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Abstract

A precise integration algorithm is used in combination with the extended Wittrick—Williams algorithm to solve the differ-
ential equations governing stationary random wave propagation in layered anisotropic material. The natural frequencies and
corresponding modes of vibration are calculated to arbitrary precision. Four examples are given, two of which highlight a
phenomenon corresponding to beats.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

The ability to solve wave propagation problems has improved significantly from straightforward applications
involving homogeneous material through progressively more demanding situations that necessitate solutions in-
volving layered media. Such development is adequately reflectfild-6]. Today, the efficient solution of wave
propagation problems in layered media has increased importance since it is applicable to a wide range of physical
problems ranging from ultrasonic wave propagation in fibre reinforced composite materials to seismic disturbance
of stratified soil. Within the latter category, the response of stratified soil overlying rock substrate that is being
randomly excited is currently of particular interest.

The technique that is usually adopted for the solution of wave propagation problems is to apply the spectral
analysis method and transform the resulting equations to the frequency—wave number domain. As a consequence
it becomes necessary to solve only ordinary differential equations with the frequency and wave number regarded
as parameters. However, analytical solution is still intractable and resort is made to a matrix appr&8tthat
is similar to the conventional finite element technique. The propagating waves correspond to the eigensolutions of
the ordinary differential equations derived from spectral analysis and their efficient calculation lies at the heart of
the solution process. The purpose of this paper is therefore to use an efficient and precise integratiofi rjéthod
combination with the extended Wittrick—Williams algoritH@?—14]to solve the equations that are derived from
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semi-analytical methods and result in the solution of a two point boundary value problem. The method can also be
used to find the eigensolutions to any desired accuracy, subject only to the accuracy of the host computer.

2. Basictheory

Fig. 1shows a layered medium overlying a base layer. The coordinate axes form the right-hanggdzseith
the z-axis positive downwards arnd= 0 at the surface. Thielayers are separated by the horizontal planesz;
(i=0,1,...,0),wherez; < z;, for j > i andz = z is the lower boundary with the base layer. The following
assumptions are made:

1. Waves are only propagated in thdirection.

2. The base layer is subjected to random excitation inxtaglane alone.

3. The material of each layer is assumed to be anisotropic, homogeneous and of constant depth, but these propertie
can differ in value from layer to layer.

These assumptions imply a generalised plane strain problem, due to the necessary displacement of the layers i
the transverseyf direction following from the assumption of anisotropy. Furthermore, the geometrical and material
properties of the layers, as well as the forces to which they are subjected, are independent of the transverse coordinat
Hence the stress, strain and displacement are functionarmdz alone.

Consider the problem formulated in the frequency domain, wittenoting the wave frequency. Then, assuming
all quantities are multiplied by expét), where i= +/—1, the total displacemenis v, w along the respective inertial
coordinates, y, zare given by

it = 0(x, 2, 0) + fig(x, ), V=0(x, 2, 0) + (x.0), W= i(x, 2, 0) + y(x, 0), (2.1)

whereu, v, W are the layer displacements aingl ,, W (x, 1) are the displacements at the lower boundary ema-
nating from the random excitation of the base layer. The stress—strain and strain—displacement relationships for the
generalised plane problem are then given by
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Fig. 1. Schematic diagram of layered medium.
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whereD is the material rigidity matrix, which differs from layer to layer. The total strain, analogous to the total
displacements dEq. (2.1) is then given by
ditg s s s L O S . 0w
o Yy =y T Vg, Vxyg = o Vxza = VY2 T Vxag,  VYxzg = o
(2.3)

Ex = &x +Exg, Exg =

where the base layer quantities are calculated by inserting appropriate properties.ifgo2) The total stress
follows directly aso, = 6, + g, etc. The dynamic equations are then given by

%+t—zﬂ+pa)2ﬁ+ﬂ=0’ }‘x=pw2ﬁg+% E)g—zng,

8;—Zﬂ+a;—xyx+pw2f)+}y=0, ﬂ:pa)zf)g+a;—fg+%,

%+e§—xz’(+pw2@+ﬂ=o, }Z=pw21bg+a§—zzg+%, (2.4)
wherep is the density. The surface boundary conditions are

6, +06,9=0, Txz + Txzg = 0, Tyz+ Tyg =0, whenz =0 (2.5)
while the interface boundary conditions are

i, 0, Wwando; + 69, Txz+ Txzg, Tyz + Tyzgare continuousag (0 < i < 1) (2.6)
and the boundary conditions at the base layer are

i=0=w=0 whenz=z 2.7)
If now « is defined as the wave number in theirection, all variables can be expressed as

i = u(z) explixx), v = v(z) explikx), W = w(z) explikx), &x = &x(z) explixx),

0y = 0x(2) explixx), Exg = exg EXP(ikX), g = ug XPikx), Vg = vg EXP(ikX),

We = wg XPiKX), ..., (2.8)

whereu, v, w, oy, &, are functions ok andu,, ve, wg, exg are independent af For eigensolutions the parameters
w andk are not mutually independent, so that a value must be assigned to one of them in order to calculate the other.
Itis easier to calculate with « known than vice versa.

