack network (similar
to the coordination number of a pore space); (3) fracture surface roughness (see, [3, 169]); (4)
fracture density and spatial geometry are both important parameters in reservoir modeling (the
areal fracture density is defined as the sum of fracture trace length per unit area and for an iso-
tropic fracture network this is also the fracture area per unit volume); (5) fracture aperture (this
is the crucial parameter that determines permeability). By means of these parameters, fracture
processes may be categorized into some principal morphologies [3]: (1) microvoid coalescence;
(2) intergranular microvoid coalescence; (3) intergranular fracture; (4) transgranular cleavage
(rapid propagation of a crack along particular crystallographic plane); and (5) quasi-cleavage.
Several, less common, processes have also been documented {147]. Each of these processes
reflects a substantially different local failure criterion and dependence on microstructure and dis-
plays a definitive morphology with distinct characteristic dimensions. Various fractal models of
crack face morphology were suggested in a number of works[1-5, 8-10, 16,30-32, 45,57, 64, 73—
76,82,86,87,89-95,103-106,112-116,138-143,163,167-169, 181,197-205].

Looking at the crack morphology formation problem, one realizes that the self-affine geo-
metry of crack faces results from the stochastic nature of crack growth. This issue can be illus-
trated by a crack advancement consisting of a sequence of local failures in front of the crack
tip, which are random events, caused by the material local strength fluctuations (in inhomo-
geneous materials[181,206,207]), or existence of two or more alternating slip planes in a crystal
lattice,t so that the crack trajectories behave randomly.

tAs the cracks moved into the crystal, they often propagated in a zigzag manner by emitting dislocations on some alter-
nating slip planes[208-211].
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Fig. 18. (a, b) Self-affine crack propagation path and (c) the crack length vs yardstick length. L is the

generally applied crack length assuming a planar form, L(£,) is the crack length measured with step

(vardstick) length ¢;, £, = ming; is the smallest roughness of crack faces determined by the microscopic

cutoff. The nonstandard representation for a crack path and corresponding polar coordinate system are
shown in Fig. 18(a).

Since we are particularly interested in the spatial geometry of crack faces, the first idea is to
characterize the crack face morphology by the correlation function, eq. (36), or by a delta-var-
iance, eq. (34). Fractographic investigations (see, for example, refs [3, 66]) show that for crack
faces in real materials the delta-variance, eq. (34), possesses scaling behavior

8(Ar) o (Ar)*H, when £y < Ar < & (50)
with 0 < H < 1 and
8(Ar) = 2(]z(0)]*) = rZ,;, when Ar > &c, (51

where parameter r, is the rmf-saturated crack face roughness[3,204]. Hence, real crack faces
obey scaling properties only within the bounded interval of length scales

€ < L <éc, (52)

where £y~ 107°-10"°m[3, 113] is the microscopic cutoff (it would appear reasonable that this
length coincides with the dislocation free zone size, which also has the order of 107 m for duc-
tile materials [208-212] and of 10~® m for brittle materials[10,211]) and éc ~ 10721073 m |3, 66]
is the self-affine correlation length.t Therefore, a real crack face has a finite length (area) and
may be treated as a nonstandard curve (surface) whose standard part is a self-affine fractal (see
Section 2.3).

In this way, one can build a curvilinear coordinate system along the crack face and, thus,
the normal vector {n;} to the crack face can be defined (see Fig. 18(a)). Note that, on this con-
sideration, the roughness (or Hurst) exponent H, which is the basic scaling parameter for a self-
affine pattern, is nothing more than the characteristic exponent of the intermediate asymptotic
regime (see[148]) and we can speak about crack face fractal properties only within the interval
of self-affinity (52).

tAs it was noted above, the crack faces morphology possesses self-affine geometry within a set of scale intervals. Here
we will discuss only microscale roughness which possesses self-affine geometry within the interval (52).
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Fig. 19. Surface profile length L vs the divider length ¢ for the steel sample processed by a facegrinding
machine to different classes of finishing (experimental data from[213]): (1) class 9; (2) class 10; and (3)
class 14. The corresponding fractal values of roughness exponent are (1) H = 0.56; (2) H = 0.67; and
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Fig. 20. (a) Force exerted by a given spring as a function of its deformation e: ¢c gives the maximum

deformation before failure and plastic behavior; and (b) the fractal dimension, Dg, dependence on the

parameter o: points—results of computer simulations in [198], solid line—calculations by formula
eq. -9pt >
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Based on their data, the authors of ref. [132] conjectured that the crack faces roughness

exponent H has a universal value close to 0.7. The authors of ref.[184] conjectured another uni-
versal value H = (.8, the same for brittle and ductile fracture surfaces.t More recently, the
authors of ref. [121] conjectured the existence of two universal roughness exponents, namely
H, ~0.84 and H, ~ (.45, which are associated with slow (H,) and fast (H,) crack propagation,
respectively. However, a certain number of experimental data does not agree with the conjecture
of universality for the fracture surface scaling exponent (see, for example, [3,26, 60,61, 66,74-81,
102,133,192] and references therein).

Moreover, while in some simple, unrealistic models, such as those analyzed in ref.[214], the

universal value of H was obtained. A number of theoretical models and computer simulations
lead to the non-universal fractal dimension of crack faces, which usually depends on the par-
ameters of the model being used [5, 16,17, 64,192, 197-203]. Three dramatic examples are illus-
trated by Fig. 20 and Tables 14-16. Figure 20(b) indicates that H is strongly dependent on the

tMore early, it was suggested[189] (see also Fig. 14.1 in Ref.[127]) that the surface roughness of all objects ranging from
supertanker hulls and concrete runways to hip joints and honed bearing raceways is characterized by the universal value
H = 1/2. The data from Ref.[213] shown in Fig. 19 casts doubt on this conjecture.
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Table 14. Fractal dimension clusters formed by dielectric breakdown for different values of occupancy probability density
exponent n (see eqn (53)). Results of computer simulations on 2  lattices from ref.[216] and calculations by empirical
equation suggested in ref.{215]

The value of 5 Corresponding model Fractal dimension of clusters
D, = 2—n/3[215] Data of simulations{216]
D, Dy
0 Eden cancer model 2 2 2
1/2 Dielectric breakdown 11/6 ~1.83 1.86 + 0.02 1.92 4+ 0.05
)
1 Diffusion-limited 5/3 ~1.67 1.67 +0.05 1.71 £ 0.05
aggregation
2 Dielectric breakdown 4/3~1.33 1.44 +0.02 1.39+0.10
2
>3 The probability distribution ceases to be normalizable, indicating the impossibility of sustaining

a fractal structure under such an extreme growth rule

parameter of the stress—strain diagram (see also Section 3.2). The data of Table 14 show that
the fractal dimension of a failure pattern (formed in dielectric breakdown model) strongly
depends on the exponent #n of occupancy probability density

|E()I"

P(r)= )
jn E(I"dS

(53)

where E = —V® is the electric field (the probability density is normalized over the cluster per-
imeter IT). Table 15 shows that the fractal dimension of clusters formed in aggregation processes
strongly depends on the model used.

The authors of ref. [192] have studied the effect of disorder, material properties and aniso-
tropy on surface roughness. They found that although the roughness exponent, H, is always
found within a narrow range, its value systematically decreases as the exponent of disorder is
increased. For anisotropic materials the scaling properties are found to be independent of the
orientation. While values of the roughness exponent, H, are independent of the problem dimen-
sion, differences in the fracture morphology and in the breakdown characteristics are noted. The
results of ref.[192] are reproduced in Table 16. These results indicate that the scaling properties
of the fracture surface are not universal.

Finally, there are strong indications that H depends on material properties and mechanisms
of fracture when experimental data is obtained by the same technique (see, for review,[66,137]).
In Tables 17 and 18 we have reproduced the experimental data from ref.[66]. While these data
give no means of secing a clear relation between H and mechanical properties studied, it is
readily seen that the changes in the fractal properties of fracture surfaces, in steel 1045, coincide
with those of mechanical properties. These observations cast doubts on the hypothesis of uni-
versality for the roughness exponent.

