
Non-orthogonal stress modes for interfacial fracture
based on local plastic dissipation

Jae Hyun Kim *

Department of Mechanical Engineering, ME3053, Korea Advanced Institute of Science and Technology, 373-1, Kusung-Dong,

Yusung-Gu, Daejeon 305-701, South Korea

Received 19 June 2001; received in revised form 25 January 2002; accepted 19 March 2002

Abstract

Interfacial cracks have several features which are different from those of cracks in homogeneous materials. Among

those, the loading mode dependency of interfacial toughness has been a main obstacle to the widespread utilization of

interfacial fracture mechanics. In this study, plasticity-induced toughening of an interface crack between an elastic–

plastic material and an elastic material is studied. A useful relationship between the plastic dissipation and the plastic

zone size is derived via an effective crack length model. Non-orthogonal stress modes for interface cracks are proposed

on the basis of the plastic dissipation mechanism and a mixed-mode criterion for interfacial crack growth is also

proposed using these stress modes. The non-orthogonal stress modes are able to represent the asymmetric behavior,

mode-dependent toughening and e-dependency of interfacial crack growth.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Many modern material systems consist of more than two materials. Defined as a boundary between two

dissimilar materials, interfaces are essential geometries for these material systems. In most cases, the in-

terface is a very weak geometry depending on the manufacturing processes. Furthermore, the reliability of

the material systems is largely affected by the behavior of the interface. Following the successful application

of fracture mechanics to a crack in a homogeneous material, interfacial fracture mechanics has been

considered as a promising tool for evaluating the reliability of multi-material systems. Applying the in-

terfacial fracture mechanics to practical reliability problems includes the following steps: the finite element

(FE) modeling of real structures, the measurement of interfacial toughness for the specific material com-
binations and the comparison of the crack driving force with the toughness data. However, there are several

obstacles to the wide adoption of the interfacial fracture mechanics: (i) the local loading phase angle does
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not coincide with the external loading; (ii) the local loading phase angle is not constant along the interface;

(iii) the interfacial toughness is dependent on the loading phase angle; and (iv) it is hard to measure and

characterize the interfacial fracture toughness over a wide range of mode mixity. Via FE modeling and the

conservation integral method [1], (i) can be solved. To solve (ii)–(iv), an appropriate definition of the
characteristic length and an accurate model for interfacial toughening mechanisms are required.

Many researchers have studied the behavior of interfacial cracks. Williams [2] determined the elastic

stress singularity of the interface crack. Rice and Sih [3], Park and Earmme [4], Hutchinson and Suo [5]

among others presented solutions of useful problems. With the increasing importance of plastic behavior,

some researchers [6–10] analyzed the elastic–plastic behavior of interface cracks. Experimental works by a

number of workers [11–17] revealed that interfacial toughness is strongly dependent on loading mode and

that plastic dissipation can be a major mechanism for this dependency. Tvergaard and Hutchinson [18]

presented the plasticity-induced toughening behavior of an interfacial crack between an elastic–plastic
material and a rigid material using the method of Needleman [19]. The main issue in the mode dependency

of interfacial toughness is to separate the plastic dissipation energy from the total dissipation energy [20–

22]. To calculate the plastic dissipation during crack growth, the local fracture process must be taken into

account as well as the material’s local plastic behavior. Tvergaard and Hutchinson’s method embedding the

local separation law seems powerful for calculating the plastic dissipation energy during crack growth. But

their method requires high computation-cost and several undetermined parameters in the present status. In

a practical sense, the undetermined parameters can be regarded as curve fitting parameters.

The objective of this study is to model the plasticity-induced toughening mechanism during interfacial
crack growth and to propose a useful framework of interfacial fracture mechanics based on the plastic

dissipation mechanism. A useful relationship between the plastic dissipation and the plastic zone size is

derived via an effective crack length model. Two non-orthogonal stress modes are proposed to represent the

asymmetric behavior of interfacial crack growth. A quite simple and accurate criterion for mixed-mode

interfacial toughness is proposed using the non-orthogonal stress modes. The formal framework of the

interfacial fracture mechanics is discussed in terms of non-orthogonal stress modes and the effect of the

bimaterial constant e is emphasized in the case of interfacial crack growth accompanying plastic dissipation.

In what follows, we begin with an effective crack length model in order to derive a relationship between
plastic dissipation and plastic zone size. Then a numerical scheme to evaluate the plastic zone size is de-

scribed. The formal framework of interfacial fracture mechanics is presented with the help of non-

orthogonal stress modes. Application to experimental results is presented to reveal the usefulness of the

proposed theory. Finally, discussion and summary are described.

2. Effective crack length model for plastic dissipation

Plastic dissipation energy during crack growth is estimated using an effective crack length model. The

effective crack length is the summation of physical crack length (a) and plastic zone correction crack length

(ap). Plastic deformation around the crack tip is approximated via the plastic zone correction crack length
as described in Appendix A. In order to estimate the plastic dissipation energy during crack growth,

fracture process within local plastic zone must be taken into account. However, modeling of the fracture

process is very expensive and time consuming even in simplified problems [18]. In the present model,

specifying the change of the plastic zone correction crack length during fracture process substitutes for the

modeling of the local fracture process. A similar model for a crack in a homogeneous material can be found

in Shivakumar and Crew’s [23] work.