3. Thedual equations

Substitutingeq. (2.8)into Egs. (2.2) and (2.3)ives

. i . ow . i . ou +i . v . i . 0

&y = lku, g, = —, = kv, = — Kw, = —, Exqg = lkUy, &9 =0,

x z 9z Vxy Vxz oz Wz 32 Xg g 79

)>Xyg = iKUg, ]}ng = iKU)g, 7>yzg =0. (31)
If we now let

o=1{6: & By e fel.  e={& & Py e Kl (3.2)
then

o =De and o, =De,. (2.2)
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Substitutingeq. (3.2)into the dynamics equations (2.4) and writing the result in matrix form gives
K220 + (K21 — K12)q — K119 + pg =0, (3.3)

whereq is the displacement vector, the dot notation represents differentiation with resgeittsoould be noted
thato,y = 0 etc. and

q={u,v,w}, (3.4a)
e = —K1alug, vg, e, (3.4b)
Dss  Dsg  Ds3 D51 Ds4  Dss
Koo=| Dgs Des De3 | K21 =ik | De1 Des Des |,
D35 D3 D33 D31 D34 Dss
T
Ds1 Dss4  Dss D11 Dia Dis
Ki2= —ik | D1 Des Des | Ki1=k?| Dy1 Das Das | — po°l3 (3.5)
D31 D34 Dss Ds1 Ds4  Dss

which are all functions of andw. It can be seen that,, = K5, K11 = K|, K5, = K12, where the superscript
H means Hermitian transpose.
For ease of solution, the second-order differential equation (3.3) can be transformed into dual form by introducing

the dual vector

p' = —(K229 + K219) (3.6)
from which the dual differential equations are derived as

q=Aq+Dp/, (3.7a)

p'=Bqg+Cp' +pg, (3.7b)
where

A=-KyKa,  B=-Kuu+KiKyKa,  C=KipKy and D=-K,. (3.8)

ClearlyB andD are Hermitian matrices ar@ = —AH.
The boundary conditions are
q=1{0,0,0" whenz =z, (3.92)
and
P’ = Po = {txzg. Tyzg. 0zg}’ Whenz =0, (3.9b)

wheretyyg, ty,g andozg can be obtained fror&gs. (3.1) and (2.2
If we now letp’ = p + po then

g = Aq+ Dp + Dpq, (3.34)

p =Bqg+ Cp+ (pg + Cpo) (3.30)
and the boundary conditions become

q=1{0,00" whenz=z (3.94)
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and
p=1{0,00"T whenz=0 (3.95)

andq, p are continuous at an interface.
The dual equation can now be written in state space form as

V=Hv+s H=[A D],v:{q},s=is‘f}={ DPo } (3.10)
B C p Sp Cpo + Py

wheresis the force vector.

It should be noted that the eigensolutions of the system are independent of the force, but it will be retained for
use in the next section, where it will be convenient when dealing with response due to random excitation of the base
layer.

4. Theinterval formulation and matrix differential equations

Let the two stationg, andz, (z, > z,) required by the interval formulation of the precise integration method
be selected arbitrarily within a layer to form the interval, [z,]. If vectorsq, andp, are given at the two ends,
respectively, and vectaris given on the interval, the solutiap p on the interval £,, z,] is known.

