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Post-buckling and Snap-Through
Behavior of Inclined Slender
Beams
Based on the geometrical nonlinear theory of large deflection elastic beams, the govern-
ing differential equations of post-buckling behavior of clamped-clamped inclined beams
subjected to combined forces are established. By using the implicit compatibility condi-
tions to solve the nonlinear statically indeterminate problems of elastic beams, the
strongly nonlinear equations formulated in terms of elliptic integrals are directly solved
in the numerical sense. When the applied force exceeds the critical value, the numerical
simulation shows that the inclined beam snaps to the other equilibrium position auto-
matically. It is in the snap-through process that the accurate configurations of the post-
buckling inclined beam with different angles are presented, and it is found that the
nonlinear stiffness decreases as the midpoint displacement is increased according to our
systematical analysis of the inward relations of different buckling modes. The numerical
results are in good agreement with those obtained in the experiments.
�DOI: 10.1115/1.2870953�
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Introduction
In microelectromechanical system �MEMS� fields, a need arises

n engineering practice to predict accurately the nonlinear re-
ponse of slender post-buckling beams, especially the nonlinear
ransverse stiffness. The bistability of the post-buckling beams is
xcellent in reducing power consumption of microdevices or mi-
rosystems. However, the major difficulty in analyzing the post-
uckling and snap-through response is the intractability of the
eometric nonlinear control equations of large deflection beams.
nikov et al. �1� designed a V-shaped thermal microacturator with
uckling beams. Yet, the precise computation model for the buck-
ing beam based on the large deflection theory has not been built.
eide �2� discussed the accuracy of some numerical methods for
olumn buckling. Mau �3� studied the stability of the post-
uckling paths of columns with discrete spring supports. Though
ang and Wickert �4� studied the static deformation of microma-
hined beams under in-plane compressive stress, they could not
race the post-buckling paths by making use of the linearized gov-
rning differential equation. Wang �5� presented the complete
ost-buckling and large deformations of an elastica rod, one end
xed and one end pinned. Hartono �6,7� applied the elastica solu-

ion to describe the large displacement behavior of a column with
ateral bracing at the midheight and obtained the post-buckling
onfigurations of the deformed column under the axial loading.
offin and Bloom �8� analyzed the post-buckling response of an
lastic and hygrothermal beam fully restrained against axial ex-
ansion. Li and Zhou �9� studied the post-buckling behavior of a
inge-fixed beam under evenly distributed follower forces. The
ost-buckling analysis of the easily fabricated MEMS beams with
oth ends fixed is really important in the design of microstruc-
ures. To solve the post-buckling problems of small deformation
eams, the predominant approach is to use a nonlinear finite ele-
ent �FE� model, or to resort to a linear analytical model based on

he small deflection theory, which agrees only with experiments in
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a relatively limited range of loadings. The apex displacement of
the bent beam can only be reduced in nearly linear proportion to
the vertical force in the design of microactuators �10,11�, and the
error is large compared with the experimental results. This lack of
a simple and yet accurate tool for analyzing the post-buckling bent
beams results in a poor initial “guess” of the desired geometry and
multidesign iterations, thus being unable to provide an insight into
the deformation problems. Therefore, the large deflection buckling
theory is needed to solve the intractability of the geometric non-
linear control equations of the bent beam.

Aiming at designing a novel MEMS threshold acceleration
switch with post-buckling beams, this paper studies the post-
buckling behavior in the snap-through process of the large deflec-
tion inclined beam with both ends fixed, and establishes the non-
linear governing equations of the post-buckling beam under
combined forces acting on the ending point. These ordinary non-
linear differential equations consist of the boundary-value condi-
tions, in which six unknown functions are contained and the
length of the deformed beam is considered as one of the unknown
functions. By using the implicit compatibility conditions to ex-
press the nonlinear statically indeterminate problems of elastic
beams, the strongly nonlinear equations formulated in terms of
elliptic integrals are directly solved in the numerical sense.
Through an incremental displacement method, we can obtain the
equilibrium paths of the deformed beam in the snap-through pro-
cess, and describe explicitly the nonlinear force-and-displacement
relations of the central point of the bent-beam structure. For fur-
ther applications of the nonlinear stiffness of the post-buckling
beams, an electronic testing device is designed. The simulation
results are in good agreement with those by experiments.

