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Abstract : The objective of this analysis is to present an efficient method to compute the
exact damping matrix of the constant strain tetrahedron finite element and the intervening
damping coefficient of a steel material from the information of a specimen in tension.
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Mathematical formulations

Using barycentric coordinates of a regular arbitrary shaped tetrahedron Q defined by its
Vertices’ cartesian coordinates, we have:

ri:%foriz 1to 4,

V=Y V,ataP(xy,z) point € tetrahedron,

V1 = Vpoza, V2 = Vpi3a, V3 = Vpigs and Vi = Vpays.

Wi
and the displacements inside this element are given with

U;
The degrees of freedom are {d}(12x1) = {vi}
(12x1)

u =Y, Nu; =Xk, nu,
v = Z?=1rivi1
w = Y+, r;w; at the corresponding P(x, y, z) point.

Therefore, the displacements of P become

u
{v} = [N]xi{d}az2xn)

W7 (3x1)
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Figure 1: Nodal displacements in cartesian coordinates of a tetrahedron
The tetrahedron degrees of freedom shown in Fig. 1 are
{d}(12><1) =[up v Wiy Uy Vy Wy Uz V3 Wz Uy Uy wy|T

[N] is the matrix of the shape functions

n 0 0nb, 0O 0 73 0 O nrnpnb 0O O
[N] (6)(12) = O T‘1 0 O Tz 0 0 T3 O O T4 0
0O 00nn 0 0 rn 0 0 3 0 0 ny

x1 x2 X3 X4, T1
_ Y1 Y2 Y3 Ya|)T2

Zy Zy Zz Zy||T3

X
If we consider that 321
1 1 1 1 11\,

We get the r; coordinates without using the constraint equation Yi_,r; = 1
X (1 —x4) (2 —x4) (x3—x4)| (M X4
{y} =01 =Ye) 2—ya) (V3= Ya)|{T2(+ Vs
z (z1—24) (22—24) (23— 24)|\"3 Z4
SUCh that T'4 = 1 - T'1 - rz - T'3
dx (1 —x4) (2 —x4) (X3 —x4)|(dry dry
Then dy; =01 =) 2—ys) (3 —ya)|{drap = [J]1dr,
dz (z1—24) (22— 7)) (23— 2,)|\dr3 drs
Where | J | is the Jacobian determinant

And dV = abs(|]|) drydr,drs

Ve = fﬂ dV is the volume of the tetrahedron finite element
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The volume of the 4 vertices tetrahedron finite element is

L (2 —x1) (x3—x3) (x4 —x3)
Ve = gabS 2—=y1) s—¥2) (Va—Y3)
(22— 71) (z3—7) (24— 73)

And abs(|]J|) =6V°¢
Suchthat [ [17" [T drydrydrs = %

We have then dV = abs(] ] |)dr,dr,dr;. Using the plane’s equation as shown in [1,2,3], one
can solve the four following sets of equations:

X1 Y1 oz 17 (q a,
x2 _')’2 ZZ 1 bl _ afz .
X5 s zs 1|)ci( T )as i=1to4
Xe Yo z4 1 d; Ay
such that

ar=1land a; =az3=a,=0 fori=1
a,=1land a; =az=a, =0 fori=2
az=1land a; =a,=a, =0 for i=3
a,=1land a; =a,=a3=0 for i=4

The Gauss LU method with partial pivoting allows to obtain the barycentric coordinates
versus cartesian coordinates with analytical geometry and without inverting the matrix of the
initial sets of equations. This is an original new and efficient method for determining the
shape functions of the constant strain tetrahedron. Here, the inversion is not numerically
recommended because it is a source of roundoff errors and ill-conditioning problems for
arbitrary shaped elements.

The strains inside the tetrahedron are given by:

T
{5} = lgxx 1€y €221 Eyz 5 Ezx 0 Exy J = [B](sxlz){d}(lle)

a, 0 0 a, 0 0 a3 0 0 a 0 07
0O b 0 0 b, 0 O b3 O O by, O
0 0 ¢¢ 0 O ¢ O 0 ¢35 O Ca
Ploan=|o 2 & 0 2 2 02 & o2&
2008 % 0% 0% o0 g
b1 a by a b3 a by a
5% % 0 B og 0 B g 0 bog 0

1 . . ..
Where ¢;; = E(uirf +u;;) in linear elasticity
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Exx =
Eyy =

€z =
& Xy

€yz

EZ X

Ou 6r3
6r3 O0x

v 0rs

dr; 0y
6W 67"3
6T3 0z

au 6r4 _
6r4 ax
ov 0r, _
ory oy
aw 6r4
ory 0z

o (via; + u;by)

Z _,(w;b; + v;c;)

au _ 6u arl au 6r2
ax 6r1 O0x arz 0x
ov _ 0v dry dv dry
dy ~ar ay | orp 0y
E)w _ 6w 6r1 aw 6r2
9z 6r1 0z arz 0z
_1 (f’_” n "’_u) _1
2\0x Jdy
_ 10w _
T2 (63/ 5)
du . dw 1
(az + E) T2

o (uie + wiay)

The stiffness matrix of the tetrahedron finite element is

[K e](12><12) = fQ [B]T[D][B] dv =

[B]"[DI[B] V*

i=1(wa;)

4=1(Uibi)

?=1(Wici)

Where [B(ry,1,,73)] the derivatives shape functions is constant.

