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Abstract: Biological materials such as bone, teeth and nacre are nanocomposites of protein and mineral 

with superior mechanical properties. The basic building blocks of these materials feature a generic 

nanocomposite structure with staggered alignment of mineral platelets in protein matrix. Because of the 

structural complexity of the generic structure, its displacement and stress fields are currently still 

unknown. In this study, a perturbation method was applied for analytically solving the displacement and 

stress fields of the generic nanocomposite structure. The effect of the elastic modulus, aspect ratio and 

volume fraction of mineral and protein on the displacement and stress fields in the nanocomposite 

structure was studied. A non-dimensional parameter   was then suggested for characterizing the stress 

and strain fields in this nanostructure. We showed that the assumption of uniform shear stress distribution 

at the mineral-protein interface in the TSC model is valid when   is less than 4 which is broadly 

applicable to most biological materials. The analytical solutions of displacement and stress fields obtained 

in this study provide a solid basis for further analyses of mechanical properties, such as the buckling and 

the fracture behaviors, etc., of biological materials. 
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1. Introduction 

Biological hard tissues such as bone, teeth and shells, have superior mechanical properties through 

complex microstructure designs. These materials are normally organic-inorganic composites consisting of 

hard mineral crystals and soft protein matrix at different length scales [1-6]. The most elementary 

structures of these biological materials exhibit a convergent, exquisite ultrastructure at the nanoscale 

consisting of plate-like mineral crystals with large aspect ratio embedded in a soft collagen matrix, as 

shown schematically in Figure 1. In the past ten years, intensive efforts [7] have been made to address the 

mechanisms of high strength and toughness of the biological materials from various points of view 

including their hierarchical structures [1-3], reduction of stress concentration at crack tip [8], and 

protein-mineral interface roughness [9]. However, increasing evidence suggested that the generic 

nanocomposite structure was also crucial to the superior strength and toughness of biological materials 

[10]. Based on the studies of Jager and Fratzl [11] on the staggered arrangement of bone fibrils, Gao and 

coworkers developed the so-called tension-shear chain model (TSC) [12] to describe the mechanics of the 

generic nanostructure [13-15]. Subsequently, the TSC model was further applied to study other 

mechanical properties of biological materials, for instance, the structural stability of the nanocomposite 

structure and the interface strength between the protein and mineral, etc [16-18]. 

Although the TSC model has been successfully applied to studying different mechanical properties of 

biological materials at different length scales [7, 19], the assumptions and simplifications made during the 

development of the model have not been proved. For example, it assumes that the distribution of shear 

stress in protein as well as mineral-protein interface is uniform. Because of the structural complexity of 

the nanocomposite structure, the verification of this assumption is apparently not straightforward. The 

shear-lag model [20-22] has been applied for analyzing the displacement and stress in the nanocomposite 
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structure, obtaining approximate shear stress at protein-mineral interface and average normal stress in 

mineral. These studies to some extent provided support for the TSC model. However, the shear-lag model 

is only an approximate model for the nanocomposite structure, of which the assumptions and predictions 

still need rigorous validation. Moreover, the shear-lag model can only provide one dimensional 

distribution of the displacement and stress in the nanostructure.  

This study is aimed to analyze the distribution of displacement and stress in the nanostructure and 

how these fields change with the aspect ratio of mineral crystal and the elastic modulus ratio of mineral to 

protein. A perturbation method will be applied to solve for the displacement and stress fields in the 

generic nanocomposite structure by treating the mechanical model as a plane stress problem. 

 

2. Model 

Figure 1(a) is the schematic illustration of a representative volume of the nanocomposite structure of 

biological materials, showing a large aspect ratio of mineral crystals and a staggered alignment of the 

mineral crystals in the protein matrix. According to the symmetry of the nanostructure, a unit cell 

extracted from Fig. 1(a) was adopted in this study for simplifying the analysis, as shown in Fig. 1(b), 

where the two mineral crystals are denoted as mineral I and mineral II, respectively. l is the length of 

mineral, dm is the thickness of mineral, dp is the thickness of protein, and h is thickness of protein at the 

mineral tip along the longitudinal direction. The subscripts m and p stand for the mineral and protein, 

respectively. Because h is much smaller than l, and protein is much softer than mineral, we further assume 

0h  , and then Fig. 1 (b) is simplified to Fig. 2. 

