76-15,642

GURSON, Arthur L., 1948-
?LASTIC FLOW. AND FRACTURE BEHAVIOR OF .
DUCTILE MATERIALS INCORPORATIMNG VDID
NUCLEATION, GROWTH, AND INTERACTION.

Brown University, Ph.D., 1975
Applied Mechamcs

Xerox Univerzity Microfilms, ann Ao, tichigan 48108

PLEASE NOTE: -

The negative micrefilm copy of this
dissertation was prepared and inspseted by the
gchool granting the degree, We are using this
film without further Inspection or change. If
there are any questions abeut the film content,
please write directly to the school,

UNIVERSITY M OFILMS



PLASTIC FLOW AND FRACTURE EEHAVIOR OF DUCTILE MATERIALS
INCORPORATING VOID RUCLEATION, GROWTH,

BND INTERACTION
by -

Arthur‘ L. Gurson

B.§., University of Rochester, 1968
M.5., Brown Uniyersity, 1870

Thesis

submitted in partial fulfillment of the requirements for the
Degree of Doctor of Phalloscphy in the })Jv.is en of Engineering
at Brown Univers:ty

Fune, 1975

a—



e it I —

ii

LI

This thesis by Arthur L. Gurson
is accepted in its present form by the Division of
Engineering es satisfying the
thesis requivement for the degree of Doctor of Fhilesophy.

Date . % maj 15 ~'W—&. R (a-uz,

a ot 2 s & = PRSP b Tl ani o S SR R I ST I B

Recommended to the Graduate Council

Date 53'??{!‘%?( ./:}‘;:5/ . C"ﬁ”)? ! 'giitf:":ﬁ:i. c e
pate 27 7}4“3[37( S PQQCZMM[QL_’ c e s

Approved by the Graduate Councl),

Date . %M«L& I )\q 1 6‘. . ?[;V\-Mv/ a%ri bt

]|




iif

Vita

The author wes born on April 7, 1948 in New York city. He attended
Stuyvesant High Sehool in Nea York City, frem yhich he graduated in June of
1064, In June of 19063, he received a Bachelow of Science degree in Engineer-
ing from the University of Rochester. puring the summers of 1967 and 1968,
he was empleyed as an enpineering trainee at the Eastman Kodak Company and the
Vertol pivision of the Boeing Company. He Teceived a Master of Sclence degree

in Engineering from Erown University in June of 1970.




iv

Table of Contents

Acknowledgement

1) Intreduction o o o « o s o o 5 o a o o o s 4 o ¢ v o o

e e s e e s 1

2} General Theory - Upper Bound Approach « v +.o v o v o o & ¢ 0 o » &

. 10

3} General Theory - Expansion Technique . o v ¢ o 4 o v o v s ¢ 4 o o o 20

4) Approximate Velocity ?ields and Cecmetries ~ General Comments . . . ., 26
Long Circular Cylindrical Voids

2) Fully Plastic FIOW .+ 4 v o s o « v « « « & S 1

b) Plow with Ripgld Section « v o ¢ ¢ ¢« 2 % & v ¢ v v o o o 0 o « » & 55

c) Ccmeﬁiﬁ%MxielgwfugptiongufgpmRiépehﬁinﬂiﬂ e s e e e e s . _BB

8) Spherical Voids
8) Fully Plastic FIOW & o ¢ » & % s ¢ & o o = = ¢ & + 2 o ¢ & o+« » 10
b} Flow with Rigid Sectdon + o o v o v v v v v v 0o v v v 0 0 v 0 o . BT
7) lNormality, Plastie Fleow, Void Growth, and Work Hardening . . . . . + » 95
8} Void NHueleation at Partieles. . . o v v v v o o v v v v v v o v oy . 101
9) Yield Funeciton and Plastic Petential with Void Nueleation . . . . . . 110
10) Flow Localization o « o o & o o & v+ s «'5 ¢ & ¢ s % 5 s o 5 2 v 0+ « 116
11) Ductility
H a) Mumericall Caleulations .« o v + o« v v v v o v v e e v e s ae o 133
b} Comparison with Experiment, Comments on the Theery . . + o + o » 148
Summary and CONCLUGION o % « v o s v v ¢ wow w e b8 os e s a s s a o os L3N
References o« o v ¢ o s o o = e e e e e e e e e e 157 §
Appoudizg L R T £}

APPE!'Idl‘.3(2 ono--01-‘..-;»-‘--7‘-n-c«o-non-'-}EH

Appﬂndika P T T T S S L L I e O N T A )

- Tigures T T T T S,




Acknowledgemant

The author wishes to extend sincere appreciation te his thesis advisor,
Professor Ja@es %, Rice, whose patience, encouragerent, and guidance made this
work possible. Thanks iz alse extended to the Hational Science Foﬁndation and
the Atomic Energy Commission, who Funded the work, The c;reful preparation of
the manuscript by-Leone Cargill and thé help of Diane Minter are also grate-

* fully acknowledged.