Table 15. Comparison of fractal dimension of clusters formed in aggregation processes calculated by using Flory’s ap-
proximation[217) and Obukhov’s relationships[218] with results of numerical experiments reported in refs[219,220]

Trajectory of particles motion Flory’s

approximation

d De=(d+2)3

Random walk Linear
D DY Experimental Diin2 D" Experimental
data data

2 1.33 1.46 + 0.04 1.33 1.55 4 0.04 4/3 = 1.33

3 1.33 1.82 +0.10 1.60 1.91 +0.10 5/3 = 1.66

4 1.60 2.10+0.15 2.00 2.2540.15 6/3 = 2.00

5 2.00 235+40.15 2.40 >2.50 + 0.06 7/3 = 2.33

tMore early, it was suggested[189] (see also Fig. 14.1 in Ref.[127]) that the surface roughness of all objects ranging from
supertanker hulls and concrete runways to hip joints and honed bearing raceways is characterized by the universal value
H = 1/2. The data from Ref.[213] shown in Fig. 19 casts doubt on this conjecture.
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Table 16. Values of the roughness exponent, H, derived for the various fracture samples[192]. In computer experiments
the three-dimensional lattices of size 32 x 32 x 64 and two-dimensional lattices of size 256 x 256 were used. All results are
averaged over at least 20 runs

Breakdown distribution H(d =3) H(d = 2)
Exponential 0.72 + 0.05 0.76 + 0.04
Levy field (meter) - 0.83 +0.09
Levy field (kilometer) - 0.78 4+ 0.07
Power law (n = 2) 0.72 + 0.06 0.68 +0.05
Power law (n = 4) 0.69 + 0.04 0.61 +0.04
Power law (n = 8) 0.5240.07 0.554+0.07
Power law (n = 16) 0.44+0.10 0.53+0.06

Furthermore, it was shown[35] (see also[1-3,17,42—44,112,221]) that the self-affine rough-
ness of brittle fracture surfaces is characterlzed by the box-counting fractal dimensions,
Dp = d— H, less than a certain critical value DB, while the fractal dimensions of ductile fracture
surfaces exceed this critical value, i.e. the ductile fracture surfaces are more rough than brittle
ones (see Fig. 15).

To gain a greater insight into the nature of the difference between these two types of frac-
ture surface morphology, let us analyze the correlation function eq. (40) for the crack profile on
a two-dimensional plane (vertical cut of fracture surface). Within the interval of self-affinity
eq. (52) C(x) is independent of x and possesses the remarkable equality eq. (41). As was noted
in Section 2.4, the type of correlation is determined by the value of H.

It would appear reasonable that the difference between crack face morphology, in the cases
H < 1/2 and H>1/2, is associated with the different types of correlations. Namely, brittle frac-
ture surface always possesses persistence and, thus, it is characterized by H < H* (for a plane
problem H* = 1 /2) whereas a ductile fracture surface possesses antipersistence and is character-
ized by H> H* (Dp, = 2). We note, that for the d-dimensional problem, the critical value H* is
determined by the condition Dp = d[43] (see eq. (38) and Table 12), so that

x d-—1

H =——. (54)

if 50, the critical value of box countmg dimension associated with the brittle to ductile tran-
sition, DB, relates to H* as DB =d—H and for two- dlmensmnal problems DB =1.5, while
for three-dimensional problems DB =2.33 (H* = 2/3 and DB =3).

The model representations of ductile and brittle fracture surfaces are shown in Fig. 15(a,b),
respectively. Note that a brittle fracture surface with fractal dimension Dy can be modeled by a
(statistically) self-similar fractal with the same fractal dimension, whereas a ductile fracture sur-
face (which possesses antipersistence) cannot be represented by a self-similar model because, as
was noted above (see eq. (42)), self-similar fractals are highly correlated and cannot display anti-
persistence.

As will be shown below (see Section 4.1) the different character of the aforementioned cor-
relations results from the different nature of brittle and ductile fracture and leads to differences

Table 17. Adsorbed energy and fractal properties of fracture surfaces in steel 1045 fractured in standard tests with strain
rate 3.333 x 107 57! at different temperatures[66]

T, °C E.]J H® HD H, eq. (59)
25 1.35 0.958 0.959 0.958
100 14.56 0.961 0.960 0.960
200 19.44 0.955 0.930 0.942
300 8.97 0.940 0.917 0.929
400 9.36 0.935 0.915 0.925
500 6.99 0.820 0.910 0.864
600 11.86 0.805 0.846 0.825
700 37.96 0.950 0.951 0.950
800 8.81 0.972 0.973 0.972
900 7.79 0.971 0.972 0.971

1000 0.972 29.96 0.970 0.971
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Table 18. Adsorbed energy and fractal properties of fracture surfaces in steel 1045 fractured at 1000°C in the standard
tests with different strain rates[66)

Property Strain rate, s°!
1.666 x 10! 3.333x 107 3.333x 107

E.J 30.253 29.960 5.320
Dp 1.041 1.030 1.171
HD 0.961 0.970 0.853
Dp 1.041 1.028 1.140
HB® 0.956 0.972 0.960
H, eq. (59) 0.960 0.971 0.857

between the stress field behavior near the tip of a self-affine crack in the cases of brittle and duc-
tile fracture.

Furthermore, we note that for a general case, the two-point correlation function eq. (33) is
insufficient to completely characterize the crack face morphology. A more detailed description
of crack face morphology requires that one uses the concept of multiaffinity which allows a
much more complete representation of real crack patterns by using an infinite hierarchy of scal-
ing exponents. This can be done by the consideration of the gth order height-height correlation
function[123-125], defined as

N
Gy(x) = 53 I2(e) = 20 + P, 69)
i:l

where N> >1 is the number of points over which the average is taken (only non-zero terms are
considered). For real multiaffine crack faces, G,(x) exhibits a nontrivial multiscaling behavior

G g(x) o xHe (56)

with H, changing continuously with g for at least some region of the g values. It can be shown
that a continuous spectrum of H, values is not consistent with the equality eq. (41) which is
only valid for standard self-affine patterns with a single exponent H; for multiaffine patterns

C(x) o C* x~(Ha=Ho), (57)

so that correlations between increments vanish at large distances x.t Therefore, experimental
measurements of H in the scale of the order of £c will always give the values which are closed
to H* = 1/2 or H* = 2/3. It seems to be the reason for the results which led to the aforemen-
tioned conjecture about the universal roughness exponent (universal value H = 2/3 was first
suggested for the directed polymer polymer problem and was then used as a universal exponent
for brittle fracture surfaces[128]).

From the experimental data reported, in refs[3,66], it follows that in the case of brittle frac-
ture (H_oo — Ho)/Hy < 1, whereas for ductile fracture surfaces (H_o — Hoo)/Ho ~ 1. Hence, in
the first case we can use the self-affine representation for real crack faces, while in the second
case, the concept of multiaffinity should be used to model the real morphology of ductile frac-
ture surfaces.

The test of crack face self-affinity was suggested in ref.[66]. For uniform self-affine patterns,
such as the examples shown in Figs 12 and 15, the roughness exponent obtained from divider
measurement, H®) = (d — 1)/Dp (see eq. (38)), equals the roughness exponent obtained by the
box-counting method, H® = d— Dy (see Table 12). For real fracture surfaces H® ysually dif-
fers from H® (see, for example, the experimental data in Tables 17 and 18). However, as was
shown in[66}], if

1
|H® — )| < B min [H®, HD}, (58)

then the fracture surface can be treated as statistically self-affine and, so, can be characterized
by the unique roughness (Hurst) exponent

+The different values of H for different scales of the same crack face were observed in experiments[3,113,121].
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H=VvH®HD), (59)

Otherwise the surface (profile) must be considered as multiaffine. As is readily seen from
Tables 17 and 18 for all surfaces studied in[66], the inequality eq. (58) is valid and they can be
treated as statistically self-affine fractals.

It would appear reasonable that in the case of intergranular cleavage the fractal dimension
of crack faces is governed by the statistical topography of grain boundaries and, thus, coincides
with the fractal dimension, D,, of grain boundaries. In the case of transgranular cleavage it
should be reasonable to expect that the fractal dimension of crack faces, Dg, is less than D,. A
path integral representation for self-affine patterns to model a brittle crack paths has been
suggested in{181] and developed in[163]. Using this representation, a more detailed specification
for the brittle crack morphology may be made on the basis of the Rieman-Liuoville and
Wigner—Valle spectra analysis[222] of the brittle crack profiles and surfaces. This analysis will
be the subject of a forthcoming paper. It is important to note that the self-affine geometry of
brittle crack faces leads to changes in the stress field distribution in the vicinity of the crack tip.
Within the interval of self affinity, eq. (52), the value of the stress singularity exponent is gov-
erned by the crack roughness exponent, H([43—45].

On the other hand, when fracture is ductile, the crack morphology is governed by the kin-
etics of failure[l, 5] and is characterized by a wide spectrum of generalized dimensions D, as
shown in Fig. 16(a). In this case, the knowledge of the crack face metric dimension Dy is not
sufficient to model crack face morphology, which is quite diﬂ"erent*for different types (mechan-
isms) of ductile fracture, whereas for any crack face with Dy > Dy the stresses near the crack
tip is constant within the interval eq. (52){43]. Hence, for the classification of ductile fracture
from a fractal point of view, we need a more detailed analysis based on percolation theory|[1,
166-169] and generalized statistics [171, 172]. This topic will be the subject of a forthcoming
paper.

Various aspects of fractal fracture mechanics were analyzed in a number of works (see, for
example,[14—45] and reviews{1-5,16,17,64,130]). The most important implication of fractal con-
cepts in fracture mechanics is that these concepts give a way for the prediction of fracture and
fatigue phenomena in one scale using the corresponding data for another scale. However, the
possibilities of this approach have not been used in their full measure. To do this, we need to
understand the physics of fracture, on different scales, that gives a way for developing a statisti-
cal theory of fracture which should adapt classical fracture mechanics, as well as the dislocation
theories of fracture in the nanoscale. Some efforts in this direction are suggested in the following
sections.

