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A Constitutive Model for Binary-
Solvent Gels
A hydrogel is a network of polymeric chains hosting a large amount of the single solvent,
namely, water. The high degree of hydration not only endows hydrogels with desired attri-
butes such as superb biocompatibility but it also yields disadvantages, including high vol-
atility and inability to host hydrophobic drugs. The need for enhancing the versatility of
hydrogels to meet requirements of diverse applications has led to the fabrication of
binary-solvent gels (e.g., gels in aqueous ethanol) with the hope to capitalize on both the
merits of water and other organic solvents. In this paper, to understand the fundamental
mechanics of binary-solvent gels, we develop a constitutive model by formulating the free
energy function based on the extended Flory–Huggins lattice theory and deriving the equi-
librium equations. We then apply the model to examine the mechanical behaviors of binary-
solvent gels under mechanical forces, or subject to geometric constraints. The model can
consistently capture some experimental findings on binary-solvent gels such as the conon-
solvency effect. In particular, we employ the model to analyze a bilayer soft actuator con-
sisting of a binary-solvent gel film attaching to a passive polymer substrate. The proposed
model may provide insights into the design of novel soft machines based on binary-solvent
gels. [DOI: 10.1115/1.4047116]

Keywords: constitutive model, binary-solvent gels, free energy function, constraints, soft
actuator, elasticity, stress analysis

1 Introduction
Hydrogels are three-dimensional networks of hydrophilic poly-

meric chains that host a large amount of water, from a few
percent to thousands of times of their dry weight. The crosslinked
long-chain polymer network makes hydrogel solid-like and highly
deformable, and the high degree of hydration provides physical
similarity to tissues and endows hydrogels with excellent biocom-
patibility. Owing to the aforementioned merits, hydrogels are attrac-
tive for many applications in diverse technologies, including tissue
engineering [1,2], drug delivery [3–5], bioelectronics [6,7], and
energy storage [8]. Despite the success of hydrogels in a broad
range of applications, the water-rich polymeric aggregates still
face problems that originate from the high concentration of water.
For example, due to the volatile nature of water, most hydrogels
severely suffer from poor long-term stability since they dry out
very fast in open environments [9]. Moreover, although hydrogels
provide ideal platforms for controlled drug delivery, many drugs
and nutrients have poor solubility in water so that hydrogel carriers
can hardly deliver them [4,10]. To address these shortcomings
attributed to water, which is the single solvent in hydrogels, binary-
solvent gels have been developed, which bring together the inherent
merits of hydrogels with the attributes of other organic solvents
such as hydrophobicity and non-volatility. Examples include but
are not limited to novel drug delivery systems based on binary-
solvent gels which can carry both hydrophilic and hydrophobic
drugs [11], and gels formed in a binary solvent with enhanced
capacity of water retention [12].
The emergence of a myriad of functional hydrogels and their

broad applications has motivated recent developments of the consti-
tutive models for hydrogels. A nonlinear field theory of the hydro-
gel was formulated by extending the Flory–Rehner function,
accounting for both the stretching of the polymer network and the

mixing of polymer chains and water molecules [13]. In addition,
a number of theoretical frameworks have been put forward to
unravel the underlying mechanisms of hydrogels deforming in
response to different stimuli, including the variation of temperature
[14], salinity [15], pH [16], and light [17,18]. Mechanical behaviors
such as contact [19], damage [20,21], phase transition [22], visco-
elasticity [23], instability [24–26], self-healing [27,28], and aniso-
tropicity [29] have also been taken into account by mechanistic
models for hydrogels. Extensive efforts have been devoted to the
mechanics of hydrogels, namely, a gel in a single solvent of
water. In contrast, very few models have been developed to repre-
sent mechanical responses of binary-solvent gels, with two types of
solvent molecules mixing with the polymer chains (Fig. 1). The
swelling of polydimethylsiloxane (PDMS) membranes in the
mixture of water and ethanol was studied by adopting the Flory–
Huggins model [30]. By resorting to the statistical association
fluid theory, the degree of swelling and the gel-phase composition

Fig. 1 A binary-solvent gel is in contact with an external binary
solvent of two different types of molecules (namely, A and B) and
is subject to mechanical loads and geometric constraints. The
gel exchanges solvent molecules with the external solvent to
attain equilibrium of the system.
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of poly(N-isopropylacrylamide) gels in water and alcohols were
investigated [31]. A thermodynamic framework was reported to
explain the cosolvency and cononsolvency effects of gels swelling
in the binary solvent [32]. These studies focused on the free swell-
ing of gels in the binary solvent in the absence of mechanical con-
straints and forces, such that the understanding of mechanical
behaviors of binary-solvent gels in response to applied loadings
remains opaque. Notably, mechanical responses of gels in response
to even simple loadings can be of practical significance. For
instance, it has been demonstrated that hydrogels absorb water
and expand in volume when being stretched, and such swelling
behavior in response to tension may result in a novel instability
mode, the delayed instability [24]. However, it remains unclear
whether gels in binary solvents swell or shrink when subject to
tensile stresses. To this end, a constitutive framework that can be
applied to study the intricate interplays among applied stresses,
deformation of gels, and external solvents is highly desired.
In this article, we outline a simple yet generic constitutive model

to investigate the mechanical response of a gel in equilibrium with
binary solvent and mechanical forces. In Sec. 2, we present the fun-
damental assumptions and formulations of the model. The free
energy due to mixing polymer chains with two types of solvent mol-
ecules is derived by linking an extended Flory–Huggins lattice
theory to the framework of continuum mechanics. The equations
of state are presented in the most generic form. In Sec. 3, we
apply the constitutive model to binary-solvent gels subject to differ-
ent types of mechanical forces or constraints, as many applications
require gels to deform under external forces or constraints. In par-
ticular, we analyze a bilayer soft actuator consisting of a binary-
solvent gel film attaching to a passive polymer substrate. Conclud-
ing remarks are given in Sec. 4.