Because the system is linear, the relationship is

q» = Fg, — Gp, +Q, (4.1a)
P. = QMd, + Ep, + P (4.1b)

whereF, Q, G, E are complex matrices to be determingdhe displacement vector at ergd p the force vector at
endz, when the interval is subjected to forsgendz, is clamped and eng}, is free. Differentiating equation (4.1a)
and (4.1b) with respect tband assuming,, p, are given yields

G» = Faa — Gpp — GPy + 9 (4.2a)

0=Qq, + Epy + Eps + p. (4.2b)
The dual equation can then be written as

d» = Aqg, +Dp, + 5. (4.3a)

P» = Ba, +Cp, +Sp. (4.3b)

CombiningEgs. (4.2a) and (4.2l@ndEqgs. (4.3a) and (4.3lgives
(F — AF — GBF)q, + (-G — D — GC + AG + GBG)p, + (—A —GB)d +q — Gs, — s, = 0, (4.4a)

(EBF + Q)q, + (~EBG + E + EC)p;, + EBG + p + Es, = 0. (4.4b)
Noting that the vectorg,, p, are mutually independent yields the equations

F = (A+GB)F, (4.5a)

E = E(BG — C), (4.5b)

G =AG - GC — D+ GBG, (4.5¢)

Q = —EBF, (4.5d)
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G=(A+GB)q+Gs,+5, (4.5¢€)
p=—EBG —Es,. (4.5f)
By going to the limit ag;, — z, the boundary conditions for these equations are

G(za, z2p) = Q(za, zp) =0, F(za, zp) = E(za, ) =1,
0(za, 2p) = P(za, 25) =0 whenz, — zp. (4.6)

5. The combination of adjacent intervals

Two adjacent intervalsz], z,] and [z, z.], for which the interval matrices/vectors aie1, Q1, G1, E1, pP1, Q1)
and(F2, Q2, G2, E2, P2, 02), respectively, can be combined to form a longer interggl4.] with interval matri-
ces/vectorsF., Q., G, E., Pe, Gc)-

Applying Egs. (4.1a) and (4.1 intervals 1 and 2 gives

Op = F104 — G1pp + Q1 for[zq, zp], (5.1a)

Pa = Q10a + E1pp +P1 for[zq, zs]. (5.1b)

de = Fadp — Gape + G2 for [zp, zc], (5.2a)

Pr = Q20 + E2pc + P2 for [z, z] (5.2b)
and the requirement is to find the equations of the combined interval in the form

de = Fela — GePe + Qe for[za, zc], (5.3a)

Pa = Qcla + Ecpe + Pe - for[zq, zc] (5.3b)
Solving for the vectorsy,, pp by usingEgs. (5.1a) and (5.2lgives

dp = (I + G1Q2) 'F10, — (G + Q) 'Eape + (I + G1Q2) 'd1 — (G + Q2 P2, (5.42)

Py = (Q3" +G1) " 'F1da + (I + Q2G1) 'Eap. + (Q; 1+ G1) ta1 + (I + Q2G1) P (5.4b)

Substituting these back integs. (5.1b) and (5.2aives
de = Fa(l + G1Q2) "*F10s — [G2 + F2(G1 ™ + Q2) 'Ezlpc + F2(l + G1Q2) *(d1 — G1p2) + G2, (5.52)
Pa = [Q1 +E1(Qz* + G1) 'F,]da + E1(l + Q2G1) ™ *Ezpe + Ex(l + Q2G1) ™ (Q21 + p2) + P1. (5.5b)
Comparingegs. (5.5a) and (5.5hyith Egs. (5.3a) and (5.3Mgives

Fe = F2(l + G1Q2) " *Fy, (5.6a)
G =Gz + F2(G; " + Q) 'Ez, (5.6b)
Qc = Q1 +E1(Q;* + Gp)tFy, (5.6¢)
Ec = E1(l + Q2G1) 'Ea, (5.6d)
dc = 02 + F2(l + G1Q2) (a1 — G1po), (5.6e)
Pe = P1 + E1(l + Q2G1) (Q201 + P2). (5.6f)

These equations are important for eigenvalue problems or the solution of ordinary differential equations.
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6. Initialisation of interval matrices

Egs. (5.6a)—(5.6fhave shown how interval matrices/vectors operate, but so far no interval matrices/vectors have
been derived, so that only the system matride®, C, D and force vectos are available. Therefore, it is now
necessary to generate a set of interval matrices/vectorsArd@nC, D ands.

The present case constitutes a system which is independent of the coordivititin each layer of material,
which can therefore be considered as an interval. It is then possible to subdivide this interval into any number
of equal length subintervals. For convenience, the procedure adopted is a two-step process. The layer thickness
Dz; = (z; — zi—1), can be first divided into 64 identical sublayers, so that each one has thickness sulbB /64.