2 Governing Equations of Post-buckling Beams

2.1 Nonlinear Structure Supported by Inclined Beams. A
typical bent-beam structure is shown in Figs. 1 and 2. The struc-
ture consists of one inertial mass supported by two inclined beams
with length L, both ends fixed. The central mass is constrained to
move vertically. When a vertical force Fv is applied on the central
node, the constraint beam is subjected to the compression and

lateral bending moments, thus resulting in the symmetric response
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f the beam. When the vertical force Fv exceeds the critical buck-
ing load, the inclined beam with initial angle � buckles, and then
naps to the next equilibrium state. During the whole snap-
hrough process, the structural stiffness varies with the displace-

ents of the central node. As we all know, the nonlinear stiffness
f the inclined beam plays a crucial role in the action of the
onlinear system; therefore, it is of great importance to study the
ost-buckling behavior of the inclined beam, which experiences
arge deflections, and to show the equilibrium paths during the
nap-through process.

2.2 Governing Equations of the Post-buckling Beam.
ased on the symmetry of the structure, the left half span of the
ent beam with reaction forces is analyzed, and the coordinate
ystem used is shown in Fig. 3. When the right ending point of the
eam moves vertically, the beam buckles and the configuration
ecomes asymmetric or symmetric depending on the number of
nflection points along the deformed beam. The moment at the
nflection point is zero. By using the geometric symmetry, a coor-
inate system is constructed accordingly. Let a Cartesian coordi-
ate system �x ,y� be located at the left fixed end, and s stands for
he arclength. Then, we can get these geometrical relations of the
ight ending point �Eq. �1�� and the bending moment at any sec-
ion along the beam �Eq. �2�� as follows:

ym = � cos �, xm = L − u = L − � sin � �1�

Fig. 1 Original state of the bent-beam structure

Fig. 2 Post-buckling state of the bent-beam structure

ig. 3 Deformation of post-buckling beam under a combined

oad
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M = − R��y + ym�cos � + �xm − x�sin �� + Ml �2�

Here, �, xm, and ym represent the vertical displacement, longitude
deflection, and transverse deflection of the right ending point, re-
spectively. � is the angle of the elastic force R, � the angle of any
section along the buckled beam, and � the initial angle of the
inclined beam. M0 and Ml stand for the bending moments at the
two ending points, respectively. P and F, which can be expressed
as P=R cos � and F=R sin �, are axial and transverse compo-
nents of the elastic force R, respectively.

Then, from Euler–Bernoulli moment-curvature relationship

M = EI
d�

ds
�3�

the governing equation of the post-buckling beam with both ends
fixed is obtained from Eqs. �2� and �3�,

d�

ds
=

− R��y + ym�cos � + �xm − x�sin �� + Ml

EI

dy

ds
= sin �

dx

ds
= cos � �4�

Upon the differentiation of s in Eq. �4�, another expression of the
governing equation can be obtained as

d2�

ds2 = −
R

EI
�cos � sin � − sin � cos �� �5�

By integrating �, the relation between the moment and the elastic
force can be derived from Eq. �5� as follows:

R

EI
�cos � cos � + sin � sin �� + c =

1

2
�M

EI
�2

�6�

where c is the integration constant.
At the inflection point of the deflected beam, where �=�*, sub-

stituting M =0 in Eq. �6� results in

c = −
R

EI
cos��* − �� �7�

The boundary conditions can be written as follows:

s = L, � = 0, y = − ym, x = xm

s = 0, � = 0, y = 0, x = 0 �8�

By applying the boundary conditions to Eq. �6�, the relation be-
tween R and � is found as follows:

c =
1

2
�Ml

EI
�2

−
R cos �

EI
=

1

2
�M0

EI
�2

−
R cos �

EI
�9�

Then, the moment at any section of the beam in different buckling
modes is obtained by substituting Eq. �7� into Eq. �6�,