2 Formulation of the Model
We aim at developing a thermodynamic-based model for binary-

solvent gels. As sketched in Fig. 1, the binary-solvent gel is concep-
tualized as an aggregate of a network of crosslinked polymer chains
and two types of solvent molecules (namely, solvents A and B),
which is in contact with an external binary solvent and subject to
a set of mechanical forces and geometrical constraints. For this
system, we will first formulate the free energy function for binary-
solvent gels, and then implement the free energy function to the
thermodynamic framework to derive the equilibrium equations.

2.1 The Free Energy Function. Since the hydrogel is an
aggregate of a network of crosslinked polymer chains and two
types of solvent molecules, the free energy density W can be postu-
lated as a summation of the strain energy density Wstretch associated
with the stretching of the network and the contribution Wmix due to
the mixing of the network and the binary solvent; that is

W =Wstretch +Wmix (1)

For polymer chains crosslinked into a three-dimensional
network, the free energy density due to the stretching of the
network is taken to be

Wstretch =
1
2
NkT[FikFik − 3 − 2 log (detF)] (2)

where N is the nominal density of the polymer chains, i.e., the
number of polymer chains divided by the volume of the dry
polymer. F is the deformation gradient of the network, and FiKFiK

and detF are invariants of the deformation gradient.
We next formulate the unspecified free energy density Wmix

arising from mixing polymer chains and two types of solvent mol-
ecules. In many gels, the density of the crosslinks is very low since
each polymer chain may consist of over a thousand monomers, such
that it is commonly assumed that the effect of crosslinks on the
energy of mixing can be neglected. Moreover, following the
approach by Flory [33], monomers of polymer chains and mole-
cules of the two types of solvents are taken to be identical in size.
Based on these assumptions, the free energy density of mixing
Wmix for binary-solvent gels can be evaluated by exploiting the
liquid lattice theory in which monomer solute is distributed in a
solvent containing solvent molecules A and B (Fig. 2).
In the lattice model, we take unmixed polymer chains, pure

solvent A, and pure solvent B as the reference state (Fig. 2(a)),
and compare the energy change of the system before and after
mixing the chains and solvents, i.e., the energy of the mixed
system in Fig. 2(b) subtracts that of the reference state in
Fig. 2(a). In this framework, the energy change, aka, the Helmholtz
free energy of mixing Fmix, comprises two parts: the entropic con-
tribution due to the alteration of configurational entropy and the
enthalpic contribution arising from the heat of mixing. To determine
the entropic contribution to Fmix, we estimate the number of ways of
arranging NA solvent molecules A, NB solvent molecules B, and NP

polymer chains in a lattice consisting of N=NA+NB+ xNP cells.
Herein, x denotes the number of monomers in each polymer

Fig. 2 A liquid lattice model in which polymer chains are distributed in a binary solvent
comprising two types of solvent molecules (namely, molecules A and B). Each polymer
chain consists of x monomers. It is assumed the monomers and the solvent molecules
are identical in size. (a) The reference state of the system, that consists of unmixed
polymer chains, pure solvent A, and pure solvent B. (b) The mixed state of the system.
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chains; that is, each chain takes x contiguous sites in the lattice. The
NP polymer chains are consecutively added to the lattice, followed
by the insertion of NA molecules A and NB molecules B. Suppose
that i polymer chains have been randomly inserted into the lattice,
the expected number of available arrangements for the chain i+ 1
can be approximated, with a trivial error, by

Λi+1 =
Z − 1
N

( )x−1 (N − xi)!
[N − x(i + 1)]!

(3)

where Z represents the number of cells that are closest neighbors to
a given cell and usually takes a value between 6 and 12 [33]. There-
fore, the total number ΩP of differentiable ways of arranging NP

polymer chains in the lattice comprising N cells is given by

ΩP =
1
NP!

∏NP−1

0

Λi+1 =
Z − 1
N

( )NP(x−1) N!

NP!(NA + NB)!
(4)

NA+NB solvent molecules occupy the remaining lattice sites, and
the number of possible arrangements, ΩAB, can be evaluated by cal-
culating the NA combination of a (NA+NB)-set, such that

ΩAB =
NA + NB

NA

( )
=
(NA + NB)!
NA!NB!

(5)

To this end, the product of ΩP and ΩAB gives the total number Ω
of possible configurations for arranging NP identical polymer
chains, together with NA solvent molecules A and NB solvent mol-
ecules B, in the lattice consisting of N=NA+NB+ xNP sites

Ω = ΩPΩAB =
Z − 1
N

( )NP(x−1) N!