Introduction

The obiective of this work is the developwent of a reascnable wathematical

model of the ductile fracturs Process. ‘This process involves a first step of

nacroscopinally howogenecus deformation in which the material straip hardens,

and voids nucleate and grow. The second step involves a bifurcstion of the

deformation £ield, in which the deformation localizes in @ band and fracture

follows immediately through void linkage by growth op tearing.
A mode) of the ductile fraciure process must therefore contain elements

which describe 1) void aucleation, 2) void growth under wacroscopically heto-

geneous deformation, and 3} a criterion for flow jocalization. To develop

such a medel, better \mderstanding is needed of the constitutive laws of void

containing mateirials. Towards this goal, the initial plastic yield behavior

of some models of void containing. materials will be investigated, and approxi~

rate yield criteria and flew rules will be geveloped. These will be conbined

with the werk of other authors of void nucleation and £lew localization to

‘model the ductile fracture process.

1t 13 commenly assumed that hydrosta_tic'stress has no effect on plastic

yield (1), end in zecord with the norval flow rule, that plastic deformation

is inccmpressible. However, meny recent experimental [21-351 and theeretical

[36-39] studies indicate that when voids are ppesent in ductile materials, the

hydrostatic component of STYess can cause macrosceple dilatation through the

mechanisn of void growth. it is postﬁlat'ed that a positive hydrestatic con-

‘penent of stress ¢an aid in the nucleation of voids at strongly bonded inclu-

sions (such as carbides iu sphereldized carbon ateel) by raising the inter-

- facial stress hetween the inclusicn and tha matrix [10,12-10]y A void can be

T e mltety et Dt et

‘Tnucleated either by matriz-particle deechesion, or particle aracking [15-203,
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It has also been sugpested that voids can Se nucleated in "pure" 'm‘atarials |
without the ald of inclusicnslwhen thé strains are large gnough for a disloca-
tion-vacancy -nechanism‘to operate [1X]. '

" The aim of this work is to investigate the plastic yie].d beh'avi‘ox- of a
madel porous (void cmtamlng) material. The physxcal madel used is a "unit"
eube not wnlike that of Bishop and HI1l1 {27, only of a porous material (volu-

matrix aggregate) instead of a aolyctsrstallme aggregate. The wnit cube is by

definition large enough to be statistically mpresentatlve of the properties of

'the bulk material. As Berg L3, 47 has pointed out, the Bishop and Hill analysis

of the polycrystallme aggregate arplies equ;lly well to a void-matrix aggre-

‘gate, This allows preof of a macroscap:.c paximum plastic work principle, if

‘one exists on the micrescopic level. Thraughout this paper, tha ad]‘ective
"pacroscopic” refers to average values of physical guantities {stress, dissipe-
tion, velocity, etc.) which represent the behavior of the bulk material.

i croscoplct refers to pointwise propexties, such as the stress or velocity

;::fields in the vieinity of a veid.
An approwimate yleld locus is calculated as follows. The von Mises condi-
tiops ape used to characterize the yield and flow of the matrix material {it-

3elf incorpressible). A rigid-plastic model is assumed valid because of the

lerge strains jpvolved in ductile fracture [21-351, A form is then sssumed for
the velocity £{eld in the aggregate, uhlch allows the veids to grow but re-
qmrfw incompressibility in the natrix." This veloeity field must slso meet

‘fkmemunc. poundary conditions cormcpondmg to deformation rates on the surface

'of the unit cube, An upper bound mequahty‘ is then used to estimate the mae-
“yoscople stress field requured to suatam plas tic flow, The locus of stress

flelds for a variety of surface deformation rate Fiplds Cone piven porssity and
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void shape) form tha upper bound yield locus for that given it ovbe. It is
proven in the text that the macroscupic-defnrmation rate tensor lies normal to
both the actual and approximate yield leci.

