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Mathematical formulations 

Using barycentric coordinates of a regular arbitrary shaped tetrahedron   defined by its 

vertices’ cartesian coordinates, we have: 

 

ri = 
  

 

 
     i         ,  

 

V   ∑   
 
    at a          point   tetrahedron,  

 

V1 = VP234, V2 = VP134, V3 = VP124 and V4 = VP123.  

The degrees of freedom are { }       {
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and the displacements inside this element are given with 
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    at the corresponding          point.  

Therefore, the displacements of   become 
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Figure 1: Nodal displacements in cartesian coordinates of a tetrahedron 

 

The tetrahedron degrees of freedom shown in Fig. 1 are  
 

{ }       ⌊                        ⌋       
 

[ ] is the matrix of the shape functions  
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If we consider that    ,
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We get the    coordinates without using the constraint equation  ∑      
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Where  |   |  is the          determinant 

 

And         |   |             
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  is the volume of the tetrahedron finite element 
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The volume of the   vertices tetrahedron finite element is 
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And      |   |        

 

Such that ∫ ∫ ∫           
 

 

       

 

    

 

 

 
  

 

We have then         |   |          . Using the plane’s equation as shown in [     ], one 

can solve the four following sets of equations: 
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such that 

 

 

                                
                               
                               
                               

   

 

The Gauss LU method with partial pivoting allows to obtain the barycentric coordinates 

versus cartesian coordinates with analytical geometry and without inverting the matrix of the 

initial sets of equations. This is an original new and efficient method for determining the 

shape functions of the constant strain tetrahedron. Here, the inversion is not numerically 

recommended because it is a source of roundoff errors and ill-conditioning problems for 

arbitrary shaped elements. 

 

The strains inside the tetrahedron are given by: 
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Where      
 

 
(         )  in linear elasticity  

And :   
   

  
    ,   

   

  
    ,   

   

  
    

 



12 
 

    
  

  
 

  

   

   

  
 

  

   

   

  
 

  

   

   

  
 

  

   

   

  
 ∑       

 
        

    
  

  
 

  

   

   

  
 

  

   

   

  
 

  

   

   

  
 

  

   

   

  
 ∑       

 
        

    
  

  
 

  

   

   

  
 

  

   

   

  
 

  

   

   

  
 

  

   

   

  
 ∑       

 
        

 

    
 

 
(
  

  
 

  

  
)  

 

 
∑            

 
           

    
 

 
(
  

  
 

  

  
)  

 

 
∑            

 
            

    
 

 
(
  

  
 

  

  
)  

 

 
∑            

 
           

 

The stiffness matrix of the tetrahedron finite element is 

 

 [   ]        ∫ [ ] [ ][ ]
 

   [ ] [ ][ ]                

                                

Where  [           ]  the derivatives shape functions is constant.  

 

The mass matrix of the tetrahedron finite element is 
 

[   ]        ∫   [ ] [ ]
 

         |   | ∫ [ ] [ ]
 

              

 

Where     the mass per unit volume  

 

The damping matrix of the tetrahedron finite element is 
 

[   ]        ∫   [ ] [ ]
 

           
      

Where     is the damping coefficient of the structure per unit volume 
 

We get  
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The damping matrix of this element is then 
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The exact damping matrix is then 
 

 

[   ]  

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  
    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  
    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  
    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  
    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  
    

  
  

 
    

  
 

  
    

  

    

  
  

 
    

  
 

  
    

  ]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

  

I 



14 
 

If the the damping factor is     
 

   
  

         for Bolted and Riveted Steel 

        for Reinforced-Concrete 

 

  : is the damping coefficient per unit volume   

    : is the critical damping coefficient per unit volume   

      : is the damping coefficient   

    : is the critical damping coefficient   

Numerical application 

In practice, the steel specimen in tension allows to calculate the critical damping coefficient of 

steel with its  ,   ,   and   characteristics such that 

         

  
   

 
 

              ⁄  

           ⁄  

The stiffness matrix of a bar element is given in general with : 

[ ]  *
      
      

+  

If this element is fixed at one end, its stiffness is then : 

  
   

 
 

        

For a one degree of freedom case, the critical damping coefficient is calculated with 

     √     √                       which is also in       

from its    equation :     ̈      ̇        

Then the damping coefficient becomes 

                      

 

The crucial problem is how to compare a    steel specimen with a    steel block specimen. 

If one uses the developed damping matrix, one finds that there are several coefficients for 

each direction and the off-diagonal coupled ones between two directions. 

We need to keep the volume characteristics of the    element such that we assume that only 

the      degree of freedom exist and all the other degrees of freedom are fixed. 

Then we get the damping force in the motion equation with       ̇  
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Assuming that the      value is equivalent to a       steel specimen value and this 

represents the same behavior, we use                  

We can then bound the specimen thicknesses with selecting the desired thickness.  

We obtain      
    

  
 

Let be the tetrahedron defined with the following       and   vertices : 

                  ,           and            then the volume of a cube is 
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The volume of a       sided tetrahedron is  
    

 
 

One has     for       and     for         

Then         

And      
    

  
 

 

  
              

The finite element user is advised to use the same selected size element in his mesh data 

computations. 

The damping matrix of this specific tetrahedron becomes 
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Conclusion 

This analysis allowed to present an efficient method to compute the exact damping matrix of 

the four nodes constant strain tetrahedron finite element. We reported that the damping 

coefficient is an important parameter in this matrix. We shown that the application of a 

specimen in tension allowed to get the numerical value of the steel material critical damping 

coefficient. 
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