NP!NA!NB!
(6)

It follows that according to the Boltzmann relation that the con-
figurational entropy of the polymer solution should be given by
Ssolution= k ln Ω. Introduction of Stirling’s approximation for facto-
rials in Eq. (6) and subsequent simplifications yield

Ssolution = −k
[
NP ln

NP

NA + NB + xNP
+ NA ln

NA

NA + NB + xNP

+NB ln
NB

NA + NB + xNP
− NP(x − 1) ln

Z − 1
e

]
(7)

In the reference state (before mixing), the configurational entropy
of the polymer chains can be evaluated by plugging Eq. (4) into
Spolymer= k ln ΩP with NA=NB= 0, which gives

Spolymer = −k −NP ln x − NP(x − 1) ln
Z − 1
e

[ ]
(8)

Note that the configurational entropy of the pure solvent A, SA,
and that of pure solvent B, SB, are both zero. We then subtract
the configurational entropy of the reference state (i.e., Spolymer+
SA+ SB) from Eq. (7) to obtain the entropy of mixing polymer
chains and the binary solvents

Smix = Ssolution − Spolymer − SA − SB

= −k NP ln
xNP

N
+ NA ln

NA

N
+ NB ln

NB

N

[ ]
(9)

Taking into account that the assumption pertaining to the lattice
model, that is, the solute and solvent molecules are equal in volume,
we recast Eq. (9) in the form

Smix = −k[NP lnϕP + NA lnϕA + NB lnϕB] (10)

where ϕP= xNP/N , ϕA=NA/N, and ϕB=NB/N represent the volume
fractions of polymer chains, solvents A and B, respectively.
The enthalpic part of Fmix stems from the energy change due to

the formation of “contact pairs” between dissimilar molecules
during mixing the pure components. By restrict our attentions to

the interaction between nearest-neighbor molecules, the heat of
mixing for the binary-solvent gel system is thus

Hmix = kT[χAPNAϕP + χBPNBϕP + χABNBϕA] (11)

where χAP, χBP, and χAB are dimensionless measures of the strength
of pairwise interactions between molecules of different types, and
for convenience, the lattice coordination number Z has been
lumped into these dimensionless quantities [33].
By substituting Eqs. (10) and (11) into the definition of the Helm-

holtz free energy of mixing, i.e., Fmix=Hmix− TSmix, we arrive at
the expression for Fmix, that is,

Fmix = kT[NP lnϕP + NA lnϕA + NB lnϕB + χAPNAϕP

+χBPNBϕP + χABNBϕA] (12)

One notes that it is important to choose the correct normalization
volume for the free energy density of materials with changing
volume. For convenience, we take the dry polymer network as
the reference configuration, such that the free energy density Wmix

is linked to the Helmholtz free energy of mixing Fmix in Eq. (12)
by Wmix=Fmix/(xNPν), where ν is the volume of one monomer of
the polymer chains. Hence, we have

Wmix =
kT

ν

[
1
x
lnϕP + νCA lnϕA + νCB lnϕB + χAPνCAϕP

+ χBPνCBϕP + χABνCBϕA

]
(13)

where CA=NA/(xNPν) and CB=NB/(xNPν) are nominal concentra-
tions of solvent molecules in the gel, which are defined as the
number of solvent molecules per unit volume of the dry polymer
network. As noted above, x is the number of monomers in a
polymer chain that commonly takes quite a large value in many
gels. By setting x→∞, Eq. (13) reduces to

Wmix =
kT

ν
[νCA lnϕA + νCB lnϕB + χAPνCAϕP + χBPνCBϕP

+ χABνCBϕA] (14)

Considering the assumption pertaining to the lattice model that
the monomers and solvent molecules have the same volume ν, as
well as the definition of CA and CB, it is straightforward to obtain
the relations between ϕA, ϕB and CA, CB that

ϕA =
NA

N
=

NAν

NAν + NBν + xNPν
=

CAν

CAν + CBν + 1
(15a)

ϕB =
CBν

CAν + CBν + 1
(15b)

ϕP = 1 − ϕA − ϕB =
1

CAν + CBν + 1
(15c)

Plugging Eqs. (2) and (14) into Eq. (1) yields the free energy
density W of binary-solvent gels,

W =
1
2
NkT[FikFik − 3 − 2 log (detF)] +

kT

ν
[νCA lnϕA

+ νCB lnϕB + χAPνCAϕP + χBPνCBϕP + χABνCBϕA] (16)

The free energy density is defined using the dry state of the binary-
solvent gel as the reference configuration. Note that settingCB= 0 in
Eq. (16) would reduce the above free energy function to that for
single-solvent gels (e.g., hydrogels) which is given in Ref. [13].