3. THE PHYSICS OF FRACTURE

The irreversible deformation and fracture of solids are processes for which a macroscopic
behavior is governed by the complex dislocation processes in the nanoscale. Hence, we can pre-
dict, and adequately describe, failure phenomena (without special experimental tests) only with
a clear understanding of the nature and kinetics of real quantum dislocation processes in the
deformed solid. The nature of the interrelation between processes of different scales constitute
the central problem in fractal fracture mechanics[1-5]. With a profound understanding of this
type, full scale, macroscopic behavior of materials could be predicted from minimal and funda-
mental characteristics of the material.

First of all, we note that there are three basic scales of fracture associated with character-
istic length scales of a self-affine crack, namely, £, and &c. In fact, as was already noted above,
the crack possesses self-affine geometry only within the interval eq. (52), whereas in the nano-,
L < ¢y, and macro-, L > ¢, scales it may be treated as a smooth cut, the metric dimension of
which coincides with its topological dimension dy = d — 1, where d is the dimension of the pro-
blem under consideration. Furthermore, it was found[208-211], that in the crack tip zone of the
size £, £, the stress field is ideally elastic. Hence, within this zone the concept of stress inten-
sity factor can be used (see Fig. 21(a,b) and Fig. 22). A correct description of the material beha-

EFM 57/2-3—C



178

A. S. BALANKIN

o 1 1 - T
In{ — . .o . a —_ . .
000 /| Nanofracture . Mechanics Linear ln 0o /| Nanofracture . Mechanics ;  Linear
mechanics ' of self-affine’  fracture mechanics of self-affine’  fracture
* cracks mechanics : mechanics

(a) (£o)
ul llL
-3 0 3 In(r/b) -3 0 In(r/4y)

Fig. 21. Stress distribution in the front of a self-affine crack in a linearly elastic solid in the case: (a)

brittle (H> H* C*>0), and (b) ductile (H < H* C* < 0) fracture.
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Fig. 22. Stress distribution in the front of a self-affine crack in a power-law hardening material. Note,
that within the dislocation free zone (60) elasto-plastic materials possess, for example, linear elasticity
and, so, stresses obey the inverse square root asymptotic form eq. (90), whereas at distances r» &
stresses possesses power-law behavior with power-law exponent defined by eq. (88). The stress field
behavior within the interval eq. (52) is defined by eq. (87) with exponents § and m given by eq. (79)

vior and failure within this zone should include actual dislocation processes in the elastic field,
in the vicinity of the crack tip[5,45,47,212]. Furthermore, the methods and predictions of classi-
cal fracture mechanics, based on the concepts of stress intensity factors and invariant integrals,
are valid for macrocracks with length L > &c (see Fig. 21(a,b)), if we consider discrete crack
increments AL > £c[43],1 while the roughness of real crack faces leads to a change in stress field
behavior within the interval of self-affinity eq. (52) and, thus, affects the macrofracture tough-
ness[42, 55].

In this way, in order to construct a completely general theory of fracture that transcends all
length scales, we should understand the physics of processes associated with crack increments in
three intervals: (1) a < AL < £y, where a is the interatomic spacing; (2) £, < AL < é&¢; and (3)
£c < AL < {g, as well as the nature and mechanisms of the interrelations between processes in
the different scales (see Fig. 21(a,b) and Fig. 22).

tNotice that the suitability of classical fracture mechanics may be restricted by the upper limiting length ¢ if the crack
possesses a self-affine property in the global scale £; < L < £;. For example, for some geophysics phenomena ¢ ~ 1 km
and &G ~ 10° km{4).
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3.1. Physics of nanofracture

The nanofracture of crystal materials has been the subject of numerous experimental inves-
tigations in situ for the past 15 years (see, for example, refs [208-211] and references therein),
but the basic mechanisms of the phenomena are not fully understood at present. In fact, accord-
ing to a well-accepted view [147], a plastic zone is always ahead of a crack tip in a ductile ma-
terial. Furthermore, it is assumed that the size of this zone increases as the external stresses
increase.

At the same time, electron microscope observations by Kobayashi and Ohr[209], Horton
and Ohr [208], Ohr[210] and Novikov and Ermishkin [211], have shown that actually all dislo-
cations drive out of the crack tip area, leaving behind a dislocation-free zone in the vicinity of
the crack tip. The dislocations come to rest at the points where the repulsive force is balanced
by the lattice friction. By these means the plastic deformations are always localized and occur at
distances r> £, from the crack tip, where £,~ 10 -10°m is the dislocation-free zone size
[210-212]. Furthermore, we emphasize, that in the nanoscale, the concept of plastic defor-
mations, as averaged on many dislocations, cannot even be used. Actually, the generation,
nucleation, motion and interaction of dislocations and point defects in the elastic stress field, in
nanoscale, create what we observe as inelastic deformations in fracturing on the micro- and
macro-scales. Hence, the problems of dislocation generation and nucleation are of primary im-
portance for a physical theory of fracture.

Once created, a dislocation-free zone restores the elasticity to the crack tip region [210].
Hence, within the bounded interval

a<r<diy (60)

in the vicinity of the crack tip (2~ 10~ m is the interatomic spacing) stresses obey the classic
inverse square root singularity (see Fig. 21(a,b) and 22). Therefore, it is possible to define the
local stress intensity factors K; (K; and K; for nanocrack modes II and III, respectively). We
use arabic indices for local stress intensity factors, instead of roman indices which are accepted
in linear fracture mechanics. Note that the local stress intensity factors differ from the conven-
tional stress intensity factors. For example

Ky ~opn/nly € Ky ~ o1/,

where L is the macrocrack length (L. > ¢,) and o, is stress applied in infinity.

It should be emphasized that without the dislocation-free zone the local stress intensity fac-
tor approaches zero and the crack cannot propagate in the nanoscale, because there is not elas-
tic energy release associated with the propagation[210].

Armstrong[223] and Kelly et al.[224] advanced the viewpoint of brittle vs ductile response
as the competition between Griffith cleavage and plastic shear at a crack tip. Rice and Thomson
[225] specifically modeled the shear process of the nucleation of a dislocation from a stressed
crack tip. The Rice-Thomson’s approach made use of elasticity solutions for a fully formed dis-
location (i.e. a dislocation with slip equal to the Burgers vector b of some complete or partial
lattice dislocation) and a core cut-off parameter had to be introduced to derive a nucleation cri-
terion. Later, Rice[226] advocated the analysis of dislocation nucleation from a crack tip based
on the Peierls concept as applied to a slip plane emanating from the tip. Cherepanov [227]
suggested an alternative general approach to the problems of dislocation generations and frac-
turing, which was called nanofracture mechanics[5,212]. According to this approach, the size of
the dislocation free zone ¢, and nanofracture toughness K. may be determined from the
equation of equilibrium for a virtual dislocation in the near crack tip stress field:

A%:ro-i—BGTb, (61)
where 4 and B are some numerical coefficients depending on the slope of slip plane (in the case
of a mode III crack and a screw dislocation moving along the slip plane coinciding with the
crack propagation, 4 = 1/4/27 and B = 1/4n[227]), G is the shear modulus, b is the absolute
value of the Burgers vector of the elementary dislocation and 1o is the Schmid stress of a crystal
lattice. At the stage of equilibrium
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Table 19. Ultimate tensile strength and various brittleness parameters for some crystal materials

Material oc, GPa[10] B.,[12] Reg,[11] i [227] nr[225] 12 €q. (65)
Ductile materials (8~ > 1[12] Rec,>0 707[11] m > 1[227], n@ > 0.35[225) < 1gp < 1
Au 253 70 0.45 0.08
Al 18.5 1 44 1 14 25+50 0.35 0.1
Ag 18.9 1.28 0.85 50+ 100 0.39 0.09
Ti 24.6 1.26 1.10 40 ? 0.1
Cu 29.0 1.18 0.93 30+ 50 0.40 0.1
Quasi-ductile and quasi-brittle materials (0.65 < B« < 1, 7' ~ 7@~ 1): 1y < 1, > 1.
Fe 38.1 0.90 0.71 10 0.34 1.5
Ru 57.2 0.73 0.70 ? ? 2.5
Mo 40.9 0.72 0.61 0.87 ? 8
w 50.5 0.70 0.55 0.93 0.33
Al,O5 49.8 0.68 0.705 0 63 0.24
Brittle materials (B« < 0.65, Re., < 0.707, m <1, nR <0.25):n,>1, 112> 1.
B.C 48.2 0.53 0.60 6
Si 139 0.46 0.52 0.77 0.23 5
Ge 10.7 0.42 0.53 ? 0.18 10
SiC 37.1 0.41 0.32 0.59 ? 20
Diamond 81.7 0.34 0.51 0.42 0.20 30
B
K=KC=EAT\/Gbro and r=B—C?:€d, (62)
0

A crack-tip emits the first stable dislocation at K = K.. Once generated, the dislocations
moved out of the dislocation-free zone because of a repulsive force (the dislocations come to
rest at a point r = £4 where the repulsive force is balanced by the lattice friction). Because of
this, the elastic dislocation-free zone is universally presented around the crack tip. This fact was
confirmed by electron microscope observations[208-211], but is ignored in most models of frac-
ture.