M = � �R cos�� − �� − R cos��* − ��
EI

�1/2

�10�

where � stands for the direction of the moment.
When the applied vertical force exceeds the critical buckling

value, the inclined beam buckles and the second bifurcation of the
post-buckling beam occurs. The phenomenon such as snap
through, which includes the transition between the asymmetric
and the symmetric buckling modes, can be described by the post-
buckling analysis.

2.2.1 Asymmetric Mode (Odd Solution). Based on the deflec-
tion configuration, which has odd inflection points as shown in

Fig. 2, and the concavo-convex relations of the curve, we can
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onclude that the directions of the moments at the two ending
oints of the beam are opposite. Therefore, the relation of the
oments on the two ending points of the inclined beam can be

btained from Eq. �9�,

M0 = − Ml �11�
The moment at the right ending point can be obtained from Eqs.

2� and �11�,

Ml =
R

2
�ym cos � + xm sin �� �12�

By substituting Eq. �7� into Eq. �9�, the other expression of the
oment at the right ending point can be deduced as

Ml
2 = 2REI�cos � − cos��* − ��� �13�

Upon the substitution of Eq. �12� into Eq. �13�, the following
elation between �* and R can be obtained:

cos��* − �� = −
R

8EI
�ym cos � + xm sin ��2 + cos � �14�

2.2.2 Symmetric Mode (Even Solution). Based on the deflec-
ion configuration, which has even inflection points as shown in
ig. 2, and the symmetry of the beam configuration, we can learn

hat the moments at the two ending points are in the same direc-
ion. So, the moment relation between the two ending points can
e deduced from Eq. �9�

M0 = Ml �15�

The direction angle � of the elastic force R can be derived from
q. �2�,

tan � =
F

P
= −

ym

xm
�16�

From Eq. �13�, the moment at the right ending point can be
ritten as

Ml = �2REI�cos � − cos��* − ����1/2 �17�
The condition �Eq. �8�� is self-explanatory and Eq. �1� indicates

he fact that the right ending point of the beam can move only in
he vertical direction, as shown in Fig. 2. With a given tip dis-
lacement � �controlling parameter� and the three constraint con-
itions �Eqs. �1�, �12�, and �17��, the nonlinear differential equa-
ion �Eq. �4�� cannot be solved to determine the displacement
ariables �x ,y� and the inclination �. Therefore, another two con-
traint conditions are necessary to calculate the elastic force R and
ts direction angle � to settle the strong nonlinear statically inde-
erminate problems.

Nonlinear Constraint Conditions of the Post-
uckling Beam

3.1 Constraint Condition on the Beam Length. From Eq.
10�, the moment-curvature equation of the buckled beam can be
ritten as

d�

ds
= � �R cos�� − �� − R cos��* − ��

EI
�1/2

�18�

here the symbol � shows the curve direction of the statically
ndeterminate beam.

Here, set n as the number of the inflection points. When n is
dd, the configuration becomes asymmetric; when n is even, the
onfiguration becomes symmetric. The deflection curve can be
ivided into 2n parts by the inflection points and the peak points,
nd then the constraint condition on the beam length can be ob-
ained by integrating the curved coordinate s in Eq. �18�.
Upon substituting the following parameters,
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� = � − �, � = �* − �, sin
�

2
= sin

�

2
sin � �19�

into Eq. �18�, we can get the expression for the beam length.

