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Abstract

A micromechanical model is proposed to study the constrained domain-switching process in polycrystalline ferroelectric ceramics. It
is assumed that the depolarization field induced by domain switching is completely compensated by free charges, while the stress caused
by non-180� switching is considered in an Eshelby inclusion manner. The model assumes that each grain contains multi-domains and the
domain-switching criterion is based on potential energy density. Two switching options, which are based on Hwang et al. [Hwang SC,
Lynch CS, McMeeking RM. Acta Metall Mater 1995;43:2073] and Berlincourt and Krueger [Berlincourt D, Krueger HHA. J Appl Phys
1959;30:1804], are used in the model development. Details of the switching process are analyzed for tetragonal ferroelectric/ferroelastic
ceramics under electric loading or uniaxial compression (tension) by using an inverse-pole-figure method. Numerical results show that
during electric poling, only a few per cent 90� switching can occur in BaTiO3 ceramics, which agrees well with experimental observations.
� 2007 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Perovskite ferroelectric ceramics such as barium titanate
(BaTiO3) and lead titanate zirconate (PZT) are commonly
used to make actuators, transducers, etc., due to their elec-
tromechanical coupling, ultra-fast response and compact
size [1]. This class of materials shows excellent linear
response at low electric fields but under a large electric field
or high stress significant nonlinearities in response occur
due to domain switching [2]. Domain switching in ferro-
electric ceramics is crystal symmetry related. Only 180�
and 90� domain switching exists in tetragonal ceramics,
and 180�, 109� and 71� switching in rhombohedral ceram-
ics. In ferroelectric single crystals, perfect alignment of
polarization can be achieved and a single domain state
can exist after poling by a strong DC field. However, this
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is not the case in ferroelectric ceramics, where the crystallite
axes arrange in a random way and multiple domain states
could exist after poling. The theoretical achievable polari-
zation and strain in perovskite ferroelectric ceramics under
electric or mechanical poling have been obtained analyti-
cally [3–5] and numerically [6,7]. However, strain measure-
ments and X-ray diffraction studies show that after poling
the fraction of completed 90� switching is 10-12% in
BaTiO3 ceramics [8,9] and 44–51% in tetragonal PZT and
lead magnesium niobate titanate (PMN-PT) ceramics near
the morphotropic phase boundary (MPB) [8,10]. This
implies that a considerable amount of 90� switching is con-
strained by neighboring grains.

Modeling of domain switching in ferroelectric materials
has received much attention, and both phenomenological
models [11,12] and micromechanical models [13–18]
exist in the literature. In the latter models, the material
usually consists of numerous grains, each of which is a
single domain or contains multi-domains [15,18]. Domain
rights reserved.
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switching is then determined by an energy-based switching
criterion, with intergranular interactions either neglected
[13] or taken into account in an Eshelby inclusion manner
[14–16] or by finite element methods [17,18]. According to
the authors’ knowledge, only Wan and Bowman [19] have
specifically addressed the fraction of 90� switching (or
non-180� switching) in domain switching modeling by
assuming that the depolarization field is proportional to
the fraction of completed 90� switching. Although the
above-mentioned domain-switching models assume that
the material is purely tetragonal, most experimental
results of PZT ceramics are near the MPB where tetrago-
nal and rhombohedral phases coexist. Recently, Li et al.
[20] showed through a rigorous mathematical analysis
that unless caused by a very large internal stress, no
change of remnant strain is generated in a polycrystalline
tetragonal or rhombohedral ferroelectric ceramic via
non-180� domain switching. On the other hand, in PZT
ceramics near the MPB, non-180� switching can almost
be achieved similar to the case of a single crystal. Li
et al.’s [20] analysis can accurately interpret most experi-
mental results except the case of rhombohedral ceramics
during electric poling where considerable remnant strain
by 71� or 109� domain switching has been observed
[21,22].

In this paper, a micromechanical model is developed to
study the constrained domain-switching phenomenon in
ferroelectric/ferroelastic ceramics with grains containing
multiple domains by using two previously reported polar-
ization-switching models, i.e. Hwang et al.’s model [13]
and Berlincourt and Krueger’s definition of complete
180� switching [10]. A description of the proposed con-
strained domain-switching model is presented in Section
2. In Sections 3 and 4, the domain-switching processes
in tetragonal ferroelectric and ferroelastic polycrystalline
materials are analyzed in detail under electric loading
and uniaxial compression (tension) by using an inverse-
pole-figure method. A discussion is presented in Section
5 and the conclusions are given in Section 6. In a subse-
quent paper [23], a combined switching assumption is pre-
sented and used to study constrained domain switching in
rhombohedral materials.