This provides the points at which the elements of subsequent eigenvectors will be calculated if required. Each of
these sublayers can then be further divided iffos2iblayers, each with the extremely small thickness:
. sub Oy; sub I;

_ for N = 20,
2N~ 1048576

For this intervalr, the interval matrices/vectoks Q, G, E, p, q can be found as follows. Based on the differential
equation (4.5and using the interval boundary conditiondaf. (4.6) the Taylor series expansion can be expressed
as

Q1) = 017 + 07° + 037 + 0477, (6.1a)
G(r) =yt + 'yztz + 73r3 + 'y4t4, (6.1b)
F () =@t + @1 + @3 + 47", F() =1 +F (0, (6.1c)
E'(0) = W17 + Wpr° + bgr® + yt?,  E(0) =1 +E'(v), (6.1d)
a(r) = a1t + azt2 + 8313 + ast?, (6.1e)
P(7) = b1t + bo1? + bat® + bat?, (6.1f)

where®;, ¢;, ¥;,v; (i = 1, 2, 3, 4) are all 2« 2 coefficient matrices argl, b; (i = 1, 2, 3, 4) are all 2x 1 coefficient
vectors which have yet to be determined. Substituigg(6.1)into Eq. (4.5) and comparing coefficients of various
powers oft gives the following equations:

01=-B, y,=-D. ¢ =A U =-C.  a=s,. bi=-s, (6.2)

02 = —3(;B + Bey), Yo = 3(Ay; —v:0), ©; = 3(Agy +v1B). ¥, = 3(By; — U, 0),
a = 3(Aa1+v1S,),  br=—3(Bar+¥ss)), (6.3)

03 = —3(W,B + B, +¥1Bey). vz = 3(Avy — ¥2C + v1Bvy). ©3 = 3(A@y +v,B + v1Bey),
U3 = 3By, + By —$,C),  as = 3(Aaz +v;Ba1 + v,5,). bz = —1(Baz + 1 Bag + Ws)),
(6.4)

04 = — (3B + Beg + 1,Be; + U1Boy). Y4 = (A3 — v3C + v2By1 + v1Bvo).
©4 = 5(A@3 +v3B + v,Be; + v1Bey). Uy = F(Byz + 1 Byy + byBy; — P30),
as = 3(Aag+v;1Baz + v,Bas +v3s,).  ba = —3(Bag + by Bay + yBay + i3s)). (6.5)

These matrices/vectors can be computed successively without iteration. However, the precision must be considered
carefully as follows. The Taylor series expansions are truncated aftef teems and the first term is of order
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Therefore, the relative order of the neglected termg'isHowever, ifN = 20, r has been divided by rather more
than 16. Thus,* will be of the order of 1024, which is well beyond the precision of 1 of a reak8 word.

All derivations in the previous sections are exact, in the sense that the sole approximation made, namely the
truncation of the Taylor series expansionkgs. (6.1) has just been shown to cause a numerical error which is
less than the round-off error of double precision computation. Therefore, the method is exact in the sense that any
method can be exact, i.e. it is as exact as the computer precision permits. However, eealise F' andF’
is a matrix of small quantities, the addition must not be executed when the interval is very small, as otherwise
unnecessary numerical errors would be induced and the exactness lost. Therefore, it is vitally important that only
F’ is generated and stored in the computer memory, and kevdence it is necessary to replaggs. (5.6)oy

F.=(F - 36Q)(+GQ) ™+ (+GQ (F -3GQ +F(+GQ~'F, (5.64)
G.=G+(+F)G1+Q 11 +E), (5.6H)
Qe=Q+(+ENQ*+G) I +F), (5.6¢)
E.=(F —3GQ)(1+GQ) "+ (I +GQ)(F - 3GQ) + F (I +GQ)'F, (5.6d)
Ge = G2+ (I + F)( + GQ)*(G1 — Gp2), (5.6€)
Pe =P1+ (I +EN( +QG)1(Qfys + p2). (5.6f)

7. The 2V algorithm

After generation of the interval matrices/vectdtér), Q(z), G(1), p(1), G(r) of length r, combination must
be used to obtain the matrices/vecté¥gsub [x;), Q(sub Ix;;), G(sub x;), p(sub Ix;), g(sub ;) of the given
interval sub ;. There are ¥ = 1048576 forN = 20, smallz intervals. Since all these small intervals are
identical, the interval combination &fqgs. (5.6)can be applied witl)1 = Q, etc., and the combination of thé'2
identical intervals require ‘doubling up’ executions oEgs. (5.6)as given by the instructions

{F'(v), Q(1), G(1), p(1), (1)} generated by Eq6.1)
for (itera= O; itera < N; itera+ +) {
{The execution of Eqg5.6a—f"); }

Q=Q:;: G=G; F=F_;E =E;p1=p: G2=0c (7.1)