3.1.1 Asymmetric Modes (Odd Solution). When n is odd, the
integration of Eq. �18� results in

L =�EI

2R�
k=1

2n 	
�* sin���k−1�/2�	�

�* sin�k	/2� sin� k + 2

2
	� − sin� k + 1

2
	�

�cos�� − �� − cos��* − ���1/2
d�

= − 2n�EI

2R	
0

�*
d�

�cos�� − �� − cos��* − ���1/2
�20�

The constraint condition on the beam length is obtained by
substituting Eq. �19� into Eq. �20�,

L = − 2n�EI

R 	
�0

	/2
d�

�1 − sin2 �

2
sin2 ��1/2 �21�

When �=0, from Eq. �19�, an expression for 
0 can be de-
duced,

sin �0 = −
sin��/2�
sin��/2�

�22�

3.1.2 Symmetric Mode (Even Solution). When n is even, the
beam length can be calculated by the same method, which has
been used in the asymmetric mode.

L =�EI

2R�
k=1

2n 	
�* sin���k−1�/2�	�

�* sin�k	/2� sin� k + 2

2
	� − sin� k + 1

2
	�

�cos�� − �� − cos��* − ���1/2
d�

= n�EI

R 	
0

�
d�

�sin2 �

2
− sin2 �

2
�1/2

= 2n�EI

R 	
0

	/2
d�

�1 − sin2 �

2
sin2 ��1/2 �23�

Therefore, by combining Eqs. �21� and �23�, the general form
of the constraint condition on the beam length can be obtained,

L = 2n�− 1�n�EI

R 	
�0

	/2
1

�1 − sin2 �

2
sin2 ��1/2d� �24�

Here, when n is even, 
0 is equal to zero; when n is odd, the
value of 
0 can be determined by Eq. �22�.

3.2 Constraint Condition on Displacement. From Eqs. �4�
and �18�, the displacement �x ,y� at any section of the deformed
beam can be obtained as follows:

x =	
0

l

cos �ds

y =	
0

l

sin �ds �25�

By integrating the equations above, the longitude and transver-
sal displacements �xm ,ym� of the right ending point can be ob-

tained as follows:
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xm = n�− 1�n�2EI

R 	
�0

	/2
cos�� + ��

�1 − sin2 �

2
sin2 ��1/2d�

ym = n�− 1�n�2EI

R 	
�0

	/2
sin�� + ��

�1 − sin2 �

2
sin2 ��1/2d� �26�

Then, the relationship between the longitude and transverse dis-
lacements of the right ending point can be simplified as

xm = n�− 1�n�2EI

R
�1/2

�I2 cos � − I1 sin ��

ym = n�− 1�n�2EI

R
�1/2

�I1 cos � + I2 sin �� �27�

here

I1 = 2�2 sin
�

2	
�0

	/2

sin �d� = 2�2sin
�

2
cos �0

I2 = �2	
�0

	/2 2 cos2 �

2
− 1

�1 − sin2 �

2
sin2 ��1/2d�

= 2�2	
�0

	/2 �1 − sin2 �

2
sin2 ��1/2

d�

− �2	
�0

	/2
1

�1 − sin2 �

2
sin2 ��1/2d�

When n is odd, the relation between � and the displacements of
he right ending point can be written from Eqs. �14�, �19�, and
27� as follows:

tan � =
xm

ym
�28�

The variables such as � and R in Eq. �27� are unknowns; so, the
isplacement constraint relation of the right ending point can be
btained by solving Eq. �27�,

xm cos � − ym sin � = 2n�EI

2R
I2 �29�

Then, the constraint equation for Eq. �4� can be explicitly found
y substituting I2 into Eq. �29�,

1

L	
�0

	/2
d�

�1 − sin2 �

2
sin2 ��1/2

=
2

xm cos � − ym sin � + L	
�0

	/2 �1 − sin2 �

2
sin2 ��1/2

d�

�30�
The noncomplete elliptic integrals of the first kind can be ex-

ressed as the power series to simplify the nonlinear post-

uckling governing equation �Eq. �4��
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0

	/2
d�

�1 − sin2 �

2
sin2 ��1/2

=
	

2
1 + �
n=1

� � �2n − 1�!!
�2n�!! �2�sin2 �

2
�n


�	0
�0

d�

�1 − sin2 �

2
sin2 ��1/2

= �0 + �
n=1

�
�2n − 1�!!

