ES 240 
Solid Mechanics (Fall 2006)
Z. Suo


Final Examination



9:15 AM-12:15 PM, Thursday, 18 January 2007, Sever Hall 206

5 problems, 5 points each.  3 hours.  No books or notes.  Calculator is allowed.
1.  Residual stress around an inclusion


Consider a composite consisting of a small spherical particle of one material embedded in a large matrix of another material.  The radius of the particle is a.  The composite is solidified at an elevated temperature 
[image: image1.wmf]T

h

, at which the composite is stress-free. The particle has a larger thermal expansion coefficient than the matrix, 
[image: image2.wmf]a

p

 > 
[image: image3.wmf]a

m

. Upon cooling, the composite develops a residual stress field due to the thermal expansion mismatch. 

a) Is the particle under tension or compression at room temperature 
[image: image4.wmf]T

r

?
b) Determine the complete stress field in the particle and the matrix at room temperature.


Assume that both the materials are isotropic and linearly elastic.  To simplify algebra, assume that the two materials have the same Young’s modulus E and the same Poisson’s ratio 
[image: image5.wmf]n

.  Hint:  Recall that in class we obtained the general stress field subject to the spherical symmetry:  
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2. Longitudinal wave in a crystal


In an infinite solid, if a longitudinal plane wave propagates in the direction x, the only nonzero displacement component is 
[image: image7.wmf]u
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.  Now consider such a wave in a crystal of cubic symmetry.  The stress-stain relations are
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(a) Derive the equation of motion that governs 
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(b) Calculate the longitudinal wave speed for silicon.


The density for Si is 2300 kg/m3.  The elastic constants are (in GPa)


Si:  c11 = 165.8,   c12 = 63.9,   c44 = 79.6.

      (c) For such a wave to have a wavelength 1 m, what should the frequency be?

3. Vibration of a membrane

You have examined the vibration of a string.  Now consider its two-dimensional analogue:  the vibration of a membrane, such as that of a drum or a trampoline.  The membrane is made of a material of density 
[image: image10.wmf]r

, prestressed in a state of uniform biaxial tensile stress 
[image: image11.wmf]s

.  The membrane lies in the plane 
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, and vibrates in the direction normal to the plane by a displacement field 
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.  The displacement is held to be zero at the boundary of the membrane.


(a)  Assume small deflection.  Use a free body diagram to derive the equation of motion:
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(b)  Show that the equation of motion is equivalent to the statement that the following equation
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holds true for every test function 
[image: image16.wmf](
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 that vanishes on the boundary of the membrane.  The integral extends over the area of the membrane.


For (c) and (d), consider a membrane confined in a square, 
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(c)  Show that
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satisfies the boundary conditions and the equation of motion.  Calculate the frequency.


(d)  Use the equation in (b) and the following function to estimate the frequency.
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4. Zener model and cyclic load test


Sketch the Zener model (i.e., the “standard model” in which a spring is in series with a unit of another spring in parallel with a dashpot).  Analyze the stress-strain behavior under cyclic loading.  In particular, demonstrate the relations





Sketch the two moduli as functions of the loading frequency.  Interpret the trends for various regimes of the frequency.

5.  Inflation of a balloon

A spherical balloon, radius R and thickness H in the undeformed state, is subject to a pressure p, and expands to radius r while reduces its thickness to h.  The deformation is large so that you should take care of finite deformation.  Assume that the material of the balloon is neo-Hookean and incompressible, with the energy function
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For an incompressible material, 
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, so we can express W as a function of two variables, 
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a) Determine the relationship between the current radius and the pressure.  Express your result in a dimensionless form, e.g., 
[image: image24.wmf]m
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 as a function of 
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.  
b) Sketch your result in a diagram, with 
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 as the vertical axis, and 
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 as the horizontal axis.
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