2. Constrained domain-switching model

Assume that a polycrystalline ferroelectric ceramic is
made up of numerous randomly oriented grains, each of
which contains N types of domains, where N = 6 for the
tetragonal case and N = 8 for the rhombohedral case. In
an unpoled ceramic, the fraction of each type of domain
in a grain is 1/N, thus both the remnant polarization and
strain of each grain is zero. The present model is also based
on the assumptions that a polycrystalline ferroelectric
ceramic is dielectrically and elastically isotropic and shows
linear dielectric and elastic behavior unless domain switch-
ing occurs (i.e. all nonlinear polarization and strain are
caused by domain switching).
2.1. Charge-screening effect and internal stress by non-180�
domain switching

The charge-screening effect in real ceramics [21,22,24] is
taken into account in the proposed model. That is, the
depolarization field induced by polarization gradient or
polarization change during domain switching is completely
compensated by free charges. The free charges are trapped
by unbalanced polarization and turn in to space charges,
which cannot be driven by the applied electric field unless
the polarization switches. When domain switching occurs,
the space charges are released and move to the surface of
a material. In fact, this is the principle that is used to mea-
sure the electric hysteresis loops in the Sawyer–Tower cir-
cuit and mechanical depolarization in short circuits. The
remnant polarization of a ferroelectric ceramic cannot be
measured if there is no charge-screening effect. However,
the depolarization field may not be completely compen-
sated and it can be very large within a thin layer just below
the crystal surface [25]; this is called the Lehovec effect
[9,26,27]. This large electric field tends to orient the ferro-
electric axis in the thin layer perpendicular to the surface
and make domain switching more difficult than that inside
a crystal [9,28]. The Lehovec effect is neglected in the pres-
ent study and the present model is suitable only for bulk
materials.

The internal stress induced by spontaneous strain
change during non-180� domain switching cannot be
compensated in a manner similar to the unbalanced polar-
ization. The spontaneous strain change by non-180�
switching is similar to the plastic strain in ductile materials
[20]. According to the Taylor rule of plasticity [29], a crys-
tal must have at least five slip systems for a polycrystalline
to be ductile. In terms of the deformation modes, a ferro-
electric crystal is similar to a ferroelastic crystal or a shape
memory alloy [30] which has two independent slip systems
for the tetragonal case and three for the rhombohedral
case. Thus in tetragonal or rhombohedral polycrystalline
ferroelectric ceramics, non-180� domain switching gener-
ates large internal stresses because of the spontaneous
strain change during switching, i.e. such switching could
be constrained by neighboring grains and may not occur.
However, in orthorhombic ferroelectric ceramics or PZT
ceramics near the MPB, where tetragonal and rhombohe-
dral phases coexist, there are five or more independent
deformation modes, which render the material ductile. In
this case, non-180� domain switching does not generate
very large internal stresses from neighboring grains and
can be almost completely accomplished [20,30]. The
present model excludes these ‘‘ductile’’ polycrystallines
and focuses only on the constrained domain-switching
phenomenon in tetragonal and rhombohedral ferroelectric
ceramics.

Following Hwang et al. [14] and Huber et al. [15], the
internal stress induced by non-180� domain switching in
tetragonal and rhombohedral ceramics is considered in
an Eshelby inclusion manner [31]. For simplicity, each



Fig. 1. Illustration of six types of domain in crystallite coordinates of
tetragonal ferroelectric crystals.
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grain in a polycrystalline ceramic is treated as a spherical
Eshelby inclusion in an infinite elastic matrix. Domain
switching is assumed a quasi-static process and the strain
induced by non-180� switching is averaged over the whole
grain. Thus inside a grain, both the strain and internal
stress are considered uniform. Under these assumptions,
180� switching is not constrained and non-180� switching
is constrained by neighboring grains but not by neighbor-
ing domains.

Consider a ferroelectric ceramic with a single crystal hav-
ing M types of deformation modes or ferroelastic domains
(M = 3 for tetragonal and M = 4 for rhombohedral). The
remnant strain in an unpoled ceramic is zero as the fraction
of each type of ferroelastic domain is 1/M. It is reasonable to
assume that the unpoled state is internally stress free because
of energy minimization during cooling [20]. Then, during
subsequent electric or mechanical loading, the remnant
strain in a grain can be expressed as:

er ¼
XM

i¼1

fie
ðiÞ; ð1Þ

where er is the remnant strain of the whole grain, and fi and
e(i) are the volume fraction and spontaneous strain of the
ith ferroelastic domain in the grain, respectively.

As domain switching is a volume-conserving process,
the remnant strain is a deviator tensor. The internal stress
induced by domain switching can then be expressed as
[31,32]:

rin
ij ¼ �2l

7� 5v
15ð1� vÞ e

r
ij; ð2Þ

where l is the shear modulus of the ceramic and v is Pois-
son’s ratio.