Consider a specimen with a crack lying along the interface between two dissimilar, isotropic solids as

shown in Fig. 1. The upper solid (#1) is an elastic–plastic material characterized by l1, m1, rYS, n, a, and
deforms under uniaxial tension according to the Ramberg–Osgood relation e ¼ r=E þ aðr=rYSÞn. The
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lower solid (#2) is an elastic material with l2 and m2. Since most bimaterial systems have weak interfaces, it

is assumed that crack extension occurs along the interface. It is also assumed that plastic zone size around

the interfacial crack is much smaller than crack length (small scale yielding condition). The external loading

and displacement parameters are P, we and L as shown in Fig. 1. A schematic of load–displacement curve
for this specimen is displayed in Fig. 2. The non-linear behavior in the curve is due to the elastic–plastic

behavior of material #1 (The non-linear region is greatly exaggerated for clarity). We choose a displace-

ment-controlled fracture test for convenience although a similar argument can be applied to a load-con-

trolled test.

During crack extension Da, the total dissipation energy is represented by area BCFE, which is the

summation of surface generation energy (area BCD) and plastic dissipation energy (area CFED) (see Fig.

2). Using some approximations and algebraic manipulations, we obtain the surface generation, the plastic

dissipation and the total dissipation energies as (detailed derivation is described in Appendix B):

Esurface ¼ 2c12 Da; ð1Þ

Eplastic ¼ 4c12C1ry Da; ð2Þ

Fig. 1. Geometry of a bimaterial specimen with an interface crack.

Fig. 2. Surface generation (triangle CDB) and plastic dissipation (rectangle CDEF) energies in a schematic of load–displacement curve.
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Etotal ¼ 2c12f1 þ 2C1rygDa; ð3Þ

where c12 is the surface energy per unit area between material #1 and #2, ry is the plastic zone length along

the interface (i.e. plastic zone size in the direction of crack extension), and C1 is a material constant ac-

counting for plastic dissipation behavior of an interface. This simple relationship between plastic dissipa-

tion and plastic zone length agrees well with our intuition that the plastic dissipation increases with the

increase of the plastic zone size. However, other alternative measures of plastic zone size should be com-

pared with the plastic zone length ry and the relationship given by Eq. (2) or (3) should be verified using a

rigorous numerical simulation embedding a local fracture process model. These are discussed in Section 6.
Note that since the plastic zone length along the interface ry can be determined from specimen geometry,

loading conditions, boundary conditions and material properties, the only parameters to characterize in-

terfacial crack growth under mixed-mode loading are c12 and C1. The parameters c12 and C1 must be de-

termined from experimental results. In the next section, we estimate ry using an approximate method and

present useful results on the qualitative behavior of ry .

3. Numerical scheme for evaluating plastic zone size (elastic approximation of elastic–plastic behavior)

In the previous section, we derive a relationship between plastic dissipation energy and plastic zone

length. Now we proceed to evaluate the plastic zone size around the interfacial crack tip using an elastic

approximation. Zywicz and Parks [24] used the same procedures to evaluate the plastic zone size and

showed that the overall size and the shape of the plastic zone are well characterized by the elastic ap-

proximation. As the strain-hardening exponent decreases, the elastic approximation becomes more precise.

Consider a crack lying along the interface between two isotropic solids with material #1 above and
material #2 below (refer to Fig. 1). Material #1 is an elastic–plastic material characterized by l1, m1, rYS and

a strain-hardening exponent n, while material #2 is a linearly elastic material characterized by l2 and m2.

When the strain-hardening exponent n approaches 1, we can estimate the plastic zone size approximately as

following. The crack lies on the plane x2 ¼ 0 with x1 < 0 and traction vanishes on the crack surfaces. Plane

strain condition is assumed. The asymptotic stress fields for the interface crack are given by

rab ¼ Kffiffiffiffiffiffiffi
2pr

p ðcosðw þ e lnðr=hÞÞRI
abðhÞ þ sinðw þ e lnðr=hÞÞRII

abðhÞÞ; ða; b ¼ 1; 2Þ: ð4Þ

Here h is the characteristic length, the real stress intensity factor K is defined as ðr22 þ ir12Þjh¼0 ¼
Keiwðr=hÞie

=
ffiffiffiffiffiffiffi
2pr

p
, and the angular functions RabðhÞ of superscripts I and II are presented in Rice et al.’s [25]

work. The bimaterial constant e under plane strain condition is given by

e ¼ 1

2p
ln

ð3 	 4m1Þ=l1 þ 1=l2

1=l1 þ ð3 	 4m2Þ=l2

� �
: ð5Þ

Using Eq. (4), Mises equivalent stress (rM) in solid #1 can be obtained. Equating the Mises equivalent

stress rM with yield strength rYS of material #1 yields the elastic–plastic boundary around the interface

crack in material #1. The elastic–plastic boundary estimated by the elastic approximation is dependent on

the loading phase angle w, bimaterial constant e, and Poisson’s ratio of material #1, m1 while the actual

elastic–plastic boundary is dependent on the hardening exponent n and a, as well as w, e, and m1. The

dependency on m1 disappears under plane stress. Zywicz and Parks [24] showed that the elastic approxi-

mation overestimates the plastic zone size behind the crack tip and underestimates it ahead of the crack tip

as the strain-hardening exponent increases. They also showed that the elastic approximation well represents
the overall plastic zone shape and converges to the actual elastic–plastic behavior when the hardening
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exponent decreases. Fig. 3 shows an elastic approximation of the elastic–plastic boundary for an interfacial

crack between epoxy and glass with various loading phase angles.