 

3. Perturbation Method 
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3.1 Basic Equations 

According to the classical theory of elasticity, the equilibrium equation of the system in the absence of 

body forces is given as 

, 0ij j                                                                             (1) 

and the isotropic constitutive relation is 

1
ij ij kk ijE E

    
                                                                (2) 

where E  and   are the Young’s modulus and the Poisson’s ratio, respectively, and ij  and ij  are 

the stress tensor and strain tensor, respectively. For small deformation condition, the strain tensor is 

related to the displacement vector iu  by 

 , ,

1

2ij i j j iu u                                                                      (3) 

For a plane-stress problem  , ,i j x y , the equilibrium equations and the Hooke’s law , respectively, 

reduce to 

 0xy xx

y x

  
 

 
,   0xy yy

x y

  
 

 
                                                 (4) 

and 

 1
xx xx yyE

    ,   1
yy yy xxE

    ,  .
2

xy
xy G


                                  (5) 

where G  is the shear modulus. The strain is related to the displacements by 

xx

u

x
 




,  yy

v

y
 




,  
1

.
2xy

u v

y x


  
    

                                             (6) 

where u and v are the displacement in x and y directions, respectively. 

 

3.2 Perturbation expansion 
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For the convenience of analysis, we make coordinate transformation as x l  , my d  . Then we 

have 
1

x
l

     , 
1

m

y
d

     , 2 2 2 2
2

1
x

l
     , and 2 2 2 2

2

1

m

y
d

     . The origin 

and directions of the new coordinates  ,   are consistent with the original  ,x y  coordinates, as 

shown in Fig. 2. Furthermore, we set 

2
E p d mC E E  ,   2

G p d mC G G                                                   (7) 

where d md l  , then we have 

 21 p d m EE E C ,   21 p d m GG G C ,     1 1E p G mC C    .                    (8) 

Note that 1
m dl d    is the aspect ratio of the mineral. For the biological materials, such as bone 

and dentin, 1 1000p mE E   and 1 30d md l   , therefore we have  1E GC C O  . d  is a 

small parameter in this work. 

In the new coordinate system  ,  , the equilibrium equation Eq. (4) and geometric equation Eq. (6) 

can be transformed, respectively, as 

1 0xy xx
d

 
 

  
  

 
,  1 0xy yy

d

 
 

 
 

 
                                            (9) 

and 

1
xx

u

l








,  
1

d
yy

v

l




 



,  11

.
2xy d

u v

l


 
  

     
                                  (10) 

It is not possible to directly solve the governing equations, Eqs. (5), (9) and (10), due to the structural 

complexity of the model depicted in Fig. 2. Here, we adopt the perturbation method to simplify the 

analyses. We first analyse the order of magnitude of the stress in mineral and protein. Considering the 

elastic modulus of the mineral is order of magnitude 2
d
  higher than that of protein, as well as the 

loading transfer relation between protein and mineral in the nano-composite structure, we assume that 
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2 m p
d xx xx   , m p

xy xy  , m p
yy yy  . Therefore, we have that the stress distribution in the mineral 

crystals as 2 m m m
d xx d xy yy      by considering the large aspect ratio of mineral, and the stress 

distribution in protein layer as p p p
xx d xy yy    . 

Subsequently, the expansions of the strain components can be obtained according to the expansion of 

stress components and the constitutive relations. The expansions of the displacement can be obtained by 

considering the large aspect ratio of mineral crystal, the expansions of the strain components and the 

constitutive relations. Based on the above assumption, we proposed a perturbation expansion method for 

the stress, strain and displacement expressions. For the mineral crystals, the expansions are 

   

    
    

0 12

0 12 2

0 12

,

,

,

m mm
xx xx d xx

m mm
yy d yy d yy

m mm
xy d xy d xy

  

  

  

   
   

   







                                                      (11)

   

   

    

0 12

0 12

0 12

,

,

,

m mm
xx xx d xx

m mm
yy yy d yy

m mm
xy d xy d xy

  

  

  

   
   


  







                                                      (12) 

   

    
0 12

0 12

,

,

m mm
d

m mm
d d

u u u

v v v

   


  




                                                       (13) 

and for the protein layers are 

    
    
    

0 12 2

0 12 2

0 12

,

,

,

p pp
xx d xx d xx

p pp
yy d yy d yy

p pp
xy d xy d xy

  

  

  

   

   

   







                                                      (14)



 8

   

   

    

0 12

0 12

0 11 2

,

,

,

p pp
xx xx d xx

p pp
yy yy d yy

p pp
xy d xy d xy

  

  

  

   
   


  







                                                      (15) 

   

    
0 12

0 12

,

,

p pp
d

p pp
d d

u u u

v v v

   


  




                                                       (16) 

   Substituting the expansions Eq. (11) and (12) into Eq. (5) and (9), and Eq. (12) and (13) into Eq.(10), 

we obtain the expansions of the constitutive relations, equilibrium equations and the geometric equations 

of mineral. Similarly, substituting the expansions Eq. (14) and (15) into Eq. (5) and (9), and Eq. (15) and 

(16) into Eq.(10), we obtain the expansions of the corresponding governing equations of protein. 