An alternate mathod for somputing macro;copic styesges, based on the work
of Rice and Drucker [7], and suggested by Rice {471 is also confldered It is
based oﬁ—the result that the ‘partial derivative of the macroscopic dissipation
rate with void volume fraction can be reduced, under certain circumstances, to
an integral of diasipétion rate over the void surface. The two methods are

conpaved and discussed.

“;5’ For purposes of analysxs, the v01d matrix apgregate is idealized as a

| single veoid in & rigid-plastic cell; the void volume fraction (£} of the cell
equalling that of the aggregate. The cell is presumed to behave wnder loading
as the aggregate would, exhibiting void prowth when wndergoing yield with a
positive conponent of hydrostafic.stress. Two veid geometries are considered;
the long cixcular cylindrical void and the spherical veid, The outer cell
wall is ideallzed as peometrically similar to, and centeraed around the void,
These two geometries were. chosen because they resewhle many of the void shapes
geen experimentally, tbey-provide the expected isotropy {tpansverse dirvections

for the cylinder, total for the spheve), end, of course, because thelr symme-

try propevties significantly aid the snalysis. See fips. 1, 2, and 3.

Onee a yield eriterien and flow vule have béen established, plastic flow
can be 1nvest;gaued. Dilation of the bulk materlnl becomes & simple manifesia-
tien of the flow rule, which éetermines the vatie of the deformation rate cof-
ponents. Becaust the matrix material is incompressible, any increase in
volume is due ta the genervation of empty space within thg body, L.e., void

growth oy veld nucleation, Given a proper conbination of macroscople atress




nd deformaﬁion rate boundary corditions, the amount of void grewth per Incre-
rent of ¢eformation can be determined.

The literature indicates that volds are genepated from hard inclusions in
a ductile watrix by two mechanisrms: matrix-particle decchesion, and particle
cracking [12-20]. Void nucleation occurs preferentially in aveas of high in-
clusion concentration. This is explained in the literature by the local stress
fields generated by the presence of rigid inélusions when the matrix undergoes
plastic flow. High lecal inclusion concentrations ¢an oecur either by close
grouping of separate partiéles,.or the presence of cne larpger-than-average
partiéie. When particle cracking-is the meéhahism, larger brittle particles
tre thought to. contain more and larger flaws, leading to easier brittle frac-
ture in the particle [19]. Tor bﬁth void genevation mechanisrs, the size of
{he gemsrated veld is considered eguzl to tﬁat,of‘the generating particle.

Void nucleation and void growth ave two separate mechanisms of void vol-
ume fraction increase. Nucleatiom aélwélljas growth can be related to an in-
| cpgpeﬁtﬁof daformation, when the preper boﬁndﬁry conditions ave given. An
Zanalytic form is set vp which is peneral engugh to inelude nucleation by both
-mechenismy discussed above, The theoretical treatment draws heavily on the
work depe by Argon, et al. [13] with regard to the normal stress generated at
the particle matrix interface, and tr‘.:e statistical treatment of a random dis-
tribution of partigles. As with the veids, only simple particle shapes
(spheres and clveular cylinders) are considersd.

then an,inqlusion is ueh Réaker than the matrix, or is weekly bonded to
the watrixn, it is considored to behave as @ void from the outset.

Plastic flow is studied in a model hQ%k paterial containing veoids and/or

{nclusions, using the yield criteria and flow rules discussed above. Incre-
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ments of deformation are applied as boundary conditions, and quantitiez such

as void volume fraction and degree of work hardening are updated with each in-
‘erement. Work hardening is apprc;ximated as hemogeneous in the material, and

is calculated as a macroscopic average of the dissipation. The mat-rix is mod~
elled as a rigid-power law hardening material. Void shape is epproximated as
‘constant, allowing continued use of yield functions for the spherical or cylin-

‘irical ghape. For the (predeminant) case where the material model possesses

“the same isotrepy properties as the void shape, the approximations made con-

“cerning work hardening and subsequent void shepe ensure that the isotropy re-

mams after deformation.

Tuetile fracture is mterpmted hepe as an unstable bifurcation of the

‘macroseapic flow field in the model bulk material. This bifurcation is the

‘transition from a homogeneous f£low field to one in which defprmaticon becomes

‘eoncentrated in a thin band, with large amcunts of void growth. Mecking or

."cearing between voids results, leading impediately to failure.