The previous section shows that the plastic dissipation is proportional to the size of the plastic zone

along the line h ¼ 0 (the distance from the crack tip to the elastic–plastic boundary in the direction of crack

extension). The normalized plastic zone length ryr2
YS=K

2 is shown in Fig. 4. In Fig. 4, the loading phase

angle w denotes a ratio of shear stress and normal stress at a characteristic length h ¼ K2=r2
YS. It is found

that a minimum plastic zone length is located around w ¼ 0, but the precise location of the minimum is

dependent on bimaterial constant e. When e ¼ 0 (non-oscillatory material case), conventional mode I

loading (w ¼ 0) leads to a minimum plastic zone length and conventional mode II loading (w ¼ p=2) leads

to a maximum plastic zone length. As e deviates from 0, the local loading phase angle for minimum and

maximum plastic zone lengths deviates from 0 and p=2, respectively. As shown in the previous section, the

minimum plastic zone length corresponds to the minimum plastic dissipation and vice versa under the pre-

mentioned conditions. In order to characterize the total dissipation energy using Eq. (3), the plastic zone

length must be determined together with the two parameters C1 and c12. Although it is possible to calculate
the plastic zone length under given loading and geometric conditions, the functional form of the plastic

zone length is not easy to handle as shown in Fig. 4 and depends on the material properties e and m1 as well

Fig. 3. Plastic zone shapes around an interface crack between epoxy and glass.

Fig. 4. Normalized plastic zone length as a function of phase angle.
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as the plastic properties of material #1. In the next section, we propose two non-orthogonal stress modes to

estimate the plastic dissipation more simply and a two-parameter model of interfacial toughness to rep-

resent the behavior of interfacial crack growth under various loading phase angles.

4. Formal framework of interfacial fracture mechanics

In Section 3 it is shown that the plastic dissipation is dependent on the local loading phase angle w for a

given material combination (given e), and the local loading phase angle at which the minimum or maximum
plastic dissipation occurs varies with the material combination. In this section, we propose a new definition

for the characteristic length h and the loading mode based on the plastic dissipation mechanism (a useful

discussion of characteristic length can be found in Rice’s [26] work).

The minimum plastic dissipation mode is defined as c-mode (crack driving mode) and the maximum

plastic dissipation mode is defined as p-mode (plastic dissipation mode). In order to be consistent with the

non-oscillatory material case (e ¼ 0), the characteristic length is selected so that the c-mode corresponds to

w ¼ 0. w ¼ 0 refers to the mode I loading (crack tip opening mode) in the non-oscillatory material case. The

characteristic length can be written as

h ¼ k
K2

r2
YS

; ð6Þ

where k is a non-dimensional length parameter and is determined from when the plastic zone length has a
minimum at the loading mode w ¼ 0 as follows.

The Mises equivalent stress rM around the interface crack tip is expressed as

rM ¼ Kffiffiffiffiffiffiffi
2pr

p Mðw þ e lnðr=hÞ; h; e; m1Þ; ð7Þ

where Mðw þ e lnðr=hÞ; h; e; m1Þ can be calculated from the angular functions RI
ab and RII

ab of Eq. (4) (Zywicz

and Parks [24] presented the simple form of Mises equivalent stress). Poisson’s ratio of material #1, m1 is

included under plane strain, but is not needed under plane stress. Since the elastic–plastic boundary is

defined by rM ¼ rYS, the plastic zone length along the interface (h ¼ 0) is a root of

Kffiffiffiffiffiffiffi
2pr

p Mðw þ e lnðr=hÞ; 0; e; mÞ ¼ rYS: ð8Þ

Using the non-dimensional radius, q ¼ rr2
YS=K

2 and Eq. (6), Eq. (8) is given by

1ffiffiffiffiffiffiffiffi
2pq

p Mðw þ e lnðq=kÞ; 0; e; mÞ ¼ 1: ð9Þ

A non-dimensional length parameter k is selected so that the non-dimensional plastic zone length along
the interface has a minimum at w ¼ 0. The phase difference n between c- and p-mode is determined so that

the non-dimensional plastic zone length along the interface has a maximum at w ¼ n, where w is associated

with the characteristic length h ¼ kK2=r2
YS. In oscillatory material systems, the phase difference n is not p=2

while the phase difference between modes I and II in non-oscillatory material systems is p=2. This can

explain the asymmetric toughening in interfacial fracture data. Since the phase difference between c- and p-

mode is not p=2 in oscillatory bimaterial systems, plastic dissipation behavior is not symmetric with respect

to the line w ¼ 0 (minimum plastic dissipation mode or minimum toughness mode). When n is greater than

p=2, the plasticity-induced toughening in positive w grows more slowly than the toughening in negative w.
When n is less than p=2, the converse is true. The parameters k and n are only dependent on e and m1 as

shown in Fig. 5(a) and (b). Note that the parameters k and n are determined from the elastic approximation
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for the elastic–plastic behavior. The elastic approximation seems sufficient to characterize the overall be-

havior of the plastic zone as mentioned in Section 3, but if a more precise calculation is desired, FE analysis

embedding the real elastic–plastic behavior of material #1 can be used (comparison with a rigorous FE

analysis is given in Section 6). In this study only the elastic approximation is used to determine the pa-

rameters k and n. The formal representation of interfacial fracture mechanics can be given by means of the

c- and p-modes as following.

Consider an interfacial crack between two dissimilar materials, with material #1 above and material #2
below under small scale yielding. Material #1 is an elastic–plastic material characterized by E1, m1, rYS, a, n

and deforms under uniaxial tension according to the Ramberg–Osgood relation e ¼ r=E þ aðr=rYSÞn. Since

small scaling yielding is assumed, a dominant elastic K field exists and the plastic zone is very small

compared to crack length and the size of the elastic K field. The interface crack tip stress field is fully

characterized by bimaterial constant e, stress intensity K and loading phase angle w associated with the

characteristic length h as given by Eq. (4). All interfacial crack stress fields can be decomposed into c- and

p-mode as shown in Fig. 6. The c-mode stress field accompanies the minimum plastic dissipation when the

crack extends while the p-mode stress field accompanies the maximum plastic dissipation during the crack
extension. Using the c-mode and the p-mode stress intensity factors, Kc and Kp all given interfacial stress

fields can be written by

r22 þ ir12jh¼0 ¼
Kffiffiffiffiffiffiffi
2pr

p eiw r
kK2=r2

YS

� �ie

¼ Kcffiffiffiffiffiffiffi
2pr

p r
kK2

c =r
2
YS

� �ie

þ Kpffiffiffiffiffiffiffi
2pr

p ein r
kK2

p=r
2
YS

 !ie

: ð10Þ

Fig. 5. (a) Non-dimensional length parameter and (b) phase difference between minimum and maximum plastic dissipation modes.
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The unique relations among Kc, Kp, n, K and w are given by

cosðwÞ ¼ x cosð	e ln x2Þ þ y cosðn 	 e ln y2Þ;
sinðwÞ ¼ x sinð	e ln x2Þ þ y sinðn 	 e ln y2Þ;