�2n�!! �sin2 �

2
�n	

0

�0

sin2n �d� �31�

where

	
0

�0

sin2n �d� = −
�2n�!

22n�n!�2�cos �0�
k=0

n−1
22k�k!�2 sin2k+1 �0

�2k + 1�!
− �0�

In other words, with a given displacement �, the moment Ml
can be obtained from Eqs. �12� and �17� and then, the elastic force
R and its direction angle � can be calculated by combining Eqs.
�16�, �24�, �28�, and �30�. Finally, the strong nonlinear equation
�Eq. �4�� can be solved numerically.

4 Analysis of Post-buckling Elastic Force
According to the minimal energy principle, the beam will find

the path with the least energy such as the first and second buckling
modes in the snap-through process. That is to say, there will be
one or two inflection points along the deflection curve of the post-
buckling beam under the combined forces.

Based on the geometric relations and force equilibrium relation-
ship, the vertical elastic force Fv can be written as

Fv = R�cos � sin � + sin � cos �� �32�

where the elastic force can be expressed as R=2EI�I1 /L�2, which
can be calculated from Eqs. �16�, �19�, �24�, and �30�. The trans-
versal force Fv is a hidden function of the displacement of the
right ending point �.

When cos��� is less than cos��*−��, the second bifurcation
occurs, and then the buckled beam snaps from the symmetric
mode to the asymmetric mode. The formula for calculating �
changes from Eq. �16� to Eq. �28�, and the moment expression
also changes from Eq. �17� to Eq. �12�. Therefore, it is obvious
that the snap-through characteristic of the post-buckling beam can
be described by the relation between the elastic force and the
vertical displacement.

5 Numerical Simulation and Experiments
Based on the theoretical derivation mentioned above, the struc-

ture parameters given below are used in simulating the post-
buckling behavior of the inclined beam with both ends fixed.

By using the conditions expressed by Eqs. �12�, �17�, �16�, �24�,
�28�, and �30�, and a given �, the variables of Ml, R, and � can be
determined. Now, the modified numerical method of incremental
displacement is adopted to solve the governing equation of the
post-buckling beam. During the numerical simulation procedure,
the variable n mentioned above is found to fulfill the nonlinear
constraint conditions on the beam length �as in Eq. �24��. Then,
with the inflection point number n, the nonlinear stiffness and the
large deflection equilibrium paths during the post-buckling and
snap-through process are presented in the following.

To validate the theoretic derivation and the further applications
of post-buckling beams, an electronic testing device is designed as
shown in Fig. 6, and a series of experiments is conducted to verify
the nonlinear stiffness analytically calculated in this paper. As

shown in Fig. 6, the post-buckling testing device consists of a
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isplacement sensor, a force sensor, a supporting platform, and
wo output screens. The inclined Be-bronze beams are fixed on the
ost-buckling platform when the vertical force is applied to the
xed central point of the structure. When the central point moves
ertically, the values of the central point displacement and the
orresponding reaction force can be sensed and displayed on the
wo different screens, respectively. The parameters of the beam
tructure are identical to those in Table 1.

Figures 4 and 5 show the configurations of post-buckling beams
ith different initial angles � when the beam tip moves vertically
nder the applied forces. To facilitate the analytical process, it is
ecessary to point out that the beam tips shown in both Figs. 4 and
correspond to the fixed central point of the testing structure in

ig. 6. When the vertical force applied is zero or less than the
ritical buckling value, the beam stays in the original state. When
he vertical force exceeds the critical buckling value, the beam
xperiences instability and produces two inflection points, as
hown in Figs. 4 and 5. As the vertical displacement of the beam

Table 1 Beam parameters

Parameters Value

Length L 30 mm
Width b 1 mm

Thickness h 0.2 mm
Young’s modulus E 160 GPa

Fig. 4 Post-buckling configurations for �=9 deg
Fig. 5 Post-buckling configurations for �=30 deg

ournal of Applied Mechanics
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tip increases, the configuration of the beam becomes asymmetric;
meanwhile, the inflection point number becomes odd correspond-
ingly. These configurations of the post-buckling beams shown in
Figs. 3 and 4 are almost the same as those obtained by the experi-
ments.