2.2 The Equilibrium Equations. Figure 1 illustrates a gel in
equilibrium with a binary-solvent environment and a set of mechan-
ical forces and geometrical constraints. To be consistent with the
free energy function given in Sec. 2.1 that is defined on the dry
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state of the gel, we take the dry polymer network as the reference
state in developing the equilibrium equations for the binary-solvent
gel. X is the coordinate of a material element of the gel in the ref-
erence state. In the deformed state, the element moves to a place
of the coordinate x so that the field xi(X) describes the deformation
of the gel and the deformation gradient F is given by
FiK = ∂xi(X)/∂XK . The field CA(X) and CB(X) describe the distribu-
tion of solvent molecules A and B in the gel. In Sec. 2.1, we took the
three fields, F, CA(X), and CB(X), as independent variables.
However, the assumption of incompressibility of the gel imposes
a constraint among these variables. Since the volume of the refer-
ence state (i.e., the dry polymer network) is xNpν based on the
lattice model, the gel volume before and after swelling is correlated
by (xNpν) detF = xNpν + NAν + NBν; dividing the equation by
xNpν and considering the definition of CA and CB yield

1 + νCA + νCB = detF (17)

Consequently, only two of the three variables vary independently
and the third one is dictated by Eq. (17). In the present paper,
we use the deformation gradient of the gel, F, and the concentra-
tion of solvent molecule A, CA(X), as the two independent vari-
ables, such that the free energy function should be written as
W(F, CA).
A combination of Eqs. (15) and (17) gives that

ϕA =
νCA

detF
(18a)

ϕB = 1 −
νCA + 1
detF

(18b)

ϕP =
1

detF
(18c)

so that

W(F, CA) =
1
2
NkT[FiKFiK − 3 − 2 log J]

+
kT

ν

[
νCA ln

νCA

J
+ (J − νCA − 1) ln

J − νCA − 1
J

( )

+
χAPνCA

J
+
χBP(J − νCA − 1)

J
+
χAB(J − νCA − 1)νCA

J

]
(19)

where J = detF denotes the volume ratio.
When the gel equilibrates with the external binary solvent and the

mechanical forces, the change in the free energy of the binary-
solvent gel is equal to the work done by applied mechanical
forces and the external solvent

∫δWdV = ∫BiδxidV + ∫TiδxidA + μA∫δCAdV + μB∫δCBdV (20)

where Bi(X) and Ti(X) are body forces and surface tractions applied
on the gel and μA and μB represent the chemical potential of solvent
molecule species A and B, respectively.
Equation (20) describes the thermodynamic equilibrium condition

of a binary-solvent gel when the gel deforms by a small amount,
δxi(X), and the solvent concentration changes by δCA(X) and
δCB(X). The associated change in the free energy density is given by

δW(F, CA) =
∂W(F, CA)

∂Fik
δFik +

∂W(F, CA)
∂CA

δCA (21)

To apply the incompressibility condition (Eq. (17)) to the equilib-
rium equation (Eq. (20)), one notes that δCB(X) can be expressed in
terms of a combination of δxi(X) and δCA(X) using the variational
form of Eq. (17), that is

δCB =
1
ν
(detF)HiK

∂δxi
∂XK

− δCA (22)

whereHiK is the transpose of the inverse of the deformation gradient
F. By substituting Eqs. (21) and (22) into Eq. (20) and recognizing
that the equation holds for any δxi and δCA, we reduce the equilibrium
equation of the variational forms to that of the differential forms

∂
∂Xk

∂W
∂Fik

−
μB
ν
(detF)Hik

[ ]
+ Bi = 0 (23a)

∂W
∂CA

= μA − μB (23b)

Equations (23a) and (23b) constitute equilibrium equations for
binary-solvent gels. Equation (23a) is the force balance equation of
the gel; therefore, the nominal stress siK is thus defined by

siK =
∂W
∂Fik

−
μB
ν
(detF)Hik (24)

Inserting the explicit form of the free energy function in Eq. (19)
into Eqs. (23b) and (24) leads to

siKν

kT
= Nν(FiK − HiK )

+
[
J ln 1 −

νCA + 1
J

( )
+ 1 −

χAPνCA

J
+
χBP(νCA + 1)

J

+
χAB(νCA + 1)νCA

J
−
μB
kT

J

]
HiK (25a)

μA
kT

−
μB
kT

= ln
νCA

J
+
χAP
J

− ln 1 −
νCA + 1

J

( )
+
χBP
J

[ ]

+ χAB 1 −
2νCA + 1

J

( )
(25b)

In these equations of state, we have normalized the nominal stress
by kT/ν and the chemical potential by kT. Note that combining Eqs.
(25a) and (25b) to eliminate μB and setting CB= 0 (i.e., J= νCA+ 1)
would reduce the equations of state for binary-solvent gels to that for
single-solvent gels (Eq. (18) in Ref. [13]), which in turn justifies the
correctness of Eq. (25).
When the gel is in equilibrium with the external binary solvent,

μA and μB are homogeneous in the gel and should equal to their
external-solvent counterparts, namely,

μA = μsA (26a)

μB = μsB (26b)

According to the liquid lattice model presented above, the Helm-
holtz free energy of the external binary solvent is

Fs = kT

[
Ns
A lnN

s
A + Ns

B lnN
s
B − (Ns

A + Ns
B)

× ln (Ns
A + Ns

B) + χABN
s
A

NS
B

NS
A + NS

B

]
(27)

where Ns
A and N

s
B represent the number of molecules A and B in the

external binary solvent. Therefore, the chemical potential of solvent
molecules in the external binary solvent is

μsA
kT

=
∂Fs

∂NS
A

= lnϕs
A + χAB(1 − ϕs

A)
2 (28a)