Just after an actual dislocation is born, the crack-tip advances a certain amount, which is
specific for the given crystal lattice. On the other hand, the same crack tip can propagate in an
ideally brittle (cleavage) way (without a dislocation emanation) when K achieves the critical
value

KB =2/Gy, (63)

where 7 is the surface tension. This criterion immediately follows from the energy conservation
law[228,229}.

Which of these two opportunities occurs first when K increases? According to all the afore-
mentioned models[212,223-227], the quantitative parameter which governs the type of the ma-
terial response is the ratio

N =2y (64)

If n,>1, a crack-tip cannot serve as a source of dislocations and will propagate in a clea-
vage manner, whereas if #, < 1, some edge dislocations will be generated from the crack tip
under loading. When 5, < 1, but, #; ~ 1, the number of emerging dislocations is comparatively
small and fracture is quasiductile or quasibrittle, while if #, < 1, the fracture is ductile (see
Table 19).

To obtain a more rigorous criterion we note that a cleavage crack can only propagate if
Le < £, where £¢c = (crc/KcB)2 is the Griffith’s critical crack length. Thus, we can introduce a
new nano-brittleness criterion in the form

_eC__ Oc ? o Eyto
"= T (KCB) “BGb  10yGb’ (63)

where o. >~ /n,Ey/144[10] is the ultimate tensile threshold stress for solid crystal, ny, is the near-
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Fig. 23. (a) Schematic of the effect of temperature on macro-fracture toughness K;c of metals that exhi-

bit ‘a brittle-to-ductile fracture transition [230], and (b) the temperature dependences of nano-fracture

toughness in brittle and ductile regimes. The temperature dependences of K. and KP. were calculated
by using the model suggested in ref. {12].

est neighbor bonds number in the elementary cell, and E, is the sublimation energy of gram-
atom of the solid[10].

Now, the fracture will be ideally ductile, if n; < 1 and #, < 1, it will be quasibrittle or qua-
siductile, if n; < 1, but ,> 1, and it will be truly brittle cleavage, if #;,>1 and 5,> 1.

The criterion eq. (64) leads to valid predictions when the theoretical values for the nano-
fracture toughness K. and KB are usedt (see[5,223-227]), whereas the macro-fracture toughness
of ductile materials is usually well over the macro-fracture toughness of brittle materials.
Moreover, for a material which possesses the brittle-to-ductile transition at a certain tempera-
ture Tg _ p, KIBC(T> Tt _p)> K\(T> Tt _p) (see Fig. 23(b)), whereas when the macro-fracture
toughness Kjc is measured by standard mechanical tests, the toughness in the ductile regime is
always large than the brittle fracture toughness (see Fig. 23(a)). By this means the ratio

m=—g > 1 (66)

at any temperature. Hence, the nanofracture models cannot be directly applied to the problems
of macrofracture and we need to analyze processes in the microscale.

3.2. The nature of self-affine roughness of crack faces in brittle and ductile materials

As was noted, in Sections 2.4 and 2.6, the fractal properties of brittle and ductile fracture
surfaces are dramatically different. Namely, a brittle fracture surface possesses persistence,
whereas a ductile fracture surface possesses antipersistence. This difference resulted from the
different kinetics of brittle and ductile fracture[l, 5]. Moreover, the reasons for self-affine geome-
try of crack faces in brittle and ductile materials are most likely to be different.

The self-affine geometry of intergranular cleavage cracks arises from the stochastic nature
of crack growth [181]. This issue can be illustrated by crack advancement consisting of a
sequence of local failures in front of the crack. These failures are random events caused by the
material local strength fluctuations[206,207], so that the crack trajectories behave randomly. We
note that this process is similar to directed percolation in the random network (of grain bound-
aries) and, thus, the crack trajectory should exhibit some self-affine geometry. Obviously, in this
case the fractal (box-counting) dimension of crack faces should be larger or equal to the fractal
dimensions of grain boundaries and the microscopic cutoff size of self-affinity, £, is determined
by the grain size[47,48].

tNotwithstanding the dramatic difference between absolute values for nanofracture toughness predicted by different
models, all models lead to the same predictions about the nature of fracture for a given material (see Table 19).
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Fig. 24. Schematic representation of thermodynamic description for plastic deformations in the dislo-
cation (disclination) dissipative zone in the crack front.

In the case of transgranular cleavage, self-affine crack growth can be directly modeled on
the basis of the principle of maximum energy dissipation rate suggested in[231]. Computer simu-
lations [41] have shown that the crack path formed in an elastic medium by elementary crack
advancements of the equal length £c possesses self-affine scaling within a wide range of length
scales €c < L < {¢c, where {c is the “mathematical” self-affine correlation length which was
defined in Section 2.4.

A fractal crack growth in an elastic network was simulated in[198] on the basis of model
stress—strain diagram shown in Fig. 20(a). Computer simulations [198} have shown that cracks
formed in such a network, possess self-similarity within a wide range of length scales. The frac-
tal dimension of a crack formed in this model strongly depends on the parameter o (see
Fig. 20(b)). We note that the data of computer simulations can be adjusted by simple empirical
relation

S+a
3

D = (67)

Some other models of this type were considered in refs[5,17].

The phenomena of ductile fracture are more complex. In fact, in the microscale these
phenomena are governed by the irreversible, far from equilibrium processes of self-organization
of the dislocation and disclination dissipative structures[1, 3]. Hence, the morphology of a duc-
tile fracture surface is governed by the topography of the dissipative structure which is formed
near the crack tip (see, for example, Figs 7-9).

One can notice that dissipative structures formed far from equilibrium always possess frac-
tal properties, which are governed by the competition between processes of entropy production
and energy redistribution [14]. In a deformed solid the self-organization of fractal dissipative
structures yields an optimal (for specific loading) level of dissipation of energy of an external
action[1].

For a complete description of the ductile fracture in the microscale we then need to use the
thermodynamic[232,233] (or synergetic[l, 3, 6]) approach. In this way, the conventional concept
that the crack tip is headed by a plastic zone should be replaced by the concept of the dislo-
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cation (disclination) dissipative structures near the crack tip. Schematic representation of the
thermodynamic description for plastic deformations in the dissipative zonet is given in Fig. 24.

It seems to be reasonable, that in the case of ductile fracture the the lower limit £, of the
interval of crack face self-affinity eq. (52) coincides with the dislocation-free zone size, i.e.
£y = £4. More detailed analysis of these topics will be the subject of a forthcoming work.

3.3. Physics of macrofracture and scale effects

It is well-accepted that inhomogeneous in microscale materials can be treated as homo-
geneous elastic medium when the larger scale phenomena are analyzed[147, 134,235]. However,
over the last few years, it was recognized that some basic concepts of linear elastic fracture
mechanics (LEFM) are not valid, even when material response is exceptionally brittle in nature
[55,236-238].

A dramatic example is the size dependence of the “measured fracture toughness”, which
was observed in the standard mechanical tests for various materials (see refs[236,237] and refer-
ences therein), whereas LEFM is based on the assumption that fracture toughness, Kjc, is the
physical constant of a given material. Moreover, essential for the success of LEFM as a truly
predictive theory is that the stress intensity factor really controls fracture. Hence the issue of
whether or not fracture toughness is size independent goes right to the very basis of LEFM.

Moreover, it is a pity that we traditionally classify materials as being ductile or brittle
based upon tests in the laboratory, for there is a scale effect in the fracture mechanics which
produces unexpected transitions in behavior. That is, components and structures made from
brittle materials can behave in a ductile fashion and those made from ductile materials can
behave in a brittle fashion. The transition from ductile behavior in the small to brittle behavior
in the large has figured prominently in catastrophic engineering failures[234].

Furthermore, the relations between the structural parameters of a material and its strength
are changed dramatically under dynamic loads when, in contrast to quasi-static loading, the in-
fluence of defect nucleation an propagation is not decisive in the deformation and fracture of
the solid[239-251].

The conventional approach to fracture, based on the model of isotropic an elastic or elasto-
plastic continuum, does not provide adequate tools for analysis of these effects. As will be
shown in the next section, the aforementioned phenomena can be advantageously explained
within a framework of self-affine crack mechanics. Furthermore, the length scale interval of
LEFM validity will be also determined.

4. MECHANICS OF SELF-AFFINE CRACKS

Unfortunately, it is not even possible to formulate the crack propagation problem with
non-differentiable self-affine profiles (surfaces) using the conventional methods of continuum
mechanics. Actually, the boundary conditions on the crack face are formulated for normal and
tangential stress or displacement components. To determine these components, the unit vector
normal to the crack face must be known and this is expressed in terms of the spatial derivatives
of the face forms. For non-differentiable self-affine crack faces, it is impossible to introduce the
normal vector because the spatial derivatives are undefined. Consequently, we cannot formulate
the boundary conditions on the self-affine (non-differentiable) crack face in the conventional
form. Hence, to deal with this problem it is necessary to use an adequate approach which gives
a way to benefit the fractal properties of cracks.