�
ð11Þ

where x ¼ Kc=K and y ¼ Kp=K. We can obtain a simpler relation under (x 
 y) or (y 
 x) or (y � x and

jej 
 1) as

cosðwÞ ¼ xþ y cosðnÞ;
sinðwÞ ¼ y sinðnÞ:

�
ð12Þ

The elastic energy release rate for crack extension along the interface is given by

G ¼ K2

H
¼ 1

H
Kc

	n
þ Kp cosðnÞ

�2 þ Kp sinðnÞ
	 �2

o
: ð13Þ

Using c-mode fracture toughness Kcf , a mixed-mode fracture criterion is expressed as

½Kc þ qKP cosðnÞ
2 þ ½qKP sinðnÞ
2 ¼ K2
cf ; ð14Þ

where q is a ratio of c-mode toughness to p-mode toughness. Since the p-mode stress state accompanies

maximum plastic dissipation during crack extension, the p-mode toughness is always larger than the c-

mode toughness. In other words, q is always <1. For an ideally brittle interface which does not accompany

plastic dissipation during crack extension, q equals 1. Eq. (14) can be written in the form of energy release

rate as

CðwÞ ¼ Gf

	 sinðw 	 nÞ= sinðnÞ þ q sinðwÞ= tanðnÞf g2 þ q sinðwÞf g2
; ð15Þ

where Gf ¼ K2
cf=H and w is the local loading phase angle associated with the characteristic length h ¼

kK2=r2
YS. Similar forms of interfacial fracture criteria can be found in Hutchinson and Suo’s [5] work as

CðwÞ ¼ Gf

1 þ ðx 	 1Þ sin2 w
; ð16Þ

CðwÞ ¼ Gf ½1 þ ð1 	 xÞ tan2 w
; ð17Þ
where x is a fitting parameter similar with q. Eqs. (16) and (17) are two-parameter criteria for non-oscil-

latory materials. But since these criteria assume that the toughness has a minimum at w ¼ 0, these criteria
should be modified in oscillatory bimaterials as

CðwÞ ¼ Gf

1 þ ðx 	 1Þ sin2ðw 	 woÞ
; ð18Þ

CðwÞ ¼ Gf ½1 þ ð1 	 xÞ tan2ðw 	 woÞ
; ð19Þ

Fig. 6. Separation of modes: (a) applied K-field can be decomposed into (b) c-mode K-field and (c) p-mode K-field.
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where wo is a phase shift. These are three-parameter models [27]. Gf , x and wo must be determined from

experimental data. Charalambides et al. [28] proposed a similar model with three parameters. However, the

model proposed in this study requires only two parameters to represent the toughness data of an oscillatory

material combination, and the asymmetric behavior of interfacial fracture toughness due to plasticity is
included in the model.

5. Application to experimental data

We present here an example to show the usefulness of the proposed interfacial fracture model. Since

Liechti and Chai’s interfacial toughness data are measured with high precision and a wide range of load

phase angle, we select their data as the example. Their specimen was an edge-cracked bimaterial strip made

of glass and epoxy, and tested under displacement-controlled conditions. The specimen geometry has an
expression for energy release rate independent of crack length a. The bimaterial constant e of the specimen

and the Poisson’s ratio of epoxy are 0.0605 and 0.37, respectively. With this value, we can obtain the non-

dimensional length parameter k and the phase difference n between c- and p-mode as k ¼ 0:0239 and

n ¼ 1:39 (79.6�), respectively, from Fig. 5(a) and (b). The fact that the loading phase angle difference (n)

between the minimum plastic dissipation mode and the maximum plastic dissipation mode is not p=2 (90�)
indicates asymmetric toughening behavior of the specimen. For example, a loading of positive phase angle

p=3 (60�) gives a different plastic dissipation from that of negative phase angle 	p=3 (	60�).
We use the characteristic length h ¼ kK2=r2

YS, while in the original paper ho ¼ 12:7 mm (the yield
strength of epoxy, rYS is 40.4 MPa). The phase angle wo in the original paper can be readily transformed via

the simple formula:

w ¼ wo þ e lnðh=hoÞ: ð20Þ

We can then represent their experimental data with the proposed mixed-mode interfacial toughness

criterion, Eq. (14). We find that the pair of q ¼ 0:02 and Kcf ¼ 136000 Pa (m)1=2 gives the best fit of the

toughness data, as shown Fig. 7. Fig. 7 shows that the asymmetric toughening effect is included in this
toughness criterion and a very close fit with the experimental data can be obtained with only two pa-

rameters. Note that the phase difference n is not a fitting parameter but a pre-calculated one using the

elastic approximation of the elastic–plastic behavior of the materials. We can observe that a minimum

Fig. 7. Comparison of toughness models with experimental data [14].
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toughness occurs at the c-mode (w ¼ 0). Since other criteria, Eqs. (18) and (19), cannot include the

asymmetric behavior of toughness, the least square fits of experimental data using these criteria show poor

coincidence with the data in spite of requiring three parameters.
Following the above procedures, we can represent any experimental toughness data with good accuracy.