Figures 7 and 8 show that the simulation results of nonlinear
stiffness are in good agreement with those by experiments. In the
oxy coordinate system in Figs. 7 and 8, the x axis is the vertical
displacement of the beam tip �the central point of the structure�
under the applied force. In Figs. 7 and 8, the origin of the x axis
stands for the original position of the beam tip, as shown in Figs.
4 and 5. When the applied vertical force Fv exceeds the critical
buckling value, the inclined beam will buckle under the compres-
sion load, and the elastic force Fv will decrease with the increas-

Fig. 6 Electronic testing device for post-buckling beams

Fig. 7 Elastic force versus displacement for �=9 deg. The
filled circle “�” stands for the position where the beam con-

figuration changes from symmetric state to asymmetric state.

JULY 2008, Vol. 75 / 041020-5
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ng vertical displacement � of the beam tip. The elastic force Fv
eeps positive until the beam tip approaches a critical unstable
osition where the elastic force changes to zero. Then, the elastic
orce becomes negative as the displacement of the beam tip in-
reases, which indicates that the beam will snap to the other stable
osition automatically. This nonlinear phenomenon of the post-
uckling beam is consistent with the results obtained by experi-
ents. The snap-through phenomenon is also depicted in Refs.

12,13�. By regulating the initial angle and dimensions of the post-
uckling beams, different forcedisplacement curves can be ob-
ained to fulfill practical applications. Therefore, the post-buckling
onlinear stiffness and the threshold characteristic of the bent
eam can be utilized in designing different kinds of threshold
ccelerometers or other safe-arming systems.

In the special case shown in Fig. 9, when the initial angle
quals 90 deg, the configurations obtained in this paper are con-
istent with the numerical results revealed in Ref. �7�. In Fig. 10,
he variation of the axial force with the vertical displacement �,

ig. 8 Elastic force versus displacement for �=30 deg. The
lled circle “�” stands for the position where the beam con-
guration changes from symmetric state to asymmetric state.

ig. 9 Large deformation of the beam subjected to axial load

or �=90 deg

41020-6 / Vol. 75, JULY 2008
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which is consistent with the analytical results in Refs. �14,15�,
shows that the axial load increases with the displacement of the
ending point �. By a comparison of the results between the nu-
merical simulation and the experiments, the analytical method for
analyzing post-buckling beams proves feasible in this paper.

6 Conclusion
In order to solve the post-buckling problem and analyze snap-

through behavior of the inclined beam with both ends fixed, the
governing differential equations of the post-buckling beam sub-
jected to combined forces at the ending point are established. By
using an incremental displacement numerical method, the post-
buckling configurations of the large deflection beam at any initial
inclination angle are presented, and the nonlinear stiffness of the
post-buckling beam is obtained in the snap-through process. The
numerical results are consistent with those by experiments. Some
important conclusions are obtained to find application in optimal
design of post-buckling structures.

Moreover, the postbuckled beam snaps from the double-
inflection state to the single-inflection state only when the beam
experiences large deflections. The high order mode configuration
of the buckling beam does not appear in the snap-through process
in the static experiments. In addition, the beam under a transversal
force does not snap until the beam tip passes a certain unstable
position. Furthermore, the critical buckling load increases with an
increasing initial angle �, so does the critical displacement. Fi-
nally, the incremental displacement numerical method can be used
to solve any nonlinear post-buckling problems of inclined beams
with large deflection.
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