}

{Q(subx;) = Qc; G(subx;) = G; F(sub ;) =1 + F.;

E(subx;) = | + E.; p1(sub ;) = p.; G2(sub ;) = G}
The algorithm (7.1) gives the computation for a sublayer of thickness suttHbwever, it is required further to
find the layer interval matrices/vectd@xDz;); G(Dz;); F(Dz;); E(Dz;); p(Dz;); Q(Dz;). The reason for setting up
a sublayer of thickness sukxDis that if the thickness of say, thth layer, Ix; = (z; — z;—1), is too large, a wave
could possibly occur within it. The division into 64 small sublayers ensures that internal waves are impossible, i.e.

for each such sublayer its eigenvalue codptw) = 0. Subsequent combinations of these layers involves keeping
track of the eigenvalue count by using the equation

Tne(@) = Jn1(@) + Jma(@) — s{G1} + s{(G1 + Q). (7.2)

wheres{- - - } is the sign count of the matrix within the brackdes). (7.2)is a necessary complementlqgs. (5.6)
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The following instructions give the computation of layer interval matrices/vectors
Q(Dz;); G(Dz;); F(Dz;); E(Dz;); p1(Dz); §2(Dz;)
{Q1=Q2=0Q(subx); G;1=G2=0G(subx); F1=F2=F(subx)
E;1 =Ex =E(subLly); p1=pi(subly); @2=02(sublx); Ju1=Ju2=0}
for (itera= 0; itera < 6; itera+ +) {
{The execution of Eqg5.6) and(7.2)}
Qi=Q=Q:;G1=G2=G;;F1=F2=F
Ei1=Ex=E:;P1="0c; 02 =0c; Jm1 = Jm2 = Jic
}
{Q(Dz2) = Q¢; G(Dz) = G,; F(Dz) = F¢;
E(Dz) = E¢; p1(D2) = Pe; G2(Dz) = Qe; Jn = Jmc}

The algorithm for combining the matrices/vectors of all the intervals into one overall interval is similar=6t
be treated as eral then the algorithm is

(7.3)

for (layer = 1; layer < layers; layer + +) {
if (layer == 1) {
Q. = Q(layer); G, = G(layer); F. = F(layer);
E. = E(layer); pc = p(layer); §c = q(layer); Jme = Jm1
}
else{Q1 = Q(layer); G1 = G(layer); F1 = F(layer); (7.4
E1 = E(layer); p1 = p(layer); G1 = q(layer); Ju1 = Jm1
{Q2=0Q;G2=C,;; F2=F;
E2 =Ec P2 =Pe; G2 = Qc; Jm2 = Jincs }
{The execution of Eq%5.6) and(7.2); }
}
So far we hav&®,, G, F., E, p¢, Gc, Jme, the overall interval matrices/vectors and EC, where EC stands for the
eigenvalue count anif,; means the EC for the layer. From the EC computation in combination with a binary search,

one can find all the eigenvalues without ever missing any.
In order to maintain the mode shape, consider the dual equation (3.10). Its homogeneous equations are

A, D
v, =Hyv,, whereH, = | | v={% (7.5)
Br Cr pr
and whose solution is
V. =exp(H,-z)Vo,-1 z € [zi—1, zi], (7.6)

whereyv, is the state variable defined for thi layer andvg ,_1 is the value oV, atz = z,_1.
For givenw,? and making use oEgs. (7.5) and (7.6he state variabley, atz = / can be expressed in state
variable formvj ; atz = 0 as

Vo, = exp(H; - i) x exp(Hj—1 - hy—1) x -+ x exp(H1 - h1)Vo1 = Hvoo
H= exp(H; - hy) x exp(Hj—1 - hj—1) x --- x exp(H1 - h1), (7.7)
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whereh, (r = 1,2, ..., 1) is the thickness of theth layer and represents thith eigensolution. The matritd can
be obtained using the precise integration method H.ée the terms that lie in the first three rows and first three
columns ofH, then considering the boundary to be clamped-atz; and free at = 0 gives

Hgi0 =0, (7.8)

whereq; o is the value of théth mode shapg; atz = 0. FromEq. (7.8)and noting thap; o = 0, we can obtain the
state vectoxy,  atz = 0 when the eigenvalue tslz and the analytical mode shape follows fr&mqg. (5.5)

LetH, =M, diag()»,)M,—1 andMy, = the first three rows o1, then
Vi = ML x diaglexpl - 2)] x (M5 7Ih, 4 (7.9)
and
Gri = M, x diaglexpl - )] x (M) 71vg, ;. (7.10)

Thus if we know the state vect(nfl‘c',)0 atz = 0, we can uségs. (7.9) and (7.10jo express the mode shape

analytically. In this paper we will present thé andvé,o.