Table 1 shows the curve fitting results of some bimaterials’ toughness data (these are Wang and Suo’s [13]

data). Note that only Gf and q in Table 1 are fitting parameters while the other parameters are determined

from material’s elastic properties. Since the proposed fracture criterion equation (15) has two parameters

and includes the plastic dissipation mechanism, we can characterize the mode-dependent interfacial

toughness by conducting two fracture tests which give different phase angles from each other.

6. Discussion

We propose a model for plasticity-induced toughening of an interfacial crack in the proceeding sections.

Although it presents some useful results, verifications and further discussions are required because it relies

on several assumptions and a simplified numerical scheme. We discuss the relationship between plastic

dissipation and plastic zone length, alternative methods for determining c- and p-mode, toughness model

and the non-orthogonal stress modes.

6.1. Relationship between plastic dissipation and plastic zone length

In Section 2, we arrive at the simple relationship between the plastic dissipation and the plastic zone

length as expressed by Eq. (2). This relationship implies that the plastic dissipation is linearly proportional

to the plastic zone length, and the total dissipation energy is the linear scaling of the plastic zone length (see

Eq. (3)). Since this relationship contains several assumptions, it requires verification. In this subsection, we

compare this relationship with rigorous numerical calculations by Tvergaard and Hutchinson [18]. They

analyzed an interface crack between an elastic–plastic solid and a rigid solid under small scale yielding, and

embedded a local fracture process model (i.e. cohesive zone model) in their FE model. They dealt with a
single material combination e ¼ 0:0813. Their calculation must be carefully interpreted because of differ-

ences in their numerical model and the present model. In their model, the work of fracture Co is taken as

crack initiation toughness, but in our model the initiation toughness is taken as the summation of surface

generation energy 2c12 and plastic dissipation energy. Since Co has a different physical meaning from the

surface generation energy 2c12, the plastic dissipation energy cannot be directly obtained by means of

subtracting Co from their toughness results.

Using the method mentioned in Section 3, we calculate normalized plastic zone length qy ¼ ryr2
YS=K

2
o as

a function of wo, where wo is measured with ho ¼ ð1=3pÞK2
o=r

2
YS (Ko is a stress intensity factor corre-

sponding to Co and is defined by Eq. (3.9) in Tvergaard and Hutchinson’s [18] work). Fig. 8 shows that the

Table 1

Interfacial fracture parameters for some bimaterials [13]

Bimaterial a b e k n Gf (N/m) q

Aluminum/epoxy 0.90 0.218 	0.071 0.0473 1.735 24.0 0.57

Brass/epoxy 0.94 0.228 	0.074 0.0495 1.738 10.0 0.34

Steel/epoxy 0.96 0.232 	0.075 0.0503 1.739 7.1 0.059

Plexiglass/epoxy 	0.15 	0.029 0.009 0.0159 1.540 34.0 0.49

Epoxy: shear modulus––1.5 GPa, Poisson’s ratio––0.34, yield strength––85 MPa.
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linear scaling of the normalized plastic zone length well represents the toughness results in Tvergaard and

Hutchinson’s [18] work. This verifies the relationship expressed by Eq. (2) or (3).

6.2. Alternative methods for determining c- and p-modes

The c- and p-modes are defined as minimum and maximum plastic dissipation modes, respectively. It is

difficult to calculate the plastic dissipation energy rigorously because it requires a local fracture process

model. Thus, we determine the c- and p-modes using the plastic zone length (the relationship between the

plastic dissipation and the plastic zone length is derived via the effective crack length model in Section 2).

However, there may be alternative methods for determining the c- and p-modes. One alternative method
can be devised using height of plastic zone. Another method can be devised using volume of plastic zone.

In this subsection, we compare three alternative methods for determining c- and p-modes with rigorous

numerical results by Tvergaard and Hutchinson [18]. We choose three parameters for determining c- and p-

modes as plastic zone length, plastic zone height and volume of plastic zone. The plastic zone length ry is a

distance from a crack tip to the elastic–plastic boundary along the interface as mentioned in Section 2. The

plastic zone height, rh is defined as a distance from a crack tip to the elastic–plastic boundary along the line

h ¼ p=2. The volume of plastic zone, Vp is defined as 2ryrh (for a unit thickness of plastic zone). All three

parameters are calculated using the procedure described in Section 3, and compared with the toughness
curve in Tvergaard and Hutchinson’s [18] work. Other curves in Tvergaard and Hutchinson’s [18] work give

similar results. Fig. 9 shows comparison of these three parameters with the toughness curve. Although ry
and 2ryrh curves show a similar trend to phase angle, the plastic zone length ry gives the best representation

of the toughness curve, and the local phase angle of minimum toughness coincides that of minimum plastic

zone length. This feature justifies the use of the plastic zone length in determining the c-mode (minimum

plastic dissipation or toughness mode) and the p-mode (maximum plastic dissipation or toughness mode).

Note that maximum toughness data is required to justify the p-mode determination strictly, but it was not

obtained in Tvergaard and Hutchinson’s [18] work.