In Section 2.6, we have already noted that the boundary conditions can be formulated by
using the nonstandard representation of real crack face, the standard part of which is self-affine
fractal. On the other hand, as will be shown below, the problems with self-affine cracks may be
advantageously analyzed within a framework of the renormalization group approach.

Below, the problems with self-affine cracks are analyzed within a framework of the
renormalization group theory. The crack tip stress field behavior associated with self-affine
cracks in linear elastic and power-law hardening materials are evaluated. The fractal represen-

tNotice, that from the physical point of view, the concept of inhomogeneous (multifractal) dislocation dissipative struc-
ture is more acceptable than the concept of homogeneous plastic zone, because plastic deformations are always localized.
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Fig. 25. Reduction of the problem (a) with self-affine crack and longitudinal tensile stress g;; to the
problem (b) with self-affine crack loaded by unknown traction 7.

tation of the real crack morphology provides a strict approach for deriving relations between
nano- and macrofracture parameters. Then the concept of equivalent traction is formulated to
account for the mechanics of self-affine cracks. This concept is used to construct path-indepen-
dent integrals for some problems with self-affine crack. It is shown that a self-affine roughness
can affect crack mechanics in a dramatic way. Moreover, some fracture phenomena can be ade-
quately described only when the self-affine geometry of crack faces is taken into account. Three
examples of the dramatic role of crack fractality in crack mechanics are analyzed in Sections
4.7, 4.8 and 4.9. '

4.1. The asymptotic stress fields in the vicinity of self-affine crack in a linear elastic solid

In an effort to examine a stress field distribution associated with a self-affine crack, let us
consider a plane problem with a traction-free self-affine crack with mean plane perpendicular to
the direction on tensile stress oy, = o} applied at infinity as shown in Fig. 25(a). This picture
relates to the tensile mode (Mode I) of loading for the problem with a straight cut. At the same
time, we note that while in the problem with linear crack (cut), the crack tip is the unique singu-
lar point for the elastic fields, in the case of a self-affine crack singular points occur along the
self-affine crack face at all scales (see Section 2.4). Furthermore, for the problem with rough
crack, the resultant stress field is generally a superposition of three basic modes of loading.
However, for the plane problem considered below (see Fig. 25(a)), this field is a linear superposi-
tion of only two modes, namely, the tensile (Mode I) and in-plane shear (Mode II)modes.

The general solution of the equilibrium equations

do,  100ve 0y —Opg dog, 1 0oge Oor

- o —_— " = 6
8r+r80 r . 8r+r89+2r 0 (68)
in the polar coordinates (r = +/x% + z2, 6 = arccos(z/+/ x2 + z%)) for an isotropic linearly elastic
solid with self-affine crack has the form

o = Kar™%¢;(6, v, Dp), (69)

where r is a distance from the crack tip (ij = r,0); v is the Poisson’s ratio, Dp is the latent frac-
tal dimension of crack face (see Table 12) and K, is the stress intensity coefficient associated
with the power-law exponent «. The latter, as well as dimensionless functions ¢,(6,v,Dp), may
be determined from the boundary conditions.

For a straight crack (cut) in the linear elastic solid we have a notable inverse square root
(o = 0.5) asymptotic form

K
o = T}_/r—z@j(e, v), (70)

where K|, is a complex stress intensity factor which can be represented as a function of Kj, Ky
and the crack form[228]. For a straight crack (cut) perpendicular to the direction of applied ten-
sile stress cr;’; we have K, = K.

Furthermore, according to the Sain Venant’s principle, for any problem with smooth
(differentiable) crack profile, z(r), the asymptotic form eq. (70) restores at distances r> ryyr,
where r.r is the rmf-saturated roughness of crack face (see eq. (51)). The validity of Sain
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Venant’s principle for the problems with rough, but differentiable crack in an elastic continuum
can be proved rigorously (see, for example, ref.[228]). Notice that this proving requires the dif-
ferentiability of crack faces and cannot be applied to problems with self-affine cracks.
Furthermore, as will be shown below, in the problem with self-affine crack, the standard asymp-
totic form eq. (70) restores only at distances r » &c > Funs.

The scaling properties of self-similar and self-affine patterns give rise to the advantage of
using the dimensional analysis for the problems with fractal cracks.

Buckingham’s [1-theorem [148] states that the dependence of a physical quantity on a set of
dimensionful parameters may be expressed as the dependence of a dimensionless quantity IT on
dimensionless combinations Iy, I,,..., I, of the governing parameters:

M = F(I, Ty, ..., T,). (1)

This elementary resuit is the root of dimensional analysis and, as is well-known, has an extra-
ordinary range of applications [148, 252, 253]. However, while in many cases, Buckingham’s II-
theorem is sufficient for derivation of self-similar solutions, there is a large category of situations
where simple dimensional analysis fails: the function F in eq. (71) is not well-defined in the limit
ITy — 0[148,252]. Instead, the following limit is well-defined:

lim _n__ﬂ: lim ng%(no,%,..., rf’}; ) (72)
My—0 HO My-—0 I'[O 1 HO n

with the exponents B,B,,...,5, being real numbers, not determined by dimensional analysis, but

determined, in principle, by the differential equation obeyed by function F. On the other hand,

these exponents are nothing more than the anomalous dimensions of field theory{253] and they

can be computed using the renormalization group technique{254].

From the renormalization group theory view, the crucial question to ask is: which par-
ameters of the problem are observable under given conditions and which are not?

Among the physical quantities in the original formulation of the problem with self-affine
crack the quantities opy, 1, 8 and Dp = 1/H are obviously directly observable. The stresses oy
are concentrated “in every point of the non-differentiable self-affine crack face’[43] in the orig-
inal formulation of the problem and over a distance £ in its regularized version. So, the original
formulation is a degenerate limit of the regularized problem, but supposedly corresponds to the
description of what we are able to observe in the experiments. In this way the stress tensor Gy
has some ambiguity due to gauge invariance[255], but it is also essentially observable.

The renormalized stress intensity coefficient K, , will, in principle, depend upon the regular-
ization ¢. This means that as the degenerate limit £ — 0 is taken, there is nothing that guaran-
tees that K, , and K, will be the same and, in general, they will not be. Hence, K, and £ are
bare parameters of the problem, which are not accessible to our chosen level of description.

The usual hypothesis of phenomenology is that there is a closed functional relation among
directly observable and phenomenological quantities and this should be true irrespective of the
microscopic details. In particular, this should be true in the limit £ — 0.

In this way, the observable K, is related to the bare K, by the relation K, = nK, ¢, where
the renormalization constant 5 is dimensionless, but must depend upon ¢, because K, , depends
upon ¢ and K, does not. Dimensional analysis then requires that there is another length in the
problem, which we denote £, introduced in order to ensure that # is dimensionless. This is the
length that sets the scale, in the language of statistical field theory[256] and is arbitrary. Thus,
we have

oy = ﬂi/?;ﬂwy(g,e, Do) (73)

with ¥;; being some functions to be determined. We can write this as

o5 = H(E/%&,z ¢ij<

where @;; are another functions to be determined.

-;, 6, v, DD), (74)
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In order to establish the functional form of o; one may draw on the Gell-Mann-Low
argument [256]. Since ¢ is not presented in the original specification of the problem, it should
not be present in the solution of the elastic problem. Hence, we arrive at the renormalization
group equationt}

ol
Zi_p
% (79)
and thus
8<I>,] _ _r - Blnn
RaR—ﬂtb,j_O, whereR_E, andﬁ_+81n§' (76)

Solving this linear partial differential equation, we get

K, (r s
Thus, we have derived the crack tip stress distribution in the same form that was postulated for
a self-similar crack in ref.[5] and for self-affine crack in ref.[42].
In a spirit of renormalization group theory, the exponent § can be treated as a single valued
function of the anomalous dimension ¢ = Dp — 1,{ such that

1
B=0, if e =0, andﬂ:i, ife=1. (78)
The simplest form of the function B(¢) which possesses property eq. (78) is
€ DD -1
B=5="— (9
so that stress distribution exponent « in eq. (69) is equal to
-D
a=2 5 D (80)

This relation coincides with the corresponding formula for the problem with self-similar crack
(see eq. (60) in ref.[5]), since for self-similar fractals Dp = Dg = D. Furthermore, in the case of
self-affine crack geometry, we can rewrite eq. (80) in the form

a:g%—l, ifH>H*=%, ora=0, if H<H, (81)
which coincides with relations obtained in [42] on the basis of energy balance arguments (the
critical roughness exponent, H*, is defined by eq. (54)), but differs from those derived in ref.
[142). This difference results from the incorrect definition for fractal dimension governed the
true crack area scaling which was used in{142].

Furthermore, it is pertinent to note, that eq. (81) differs dramatically from the formula
obtained in[139] on the basis of incorrect geometric manipulations (see Sections 2.4 and 3.2 and
refs[42, 144]).

The authors of [143] suggested a quite interesting model of self-similar crack§ dynamics.
However, in the work [143] was assumed that crack tip field obey the classical asymptotic form
eq. (70). Actually, as it was shown above, stress behavior in the vicinity of fractal crack (self-
similar crack can be treated as a particular form of self-affine crack for which

tAll the partial derivatives below are taken with bare parameters keep constant.