For stationary excitations one can use the vecfprsj. to obtain the power spectral density of the ground;
for non-stationary excitations it is necessary to solve time-dependent partial differential equations, after which the
eigensolutions obtained from this paper can by used in conjunction with the mode shape superposition method tc
solve for the power spectral density of the ground. However, these problems are beyond the scope of the current pape

8. Numerical examples

Four examples are now given to illustrate the theory and computations. The first two are straightforward while
the last two illustrate a phenomenon corresponding to beats.

The first example comprises two layers of material of equal thickness, while the second comprises three layers of
variable thickness. In both these examples the data are given non-dimensionally and the wave numte0’s
Solutions are given according to the assumptions of anisotropic, orthotropic and isotropic material properties and
the material rigidity matrixD, given for each case should be multiplied by 10

Example 1 (Two layer problem). The data for anisotropic, orthotropic and isotropic material properties are given
in Tables 1-3respectively, in each case followed by the corresponding results.

Table 1
Parameters for anisotropic material

Layer Dj; Diz Dis Dis Dig D3z D3s D3zs Dzg Das Dss Dss Dss Dsg  Des  Thickness p

1 20 10 10 02 06 20 12 02 06 14 04 02 08 06 20 200 2000
2 14 05 05 01 04 10 08 01 03 08 01 04 03 02 1.0 200 2000

The first five eigenvalues and mode shavfg—;'@ atz=0are

w? =056771078  vj, = {1.000Q —1.0189+ 1.0314t 0.6441— 1.5332; 0; 0; 0},
w} =0.94576844  v§, = {1.000Q —0.2411+ 0.4765t 0.3328— 1.17971 0; 0; 0},
»§=11943356  v§,={1.000Q —0.7515— 0.1938% 0.3487— 0.9319% 0; 0; 0} ",

wj =13675573  vj, = {1.000Q —0.1124— 0.7611 —0.5845— 0.6440t 0; 0; O} ",
wf=17488804  v§, = {1.000Q —0.9999— 0.7494i —1.5415— 0.4247} 0; 0; 0}
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Table 2
Parameters for orthotropic material

Layer Di; Diz Dis Dis Dig D3z D3 D3zs D3 Dag Dss Dss Dss Dsg Degs Thickness p

1 20 10 00 OO 00 20 00 o00O OO 14 00 00 08 00 20 200 2000
2 14 05 00 00 00O 10 00O OO 0O 08 00 00 03 00 10 200 2000

The first five eigenvalues and mode shavfg§ atz=0are

w?=1.0242032  vg, = {1.000Q 0; 0 — 0.9666t 0; 0; 0},
w5 =11415283  vj, = {1.000Q 0; 0 — 1.3310t 0; 0; O} ",
0§ = 16744677  v3, = {1.000Q 0; 0 — 4.0391} 0; 0; 0},
w3 =23072738 Vg, ={0;1,0;0;0;0},

w§ = 24597761  vg, = {1.000Q 0; 0+ 3.5706t 0; 0; 0}

Table 3
Parameters for isotropic material

Layer Dj; Diz Dis Dis Dig D3z D3s D3s Dz Dag D4s Dgs Dss Dsg  Des Thickness p

1 20 10 00 00 00O 20 00 00 0.0 05 0.0 00 05 0.0 05 200 2000
2 14 03 00 00 00O 14 00 00O 00 0.0935 00 0.0 0.0935 0.0 0.0935 200 2000

The first five eigenvalues and mode shav{gé atz=0are

% =1.0000000  vg,={1.000Q 0; 0 — 1.7181} 0; 0; 0} ",
w5 =10482336  v§,={0;1.000Q 0;0; 0; 0}",
0§ =13839699  v§,={0;1.000Q 0;0;0;0}",
0§ =14111748  vj, = {1.000Q 0; 0 — 2.7737; 0; 0; 0} ",
0§ =20122216  vg, = {0; 1.0000Q 0; 0; 0; 0} .

Example 2 (Three layer problem). The data for anisotropic, orthotropic and isotropic material properties are given
in Tables 4—6respectively, in each case followed by the corresponding results.