 

3.3 Boundary conditions 

We apply the symmetric boundary conditions at the top surface of mineral I (line AB) and the bottom 

surface of mineral II (line GH). The traction free boundary conditions are applied at the left end of the 

mineral I (line AC) and the right end of the mineral II (line FH). (The tensile force by protein at the 

mineral tip is negligible because it is much weaker than that in mineral) The unit displacement loading 

0 2 1u    was applied on the right end of the mineral I (line BD) and the left end of the mineral II (line 

EG), respectively, as shown in Fig. 2. According to the perturbation expansion of displacement given in 

Eq.(13), we have 

   0 12
0 0 0/ 2 / 2 2 1du u u                                                           (17) 

and  

 0
0 / 2 1u   , and  1

0 2 0.u                                                          (18) 
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4. Analytical Solutions 

According to the perturbation expansion given in section 3.2, the perturbation solution of the governing 

equations of each expansion term can be solved successively. Firstly, we will solve the first expansion 

term of the governing equations (the initial solution). The corresponding governing equations for the first 

expansion term of the mineral layer are given as following 

   
 

   
 

   

0
0 0

0
0 0

0 0

1 1

1

1

2

m
m m
xx xx

m

m
m mm
yy xx

m

m m
xy xy

m

u

E l

v

E l

G

 


 


 

 
  

     





                                                        (19) 

and 

 0

0
mu







                                                                        (20) 

and 

   

   

0 0

0 0

0

0.

m m
xy xx

m m
xy yy

 
 

 
 

  
 

 

     

                                                              (21) 

Solving Eqs. (19), (20) and (21), we can obtain the analytical initial solution of the displacement and 

stress components as below, 
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     
         
     

         

             

0 0

0 0 0

0 0
,

0 0 0
,

0 0 0 02
, 2

m
i i

m
i m i i

m m
xx i i

m m
xy i i i

m m
yy i i i i

u f

v f g

E
f

l
E

f
l

E
f

l



   

 

    

      





   
 

   

    

                                          (22) 

where the subscript i  I and II, standing for mineral I and mineral II, respectively. The unknown 

functions of    0
if  ,    0

ig  ,    0
i  ,    0

i   can be obtained by applying the symmetric 

conditions at lines AB and GH and the continuity condition at the protein-mineral interface. The detailed 

procedures can be found in Appendix A of the Electronic Supplementary Materials (ESM).  

Next, we carried out the analysis for the protein layer with the same procedures. The corresponding 

governing equations for the initial solution of the protein are 

      
 

      
 

   
 

0
0 0 0

0
0 0 0

0
0 0

1 1

1 1
,

1 1

2 2

p
p p p
xx xx p yy

m E

p
p p p
yy yy p xx

m E

p
p p
xy xy

m G

u

E C l

v

E C l

u

G C l

   


   


 


 
   

    


   


                                            (23) 

and 

 

   

0

0 0

0

0.

p
xy

p p
xy yy




 
 






     

                                                              (24) 

Solving Eqs.(23) and (24), we can obtain the initial solution for the protein as below 
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         

                     

               
     
         

0 0 0

2 2
0 0 0 0 02

0 0 0 0

0 0

0 0 0

11

2

2

p

m G

ppp
p

m E m E

p m E
xx p p

p
xy

p
yy

l
u p

G C

ll
v s p q

E C E C

E C
p s

l

s

  


        

      

  

   

  

       


     

 
                     (25) 

where the functions    0  ,    0p  ,    0q  , and    0s   are obtained by applying the symmetric 

condition and the continuity condition at the protein-mineral interface. Again, details are provided in 

Appendix A of the Electronic Supplementary Materials (ESM). 

Finally, substituting the displacement loading boundary condition, (0)
0 2 1u   , we obtained the 

initial solution of the stress and displacement fields of mineral (the mineral I and mineral II) as, 

 0 2 sh 2ch
4

m
iu A

     
 

                                                       (26) 

 
 

0
sh

42 sh sh
2 4

m m p p
m m p
i m

m m

d dd d
v A

d d

    

         
   

 

                       (27) 

 0
, 2 sh 2 sh

4
m m
xx i

E
A

l

      
 

                                                     (28)

    2
0 2 3
, 2

sh
4

m pm pm
yy i

m m

d d dE
A

l d d
    

 
    
 
 

                                       (29) 

   0 2
,

2
ch

m p mm m
xy i

m

d d dE
A

l d


  





                                               (30) 

where  0
0 sh 4ch

4 4
A u

    
 

,  ch 2e e    ,  sh 2e e    , 

  2 1m m mG E   , and  
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2 2
(1 )

p m p

m p m

G d G

E d E
  


 


                                                     (31) 

where ( )m m pd d d    is the volume fraction of mineral in the nanocomposite structure. 