μsB
kT

=
∂Fs

∂NS
B

= lnϕs
B + χAB(1 − ϕs

B)
2 (28b)

where ϕs
A = NS

A/(N
S
A + NS

B) and ϕs
B = 1 − ϕs

A = NS
B/(N

S
A + NS

B)
denote the volume fractions of molecules A and B in the external
solvent, respectively, and are quantitative measures of the

081010-4 / Vol. 87, AUGUST 2020 Transactions of the ASME



composition of the external solvent. To this end, once ϕs
A is known,

the composition of the binary solvent is characterized by ϕs
A and

ϕs
B = 1 − ϕs

A, then Eq. (28) determine μsA and μsB. It follows that
the deformation of the binary-solvent gel can be solved by inserting
Eqs. (26) and (28) to Eq. (25). In the numerical examples to come in
Sec. 3, we take the following values: χAP= χBP= 0.2, χAB=−0.9,
Nν= 10−3, and kT= 4 × 10−21 J for room temperature, unless other-
wise mentioned. It is worthwhile to mention that we intentionally
set χAP= χBP in this study to show that the model has been devel-
oped correctly: for example, the free-swelling curve should be
mirror-symmetrical given χAP= χBP if the model is accurately for-
mulated (see more details in Sec. 3.1). In real binary-solvent gels,
each solvent may have different interplay characters with the
polymer network. Different values of χAP and χBP can be readily
adopted in the model to represent distinct behaviors of the two sol-
vents (find examples in Sec. 3.5).

3 Results and Discussion
Hydrogels have been developed for diverse applications, includ-

ing micro-valves [34], actuators [35], and sensors [36]. Many of
these applications require hydrogels to swell and deform under
external forces, or subject to mechanical constraints. In this
section, the generic form of the constitutive model is fleshed out
to examine the deformation of binary-solvent gels subject to differ-
ent types of mechanical loadings and constraints.

3.1 Free Swelling of a Gel in a Binary Solvent. We first
investigate the free-swelling behavior of binary-solvent gels in the
absence of mechanical forces and constraints. When a dry
polymer network is immersed in a binary solvent containing mole-
cules A and B and is subject to no mechanical constraints and
forces, the network could take in solvent molecules of both types
and swell freely, resulting in a binary-solvent gel with an isotropic
stretch ratio of λ1= λ2= λ3= λ0. For this free-swelling process, Eqs.
(25a) and (25b) reduce to

Nν
1
λ0

−
1

λ30

( )
+ ln 1 −

νCA + 1

λ30

( )
+

1

λ30
−
χAPνCA

λ60

+
χBP(νCA + 1)

λ60
+
χAB(νCA + 1)νCA

λ60
=
μsB
kT

(29a)

μsA
kT

−
μsB
kT

= ln
νCA

λ30
+
χAP
λ30

− ln 1 −
νCA + 1

λ30

( )
+
χBP
λ30

[ ]

+ χAB 1 −
2νCA + 1

λ30

( )
(29b)

For a gel immersed in an external binary solvent with a given
composition, the chemical potential μsA and μsB in Eq. (29) are spec-
ified by ϕs

A and ϕs
B through Eq. (28), such that the stretch ratio λ0

and volume ratio of solvent A in the gel (relative to the dry
polymer network), νCA, can be solved from Eq. (29).
Figure 3(a) plots the total volume ratio of the gel, J = λ30, as a func-

tion of ϕs
A, which measures the volume fraction of solvent A in the

external binary solvent. As ϕs
A varies from 0 to 1, the binary-solvent

gel first shrinks in size gradually, with the volume becoming
minimum at ϕs

A = ϕs
B = 0.5, and then swells continuously until it

recovers its original volume. As expected, the curve is mirror-
symmetrical with the axis of symmetry being ϕs

A = 0.5. The reason
is that when χAP equals χBP, solventmoleculeA and solventmolecule
B are indifferentiable for the polymer network, such that, in terms of
mechanical behavior, a gel equilibrating with an external solvent of
ϕs
A = ϕ andϕs

B = 1 − ϕ should be identical to that in equilibriumwith
a solvent of ϕs

A = 1 − ϕ and ϕs
B = ϕ (herein, 0≤ϕ≤ 1). Moreover,

the abovementioned deswelling-to-swelling transition associated
with increasing ϕs

A, which has been observed in many gels such as
N-isopropylacrylamide (NIPAM) hydrogels in the alcohol-aqueous
binary solvent [37], is recognized as the cononsolvency effect and
is attributed to the negative value of χAB=−0.9 adopted in the mod-
eling. One notes that changing χAB from negative to positive would
facilitate the transition from the cononsolvency effect to the cosol-
vency effect. The influence of χAB on the phenomena of cononcol-
vency and cosolvency has been systematically investigated by
Xiao et al. [32]. In this paper, we will focus our attention on the
mechanical behaviors of binary-solvent gels subjected to external
forces and constraints but not elaborate on the effect of model param-
eters such as χAB. Also plotted in Fig. 3(a) are the volume ratio of
solvent A (relative to the dry polymer network), νCA, and that of
solvent B, νCB. With increasing ϕs

A in the external solvent, the
content of solvent A in the gel continuously rises, whereas the
content of solvent B diminishes. In a limiting case, namely, the gel
is immersed in pure solvent A with ϕs

A = 1, as expected, the
volume ratio of solvent B becomes zero so that the gel is fully
filled with solvent A. Likewise, the volume of solvent A vanishes
when the gel is submerged in pure solvent B with ϕs

A = 0.