Table 4
Parameters for anisotropic material

Layer Dj; Diz Dis Dis Dig D3z D3 D3zs Dz Dag Dss Dss Dss Dsg Degs Thickness p

1 20 10 10 02 06 20 12 02 06 14 04 02 08 06 20 200 2000
2 14 05 05 01 04 10 08 01 03 08 01 04 03 02 10 200 2000
3 20 1.2 15 04 03 15 08 01 04 12 02 01 05 03 1.0 100 3000

The first five eigenvalues and mode shavfg§ atz =0are

w? = 047829529  v§, = {1.000Q —0.9262+ 1.3731 0.5452— 1.68171 0; 0; 0},
w5 = 056397667 V3= {1.000Q —1.0278+ 0.9654t 0.6581— 1.5101; 0; 0; 0} ",
®§=0.79006273  v§, = {1.000Q —0.6321+ 1.1292} 0.4757— 1.4686t 0; 0; 0},
w3 =1.0785011 Vg, = {1.000Q —0.4947— 0.0668% 0.3618— 0.9770t 0; 0; 0},

w§=1.3237950  vg, = {1.000Q —0.4453— 0.3584; —0.1105— 0.8955t 0; 0; 0}
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Table 5
Parameters for orthotropic material

Layer Dj; Diz Dis Dis Dig D3z D3 D3zs Dss Dag Dss Dss Dss Dssg Degs Thickness p

1 20 10 00O ©00O0 0O 20 00 OO ©0O0O 14 00 00 08 00 20 200 2000
2 14 05 00 00 00 10 0O 0O OO 08 OO 0O 03 00 10 200 2000
3 20 12 00 00 0O 15 00 OO o00O0 12 00 00O O5 00 10 100 3000

The first five eigenvalues and mode shavf% atz =0are

w? =0.78744368  v§, = {1.000Q 0; 0 — 0.3142i 0; 0; 0} ",
0§ =10811937  v§, = {1.000Q 0; 0 — 1.1405} 0; 0; 0},
w§ = 12549827  v3, = {1.000Q 0; 0 — 1.7099i 0; 0; 0},
w3 =16871181  v§, = {1.000Q 0; 0 — 4.3072i 0; 0; 0} ",
wf =1.9694166  vg,={0:1;0;0;0;0}".

Table 6
Parameters for isotropic material

Layer D11 D13 Dis Dis Dig D3z D3zs Dszs Dz Das D4s Dss Dss Dss  Des Thickness p

1 20 10 00 00 00 20 00 00 00 05 00 00 05 0.0 05 200 2000
2 14 035 00 00 00 14 00 00 00 0.0935 0.0 00 0.0935 0.0 0.0935 200 2000
3 20 12 00 00 00 20 00 00 00 12 00 00 12 00 12 100 3000

The first five eigenvalues and mode shavigg, atz=0

»? =1.0000000  vj,={1.000Q 0; 0 — 1.7285t 0; 0; 0} ",
w3 =1.0432632 v, = {0;1.000Q 0; 0; 0; 0}",
»§ =13161562  v§, = {0;1.000Q 0; 0; 0; 0}",
wj =1.3372344  vj,={1.000Q 0; 0 — 2.4862i 0; 0; 0} ",
0§ =17694160 Vv, = {0;1.000Q 0; 0; 0; O}".

In the following two examples we will demonstrate that a relationship can exist between different eigensolutions
that corresponds to ‘beats’ in vibration problems. The conditions for this to occur in structural dynamics would
typically involve two weakly coupled systems vibrating with nearly equal frequencies.

In the present case, any displacement inithe plane will not be coupled to displacements in thdirection
when the material is isotropic or orthotropic. However, it will be showBxample 3hat even when a small level
of anisotropy is present it is possible to develop the phenomenon corresponding tdEaatple 4goes on to
show that this phenomenon can also be generated between the componeatdaf, i.e. the energy in the
component of the mode can be transferred touth@mponent. This can be of particular importance since many
slender structures are damaged primarily due to the vertical ground mation

It will be assumed in both of the following examples that a satisfactory solution can be obtained from the first
three eigensolutions. Thus

u

vt =Vg o x [azexplioar) + by exp(—iw1)] + V5 g x [az expliwat) + by exp(—iwar)]
w

+ Vg,o x [az expiwzt) + bz exp(—iwst)].
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If the initial conditions are
{u; v; w)T = yo; {u; 1; w)" = {0; 0; O}

then

u
{ v } =[a1 x Véo x COqw1f) + az x VS o X COSwot) + az x Vg o X CoSwst)],
w

where
3
(Vg.0) o V3.0 "o (V5.0 o
al = QT =+ 1 _ b az = 5 =+ 5 _ 9 a3 = 7 = a _ .
V5,07 (V5.0) (Vg0 T(v§ o) V30T (V3o