Similarly, we obtain the initial solution of the protein layer as 

 0 4 ch
2 sh

4
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p

d
u A

d

 
 

    
 

                                                    (32) 
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       
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                      (33) 
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                                    (34) 

 0 3shp m
yy

E
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l
                                                                 (35) 

 0 2chp m
xy

E
A

l
   .                                                               (36) 

   Substituting Eqs. (26)-(30) into Eq. (11) and (13), and Eqs. (32)-(36) into Eq. (14) and (16), we obtain 

the approximate perturbation solution based on the initial solution. To improve the precision of the 

solution, we should solve the higher order terms of perturbation corrections. To give an example, the first 

order perturbation correction was solved in Appendix B of the Electronic Supplementary Materials (ESM). 

The other higher order perturbation corrections can be solved systematically in the same spirit. 

 

5. Results and Discussions 

To check the convergence of the perturbation solutions, we make comparison of the displacement and 

stress fields between the initial solution (Eqs.(26) to (36)) and the combination of the initial solution and 

the first order perturbation correction (Eqs.(B82) to (B91) in the ESM). Figure 3 shows the comparison of 

the normal stress, shear stress and longitudinal displacement in mineral I at  2p md d   (i.e. at the 

mineral-protein interface) for different aspect ratios. It is clear that, the results of the initial solution are 
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very close to those of the combination of the initial solution and the first order perturbation. Therefore, the 

initial solution can appropriately describe the stress and displacement fields in the nanocomposite 

structure under tension or compression. In the following analyses, we will only adopt the approximate 

perturbation solutions from the initial solutions (Eqs. (26) to (36)). 

To further check the validity of our analytical solutions, we made comparison with the FEM 

calculations using ABAQUS software (Version 6.4-1). The FEM model corresponds to the mechanical 

model shown in Fig. 2. We applied symmetry boundary conditions on GH and kept AB as straight line in 

the FEM simulations. The structure was loaded in tension at BD and EG.  Figures S1 (in ESM) shows 

the normal stress (Fig. S1a), the shear stress (Fig. S1b) and the axial displacement (Fig. S1c) in mineral I 

in the longitudinal direction at the interface  2p md d  . We can see that our theoretical predictions 

agree well with the FEM results except at the tips of mineral. We also note that the shear stress 

 , 0
m
xy I ml u E  along the interface is almost uniform, and the smaller the aspect ratio, the more uniform 

is its distribution. This result is consistent with the assumption made in the TSC model, explaining why 

the predictions of the TSC Model [12] agree with the experimental observations. 

Based on Eq.(26) and Eq.(28), one can derive the equivalent Young’s modulus Ê  of the biological 

nanocomposite structure as 

 
1 1 4
ˆ tanh 4m mE EE  
 

 
                                                       (37) 

The prediction of Eq. (37) was compared with those of the TSC model and the FEM calculations as 

shown in Fig. 4 and Fig.S2. We can see that Eq. (37) agrees well with the TSC model at relative small 

aspect ratio of mineral crystal, but its prediction deviates from that of the TSC model at larger aspect ratio. 

In contrast, Eq. (37) is consistent with the FEM calculation at a much larger range of aspect ratio. It is 
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noted that when 4  is sufficiently small, we can approximate  tanh 4 4  , Eq. (37) will 

degenerate exactly to the Eq.(1) of the TSC model in reference [12]. 

With the theoretical solutions in Eqs. (26) to (36), we can study the influence of elastic modulus of 

mineral and protein on the stress and displacement distribution in the nanostructure. Figure S3 illustrates 

the normal stress (Fig. S3a), shear stress (Fig. S3b) and the displacement (Fig. S3c) along the longitudinal 

direction of the mineral at different m pE G  values. From Fig. S3 we can see that increasing the ratio of 

Young’s modulus of mineral to shear modulus of protein will cause the decrease of the normalized normal 

stress in the mineral and the normalized shear stress at the mineral-protein interface. The mechanism is 

that with the increase of elastic modulus of mineral relative to protein’s, the normalized equivalent 

Young’s modulus of the nanocomposite structure will decrease, according to Eq.(37). Under the same 

displacement loading, the force acted on the nanocomposite structure will decrease, therefore the mineral 

will take less load in the nanocomposite structure and the interface transfer less shear stress. However, 

because the mineral becomes stiffer (or protein becomes softer), the deformation of mineral will be 

smaller. Moreover, the shear stress becomes more uniform with the increase of the elastic modulus of 

mineral crystals. It implies that the larger difference in elastic modulus between mineral and protein will 

induce more uniform shear stress at the mineral-protein interface. 