The electric and stress field in a grain is obtained from
the superposition of the internal field and the applied field
as:

Ei ¼ Eapp
i ; rij ¼ rapp

ij þ rin
ij ; ð3Þ

where Eapp
i and rapp

ij are elements of the applied electric field
and the applied stress, respectively.

2.2. Energy-based domain-switching criterion

In this section, the energy-based domain-switching crite-
rion of Hwang et al. [13] is summarized in the context of
the present model. Following Hwang et al. [13], the poten-
tial energy per unit volume of a single domain can be
expressed as:

U ¼ �ðr : es þ Ps � EÞ; ð4Þ
where Ps and es are spontaneous polarization and strain of
a specific domain, respectively, and E and r are the electric
field and stress in the domain as given by Eq. (3).

It is assumed that domain switching is driven by a
change in potential energy of a domain. As 180� domain
switching is not constrained because of the charge-screen-
ing effect, the switching criterion is thus identical to Hwang
et al.’s model [13], i.e.:

U aft � U bef P W 180; ð5Þ
where Ubef and Uaft denote potential energy per unit volume
before and after 180� domain switching; W180 is the 180�
switching barrier and is equal to 2P0EC (where P0 is the
spontaneous polarization, EC the coercive field) [13–18].

Complete unconstrained 180� switching is obtained once
Eq. (5) is satisfied. As non-180� domain switching is con-
strained by neighboring grains and the internal stress is
dependent on domain fractions, the switching criterion is
also domain-fraction dependent. Thus unlike 180� domain
switching, non-180� switching takes place gradually as the
applied field increases. A uniform non-180� domain-switch-
ing criterion for ferroelectric ceramics is not attempted
here, as it is too complex. The 90� domain-switching crite-
ria for tetragonal ferroelectric and ferroelastic polycrystal-
line ceramics are presented in Sections 3 and 4, respectively.

3. Constrained domain-switching model for tetragonal

ferroelectric ceramics

3.1. Model formulation

A tetragonal ferroelectric crystal has six allowable polar-
ization directions and three elongation directions. The six
types of domains are defined in terms of the crystallite
coordinates (x,y,z) as shown in Fig. 1 without loss of any
generality. Let P(i) and e(i) denote the spontaneous polari-
zation vector and spontaneous strain tensor of the ith
domain, respectively. Then,

Pð1Þ ¼ �Pð2Þ ¼ P 0ð0; 0; 1ÞT;
Pð3Þ ¼ �Pð4Þ ¼ P 0ð1; 0; 0ÞT;
Pð5Þ ¼ �Pð6Þ ¼ P 0ð0; 1; 0ÞT ð6Þ

eð1Þ ¼ eð2Þ ¼ S0
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where P0 is the spontaneous polarization, S0 is the single
crystal deformation [2] or lattice deformation in tetragonal
crystals (S0 = c/a � 1), and c and a are the tetragonal lat-
tice constants.

The crystal axes are randomly distributed in a polycrys-
talline ferroelectric ceramic. In the case of electric loading
or uniaxial compression (tension), as far as the polarization
and strains are concerned, it is equivalent to fix the crystal-
lite coordinates (x,y,z) along the reference coordinates
(X1,X2,X3) and make the applied field direction vary [4,5]
(see Fig. 2). The original condition of a random distribu-
tion of grains now means that the applied field direction
distributes equally in all directions. This method is similar
to the definition of the inverse pole figure in texture
analysis [33] and is referred to hereafter as the inverse-
pole-figure method. Because of symmetry, it is necessary
only to consider the case when the applied field directions
distribute in the shaded area shown in Fig. 2, which is 1/
48 of the surface area of a unit sphere. The boundary
curves of this area can be expressed by the Eulerian angles
h and u, with u = 0, u = p/4 and cosu = coth.