6.3. Toughness model

In Section 4, a toughness model is proposed based on non-orthogonal stress modes and simplified energy
balance argument. Although the model gives an accurate fit of Liechti and Chai’s data, it has a minimum

Fig. 8. Comparison of the proposed relationship (Eq. (3)) with numerical results by Tvergaard and Hutchinson [18].
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toughness at the phase angle that slightly deviates from w ¼ 0 (in most cases, this deviation is negligibly

small). This feature is not consistent with our assertion that the stress mode of minimum toughness cor-
responds to w ¼ 0. Other phenomenological models for interfacial toughness can be given based on the

non-orthogonal stress modes. One alternative model is written by

CðwÞ ¼

Gc

cos2ðwp=2nÞ þ q2 sin2ðwp=2nÞ
wP 0;

Gc

cos2ðwp=2ðn 	 pÞÞ þ q2 sin2ðwp=2ðn 	 pÞÞ
w < 0;

8>>><
>>>:

ð21Þ

where w is measured with the characteristic length h ¼ kðK=rYSÞ2
. While phase angle difference between

modes I and II is p=2 for a crack in a homogeneous material, the phase angle difference between c- and p-

mode is n (not p=2) for an interface crack in an oscillatory bimaterial. Thus, the phase angle range of

	p=2 < w < p=2 for a crack in a homogeneous material must be transformed into n 	 p < w < n for an

interface crack. Minimum plastic dissipation mode corresponds to w ¼ 0 for both a crack in a homoge-

neous material and an interface crack in a bimaterial. Maximum plastic dissipation modes for a crack in a

homogeneous material or a bimaterial with e ¼ 0 are w ¼ p=2 and w ¼ 	p=2; and a symmetrical toughness

curve with respect to the line w ¼ 0 is obtained. However, for an interface crack (e 6¼ 0) the maximum

plastic dissipation modes are w ¼ n and w ¼ n 	 p; and an asymmetrical toughness curve with respect to the
line w ¼ 0 is obtained.

6.4. Non-orthogonal stress modes and framework of fracture mechanics

In this study, two independent stress modes, c- and p-mode, are defined on the basis of plastic dissipation

behavior and are not orthogonal to each other. This definition is valid for material combinations of which

the interfacial toughness is strongly dependent on the plastic dissipation. If there are other mechanisms that

influence the interfacial toughness, appropriate stress modes can be defined based on those mechanisms.

The proposed mode definition has the merit that it recovers the conventional crack modes, modes I and II,

as the bimaterial constant e vanishes. Since it contains the conventional stress modes of non-oscillatory
material as a special case as well as the interfacial crack stress modes, it is useful for constructing a unified

Fig. 9. Comparison of numerical results [18] with three alternative methods for determining c- and p-modes.
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theory of fracture mechanics including both a crack in a homogeneous material and an interfacial crack in a

bimaterial. The unified fracture mechanics will require a unified understanding of crack extension as well as

a proper definition of stress modes. The cracks in homogeneous materials tend to kink in the direction of

minimizing the mode II stress intensity factor under mixed-mode loading conditions. But for the case of an
interfacial crack, the competition among the interfacial toughness and the toughnesses of composing

materials must be taken into account to determine the crack growth behavior. The case of e ! 0 is not

identical to the case of a homogeneous material in the sense of crack extension, and the interface of bi-

material systems should be regarded as the third material of the bimaterial systems.

As shown in Fig. 5, the non-orthogonality of stress modes increases with increasing jej. If the interfacial

crack growth involves no plastic dissipation, any two independent stress modes can be used to predict the

behavior of interfacial cracks. Both orthogonal and non-orthogonal stress modes have no effect on the

behavior. But for the case of accompanying dominant plastic dissipation together with a large jej, the stress
mode in the negative phase angle has a much different effect on the interfacial crack from the stress mode in

the positive phase angle. Thus the crack growth must be analyzed via the non-orthogonal stress modes.

These stress modes result in the asymmetric toughening behavior of the material system. With the non-

orthogonal stress modes, it is possible to predict the asymmetric behavior of material systems and the stress

mode having the minimum toughness during the interfacial crack growth.

7. Summary

An effective crack length model estimating the plastic dissipation energy is proposed. A useful rela-

tionship between the plastic dissipation energy and the plastic zone length is derived using the proposed
model. It is shown that the plastic dissipation energy is closely related to the plastic zone length ahead of a

crack tip. To present a formal representation of interfacial fracture mechanics, two non-orthogonal, in-

dependent stress modes (i.e. c- and p-modes) are introduced on the basis of plastic dissipation. The c- and p-

modes converge to the conventional mode I (opening mode) and mode II (shear mode), respectively, as the

bimaterial constant e vanishes. For the case of oscillatory material combinations (e is not 0), the loading

phase angle difference (n) between the c-mode and the p-mode is not p=2; and this non-orthogonality leads

to the asymmetric behavior of interfacial toughness. The e-dependency of the phase angle difference and the

non-dimensional characteristic length parameter are clearly estimated by the elastic approximation for the
elastic–plastic behavior.

A mixed-mode interfacial toughness criterion is proposed using the c- and p-mode stress intensity fac-

tors. The criterion contains only two undetermined parameters, and can include the asymmetric behavior of

interfacial fracture toughness and the effects of bimaterial constant, e. In the case of a bimaterial system

having plastic dissipation together with large jej. It is critical to use the non-orthogonal stress modes since

the non-orthogonality increases as the absolute value of e increases. As an example, Liechti and Chai’s

experimental data is analyzed via the proposed criterion. It gives a better fit of experimental data than other

criteria in spite of having fewer parameters. It is also emphasized that one can characterize the mode-
dependent interfacial toughness by conducting only two fracture tests which give different phase angles

from each other.

Using the non-orthogonal stress modes, we can describe the various aspects of an interfacial crack in a

simple form, such as asymmetric toughening, e-dependency, loading phase dependent toughening and the

varying plastic zone shape around the crack tip under small scale yielding. It is also shown that a given

material combination has a minimum interfacial toughness under the c-mode stress state, which accom-

panies minimum plastic dissipation. The basic step for the unified framework of fracture mechanics, which

combines homogeneous and interfacial fracture mechanics, can be made on the basis of c- and p-mode
stress intensity factors.
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Appendix A. Plastic zone correction crack length