Example 3. The parameters of the material are: wave number0.0 m~1, densityp = 3000 kg/n? and the soil
comprises a single layer of thickness 100.0 m. The resulting mé&triis predominantly orthotropic, but exhibits
weak anisotropy

0.7 05 0006 Q012 Q006
0.5 0.8 0018 Q006 Q006
D=| 0006 Q018 Q4 0006 Q012 | x 10°.
0.012 Q006 Q006 03 0.006
0.006 Q006 0012 Q006 Q3

The first three eigenvalues and corresponding mode sfv%eﬂiz =0are

w? = 2418053 2515551 6580934 v, = {1.82574 —1.82574 0.0} x 10°3,
V§o = {1.82547 1.82547 —0.04433" x 103, v}, = {3.13457 3.13463 25816083 " x 10~°.

The displacement componenisv and w are plotted against time, in Figs. 2—7 assuming initial conditions

yo = {1; 0; 0}T. Figs. 2, 4 and @re the results wheR is anisotropic anéfigs. 3, 5 and are the results whel is
orthotropic. For the orthotropic casegdoes not couple with or w, which remain zero due to the initial conditions.
However, when a small level of anisotropy is present, the componeaisl v couple to generate the beat-like
phenomenon shown fRigs. 2 and 4lt can be argued physically that the reason for such coupling is due to internal

Fig. 2. Fig. 3.
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resonance between the modes caused by the frequerfcieé24.18053 andv3 = 25.15551 being so close to each
other.

Example4. The parameters of the material are: wave number0.02 m1, densityp = 3000 kg/n? and the soil
comprises a single layer of thickness 100.0 m. The resulting m&tyis, orthotropic

03 03 00 00 00

03 05 00 00 00
D=|00 00 03 00 00| x 109

00 00 00 03 00

00 00 00 00 02

The first three eigenvalues and corresponding mode slvé;aemz =0are
»? = 40699987 41057741 56449341  v§, = {2.3736Q 0.0; 0.87978}" x 1072,
v o = {1.39893 0.0; —2.25864}" x 1072, Vg o = {0.0; 258199 0.0}" x 1072,

The results fou, v andw are shown irFigs. 8—10for yg = {1; 1; 0}". It can be seen frorfrigs. 8 and 1Ghat
there has been an exchange of energy betweemdhnéw components resulting once more in a phenomenon like
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beating. It is important to note that is zero in the initial condition, bub of the response is not zero and is not a
small number.

9. Discussion and conclusions

The key element in the solution of wave propagation problems lies in the efficient determination of the eigenso-
lution. A few simple problems can be solved analytically, but for more complex problems there is no alternative to
using numerical methods. When spectral analysis techniques are used it will normally necessitate the solution of a
second order, ordinary differential equation in the form of a two-point boundary value problem, which will be posed
in Lagrangian form. In this paper it has been shown that for the generalised plane strain problem considered, a very
attractive solution procedure can be achieved by transforming the resulting Lagrangian to Hamiltonian form, which
has the effect of changing the ordinary differential equations to first order, but in mixed form. These dual equa-
tions can then be solved using the precise integration method in combination with the extended Wittrick—Williams
algorithm to yield the required eigenvalues to arbitrary precision with the certain knowledge that none have been
missed. The corresponding eigenvectors follow directly and can be described analytically.

The proposed method is likely to find considerable application in those very important areas of earthquake
engineering where it is required to establish an accurate estimation of the ground motion. For such problems, the
physical model of the soil is usually considered to be multi-layered above the base rock, while the earthquake’s
hypocenter is located appropriately far away. The wave thus propagates along the base rock first and the upper laye
wave is excited from the waves of the base rock. Such excitation is particularly complicated, with the nature of the
wave best considered to be arandom feature. However, the widely accepted Kanai-Tajimi spectra of ground excitatior
is based on the assumption that the upper soil is composed of a single layer and only one prominent fieguency
of the soil layer is considered, together with its corresponding dampinggatichile the bottom of the soil, i.e. the
base rock, is subjected to a stationary acceleration excitation with white speftriitre multi-layered anisotropic
soil model presented thus offers the possibility of a substantially more detailed description of the physical model.
Furthermore, the model lends itself to further extension through the recently developed pseudo-excitation method
for structural random vibratiof1 5-18]which will enable the solution of the layered soil responses to be calculated
by a technique that will place the ground motion power spectral density estimation on a firm computational footing.
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