Consider a grain with an electric field applied at angles
(h,u) as shown in Fig. 2. According to the switching model
of Hwang et al. [13], domain 1 is the most energetically
favorable state during electric poling along the positive
z-axis and there can be possible 90� switching from
domains 4, 6, 3, 5 to domain 1, and possible 180� switching
from domain 2 to domain 1, domain 4 to domain 3, and
domain 6 to domain 5. For simplicity, ‘‘switching i � j’’
hereafter means switching from domain i to domain j.
According to Berlincourt and Krueger’s definition of com-
plete 180� switching [8], the only possible 180� switching is
from domain 2 to domain 1, i.e. there is no possible 180�
switching from domain 4 to domain 3 or from domain 6
to domain 5. The 90� switching options of Berlincourt
and Krueger [8] are identical to those of Hwang et al.
Fig. 2. Representative distribution areas of applied field in tetragonal
ceramics under electric loading or uniaxial compression (tension) with
the crystallite coordinates (x, y, z) fixed along the sample coordinates (X1,
X2, X3).
[13]. In the present study, switching of individual domains
is based on potential energy density using either Hwang
et al.’s [13] or Berlincourt and Krueger’s [8] switching
options. The only difference between the two switching
options is whether the 180� switchings 4-3 and 6-5 are
allowed. For convenience, the constrained domain-switch-
ing models based on Hwang et al.’s [13] and Berlincourt
and Krueger’s [8] switching options are hereafter identified
as Models A and B, respectively. The definition of com-
plete 180� switching under Model A is thus quite different
from that under Model B. For Model A, as shown in
Fig. 3a, complete 180� switching means that all domains
with an original polar direction that makes an obtuse angle
with the electric field undergo 180� switching. While for
Model B, as shown in Fig. 3b, complete 180� switching
only covers those domains with an original polar direction
that makes an angle of [3p/4,p], and for some domains [p/
2 + 35.30,3p/4], to the electric field [5,8].

Now consider the 90� switching 4-1 as an example to
establish a 90� switching criterion for a grain with multiple
domains. Consider a specific domain state with domain
fractions fi (i = 1, 2, . . . , 6) and the internal stress by
domain orientation can be obtained using Eqs. (1) and
(2) as:

rin
ij ¼�2l

7�5v
15ð1� vÞ ðf1þ f2Þeð1Þij þðf3þ f4Þeð3Þij þðf5þ f6Þeð5Þij

h i
:

ð8Þ
As the unpoled state is assumed to be free of internal

stress with zero remnant strain, the internal stress of any
domain orientation state can be expressed by fractions of
90� switching only. Let fi�j denote the fraction of switched
domains from domain i to domain j with respect to the
unpoled state and e(i�j) denote the strain change during
switching i � j. Then e(i�j) can be expressed as:

eði�jÞ ¼ eðjÞ � eðiÞ; ð9Þ
and Eq. (8) can be simplified as:

rin
ij ¼ �2l

7� 5v
15ð1� vÞ ½ðf3-1 þ f4-1Þeð3-1Þ

ij þ ðf5-1 þ f6-1Þeð5-1Þ
ij �:

ð10Þ
Fig. 3. Two-dimensional illustration of complete 180� switching under (a)
Model A and (b) Model B. (Broken arrows denote the original polar
directions of those domains which experienced 180� switching).
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Now consider the 90� switching of a small fraction,
Df4�1, with the electric field E applied at angles (h,u) as
shown in Fig. 2. Using Eqs. (4), (9) and (10), the 90�
switching criterion can be written as:

Df4-1 ðEP 0 cos hþ EP 0 sin h cos uÞ � 2l
7� 5v

15ð1� vÞ S
2
0

�

½2ðf4-1 þ f3-1Þ þ Df4-1 þ f6-1 þ f5-1�
�

P Df4-1 � W E
90; ð11Þ

where W E
90 is the energy barrier (per unit volume) for 90�

switching under electric loading.
Following Huber et al. [15], W E

90 ¼ W 180=
ffiffiffi
2
p
¼

ffiffiffi
2
p

P 0EC

to activate both 90� switching and 180� switching when the
applied field reaches E. By neglecting the high-order infin-
itesimal terms and noting that f4�1 increases continuously
with the applied field E, the inequality (11) can be con-
verted to the following equation:

EP 0 cos hþ EP 0 sin h cos u� 2l
7� 5v

15ð1� vÞ S
2
0

½2ðf4-1 þ f3-1Þ þ f6-1 þ f5-1� ¼
ffiffiffi
2
p

P 0EC: ð12Þ

Divide both sides of Eq. (12) by P0 and express the
Cartesian coordinates in terms of spherical coordinates of
a unit sphere, i.e.

x ¼ sin h cos u; y ¼ sin h sin u; z ¼ cos h ðx; y; z P 0Þ:
ð13Þ

Then,

Eðzþ xÞ � Eb½2ðf4-1 þ f3-1Þ þ f6-1 þ f5-1� ¼
ffiffiffi
2
p

EC; ð14Þ

where Eb ¼ 2l 7�5v
15ð1�vÞ S

2
0=P 0 is an equivalent resisting electric

field induced by 90� switching.
The physical meaning of Eb is quite obvious. In the case

where the applied field direction coincides with the X3 axis,
i.e. h = 0, when no 90� switching is accomplished, i.e.
fi�1 = 0 (i = 3, 4, 5, 6), the activation field for the initial
90� switching is

ffiffiffi
2
p

EC. When all possible 90� switchings
are nearly complete, i.e. fi�1 = (1/6)� (i = 3, 4, 5, 6), the
critical field for the last infinitesimal fraction of 90� switch-
ing is

ffiffiffi
2
p

EC þ Eb. Thus, similar to the back stress in phe-
nomenological theories of plasticity for materials
experiencing the Bauschinger effect [34], Eb can also be
called the ‘‘back electric field’’ induced by 90� switching.