The mass matrix of the tetrahedron finite element is

(M e](12><12) = fQ p [N]

"[N1av = p.abs(|J ) [, [N

Where p the mass per unit volume

The damping matrix of the tetrahedron finite element is

[C ®l12x12) =

=Jo SN

T[N] drydrydrs

Where ¢ is the damping coefficient of the structure per unit volume

We get

1 1—7"1 1—7"1—7"2 %’ V
f f f §.abs(| ] ) 2 drydrydrs = =—
0 Jo 0 10

1 1 1 1—7"1—7"2 E
f f f &.abs(| ] |) iy, drydr,drs =
0 Jo 0 20

And

1 ,1-1y ,l-14-Ty
f f f E.abs(|] ) r2 drydr,drs
0o Jo 0

1 1 1 1 ri—"1; E
= f f f E.abs([JD) (1= 11— 1, —13)? drydrydrs =
o Jo 0

e

Ve

12

20

e




The damping matrix of this element is then

[C¢]l=¢.abs(]]])
# 0 0
0 £ 0
0 0 72
Ty 0 0
0 nn, 0
0 0 nn
a
173 0 0
0 mnr; 0
0 0 mnr3
1Ty 0 0
0 nn 0
0 0 nn

Ty 0
0 nn
0 0
2 0
0 74
0 O

ToT3 0
0 nr
0 0

Toly 0
0 mnn
0 0

The exact damping matrix is then

_E Ve
10
§ve
0
10
0 0
§Ve
0
20
§ve
0
20
0
§Ve
20
sve
0
20
0 0
§Ve
20
sve
0
20
0 0

§ve

0
20
0

§ve

10
§ve

0
10
0 0

§ve

20
14

0
20
0

14
0

20
14

0
20
0

14
0

20

13

0
s

0
0
T3

1£5A
0
0

N
0
0

37y
0
0

0
T
0
0
7y
0

0
37y
0

drydr,drs




If the the damping factor is [} = £

ECT
e [ =0.04 for Bolted and Riveted Steel
e [ = 0.05 for Reinforced-Concrete

& : is the damping coefficient per unit volume

.+ 1s the critical damping coefficient per unit volume

Y = f V' . is the damping coefficient

Y., . is the critical damping coefficient

Numerical application

In practice, the steel specimen in tension allows to calculate the critical damping coefficient of
steel with its , E , A and L characteristics such that

E =2.1%10" N/m?
p = 7850 kg/m?3

The stiffness matrix of a bar element is given in general with :

1 -1
Kl=]_; ]
If this element is fixed at one end, its stiffness is then :
Y

L
m=p.A.L

For a one degree of freedom case, the critical damping coefficient is calculated with

Yer = 2Vk.m = 2\/p.E.A?2 = 6377.719 N.s/m whichisalsoin kg/s
fromits 1D equation: m.X + Y. x+ k.x =0
Then the damping coefficient becomes

Y =B.Y, = 255.109 N.s/m

The crucial problem is how to compare a 1D steel specimen with a 3D steel block specimen.
If one uses the developed damping matrix, one finds that there are several coefficients for
each direction and the off-diagonal coupled ones between two directions.

We need to keep the volume characteristics of the 3D element such that we assume that only
the u, degree of freedom exist and all the other degrees of freedom are fixed.

Then we get the damping force in the motion equation with c¢;.14
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Assuming that the c¢;; value is equivalent to a 10 mm steel specimen value and this
represents the same behavior, we use ¥ = 255.109 N.s/m
We can then bound the specimen thicknesses with selecting the desired thickness.
§ve
10

We obtain ¢;1 =

Let be the tetrahedron defined with the following 1, 2, 3 and 4 vertices :
(0,0,0),(0.01,0,0),(0,0.01,0) and (0, 0,0.01) then the volume of a cube is

0.01 -0.01 0
0 0.01 -0.01
0 0 0.01

The volume of a 10 mm sided tetrahedron is
One has ¢ for 1m3 and y for V€ m3

Then Y =& V¢

6Ve=abs<

) = (0.01)% = 106 m3

10—°
6

And oy =55 =2 = 25511 N.s/m

The finite element user is advised to use the same selected size element in his mesh data
computations.

The damping matrix of this specific tetrahedron becomes

[C°] =
25.511 0 0 12.755 0 0 12.755 0 0 12.755 0 0
0 25.511 0 0 12.755 0 0 12.755 0 0 12.755 0
0 0 25.511 0 0 12.755 0 0 12.755 0 0 12.755
12.755 0 0 25.511 0 0 12.755 0 0 12.755 0 0
0 12.755 0 0 25.511 0 0 12.755 0 0 12.755 0
0 0 12.755 0 0 25.511 0 0 12.755 0 0 12.755
12.755 0 0 12.755 0 0 25.511 0 0 12.755 0 0
0 12.755 0 0 12.755 0 0 25.511 0 0 12.755 0
0 0 12.755 0 0 12.755 0 0 25.511 0 0 12.755
12.755 0 0 12.755 0 0 12.755 0 0 25.511 0 0
0 12.755 0 0 12.755 0 0 12.755 0 0 25511 0
0 0 12.755 0 0 12.755 0 0 12.755 0 0 25.511
Conclusion

This analysis allowed to present an efficient method to compute the exact damping matrix of
the four nodes constant strain tetrahedron finite element. We reported that the damping
coefficient is an important parameter in this matrix. We shown that the application of a
specimen in tension allowed to get the numerical value of the steel material critical damping
coefficient.
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