Fig. 3 (a) The volumes of free-swelling binary-solvent gels as a function of ϕs
A, the volume fraction

of solvent A in the external solution. (b) The volumes of a binary-solvent gel and a single-solvent
gel versus the chemical potential of solvent A in the external solvent.
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To understand the free swelling of the binary-solvent gel better,
in Fig. 3(b), we compare the free-swelling stretch λ0 of binary-
solvent gels, which contains both solvent molecules A and B, to
that of single-solvent gels comprising solvent A only (e.g., hydro-
gels). Herein, a single-solvent gel refers to a polymer network
that is permeable to only one type of solvent (named as solvent A
in this case) in the external solution. The single-solvent gel is
highly swollen when the chemical potential of solvent A, μsA/kT ,
equals 0 in the external solution. As μsA/kT decreases from 0, the
single-solvent gel continuously expels the solvent, leading to a
rapid reduction in the stretch ratio λ0. When the chemical potential
μsA/kT drops below −2, the gel volume almost reduces to its
dry-state volume because of exposing to extremely low amounts
of solvent A in the external solution. These results are in line
with the findings reported by Hong et al. [13]. By contrast, as
μsA/kT is varied from 0 (pure solvent A) to −∞ (pure solvent B),
the stretch of the binary-solvent gel declines first due to the
outflow of solvent A and reaches a minimum at μsA/kT = −0.92
(corresponding to ϕs

A = 0.5). Intriguingly, the size reduction is fol-
lowed by a rebound in volume with λ0 gradually increasing, since an
increasing amount of solvent B migrates into the polymer network,
offsetting the volume shrinking caused by the loss of solvent A.

3.2 A Gel Subject to Uniaxial Tension and in Equilibrium
With a Binary Solvent. We next study the mechanical response
of binary-solvent gels under mechanical forces. Consider a gel in
equilibrium with a binary solvent comprising both solvents A and
B, and subject to a uniaxial stress s1. The deformation of the gel
is characterized by the stretch λ1 along the loading direction and
two transverse stretches λ2= λ3. According to Eq. (25), the
applied nominal stress s1 is related to the stretch λ1 by

s1ν

kT
= Nν λ1 −

1
λ1

( )
+
[
λ22 ln 1 −

νCA + 1

λ1λ
2
2

( )
+

1
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−
χAPνCA

λ21λ
2
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+
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2
2

+
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2

−
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(30a)

and the stresses in the transverse direction vanish, i.e.,
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The chemical equilibrium is dictated by
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These three equations together determine the stretches λ1 and λ2,
and the volume of solvent A in the gel νCA, given a applied stress s1.
We plot the applied stress s1 as a function of the stretch λ1 in

Fig. 4, with various values of ϕs
A. We find that, for gels immersed

in the external solution with 0.5 ≤ ϕs
A ≤ 1, a larger ϕs

A leads to a
more compliant response of the gel, namely, lower stress at the
same stretch. The explanation is that the higher the value of ϕs

A,
the more solvent the gel contains, and thus the more compliant
the gel is. For this reason, the gel with ϕs

A = 0.5 is stiffer than all
others are since it holds the least amount of solvent as evidenced
by Fig. 3(a). We also noticed that the stress–stretch curves of ϕs

A =
0.9 and ϕs

A = 0.1 coincide with each other because we take χAP=
χBP in the modeling and thus polymer chains cannot distinguish
between solvent A and solvent B, such that polymer networks equil-
ibrated with a solvent of ϕs

A = 0.9 and ϕs
B = 0.1 are identical to that

in connection with a solvent of ϕs
A = 0.1 and ϕs

B = 0.9.

The stress-induced variation of the solvent content in gels is crit-
ical to the deformation and failure of structures made of gels
[24,25,38]. For this, Figs. 4(b)–4(d ) plot the total volumes of
gels, as well as the volumes of solvents contained in the gels, as a
function of the uniaxial stretch λ1, with various values of ϕs

A. For
gels immersed in a pure solvent A, i.e., ϕs

A = 1, Fig. 4(b), the gel
consecutively takes in solvent A as the stretch increases, causing
simultaneous swelling and elongation of the gel. The prediction is
in good agreement with results reported in the literature for hydro-
gels [24,38]. As expected, the gel does not hold any solvent B since
it is connected to pure solvent A, such that the gel volume is the sum
of the volume of the polymer network and that of the solvent A. In
Fig. 4(c), it is demonstrated that the binary-solvent gel of ϕs

A = 0.9
also expands in volume as it elongates, by taking in both solvent
molecules of A and B from the external solution. Note that the
external binary solution of ϕs

A = 0.9 has 90% of solvent A in
volume, hence the gel immersed in it also contains more solvent
A than solvent B. Similarly, gels in contact with the binary
solvent of ϕs

A = 0.5 also swell in response to stretch and contain
an equal amount of solvent A and solvent B, Fig. 4(d ).