Similarly, the criterion for the switching 3-1 is:

Eðz� xÞ � Eb½2ðf4-1 þ f3-1Þ þ f6-1 þ f5-1� ¼
ffiffiffi
2
p

EC ð15Þ

and for the switching 6-1 and 5-1:

Eðz� yÞ � Eb½ðf4-1 þ f3-1Þ þ 2ðf6-1 þ f5-1Þ� ¼
ffiffiffi
2
p

EC:

ð16a; bÞ
Bearing in mind that for the shaded area in Fig. 2,

z P x P y, it can be concluded from Eqs. (14)–(16) that
switching 4-1 activates at a lower field than switching 6-1,
and switching 4-1 is superior to switching 3-1, as well as
switching 6-1 to switching 5-1. Switchings 3-1 and 5-1 do
not activate unless switchings 4-1 and 6-1 saturate. Thus
using Eqs. (14)–(16), the fraction of 90� switching can be
explicitly expressed as a function of the applied electric field
E and Eulerian angles (h,u).

Next, the detailed domain-switching process in a specific
grain is considered using both Model A and Model B. First
consider the case of an increasing and then vanishing elec-
tric field applied at angles (h,u). Note that the magnitudes
of the applied electric field and stress considered in this
paper are such that linear dielectric and elastic assumptions
hold true.
3.1.1. Model A
First, consider the case of increasing electric loading.

The unconstrained 180� switching is well established and
need not to be discussed here in detail. With respect to
90� domain switching during electric poling, the switching
4-1 activates first when the electric field increases. In the
cases where switchings 4-1 and 6-1 coexist, the switching
criteria are:

Eðzþ xÞ � Eb � ð2f 4-1 þ f6-1Þ ¼
ffiffiffi
2
p

EC

Eðzþ yÞ � Eb � ðf4-1 þ 2f 6-1Þ ¼
ffiffiffi
2
p

EC

(
ð17a; bÞ

The fractions of switchings 4-1 and 6-1 can be obtained
by solving Eqs. (17a) and (17b) as:

f4-1

f6-1

�
¼ min

Eð2zþ xþ yÞ � 2
ffiffiffi
2
p

EC

6Eb

� E
2Eb

ðx� yÞ; 1=6

( )
:

ð18Þ
In the cases where only one type of 90� switching exists,

the analysis is well established and is not presented here. As
mentioned before, switchings 3-1 and 5-1 do not activate
before f4�1 and f6�1 saturate. Note that under Model A,
once the switching condition for 180� switching 4-3 (or 6-
5) is satisfied, 90� switching 4-1 (or 6-1) ceases.

The switching-induced polarization and strain can be
obtained by integration over the shaded surface areas
shown in Fig. 2. Note that in this paper, unless mentioned
otherwise, all polarization and strains are induced by
domain switching and exclude the linear dielectric, piezo-
electric and elastic components. The polarization and
strain along the poling direction are:

PðEÞ ¼ 48

4p

Z p=4

0

du
Z arccotðcos uÞ

0

P 0½2ðf2-1zþ f4�3x

þ f6�5yÞ þ f4-1ðzþ xÞ þ f6-1ðzþ yÞ� sin hdh ð19Þ

eðEÞ ¼ 48

4p

Z p=4

0

du
Z arccotðcos uÞ

0

S0½f4-1ðz2 � x2Þ

þ f6-1ðz2 � y2Þ� sin hdh: ð20Þ

Theoretically, both the polarization and strain can be
obtained in closed form as a function of the applied
field E but the expression is too long to list. In numerical
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Fig. 4. Polarization and strain of BaTiO3 ceramics during electric poling.
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studies, Eqs. (19) and (20) are evaluated by using numerical
quadrature by dividing the shaded area in Fig. 2 into a
100 · 100 mesh in the h and u directions. The results were
found to converge within 0.5% for this mesh size.