{This statement can be proved rigorously within a framework suggested in{257].

§Note that a brittle crack face can be modeled by a self-similar fractal, because in the case of H > H* self-affine fractal
displays persistence (see eq. (42) and Section 2.6).
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Dp = Dg = Dg = D) differs from those for smooth crack. Hence, the model of ref. [143] must
be corrected in this way.

Now we note that in the contrast to self-affine function eq. (31) which possesses scaling
properties for all x, real crack faces possess self-affine scaling only within the interval eq. (52).
As it was already noted in Sections 2.6, 3.1 and 3.2, crack advances A¢ = £, (within the dislo-
cation-free zone of the size £y ~ 10~ = 107 m) are linear, therefore, in the nanoscale r < ¢, real
crack face is characterized by Dp = 1 and so, the crack tip stress displays behavior eq. (70)
within the dislocation free zone, as it is shown in Fig. 21(a,b). Furthermore, since in the scale
eq. (51) self-affine crack is characterized by the integer global fractal dimension eq. (39), at dis-
tances r > > £c from the crack tip stresses also obey classical asymptotic eq. (70), but with differ-
ent stress intensity factor K¢ (see Fig. 21(a,b)).

Using the scaling properties of self-affine functions and stress distribution eq. (77), it is easy
to show (see also Fig. 21(a,b)) the that stress intensity factor in the macroscale, K> ¢, is related
to the stress intensity factor in the dislocation free zone, Kj,, as

2}
Kipg = K1/2<i—§) . (82)

Furthermore, note that in the problem under consideration K/, . = Kj (see Fig. 25(a)).

4.2. The relation between nano- and macrofracture toughness

If we assume that the fracture occurs when K, reaches the nanofracture threshold, K., at
the same time as K, = Ki reaches the macrofracture toughness K¢, then from eq. (77) fol-
lows that in the case of brittle fracture

B
mc=@{§), (83)
£c

where the exponent § is defined by eq. (79), the nanofracture toughness, KCB, is given by eq. (63)
and £¢ is the Griffith’s critical length (see eq. (65)).
In the case of ductile fracture (H < H*), the macrofracture toughness Kjc relates to nano-

fracture toughness eq. (62) as
Kic = Ke\[C, (84)
0

where £, is the dislocation-free zone size eq. (62).

Note, that relations eqs (83) and (84) coincide with formulas derived in[42] by other means
and agree with experimental observations[80].

Furthermore, relations egs (83) and (84) give a way to explain the difference in the ratio of
brittle to ductile fracture toughness in nano- eq. (64) and macro- eq. (66) scales (see also
Fig. 23). In fact, the ratio

_ £\’
M = /M2 T > 1, (85)
since B = 1/2—n>0 and &c > Ic while according to eq. (65) 5o~ 1 (0.1 < n, < 10).

4.3. The asymptotic stress fields in the vicinity of self-affine crack in a power-law hardening
material

The renormalization group approach, suggested above, can be directly applied to problems
with self-affine cracks in nonlinear elastic and power-law hardening materials. The constitutive
equations of these materials may be represented in the unified form

oy = Cejj + Fy(ef), (86)

where ¢; is the components of strain tensor, Fj(e},) is a linear function of its arguments[1]. The
power law exponent n> 1 for a nonlinear elastic material, and n < 1 for a power-law hardening
plastic material.
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By making use of the well-known (see, for example ref.[228]) stress asymptotic form in the
vicinity of the linear cut in the incompressible material possessing constitutive eq. (86), after an
almost literal repetition of the derivation of eq. (77), we obtain stress distribution in the vicinity
of the self-affine crack in the nonlinear elastic or power-law hardening incompressible material
in the following form

Ky gfr 4
o = _r_’"£ (g) $;(6, v, Dp), (87)
where exponent f is defined by eq. (79) and
n
m=-— (88)

It is easy to see that stresses in the vicinity of the crack tip in a nonlinear elastic material (n> 1)
are always more singular than those in a linearly elastic solid, since m>0.5. Specifically, in non-
linear elastic materials even a very rough cracks with Dp = 2 produce stress concentration
within the interval eq. (52).

The stress field behavior in a power-law hardening solid with self-affine crack is more sur-
prising. Namely, if

Dp -1

n<3T o (89)

then stresses increase in a direction away from the crack tip within the interval eq. (52) as
shown in Fig. 22. In this case stress distribution has a maximum at distance éc from the crack
tip, since stresses obey classical asymptotic form o; ~ ¥~ [228] for r > . Furthermore, stresses
in the zone spaced at &c away from the crack tip can be larger than stresses at the crack tip.
This type of stress distribution was observed by Ermishkin in experiments reviewed in ref.[211].

Obviously, in the latter case, the fracture criterion will be achieved at distance ¢ from the
crack tip and, before then, at the crack tip. Because of this, nanocracks (voids) will be borne at
distances ~{c away from the crack tip and the crack will grow by a notable mechanism of void
coalescence (see, for example refs.[147]).

A suggested approach may be directly applied to problems with self-similar and self-affine
cracks in materials with random (multifractal) microstructure. The latter may be linearly or non-
linearly elastic[9], visco-elastic[28] or of the type considered in refs[18-20].

4.4. The concept of equivalent traction for the problems with self-affine crack

Looking back at the problem with self-affine crack in a linear elastic solid (see Fig. 25), we
note that the boundary conditions on the traction-free edges can be formulated if we model the
crack profile by a nonstandard curve the standard part is a self-affine fractal, as is shown in
Fig. 18. In this case, the crack tip stresses associated with nanocracks of length £, = £, (see
Section 2.3) can be represented in the following form

o _ K cosg l—sinésinw ksing 2+ cosf‘zcosE
o 2 2 2772 2 2 2 )0

Oy = ul cos(9 1+ singsin39 +kcosesingcos39
W ar 2 2772 22720

0. = V(0w +0y,), k= &2 « sin ( T_ w), (90)
K, 2
where v is the Poisson’s ratio, K| and K, are the stress intensity factors associated with nano-
crack modes I and II, respectively; ¥ is the angle between the stress applied at infinity and the
linear nanocrack face, and 8 is the the angle between the (nano) crack face and the direction of
observation (see Fig. 18(a)).
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Furthermore, if the principle of superposition for contributions from all parts (nanocracks)
is valid, the problem under consideration can be replaced by an equivalent one: self-affine crack
faces are loaded by a traction Tj; and stresses vanish at infinity as shown in Fig. 25(b).

Tractxon T; consists of the regular o-induced traction T(s;) and the unknown additional
traction T, due to the contribution from all singular points along the crack faces. The latter
(singular) term of the stress field near the self-affine crack can be represented as a sum of the
contributions eq. (90) from all linear parts (nanocracks) along the crack edges (within the inter-
val of self-affinity eq. (52)). By virtue of the fact that £; < ¢ this sum can be replaced by the
integral

(=) O(—x)dx x Koo X% a= % - 91

X
o o< B(6, v, DD)LX s
where & = Ec/€, X = r/L, r is the distance from the crack tip and x is a dimensionless variable;
n(—x) ocx” is the number of singular points within the interval (—x,0) and ©(...) is the Heaviside
unit function: @(—x) = 1 for x <0 and © = 0 for x>0; ¢;(0,v,Dp) is the dimensionless func-
tion of 8, v and Dp. The explicit expression for ¢(8,v,Dp) depends on the specific crack geome-
try and may be also derived by the integration of the angular terms in eq. (90) over the
nanocrack orientation distribution. The coefficient K, is defined in Section 4.1. Note that
eq. (91) coincides with eq. (77) obtained above on the basis of the renormalization group argu-
ments.

For the problem with a regular (smooth) crack (that is the special case of the problem
under consideration) we simply have H=1 and 5 = 0, so that the singular term of an elastic
field obeys the standard inverse square root asymptotic form eq. (70), while for the graph of an
independent random (Wiener) process (which was used in[181] as a model of crack trajectory)
H = 1/2 and n = 1/2, so that there is no stress field (power law) singularity, because « = 0
(6o In X).

Generally, we can expect that # is a monotonically increasing function of the roughness
(Hurst) exponent H, which varies from 0 to 1[163], so that always >0 and 0<a<1/2 (2 < 0
must be excluded from the solution as physically unfeasible[228]). Hence, in the problem with a
self-affine crack the asymptotic stress field near the crack tip always should be less singular than
the classical asymptotic form eq. (70) for regular cracks. At the same time, at distances r < /¢
(i.e. within the dislocation free zone) and r » £c (i.e. when the self-affine crack can be treated as
a smooth cut) the asymptotic stress field obeys the inverse square root behavior in the form
eqs (70)(90) and (70), respectively (see Fig. 21).

Experimental studies have revealed that a crack propagates in an elastic solid due to the in-
itiation of new nanocracks at its tip [181]. This initiation results in a release of elastic energy
AUg which provides energy for further crack development. The well-known path-independent
(invariant) J integral of fracture mechanics has been related to potential-energy-release rates as-
sociated with moving or extending cracks in linear elastic solids[228].