3.3 A Thin Layer of the Gel Bonded to a Rigid Substrate.
This section examines how mechanical constraints affect the
mechanical behaviors of binary-solvent gels. Specifically, we inves-
tigate the constrained swelling of a thin layer of the gel attached to a
rigid substrate. The gel is initially fabricated in a binary solvent of
ϕs
A0 and then attached to the rigid substrate, where ϕs

A0 denotes the
initial volume fraction of solvent A in the external solvent. The asso-
ciated pre-swelling stretch ratio is λ0, which can be obtained by
solving Eq. (29) with ϕs

A = ϕs
A0. When ϕs

A changes, the gel swells
and deforms. We assume that the thickness of the gel is small com-
pared to the dimensions in the plane of the substrate, such that the
deformation of the gel is homogeneous. The two in-plane stretches
are fixed to the pre-swelling stretch ratio λ0 by the underlying sub-
strate, and thus, the volume change of the gel is accommodated
entirely by the expansion in the thickness direction with an
out-of-plane stretch λ. In consequence, the gel develops an equi-
biaxial stress s in the plane of the substrate, the magnitude of
which is given by

sν

kT
= Nν λ0 −

1
λ0

( )
+
[
λλ0 ln 1 −

νCA + 1

λλ20

( )
+

1
λ0

−
χAPνCA

λλ30

+
χBP(νCA + 1)

λλ30
+
χAB(νCA + 1)νCA

λλ30
−
μsB
kT

λλ0

]
(31a)

and the out-of-plane stress that is normal to the substrate vanishes, so
that
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1
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Moreover, the chemical equilibrium equation can be obtained be
setting the volume ratio J = λλ20 in Eq. (25b),

μsA
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−
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= ln
νCA

λλ20
+
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+
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[ ]
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Equations (31a)–(31c) constitute the equations of state for con-
strained swelling of binary-solvent gels attached to a rigid substrate,
from which λ, sν/kT, and νCA can be solved given the initial state of
the gel, namely, λ0. We study the following numerical example: a
binary-solvent gel is fabricated in an external solvent of ϕs

A = ϕs
A0,
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thereafter the external solvent is added with more solvent A, which
slowly increases ϕs

A from its original value to 1. Figures 5(a) and
5(b) plot the thickness ratio λ and in-plane stress s, respectively, as
a function ofϕs

A for different values ofϕ
s
A0. It is shown that the thick-

ness change is highly dependent on the pre-swelling state. For the gel

fabricated in the solvent of ϕs
A0 = 0.1, as ϕs

A changes from 0.1 to 1, it
becomes thinner first, reaching minimum thickness at ϕs

A = 0.5, and
then thickens gradually and eventually arrives at its largest thickness
in pure solvent A ofϕs

A = 1. The corresponding in-plane stress s rises
at the beginning since the shrinking gel is stretched by the substrate to

Fig. 4 A gel in equilibrium with a binary solvent is subject to a uniaxial stress. (a) The applied
stress is plotted as a function of the stretch, with various values of ϕs

A. (b)–(d ) The volumes of
the gel, the solvent A, and the solvent B are plotted versus the stretch, for ϕs

A = 1, 0.9, and 0.5,
respectively.

Fig. 5 A thin layer of the gel is bonded to a rigid substrate and in contact with a binary solvent of
changing ϕs

A. (a) The gel changes its thickness in the direction normal to the layer to accommo-
date the volume change. The corresponding stretch ratio λ is plotted for gels with various initial
conditions of ϕs

A0. (b) The gel develops an equal-biaxial stress s in the plane of the layer.
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maintain the in-plane stretch λ0. The initial increase in stress is fol-
lowed by a decline once ϕs

A becomes larger than 0.5, which is attrib-
uted to the re-swelling of the gel. After ϕs

A exceeds 0.9, the gel
expands beyond its initial volume so that it is squeezed in the
plane of the substrate with a fixed in-plane stretch λ0, rendering the
stress s compressive. Similarly, the gel fabricated at ϕs

A0 = 0.3 also
exhibits a thinning-to-thickening transition in thickness and a shift
from tension to compression in in-plane stress, as ϕs

A changes from
its original value 0.3 toward 1. In stark contrast, as is evident from
Fig. 5(a), there exists no thinning stage for gelswith initial conditions
of ϕs

A0 ≥ 0.5, since binary-solvent gels attain their minimal volume
at ϕs

A0 = 0.5. Accordingly, these gels only undergo compression
during the process, as shown in Fig. 5(b). Actuators and sensors
are often designed by attaching a layer of the gel on the top of an
elastic substrate, and the results presented here may shed light on
novel designs based on binary-solvent gels.
Moreover, Fig. 5(a) demonstrates that gels subject to constrained

swelling with distinct ϕs
A0 attain different volumes at the same ϕs

A,
while Fig. 3(a) shows that free-swelling gels should arrive at the
same volume given a ϕs

A, regardless of their initial condition. The
comparison indicates that mechanical constraints can markedly
affect the volume of the gel.