Next, consider the case of electric field unloading. It is
possible to have 90� back switching during unloading
because of the high internal stress. Based on Hwang et al.
[13], the 90� switching 4-1 does not cause back switching
1-4 instead to 1-3. Similarly, back switching 1-5 may occur
instead of 1-6 in the case of forward switching 6-1. The
back-switching criterion depends on the maximum internal
stress or maximum achievable 90� switching fraction f max

4-1

and f max
6-1 when the applied field reaches its maximum value

Emax. The back-switching criterion from 1 to 3 is:

Eb½2ðf max
4-1 � f1�3Þ þ f max

6-1 � f1�5� � Eðz� xÞ ¼
ffiffiffi
2
p

EC ð21Þ

and for 1–5 is:

Eb½2ðf max
6-1 � f1�5Þ þ f max

4-1 � f1�3� � Eðz� yÞ ¼
ffiffiffi
2
p

EC: ð22Þ
Remnant polarization and strain associated with back

switching can be expressed as:

P ðEÞ ¼ P max �
48

4p

Z p=4

0

du
Z arccotðcos uÞ

0

P 0½f1�3ðz� xÞ

þ f1�5ðz� yÞ� sin hdh ð23Þ

eðEÞ ¼ emax �
48

4p

Z p=4

0

du
Z arccotðcos uÞ

0

S0½f1�3ðz2 � x2Þ

þ f1�5ðz2 � y2Þ� sin hdh; ð24Þ

where Pmax and emax are the maximum achievable polariza-
tion and strain at Emax, respectively.

3.1.2. Model B

In the absence of possible 180� switchings 4-3 and 6-5,
the switching process of Model B is simpler than that of
Model A. Also, the back-switching process of Model B is
quite different from that of Model A. The forward 90�
switchings 4-1 and 6-1 switch back to their original states
(i.e. domains 4 and 6) if back switching occurs.

3.2. Numerical results

Selected numerical results based on the constrained
domain-switching model are presented to simulate the pol-
ing process of BaTiO3 ceramics [2,8,9]. The material con-
stants used in the simulations are l = 40 GPa, v = 0.3,
P0 = 26 lC/cm2, S0 = c/a � 1 = 0.01, E

C
= 4 kV/cm. The

calculated back electric field, Eb = 161 kV/cm. Fig. 4 shows
the variation of polarization and strain with the applied
electric field for BaTiO3 during electric poling. It can be
seen from Fig. 4a that the polarization curve under Model
A increases much more rapidly than that under Model B
when the electric field exceeds 1.8E

C
. This is because the

180� switching 2-1 is completed at
ffiffiffi
3
p

EC. When
E >

ffiffiffi
3
p

EC, no unconstrained 180� switching occurs but
constrained 90� switching is allowed under Model B, while
under Model A unconstrained 180� switchings 4-3 and 6-5
coexist. Thus the polarization under Model A is larger than
that under Model B for a poling field greater than

ffiffiffi
3
p

EC.
Under Model A, when the poling field reaches 5E

C
, most

of the 180� switchings 4-3 and 6-5 can be accomplished.
As the polarization by constrained 90� switching is very
small (about 0.02P0), the remnant polarization approaches
the theoretical maximum polarization, P0/2, in the case
that complete 180� switching is accomplished without 90�
switching [5]. Under Model B, the maximum remnant
polarization is the sum of the polarizations by complete
180� switching 2-1 (0.831/3 = 0.277P0) [8] and a small frac-
tion of constrained 90� switching (about 0.02P0). In
Fig. 4b, although the strain for Model B increases more
rapidly than that for Model A when E > 3E

C
, the remnant

strain for both models is not significantly different (about
0.013S0).

The main difference between the simulations based on
Models A and B is the remnant polarization, which is
about 0.5P0 for the former and about 0.3P0 for the latter.
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The measured remnant polarization in BaTiO3 ceramics is
about 8 lC/cm2 (0.31P0) [2] and it appears that Model B
can fit the experiments better in the case of BaTiO3. Note
that the polarization and strain of tetragonal PZT-45/55
[21,22] was also simulated using experimental material
properties and qualitative behavior similar to those of
BaTiO3.

The observed domain-switching processes can support
the validity of Model B. It has been reported [35,36] that
domain switching in ferroelectrics usually starts with
nucleation of new domains, followed by domain growth
and formation of domain walls, and is finally accomplished
via domain wall movement. The energy required for new
domain nucleation, domain growth and domain wall
formation is usually larger than that for domain wall move-
ment, so once the domain wall is formed, switching via
domain wall movement is easier than forming a new domain
wall. In Model B, for each type of domain, only one switch-
ing path is allowed and it is not allowed to turn to another
type of switching during monotonic loading or unloading,
which is closer to the real switching process than that under
Model A. Furthermore, the switching process under Model
B is generally simpler than that under Model A.

The fraction of 90� domain switching in BaTiO3 during
electric poling and the remnant fraction of 90� switching
after removing the field is shown in Table 1. During electric
poling, the 90� switching fraction under Model B is larger
than that under Model A especially when the applied field
is large. While upon unloading, the remnant 90� switching
fractions under the two models are almost the same and
increasing the poling field from 3 E

C
to 5E

C
does not

increase the remnant 90� switching fractions. This implies
that 3E

C
is enough to fully pole a tetragonal ceramic. Note

that the calculated remnant 90� switching fraction for
BaTiO3 is about 3.3%, which is smaller than the experimen-
tal results of 12% by strain measurement [8] and 9% by X-
ray diffraction [9]. This implies that the Eshelby inclusion
and linear elastic assumptions may overestimate the con-
straint on 90� switching, and thus underestimate the
switching fraction. Further discussion of this aspect is
given in Section 5.