For homogeneous cracks, the effective crack length of Irwin’s model is expressed under small scale

yielding as

aeff ¼ aþ ap ¼ aþ gry ¼ aþ b
GE
r2

YS

; ðA:1Þ

where ry is the plastic zone size ahead of the crack tip, G is the energy release rate, and E is 2l=ð1 	 mÞ for

plane strain condition. g and b are non-dimensional factors which may depend on Poisson’s ratio, strain-

hardening exponent, etc., but are independent of applied loads and specimen geometries [29,30]. For a

perfectly plastic case, g ¼ 1 and b ¼ 1=ð6pÞ.
For interfacial cracks, a simple model can be made using a similar conceptualization. It is assumed that

the interfacial crack propagates along the interface and the plastic zone size is negligibly small compared to

crack length (small scale yielding condition). Since the crack lies and propagates along the interface, we
estimate the plastic zone size ry ahead of the crack tip along the interface as shown in Fig. 10. The upper

solid (#1) is an elastic–plastic material and the lower solid (#2) is linearly elastic. Once the upper solid

yields perfectly plastically, the stiffness of the plastic zone is negligibly small or zero (it can be regarded as

the removal of the shaded area in Fig. 10), and the specimen behaves as if the crack extends to the amount

of ry , where ry corresponds to the plastic zone correction length of the interfacial crack. As the strain-

hardening exponent decreases, the plastic zone correction length decreases. When the strain-hardening

exponent equals 1 (in this case, the plastic zone has the same modulus as the elastic material), the plastic

zone correction length of the interfacial crack reaches zero. In this sense, the effective crack length for the
interfacial crack can be expressed as

aeff ¼ aþ ap ¼ aþ gry : ðA:2Þ
Under small scale yielding, g is independent of the specimen geometry and applied loads, but may depend

on the material properties. ry is given by

ry ¼ qðw;material propertiesÞGH
r2

YS

; ðA:3Þ

Fig. 10. Effective crack length model for correcting plastic zone around an interface crack.
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where w is a loading phase angle, G is the elastic energy release rate, H	1 ¼ ð1 	 b2Þð1=E1 þ 1=E2Þ, and Ei is

defined as 2li=ð1 	 miÞ for the plane strain condition. In order to estimate the plastic dissipation energy

during the crack growth, it is required that the local fracture process with the local plastic zone should be

taken into account. Many researchers have included the fracture process in their analyses using the traction
separation law or the cohesive zone model. In the present model, specifying the change of ap during the

fracture process, i.e. oap=oa, substitutes for the modeling of the local fracture process.

Appendix B. Derivation of Eqs. (2) and (3)

Consider the load–displacement curve shown in Fig. 2 (for assumptions and applicability range of this

argument, refer to Section 2). The load–displacement curve from A to B state can be represented as

P ¼ Sðaþ apÞL under small scale yielding, where ap ¼ gry , g is a plastic zone correction factor for an in-

terface crack, ry is defined as the distance from the interfacial crack tip to the elastic–plastic boundary along

the interface, and Sðaþ apÞ is the elastic stiffness of a specimen with crack length aþ ap (see Appendix A for

further discussion). If the specimen is unloaded from B to C state, the load–displacement curve is expressed

as P ¼ SðaÞðL	 LpÞ. It is noted that the elastic stiffness is not Sðaþ apÞ, but SðaÞ. This is due to the fact that
plasticity-induced compliance disappears when the unloading begins. The crack tip dissipation during crack

extension can be modeled as the summation of surface generation and plastic dissipation. Surface gener-

ation with an amount of Da results in the load drop from B to D state, and the plastic dissipation cor-

responding to Dap results in the load drop from D to E state. Dap is the variation of the plasticity-correction

crack length during crack surface generation process, and cannot be fully determined from the conventional

plasticity properties. In order to represent the surface generation energy without any plastic dissipation, we

cut the interface of the specimen to the amount of Da and load the specimen as if its materials are linearly

elastic. We can then reach D state and the load–displacement curve is written as P ¼ Sðaþ DaÞðL	 LpÞ. At
D state, we allow the plastic deformation of the specimen under fixed-displacement; it then experiences a

further drop of load and reaches E state. The load at E state is given by

PE ¼ PD þ S0ðaþ DaÞðL	 LpÞDap ¼ PD þ fS0ðaÞ þ S00ðaÞDagðL	 LpÞDap

¼ PD þ S0ðaÞðL	 LpÞDap: ðB:1Þ

Again, we unload the specimen from E to F state and the load–displacement curve is expressed as
P ¼ Sðaþ DaÞðL	 Lp 	 DLpÞ. The total dissipation energy in the above procedures is the area BCFE,

which is the summation of the surface generation energy (area BCD) and the plastic dissipation energy

(area CFED). Thus we can write the following equations:

Esurface ¼ ð1=2ÞðL	 LpÞðPB 	 PDÞ ¼ 	ð1=2ÞS0ðaÞðL	 LpÞ2Da; ðB:2Þ

Eplastic ¼ ð1=2ÞðL	 LpÞPDf1 	 ðPE=PDÞ2g ¼ 	ðL	 LpÞ2S0ðaÞDap; ðB:3Þ

Etotal ¼ Esurface þ Eplastic ¼ 	ð1=2ÞS0ðaÞf1 þ 2ðoap=oaÞgðL	 LpÞ2Da: ðB:4Þ

Since Esurface ¼ 2c12 Da, where c12 is the surface energy per unit area between material #1 and #2, we can

obtain 	ð1=2ÞðL	 LpÞ2S0ðaÞ ¼ 2c12. Now the plastic dissipation energy and the total dissipation energy are

given by

Eplastic ¼ 4c12ðoap=oaÞDa; ðB:5Þ

Etotal ¼ 2c12f1 þ 2ðoap=oaÞgDa: ðB:6Þ
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To calculate the plastic dissipation energy, we must determine the ðoap=oaÞjL–fixed term. Since ap ¼ gry , we

can expand ðoap=oaÞjL–fixed as

ðoap=oaÞjL–fixed ¼ foðgryÞ=oagjL–fixed ¼ ryðog=oaÞjL–fixed þ gðory=oaÞjL–fixed: ðB:7Þ