3.4 A Bilayer Soft Actuator Based on Binary-Solvent Gels.
Soft functional devices can be constructed by utilizing the swelling
response of gels. Kuang et al. attached a cellulose hydrogel film to a
passive polymer substrate, forming a cellulose-hydrogel-based
bilayer soft actuator [39]. Since the cellulose-based hydrogel is pre-
pared in an aqueous solution with relative humidity (RH) of 100%,
exposing the bilayer actuator to the air environment of RH <100%
expels water from the hydrogel, causing a significant decrease in the
volume of the cellulose hydrogel film and thereby driving the
bending of the bilayer to scroll up toward the gel side.
Binary-solvent gels can also be adopted to construct bilayer soft

actuators. The inset of Fig. 6 illustrates the schematic of a bilayer
actuator enabled by the binary-solvent gels. The gel fabricated in
a binary solvent of ϕs

A0 is attached to a passive substrate, and the
pre-swelling stretch ratio λ0 can be determined by solving
Eq. (29). The as-made bilayer is flat with an initial curvature of
κ= 0. When ϕs

A varies in the external binary solvents, the gel
changes its volume and drives the bending of the bilayer actuators.
By taking the gel layer as a thin film, the material state variables
(strain, stress, and solvent concentration) remain the same
through the film thickness, and the stress component normal to
the gel surface vanishes, i.e., s3= 0. The stress component s2

along the length direction of the film can be determined by analyz-
ing the bending of the bilayer laminate, which yields,

s2 =
1 − λ2/λ0

3
hs
hf

Es (32)

where hs and hf denote the thickness of the substrate and the film,
respectively and Es represents Young’s modulus of the substrate.
Moreover, the contraction of the film along the width direction
of the film is strongly restricted by the thick polymer substrate,
such that λ1= λ0 and the volume ratio J= λ0λ2λ3. The governing
equations for the bilayer soft actuator are comprised of three equa-
tions that
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In the following calculations, the material properties being used
are Esν/kT= 5Nν, hf/hs= 0.1, and hs= 1 mm. Other parameters are
taken as same as those used in previous calculations. We solve
Eq. (33) for λ2, λ3, and νCA at various ϕ

s
A. Then, the bending curva-

ture can be evaluated by

κ =
2(1 − λ2/λ0)

hs
(34)

In Fig. 6, the bending curvature κ, a measurement of the actuation
performance, is plotted as a function of ϕs

A (0.5 ≤ ϕs
A ≤ 1), for

various values of ϕs
A0. It can be seen that the bilayer actuator

remains flat for ϕs
A = ϕs

A0. For ϕ
s
A < ϕs

A0, the gel film loses solvents
and shrinks in volume, driving the bilayer to bend toward the gel
side and rendering the curvature κ positive. On the contrary, for
ϕs
A > ϕs

A0, the absorption of solvents leads to the volume expansion
of the gel film, and thus, the laminate rolls up toward the substrate
side, causing a negative curvature.

3.5 Comparison With Experimental Results. In this section,
to verify the model developed in this work, we will apply the model
to characterize experimental results recently reported in Ref. [40].
As a brief description of the experiment, random copolymer gels
of NIPAM and N-ethylacrylamide were synthesized. The free-
swelling behavior of the gels was studied by immersing the gels
in different methanol–water mixtures, and the swelling ratio was
recorded as a function of the volume fraction of methanol in the
methanol–water binary solvents. It was revealed the swelling
ratio minimizes at a volume fraction of methanol around
ϕs
methanol = 0.35, which is known as the cononsolvency effect. In

this study, we use Eq. (29) to characterize the free swelling of
gels in the methanol–water binary solvents. The dimensionless
modulus of the gel is taken to be Nν= 10−3. Other model parame-
ters are determined by fitting Eq. (29) to the experimental data, and
we find χAP= 0.28, χBP= 0.2, and χAB=−0.95. Note that solvent A

Fig. 6 Bending curvature of the bilayer soft actuator as a func-
tion of the volume fraction of solvent A in the external binary sol-
vents. The inset shows the schematic of the bilayer actuator
consisting of a binary-solvent gel film attached to a passive
polymer substrate.
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represents methanol and solvent B is water in this case. As shown in
Fig. 7, the theoretically fitted curve matches reasonably well with
experimental results, indicating that our model can well capture
the intricate interplays among polymer chains, methanol, and
water. We would like to emphasize that the discrepancy between
the model’s predictions and experimental results is mainly attrib-
uted to the simple Flory–Huggins lattice theory used here. Adopting
an alternative form of Wmix may better fit the experimental results
but is not the objective of this paper. Moreover, experimental data
on binary-solvent gels under mechanical loads are still lacking,
we thus call for further experimental studies to demonstrate the
research findings from the present study.

4 Conclusions
In this study, we developed a constitutive model for binary-

solvent gels, which refer to gels comprising two types of solvent
molecules (e.g., gels in aqueous alcohols) [10,11], and studied
their mechanical responses to mechanical loadings and geometric
constraints. We first formulated the free energy function for binary-
solvent gels by extending the Flory–Huggins lattice model and
derived the equilibrium equations in generic forms. Since applica-
tions of gels often require them to swell and deform under con-
straints or external forces. The theoretical model was then applied
to examine various types of deformation modes of binary-solvent
gels, including free swelling, uniaxial tension, and constrained
swelling. Our modeling successfully captured some experimental
findings about binary-solvent gels such as the cononsolvency
effect. Moreover, we analyzed the actuation of a bilayer soft actua-
tor that consists of binary-solvent gels attaching to a polymer sub-
strate. We expect the proposed model to deliver insights into the
deformation mechanics of binary-solvent gels and promote the
development of this novel type of the soft material toward soft
machines with enhanced functional applications.
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