According to Eq.(28) and Eq.(30), we find that the parameter   2 1p mG E     (i.e. 

Eq.(31)) determines the nature of the distribution of shear stress at the mineral-protein interface and the 

normal stress in mineral. We calculated the dimensionless shear stress  , 0
m
xy I ml u E  and normal stress 

 , 0
m
xx I ml u E  as   changes in the range from 2.0 to 20. Figure 5 and Fig. S4 show the distribution of 

these two stress components, respectively. We can see that the shear stress distribution is almost uniform 
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and the normal stress along the length of mineral crystals is almost linear when 4  . However, the 

distribution of the shear stress at the interface becomes non-uniform and the normal stress along the 

length of the mineral becomes nonlinear when 4  . As noted,  is determined by the aspect ratio  , 

volume fraction   of mineral, Young’s modulus ratio of mineral to protein m pE E , and Poisson’ ratio 

of protein p . Therefore, the smaller the aspect ratio and the larger the modulus ratio, the smaller the 

value of  . It is clear that the shear stress distribution along the interface is approximately uniform at an 

aspect ratio of approximately 30 and a Young’s modulus ratio of approximately 1000, as in the case of 

real biological materials, which agrees with the basic assumption of the TSC model. 

 

6. Conclusions 

In this study, we adopted a more rigorous approach to analyze the stress and strain fields in the 

nanocomposite structure of biological materials on the basis of the 2D elasticity theory. Using a 

perturbation approach, we obtained the approximate analytical solution of not only the interfacial stress 

between protein and mineral but also the whole stress and strain fields in the nanocomposite structure 

given by Eqs. (26) to (36). We showed that the predictions of Eqs. (26) to (36) based only on the initial 

solutions are very close to those based on the combination of the initial solution and the first order 

perturbation (Eqs. (B82) to (B91) in the ESM). In comparison with previous studies, we for the first time 

obtained the analytical solutions of two dimensional distribution of the displacement and stress fields in 

the nanocomposite structure. This study may provide the basis for further analyses of other mechanical 

properties of biological materials, e.g. the buckling and failure behaviors, etc. 

We showed that the smaller the aspect ratio and the larger the elastic modulus ratio of the 

nanostructure, the more uniform is the distribution of shear stress at the mineral-protein interface. This 
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feature can be described by the parameter  which is defined by the aspect ratio, volume fraction of 

mineral, and the elastic modulus ratio of mineral to protein When 4  , as in the case of real biological 

materials, the shear stress at the mineral-protein interface is almost uniform, which fully supports the 

basic assumption of the TSC model. However, one will not be able to assume a uniform distribution of 

shear stress at the interface and linear distribution of normal stress in the mineral along the longitudinal 

direction when 4  . This result can serve as a criterion whether the TSC model is applicable to a 

composite material with a similar microstructure as of the biological materials. 
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Figure captions 

Figure 1: The generic nanocomposite structure of biological materials. (a) Schematic illustration of the 

staggered alignment of the mineral in the protein matrix; (b) a unit cell extracted from the nanocomposite 

structure according to the symmetry of the structure. 

 

Figure 2: The simplified unit cell model for the analytical analysis. The structure is loaded at the right end 

of mineral I and the left end of mineral II. 

 

Figure 3: The comparison between the predictions of the initial solution and the summation of the initial 

solution and the first order perturbation correction at three different aspect ratios of mineral. (a) The 

dimensionless normal stress in the mineral crystal; (b) the dimensionless shear stress along the 

mineral-protein interface; (c) the dimensionless displacement in the mineral along the longitudinal 

direction. 2400m pE G  , and  50%. 

 

Figure 4: The equivalent Young’s modulus of the nanocomposite structure versus the aspect ratio of 

mineral crystal predicted by our analytical solution, the TSC model and the FEM simulation 

( m pE G  2400). The volume fraction of mineral 95%   (as the case of nacre)   

 

Figure 5: The evolution of the distribution of the interface shear stress at the mineral-protein interface 

with the variation of the   value. 
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