Tor isotropic fbl_astic materials, Berg [3,4] has shown that the conditions
.{'I'or band Formation are (1) the existence of a surface of zero extension, and
\{2) a zero rate of hardening in the mef_tex"'ial. Void nucleation and growth are
"Vﬁ-‘i-able softening mechanisms which can cancel out the hardening of the wmatrix
‘to give a bulk hard‘e.ning rate of zero. Rice [#5], and Rudnicki and Rice F5n]
.:"have examined conditions fer bifwrcation for a wider class of material propor-
ties, such az anlsotropy and elastic-plasticity. Their results help determine
when elastle terws are impertent, and when thay can be ipnered.

Calculations of ductility (matural strain to fracture) ave coyried out

.

for two types of specimen geemetries; planc strain, and axial symmetey. A

“Viplety of watwin hardening exponents, and void and perticle concentrations

considaved,




The approwimate velccity fields used in the wpper bound calculations are
developed as follows:

There are sn infinity of velocity fields which obey incompressibility ‘and
compatibility. A finite number of these are combined to form a general approx-
imate field, containing several undetermined'factors which are constant with
respect to the geometry of the‘void-matrix model, The factors are then ad-
justed so that the velocity field satisfies the displacement boundary cendi-
tions, gs required by the uppgr'ﬁound method. For very simple fields, only

“enough factors need be present for this. For more refined fields with addi-
tional factors (to‘give better uﬁper bourids), two more tools are available to
determine these factoﬁs. '

One method is to enforce a énndition‘of zero shear deformation rate at

| thelvoid surface. For a von Misés material, this means zero shear stress,
which would be expecteé of the true soluticn. (No‘such analeg exlsts for
normal stress and deformation rate, because the von Mises yield and flow rules
| 2re in terts of deviatoric components -only.} This makes the spprovimate Tield
more closely resemble the actual field. J

A second method of determining the fac£o¥s is to find their values which
minimize the dissipation in the body -for a given set of boundary conditions.

A combination of these two methods is found teo give better {lower} upper bound
solutions.

Two basic types of flow fields ere considered. The simplest one to deal
with is the type whers all of the matrix material is undergoing plastic flow.
Houe§cr, wuder certéin conditions a lower dissipation will vosult from flow
fields where part of the matrix remaifz wigld. In an atterpt to model this,

approximate flow filelds are developed uith pipid-plastic boundaries generated




by radial lines (see figs. #)}. For simplicity, only those macroscoplc flow
fields with a high degree of symmetry are considered. These are; 1) plane
strain for the cylindrical model, leading to a rigid wedge symmetric to one
of the principal axes, and 2) axially symmetric flow for the spherical model,
leading tec a rigid circular ccne centered on the axis of symmetry. See figs.h,

The anpgle of the rigid-plastic boundary to ‘an axis of symmetry is the
factor which is determined by minization of the dissipation. A eriterion of
lowest dissipation can also be used to choose between fully plastic flow and
flow with a rigid sectionm. -

The presence of voids can induce nonunifermity in the nicroscopic flow
field, leading to anistrcpic hardening. As a first approximation in the duc-
tility analysis, this was chang,ed to isotropic hardening via an averaging
provess. An aseesstent of this spproximation was considered useful,’ qnd is
carmed out as follows:

The simplest case to consider is the cylin rical void in plane str:}in.
essentially a two-dimensional problem. Instead of using en average value of
work hardening, materdal points are labelled and the total strain (and tlx@

yield stress) is carried through several increments of deformation. Both

.fully plastic and rigid wedge flow fields are considered, The latter natu-
:rally jead to a greater level of anisotropy.
Streng experimental evidence of the eentribution of void growth and

coalescence to cductile fracture comes from many pecent optical and electron

‘micrescople studies [21-383. DBlubm and Morrissey [26] show photopgraphs of
sectioned tensilu specimens (steel and copper) where fracture at the neck was
'SteppEd hefore ca:aplete'separatinn. Sipnificent vold growth is clearly ovi~-

“dent; with vold elongation in the axial divection, and transverse Isctropy.