Considering a small circular contour I' of radius R, encompassing the crack tip (see Fig. 26
a), we can write the J integral as

J =J (VV,,l - o,jnju,-l)ds, (92)
r

where s is the arc length along I, ¢;; is the stress tensor, u; is the displacement vector, {n;} is the
normal vectort and the strain-energy density W is a single-valued function of the strains u;;.

It is well-known that this integral is path-independent for any smooth crack in an elastic
solid [228,229]. At the same time, it is easy to understand that in the case of a self-affine crack
this integral is not invariant, because the number of singular points enclosed by different con-
tours is different (see Fig. 26(b)).

Substituting eq. (91) into eq. (92) shows that within the interval eq. (52) the conventional J-
integral scales as

tFor the problem with a self-affine crack {n;} can be defined within a framework of non-standard analysis (see Section
2.3); notice that for the purpose of the present work we need to know only the change in {;} along the crack trajectory.
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AT AT

Fig. 26. Paths of J integration for (a) cracks with smooth edges, J(I') = J(AT'); (b) with self-affine
edges, J(I') < J(AT'), but J(I') = J{AT'); and polar stresses at a wedge-like notches (c) with smooth and
(d) self-affine edges.

JOD) = A2 (). (93)

On the other hand, suppose that AUg = J(AL,)? ~' is the energy flux at the crack tip as
the true crack length (area), Si, increases. Obviously, AUgocASy. In the case of a self-affine
crack ASp o (AL,)P?, where AL, is the crack projection length and Dp is the latent fractal
dimension (see Table 12) of the crack face. So, the conventional J-integral eq. (92) obeys the
scaling

JOT) = APe=@=D ). (94)

It immediately follows from eqs (93), (94) and (38) that if fracture is brittle, i.e. H> H*,
then the stress field in the vicinity of self-affine crack obey the scaling behavior eq. (91) with
exponent o defined by eq. (81), whereas in the case of ductile fracture, when H < H* (very
rough crack), stresses does not depend on r within the interval eq. (52), so that

0;i(£y) = o;i(r) = oy(&c). (95)

Thus, we have obtained the same results that those in Section 4.1, but by other means.

4.5. Path-independent integrals for a problem with self-affine crack

In a certain sense, a decrease of the stress singularity exponent « owing to an increase in
the crack roughness is similar to a decrease of the exponents of stress field singularity in the
vicinity of a wedge-like notch on account of the increase in its angle (see Fig. 26(c) and ref.
[228]). Therefore, the stress intensity factor K, and invariant integral for a self-affine crack, J,
can also be estimated using the weight function method[258].

For a wedge-like notch with angle § (see Fig. 26(c)) the invariant integral J; can be defined
by introducing the weight function F; obeying the scaling behavior Fgz = s~?f(6)[228] and reads
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J‘g = J (Wn] -— ai]-njuil)Fﬁ(s“"’, O)ds, (96)
r

where 0 is the angular coordinate, and ¢ = ¢(f) is a function of notch angle.

It is important that in the case of self-affine crack the scaling behavior eq. (91) occurs only
within a bounded interval eq. (52), so we can apply to the weight function F; a scaling (incom-
plete self-similarity) representation (see ref.[148]):

Fr=5°%©), ¢=2n=1-2q, 97

where « is defined by eq. (81). Now, it is easy to verify that the integral
Jr = J (Wny — oynju; ) Frds (98)
r

with o; and Fy given by eqs (91) and (97), respectively, does not depend on the chosen contour
.
This gives a reason to introduce a new micro-fracture criterion

Je = J§, (99)

where the critical value JfC may be expressed in terms of the concept of “crack diffusion coeffi-
cient” first introduced in[181] and later generalized in[163].

4.6. The energy release scaling
The elastic energy release associated with self-affine crack growth may be estimated as

AUE J ue(r)dr, (100)
VaL

where u(r) ~ (6%(r))/2E is the mean density of the elastic energy in the unloading zone V,; near
the crack tip and E is the Young modulus[259]. After averaging the stresses eq. (91) along r in
the unloading zone Var(€y < AL, < &c), we find (6(r)) oc 2%, and after substitution (6% into
eq. (100) we obtain AUE o (AL,/€o)* ~ . So, the energy release rate G = AUg/AL, scales with
the increment of self-affine crack length in the direction of crack growth AL, (within the interval
€y < AL, < ¢{c) as

«( AL \? (d-1)1-H)
G=G (T) =0T (101)
if fracture is brittle (H> H*), or as
G= G*(éf‘l), (102)
£y

if fracture is ductile (H < H*),} while at larger scales the effective energy release rate is constant,
G = Jc, where Jc is the critical value of the conventional J-integral eq. (92). It is precisely this
macroscopic value of energy release rate Jc that is estimated in standard mechanical tests[147,
258].

The results obtained by eq. (100) are in good agreement with experimental data which were
reported and analyzed in[111], as indicated by Fig. 27. Furthermore, we note that, according to
relation eq. (101) we can use the Griffith’s solution for brittle materials [260] in the macroscale,
AL, > &c, with the surface tension, y, replaced by the effective surface energy density

Yet. =Y X | — ] (103)
{c

where the second relation in eq. (101) may be rewritten in the form ¢ = Dp—(d—1) from

+1n the mechanics of straight cracks G = Jc = const![228,259].
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Fig. 27. Size dependence of energy release in (1) fractured aluminum alloy, and (2) alumina ceramic.
Points-data of experimental observations, which were collected in Ref.[111}; solid lines-calculations by
eq. (101) with H = 0.85 for Al alloy and H = 0.92 for alumina ceramic[17,33].

which immediately follows that the increase in the y.g arises from the increase in the true area
(length) of crack faces. Note that, for self-similar cracks with Dp = Dp, relation eq. (103) co-
incides with the relation suggested in[109] for the effective surface energy density of monofractal
cracks.

4.7. The size dependence of “‘effective fracture toughness”

Current practice for measuring fracture toughness applies predominantly bending loads to
cracks in test pieces, e.g. three-point-bend, compact, disk-shaped compact and arc-shaped speci-
mens. Further, test pieces are quite geometrically similar, with cracks penetrating about half the
widths of specimens and being about equal in extent to their thicknesses (see ASTM standard
E399[235]). Therefore, loading type and geometric proportions can be expected to have no affect
on the measured fracture toughness K¢, which according to the classical concept should be size
independent, i.e.

Kc(AL) = Kc(L), (104)

where L is the characteristic sample size.

Actually, however, analysis of this topic [236] shows that the experimental values of K¢
obtained for the same material in different experiments vary by more than a factor of two from
the lowest apparently valid values to the highest.

More recently, it was shown [237] that this difference in the fracture toughness data arises
from the size dependence of the fracture toughness, because the absolute size of the test piece is
not completely dictated by ASTM standards. On the basis of this analysis, the authors of[237]
have concluded that the strength intensity factor cannot be used as a parameter which controls
fracture.

It is easy to understand, that the aforementioned size dependence of K¢ shown in Fig. 28
results from the fact that within the interval eq. (52) the concept of stress intensity factor as the
coefficient in the inverse square root stress asymptotic eq. (70) cannot even be introduced,
because the stress fields obey the asymptotic form eq. (91) in the case of brittle fracture, or is
independent of r (within the interval eq. (52)), if fracture is ductile. So that, the toughness
measurements on specimens with characteristic absolute size L which is comparable with ¢c lead
to invalid results. From eqs (70), (77) and (90) immediately follows that if £, < L < ¢&c the
“effective toughness” obtained by standard mechanical tests will possess power law behavior

Kce(WL) = AP Kce(L) (105)
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Fig. 28. Size dependence of the effective fracture toughness K¢ for (1) xerox paper, and (2) AI37 steel at

—196°C. Points—experimental data from[237]; solid lines—calculations by eq. (105) with H = 0.67 for

paper [128] and H = 0.88 for steel [3]; dotted line—classical prediction of linear fracture mechanics,
eq. (104). Kjc is the plane-strain and K¢ is the plane-stress macrofracture toughness.

with f defined by eq. (79) if fracture is brittle, or universal scaling
Kc(AL) = vVAKc(L) (106)

for the case of ductile fracture.

As is evident from the graphs in Fig. 28, the calculations by eq. (105) are in excellent agree-
ment with experimental data reported in[237]. It should be emphasized, that for test pieces of
size L » &c, the measured toughness should be size independent. Hence, the ASTM standards
should be amended to include the specification of the absolute specimen size. Such specification
may be formulated on the basis of special research of this problem, which includes fractographic
investigations combined with standard mechanical tests.

4.8. Unloading from the free self-affine boundaries of an elastic solid under load

Now, let us consider a wedge-like notch with self-affine edges (see Fig. 26(d)). Under the
assumption that the weight function can be represented as the product of the Fg and F; func-
tions we derive the asymptotic stress field, which is produced by such a wedge-like notch, in the
following form

d-1 d+1

ajj l"anX—a"(Dij(G, U), [+ 7% =)\.+W —"‘2——, £0<r<£c (107)
where A is defined by the conventional equation[228]:
sin 2A(r — B) = £A sin 2(7w — B). (108)

It is easy to see that stresses cease to be singular if g < f*, where the critical value for the notch

angle f* is defined by the equation

d+DHH-d-1)
2H '

MB) = (109)

Moreover, from eqs (107)-(109) it follows that a self-affine roughness leads to unloading of
an elastic material near the free boundary, f = /2, i.e.