4. Constrained domain-switching model for tetragonal

ferroelastic ceramics

In tetragonal ferroelastic crystals, there are only three
types of domains with their elongation axes along the
Table 1
Calculated fractions of 90� switching in BaTiO3 ceramic during and after
electric poling using the switching options of Models A and B

Loading conditions Switching options Fractions (%) of
90� switching

During poling up to 5E
C

(or 3E
C
) Model A 6.6 (4.0)

Model B 11.0 (5.2)

On removing electric field Model A 3.4 (3.3)
Model B 3.4 (3.2)
[10 0], [010] and [001] directions. Thus it is convenient to
redefine the domain types in Fig. 1 by labeling domains 1
and 2 as domain III, domains 3 and 4 as domain I, and
domains 5 and 6 as domain II, as shown in Fig. 5. The
switching process can be analyzed in a manner similar to
the ferroelectric case by using the inverse-pole-figure
method and integration over the shaded areas in Fig. 2.

4.1. Model formulation

4.1.1. Model A

Based on Hwang et al. [13], the switching process under
uniaxial tension is found to be symmetric to that under uni-
axial compression as long as each type of switching is not
saturated. It is therefore necessary only to study the switch-
ing process under uniaxial compression.

The unpoled state of a ferroelastic ceramic is assumed to
be free of internal stress. First consider a ferroelastic grain
with the compressive stress r applied at angles (h,u) as
shown in Fig. 2. The 90� switchings III–II, III–I and I–II
may occur but the switching III–II is preferred over the
other two. In fact, only two types of 90� switching can
coexist. Following a procedure similar to Section 3.1, it is
found that in the case z2 + y2 � 2x2 > 0, i.e.
0 < x < 1=

ffiffiffi
3
p

, switchings III–II and III–I may coexist.
Otherwise, i.e. 1=

ffiffiffi
3
p

< x < 1=
ffiffiffi
2
p

, switchings III–II and I–
II may coexist. For convenience, the shaded area in
Fig. 2 is cut to two parts by the plane x ¼ 1=

ffiffiffi
3
p

with the
back part ð0 < x < 1=

ffiffiffi
3
p
Þ labeled as S1 and the front part

ð1=
ffiffiffi
3
p

< x < 1=
ffiffiffi
2
p
Þ as S2.

Now consider the switching III–II at S1 to present a 90�
domain-switching criterion. The following relationship is
analogous to Eq. (11):

DfIII–IIrS0ðz2 � y2Þ � DfIII–II � 2l
7� 5v

15ð1� vÞ S
2
0ð2f III–II þ fIII–IÞ

P DfIII–II � W r
90; ð25Þ

where W r
90 is the energy barrier (per unit volume) for 90�

switching under mechanical loading.
It is assumed that W r

90 ¼ rCS0 to activate 90� switching
when the applied stress reaches the coercive stress r

C
. By

dividing both sides of Eq. (25) by DfIII�IIS0 and introduc-
ing rb ¼ 2l 7�5v

15ð1�vÞ S0, Eq. (25) can be expressed as:

rðz2 � y2Þ � rb � ð2f III–II þ fIII–IÞ ¼ rC; ð26Þ
Fig. 5. Three types of domain in tetragonal ferroelastic crystals.
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where rb is an equivalent resisting stress induced by 90�
switching, analogous to Eb. It can be called the ‘‘back
stress’’.

In the case that switchings III–II and III–I coexist, the
switching criterion for III–I is:

rðz2 � x2Þ � rb � ðfIII–II þ 2f III–IÞ ¼ rC: ð27Þ
By solving Eqs. (26) and (27), the fraction of 90� switch-

ing can be explicitly obtained as a function of the applied
stress r and the two Eulerian angles (h,u). The strain
induced by switching can be expressed in terms of area inte-
grals similar to Eq. (20).

4.1.2. Model B

Based on Berlincourt and Krueger’s switching option
under electric loading [8], Model B can be extended to
the ferroelastic case such that during uniaxial compression
(tension) loading, domains are only allowed to switch to
the state with its elongation axis furthest (closest) to the
compression (tension) loading direction. That is, there only
exist 90� switchings III–II and I–II during compression
while only switchings II–III and I–III exist during tension.
The analysis of the switching process is similar to but sim-
pler than that of Model A and is therefore not discussed
here.