peachem [25] has shown that void growth is part of the fracture mechanism for
a wide pange of engineering materials, under shear as well as tensile loading.
Studies by Edelson and-BaldwinEQIJ and Rostoker and Liu [22] on scintered com-
pacts whose porosity was contrélled show the loss of ductility caused ﬁy second
.phases (voids &nd inclusioné) in a ductile matrixz. ([22], and a paper by Sarin
and Grant [23], show that the ductility of iha matrix is very dependent on the
processing of the powdered metal.) Gurland and Plateau [16] cbserved that in-
clusions, onée cracked or separated from the matrix, act as voids in the sense
that failupe occurs by tearing between cavities. Liu and Gurland [23] found
that for sphereoidized carbon steels, failure occurred by void growth and
ccaiescﬂnce for %C < 0.30%. (With higher percentages, voids do not grow

very much, and linking up is by some form of inter-void “eracking”. .

Some of the theoretical work dene on yield behavior of porous materials
is as follows: MeClintock's {387 work i’r_:cludes a fracture criterion based on
his analysis of a cylindrical cavity in ap infinite matrix subject to awvial
and transverse stresses. A strong {exponential) dependence of void growth
rate on transverse stresé in found. TRice and Tracey [37] consider =z spherical
void In an infinite matrix, and zn exponential dependence of growth rate on
triaxial stress also results. ¥ahlow and Avitzur r38] study the problen of
the critical pressure needed to prevent vold growth duranp axially symmetric
deformation. Their model 1s a closed cylinder with a cylxndrlcal hole at the
center, and theiy upper bound approach is in souwe §ays similar to that used
here. Thomasen [9,10] works wifh a rigid—perfectl& plastic plane strain model;
a periodic array of rectangular vcidé. ‘Be compares the enerpy necessary for
two types of deformationy homogeneous, and necking between volds., When neck-

ing is prefarred,'he considers fracture to follow immediately.




A study which provides useful material for comparison is ene by Nagpal,

McCli_ntor:k, Perg, and éubudhi {ui3. ‘“They present plane strain slip line solu-
tions Ffor a band of evenly spaced holes under varying ratics of shear and nor—
mal traction. Their results czm be compared to the yield loci developed here
for plane strain deformation in a plastic paterial with cylindwical volds
whose axes are parallel to the plane strain axis.

The author knows of tﬁo' finite elewent studies of void growth, both for
the t»{o—dimnsional case (plape strain, cylinérical voids) [ul,u2]1. Both use
an elastic-plastic constitutive relation. The wesults are Very useful in

deciding what types of velocity fields to empley.

e oot
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2, General Theory - Upper Bound Approach

The geperal model considered here is-a "unit" cube of porous material of

volupe V , large enouvgh to be statistically representative of the properties
of the aggregate {Fig. 1). The patrix material (though not the void-matrix ag-
gregate) is considered a homogeneous, incompressible, rigid-plastie, von Mises

 patepial. The yield and flow relation for the matrix material are

%’.51_‘51,3 = a‘osi (0‘) 3 5;_'J(§) = EO‘D é,__] . (b)
B P
_ ) ‘(Ekleki)ék
i(aai . U ' ) (2.1)
joC T T - Exg = O C
T TN Kk (¢c)

where o is the yleld stress in tension of the wateix, 13 ig micrescopic

deviatoric stress, &ij is the microscopic rate of deformation, and ﬁi is
the microscopic veleclity fleld, and %y is the positien of a material point,

The macroscopic rate of deformation is defined, as in Bishop ond Hill [21,
as an avefaged quantity in texms ofithe veloeity field on the surface of the

unit cube

E‘:,j_j = ‘“\J}‘%‘“ (‘L'»Ll;n;;r&— L:{leL;)G(S

5

(2.2

vhere B ig the unit outward nopmal en the outer gurfope. Using The Gauss

theoven and eqn. 2.1e, it can ha ghowm that

. i . . ' {2.3)
Egj =y ) € AV .
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¥here }l. is sfill s surface normal in the outward direction, thiz can be sep-
arated into integrals over the matrix materiai and the void surface:
EL,‘}:—\;;' é;.'j JV'f‘ ’é"% (uhn_,i‘ l:LJF’LL)oif? (2.4)
- . . Sveids _

Since Ei& is incompressible, the last teym above includes the dilptational
part of ﬁij . The fields considered are derived from incorpressible velocity
- fields which must meet'displaceﬁent boundary conditions on the outer surface,
' as expressed in terms of the ﬁij . It islimportant.te note that the iij
‘are average guantities (eqn. 2.2) and ecan represent many different boundary
distributions of‘ &; .