The plastic zone length, ry is proportional to GH=r2
YS, where G is the elastic energy release rate, H	1 is

ð1 	 b2Þð1=E1 þ 1=E2Þ, and Ei is defined as 2li=ð1 	 miÞ under plane strain. ðory=oaÞjL–fixed is proportional

to ðH=r2
YSÞðoG=oaÞjL–fixed. When the specimen geometry has an expression of energy release rate G, such

that it is independent of crack length a under fixed-displacement, we can take ðoG=oaÞjL–fixed ¼ 0 and

ðory=oaÞjL–fixed ¼ 0. This seems very restrictive, but bimaterial specimens usually have a much longer crack

length than other length parameters and have expressions for energy release rate which are nearly inde-

pendent of crack length (Appendix C deals with the case where G is dependent on crack length). Since

ðory=oaÞjL–fixed ¼ 0, we can write ðoap=oaÞjL–fixed as

ðoap=oaÞjL–fixed ¼ ryðog=oaÞjL–fixed: ðB:8Þ

The plastic zone correction factor, g, is a function of many parameters such as elastic moduli, plastic

properties, crack extension, etc, but all parameters except crack extension are constants during infinitesimal

crack advance. Since g is not singular at a ¼ a0, where a0 is the initial crack length before the crack growth,

we can write (og=oa) in the Taylor series form as

ðog=oaÞjL–fixed ¼ C1 þ C2ða	 a0Þ þ C3ða	 a0Þ2 þ � � � : ðB:9Þ

As can be seen in this equation, the interfacial toughness is dependent on the crack growth length, a	 a0.

We measure the R-curve characteristics of materials in this point of view. However, further simplification

can be made in the case of initiation toughness and steady state toughness. When we try to measure the

initiation toughness at a ¼ a0, we can simply represent ðog=oaÞjL–fixed and ðoap=oaÞjL–fixed as

ðog=oaÞjL–fixed;a¼a0
¼ C1; ðB:10aÞ

ðoap=oaÞjL–fixed;a¼a0
¼ C1ry : ðB:10bÞ

We can also exploit Eqs. (B.10a) and (B.10b) to model the steady state toughness since the steady state

toughness is independent of the crack growth length a	 a0 (i.e. C2 ¼ C3 ¼ � � � ¼ 0). If one tries to model the

R-curve characteristics of the interfacial fracture, higher order terms of Eq. (B.9) must be taken into ac-

count. Using Eqs. (B.5), (B.10a) and (B.10b), it is found that the plastic dissipation is proportional to the

plastic zone length ry under the pre-mentioned conditions as

Eplastic ¼ 4c12C1ry Da: ðB:11Þ

The total dissipation energy is given by

Etotal ¼ 2c12f1 þ 2C1rygDa: ðB:12Þ

Appendix C. Estimating the plastic dissipation energy for general specimen geometries

As in Appendix A, the plastic zone correction length ap is given by

ap ¼ gry : ðC:1Þ

In order to calculate the plastic dissipation during interfacial crack growth, the change of ap must be es-
timated as described in Section 2 and Appendix B. The plastic zone size ry can be estimated via the elastic

approximation as
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ry ¼ qðwÞGH
r2

YS

; ðC:2Þ

where w is measured with the characteristic length h ¼ kK2=r2
YS. The partial derivative of ap with respect to

the crack length a is written by

oap

oa
¼ og

oa
ry þ g

ory
oa

¼ og
oa

�
þ g

1

G
oG
oa

�
ryðwÞ: ðC:3Þ

Here, we consider more general specimen geometries than that presented in Section 2 and Appendix B.

Since g and G are analytic at a ¼ a0, the series expansions of g and G at a ¼ a0 can be written as

g ¼ C0 þ C1ða	 a0Þ þ C2ða	 a0Þ2 þ � � � ;
G ¼ D0 þ D1ða	 a0Þ þ D2ða	 a0Þ2 þ � � � :

ðC:4Þ

Then we can write ðog=oaþ gð1=GÞoG=oaÞ as

og
oa

�
þ g

1

G
oG
oa

�
¼ A0 þ A1ða	 a0Þ þ A2ða	 a0Þ2 þ � � � : ðC:5Þ

When the initiation toughness of the interfacial crack is measured at a ¼ a0, we can simply represent

ðog=oaþ gð1=GÞoG=oaÞ as

og
oa

�
þ g

1

G
oG
oa

�����
a¼a0

¼ Ainit
0 : ðC:6Þ

We can estimate the plastic dissipation energy as

Eplastic ¼ 4c12

oap

oa

� �
Da ¼ 4c12A

init
0 ryDa: ðC:7Þ

When the steady state toughness is measured, the plastic dissipation is independent of the crack length a.

We can write Eq. (C.5) as

og
oa

�
þ g

1

G
oG
oa

�
¼ Ass

0 ; ðC:8Þ

and the plastic dissipation energy for steady state cracking is written by

Eplastic ¼ 4c12

oap

oa

� �
Da ¼ 4c12A

ss
0 ry Da: ðC:9Þ

We obtain the relationships between the plastic dissipation and plastic zone size as Eqs. (C.7) and (C.9) for

general specimen geometries and these relationships show that the plastic dissipation is proportional to the
plastic zone size ahead of the interfacial crack tip. Eq. (C.7) or (C.9) has the same form with Eq. (B.11) or

(2). It is noted that we assume that Ainit
0 and Ass

0 are independent of w. This assumption is justified by the

comparison with Tvergaard and Hutchinson’s [18] numerical results as presented in Section 6. The linear

scaling of plastic zone length well represents their results (note that their numerical results are obtained

without any assumption on specimen geometry).
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