4.2. Numerical results

Fig. 6 shows the stress–strain curves of BaTiO3 ceramics
subjected to uniaxial compression (tension) up to 5r

C
using

Models A and B. In addition to the previously mentioned
material constants, W r

90 ¼ W E
90 is used. Therefore,

rC ¼
ffiffiffi
2
p

P 0EC=S0 ¼ 14:7 MPa. The calculated rb is 419
MPa. It can be seen that under uniaxial tension, there is
little difference between the stress–strain curves corre-
sponding to Models A and B, although the latter forbids
some possible 90� switching from II to I when a field is
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Fig. 6. Stress–strain curves of BaTiO3 ceramics under uniaxial compres-
sion (tension).
applied to S2. This is because the area of S2 is only
ð2�

ffiffiffi
3
p
Þ=1 ¼ 27% of the shaded area in Fig. 2. The switch-

ing strain by the secondary 90� switching II–I on such a
small area is almost negligible. However, for uniaxial com-
pression, the switching-induced strain under Model A is
slightly larger than that under Model B because the latter
forbids some possible 90� switching from III to I when a
field is applied to S1, which is 73% of the shaded area in
Fig. 2. Remnant strains corresponding to the two models
show little difference.
5. Discussion

The proposed constrained domain-switching model
shows that in BaTiO3 ceramics, only 3-4% of remnant 90�
domain switching can be achieved during electric poling
and the fraction is no more than 10% during mechanical
loading, which agrees well with the existing experimental
results [8,9]. From the present analysis, it can be seen that
the fraction of achievable 90� switching is strongly depen-
dent on the back electric field, Eb, which is proportional
to S2

0=P 0 during electric loading, and on the back stress,
rb, which is proportional to S0 during mechanical loading.
The larger the Eb (or rb) is, the smaller the fraction of 90�
switching that can be achieved during electric (or mechani-
cal) loading. The achievable fraction of 90� switching, f90,
during loading for Model B can be estimated by the follow-
ing formulae when f90 is not very large (say less than 20%):

f90 �
ðEmax � ECÞ=Eb for electric loading

ðrmax � rCÞ=rb for mechanical loading

�
: ð28Þ

For BaTiO3 ceramics, the ratio Eb/E
C

is about 40, which
leads to f90 = 10% at 5E

C
when compared to the calculated

value of 11% shown in Table 1. The ratio rb/r
C

is 28.5 and
the estimated f90 is 14% at 5r

C
, only slightly smaller than

the simulated value of 15%.
It should be noted that in BaTiO3 ceramics, the calcu-

lated fraction of achievable 90� switching, which is 11%
during electric poling up to 5E

C
(20 kV/cm) and 3.4% upon

removing the field, is smaller than the experimental results
of 17% and 12% (or 10%) [8,9], respectively. This difference
is probably because the present model, which is based on
linear elasticity and considers the internal stress induced
by non-180� switching in an Eshelby inclusion manner with
the assumption of an infinite matrix, is limited to situations
where f90 is relatively small. In the case that f90 is relatively
large (say >10%), the constraint by neighboring grains is
reduced and the model slightly overestimates the internal
stress, thus underestimating f90 during electric (mechanical)
loading and overestimating it during back switching upon
removing the field. Another point to note is that in a real
ferroelectric ceramic, during the holding time of poling
field, internal stresses relax and an internal bias field [37]
may build up in the material, both of which help to stabi-
lize the switched domains and resist reversal of non-180�
switching on removing the poling field.
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6. Conclusions

A constrained domain-switching model is proposed for
polycrystalline ferroelectric/ferroelastic ceramics that are
made up of multi-domain grains. The model takes into
account the charge-screening effect in real ceramics and
considers the internal stress induced by non-180� switching
in an Eshelby inclusion manner. Thus non-180�
switching is constrained by neighboring grains while 180�
switching is not constrained at all. The model is based on
a potential energy-dependent domain-switching criterion
and uses switching options based on the models of either
Hwang et al. [13] or Berlincourt and Krueger [8]. Numeri-
cal simulations show that solutions obtained using Berlin-
court and Krueger’s switching option agree better with
experiments. It is found that only a few per cent of 90�
switching can occur in BaTiO3 and tetragonal PZT ceram-
ics for up to five times the coercive electric (stress) field,
which agrees well with the existing experimental results
[8,9,20–22]. In addition, the inverse-pole-figure method
used in this paper, which fixes the crystallite coordinates
and varies the field direction, is an effective approach for
analyzing the constitutive behavior of polycrystalline mate-
rials under vector loading (such as electric or magnetic
loading, etc.) or uniaxial compression (tension). To the best
of our knowledge, the current model is the first attempt to
predict the fraction of 90� (or non-180�) switching without
any fitting parameters. The model can be extended to
include all possible co-switching of 90� domains and
rhombohedral ceramics as shown in a subsequent paper
[23].
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