1-H

oo (—), O<m=(d—-1)—tr, r<éc, (110)
% 2

if H> H*, or
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Fig. 29. Stress distribution in an elastic cylinder of radius R under longitudinal tensile load 6, in the
case of (a) smooth and (b) self-affine boundary surface.

a,-,»oc\/%, r<éc (111)

if H < H*. Therefore, the stress distribution in the specimen with a self-affine boundary surface
has the form shown in Fig. 29(b), instead of the stress distribution in the specimen with a
smooth boundary surface, which is shown in Fig. 29(a).

4.9. Self-affine crack growth in the direction of uniaxial compression

Experimental data provide evidence that under uniaxial compression, an elastic material
can undergo a brittle fracture associated with crack propagation in the direction of compression
[261-263]. In this case an elastically deformed solid separated into two or more vertical columns.
At first glance, this ordinary phenomenon disagrees with the basic concepts of classical fracture
mechanics.t In fact, this type of fracture could not be explained by using the conventional frac-
ture criteria for a straight crack in a homogeneous continua. A crack orientated in the direction
of uniaxial compression does not interact with a uniform stress field (there is no dependence of
the energy release rate on a uniform stress applied parallel to the crack), so that a stress concen-
tration does not arise at the crack edge, i.e. K2 = 0.

Now, let us cut a sample which has a uniform stress field, into two parts along a cylindrical
surface with the axis oriented in the direction of compression. The stressed state in each half
remains the same, as before and the sum of the energies is equal to the energy of the whole
sample. Thus, if the crack propagation is rectilinear, the energy necessary to form new (fracture)
surfaces is not released. Therefore, new approaches have to be developed to deal with it.

The compressive description and quantitative estimation of fragmentation for brittle ma-
terials caused by uniaxial compression is a challenging topic that mechanic researchers have
faced for some time. Various suggestions have been published to resolve this paradox. For
example, Obert [263] developed a fracture model that is based upon compression of a stack of
blocks (grains). Compression in this case gives rise to lateral bursting forces that break trans-
verse bonds. Guz[264] suggested a new criterion for tensile fracture (along a crack), based on
the concept of a local surface loss of stability. It proposes that the quantitative fracture criterion
is not the stress intensity coefficient but the value of the critical load corresponding to the local
crack stability loss, as estimated by using the three-dimensional, linearized, elastic stability the-
ory. However, in their experiments Pisarenko et al.[265] determined that the shape of the crack
at its edge corresponds to a non-zero stress intensity factor, K, > 0.

tFor this reason this phenomenon is not considered in many textbooks of fracture mechanics (see, for example, ref.
[259]).
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Various methods have been proposed on the basis of allowance for possible inhomogene-
ities in the structure of the material and/or in the stress field [266, 267]. In fact, the columnar
fracture may be caused by the initial inhomogeneties in solids, however, experiments [265] pro-
vide that at least in some cases it is inadequate to appeal to initial defects.

It was noted[23,268] that a macroscopically rectilinear crack propagation along the line of
compression is also possible without the influence of initial inhomogeneties. For this to occur,
the macroscopically rectilinear crack at the “micro level” must propagate along a curvilinear
trajectory, oscillating about a straight line. In the previous section it was shown that a self-affine
geometry of the macroscopically linear boundaries leads to unloading from them. Hence, if a
self-affine crack propagates along the compression lines, the elastic energy can be released due
to unloading from the crack faces.

In the case of self-affine geometry of the crack faces it is easy to show (see Sections 4.5 and
4.6) that the energy release scales as

AUEO(

d-1 d—1)-2a]H
pzeg <A£>( HH{(d—=1)~2ay] (112)

[(d'— 1)—‘2(1”] e()

where « is the stress asymptotic exponent for the problem with a self-affine crack with a mean
plane parallel to the direction of uniaxial compression a;; = p.

From (eqs (12) and (103) we obtain an expression for the asymptotic stress fields near
(£y < r < &) the tip of a self-affine crack in the following form

—a _ 24 H -
oyi(r) x py/Dp — (d — 1)(&) ] _@- iy D, (113)

2H?

The crack can grow in the direction of compression only when stresses have a singularity at the
crack tip, i.e. if a>0; so that a self-affine crack can grow in the direction of uniaxial com-
pression if

V5—1 *

|>H>Hi="5—=0" (114)

It is interesting to note, that in this case the critical value for the roughness (Hurst) expo-
nent H« coincides with the golden mean ®* for both two and tree dimensional problems. Note,
that for two-dimensional problem H.> H* = 1/2, while for three-dimensional problems
H. < H* = 2/3.

5. CONCLUSIONS

Full scale material behavior and failure can only be predicted if the fractal properties of
failure patterns are taken into account. Adequate modeling of crack face topography gives a
way to describe fracture phenomena in one scale using the corresponding data for another scale.
Moreover, some phenomena associated with macro-crack propagation can be understand only
on the basis of fractal models for crack roughness. It is important that mechanics of self-affine
cracks allow a sufficiently rigorous mathematical formulation that meet requirements adopted in
classical solid mechanics. Moreover, the conventional linear fracture mechanics may be treated
as a special case of self-affine crack mechanics and may be used only in length scales larger than
the correlation length of crack patterns. In this way, it is shown that the ASTM standards for
test pieces for fracture toughness measurements must be completed by the specification of absol-
ute specimen size, which should be larger than the self-affine correlation length for the fracture
surface roughness.
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APPENDIX A

Experimental methods of fractal measurement of fracture surfaces

In order to investigate the fractal properties of a rough fracture surface, it is necessary to determine its area as a function
of measurement length. Several techniques have been developed for these measurements (see, for review, refs[133,137)
and references therein). In principle, stereophotogrametry should more or less provide an adequate topographic descrip-
tion of rough surfaces. Provided the computer used has enough memory, this very rich information can be analyzed to
measure the fractal dimension of the surface. A technique which provides a similar information, although in a very
different length scale domain is the scanning tunneling electron microscopy[3]. In practice, however, more commonly the
one- or bidimensional cuts of fracture surface are studied by using the fractographic methods[3,61-64].

Fractographic methods used to obtain fractal information from rough fracture surfaces, involve either obtaining surface
profiles from metallographic sections cut perpendicular to the surface plane (vertical section method), or from sequen-
tially prepared sections parallel to the surface plane (slit island method), or from spectral analysis of roughness of surface
(spectral methods) [133, 137]. Usually, an additional hypotheses is needed in order to achieve relation between fractal
properties of surface and its cuts.

The main purpose of these fractographic investigations is to determine the fractal dimension of fracture surface and the
limits within which the surface exhibits fractal properties. Of course, for a dimension to have any significance, repeating
an experiment must lead to the same value. One of the most critical problems of fractal measurement and applications is
the ability to recognize and correctly measure the fractal dimension of self-affine fracture surfaces. The horizontal con-
tours of a fracture surface may be statistically self-similar, but the vertical profiles are commonly self-affine {130, 137].
Hence, the horizontal and vertical cuts of a fracture surface have quite different scaling properties which must be esti-
mated by means of different measurements.

For statistically self-similar horizontal contours any reasonable procedure of fractal measurement should lead to the
same value of fractal dimension [3]. The question is how this fractal dimension relates to the fractal properties of self-
affine (or, generally, multiaffine) fracture surface. It seems that horizontal sections cannot give sufficient information for
fractal characterization of the fracture surface.

On the other hand, as it was already noted in Sections 2.4 and 2.6, for self-affine vertical profiles, there are many differ-
ent fractal dimensions, some local and global. The latter always equals the topological dimension of profile, while the
local dimensions may be expressed as functions of the roughness exponent, H (see Table 12).

Methods for measuring self-affine roughness exponent can be schematically cast into two groups. One find the classical
methods, developing for analyzing self-similar fractals: box-counting, divider, perimeter-area relation, power spectrum
scaling, which provide the different fractal dimensions for a self-affine surface [66, 135, 160, 269, 270]. Several other
methods sometimes used in practice of fractal measurement. Namely, the chord-length measurements [137, 169], vario-
gram method [130, 137], and correlation function measurement [169] are commonly used. On the one hand, several
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methods have been designed to specifically determine the self-affine exponents: a variable band-width method[161] and
return probability method[271].

Various experimental techniques are used for fractal analysis of fracture surfaces. Among them, the scattering techniques
(small-angle neutron scattering[127], optical diffraction experiments(3,63,127] and secondary-electron emission measure-
ment[127]), fractographic studies[61-63], adsorption—desorption studies (adsorption probes method[127] and thermodyn-
amic method [134]), deposition experiments [190], electro- and heat-chemical methods [120, 190], nuclear magnetic
resonance pore-size distribution measurement [169] and some indirect methods, such as skin effect measurement and

charge relaxation measurement [137], etc. For detailed review of experimental methods see ref. [137] and references
therein.
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