The veloccity field must also meet the constraint .that it he continuous
in the matvix, Thus, velocity fields which involve matrin separation are ex-
cluded.

Among the infinity of incempressible ﬁi fields which meet the above
conditions, the actual ﬁi field is gharacterized by its peneration of the
minimum of the dissipation W 5

W= s;;(e) &4V (2.5
v

. L]
where the terms in the integrand are related to vy by egns. 2ﬁl. ALl phys-—

<z i

jeal guentities (T s ﬁ) associated with the actual ﬁi

€, L.y Oy
i*7i " Siy 4
field will be lahoeled with the superseript A" , since they are also actual
selutions. Quantities associated with other u, fields are merely approximaie

solutions. An irportant property of ogj is that it is an equilibrium stress

£ield.
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petual macrescopic §tress, Eij N

wrea averages of the forces on the faces of the unit cube, Thelr three postu~

is defined as in Bishop and Nill [23;

iates regavding the unit cube are also- -adopted: 1) The unit cube is large
enough to be statigtlcally regreaentxtive of the void-matrix aggregate, 2) no
correlation existy between microscopic stress and position over any plane sec-
tien through the unit cube, and 3) no correlatlon exists between microscopic
stress and displacement overlany plane section theough the unit cube. Postu-
late (2) assures zero moments on.tﬁe cube, and therefore synmetry of Eij .
Pcstulate {3) is {nstrumental in proving a maximum plastic work principle for
the aggregate. This is developed below, drawing heavily on the example of
Bighop and Hill.

Consider the actual dissipation

oA L A A
5 V v
by the principle of virual work, incompressibility, and egns. 2.1. The prin-
ciple of virtual work requires an equilibriuﬁ stress field, as assured only by

the actual solution. Using.

_E /5 - Oy 1y !S ‘ . (2.7}
eqn, 2.6 can be written as -
o X , 1 A _
whe vS(I-f hy koS = UZ ol iy do, (2.9)
.5 : 'Fn.ﬂt&_.'A

a sum of integrals over the faces of the unit cube. n is a constant on &ny
k
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plane surface. With postulate (3), the integrals in the sum beccme

‘ -. ) | |
nplgtulds = x\O ds\uing dS (2.9)
A A

The actual macrospopic stress is defined as

S Ao dS (2.10)

A

The actual dissipation thus hecomes

£J
v 5

where § is the entire outer surface of the unit cube., Using symmetry and

* 'i » » A !
Whe G\ suleh) els dv = IL) uing dS (2122

eqn, 2.2, this becgomes
AL A I |
W"= 5; AV = T Eqy o (2.12)
v ' '

It is notewsrthy that this result can be obtained directly from the first

part of egn. 2.8 when either of the following is true: 1) The surface tractions

arva related to E?j us Follows:

T IC SEPNY ”J!S - (2.1
5 .

or, 2) The surface velocities are related to iij ay follaws,

a.i/s' - (Eik XL; + O Ly XJ) }5 {?'3-‘“)
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where the C, ars constants meant to accommodate rigid body tyanslation, and
the ﬁij acconmodate rigiﬁ body retation (thue, both drop out when éij are

calculated). Note that, to within the Ci and 1, .x, , the u

on the outer
1375 i

surface are uniguely determined bj-thé iij » without any cther conditions
(compare to eqn. 2.2).
These conditions trivially satisfy postulate (3) by making either the
stress or velocity (rate of éisplacement) on any plane sectien a constent.
The sequence of egns. 2.6 through 2.1% could be cérried out with equal
validity (except for defining dissipatioh) for an actual stress field oig

& Y » .
corresponding to a ﬁg‘ and - Eij_’different from u? and Eij s giving

¥ N -
AT A AT A
Zu ELJ Y O]J EHJV P (2,15)
v .

Combining with egn. 2.14% plves

Lo EL X o4 .
(Zﬁihzf‘j )Eij :'"1'7 (UI'JA’ O}ﬁ ) 6;2» AV . (2.26)
v

IF maximum plastie work applies to the matrix material (as it does to a von

.

Mises wmaterial, i.e.,

(o'.".l - o—.'." )E

- 3 i 2 c , (2.17)

then,
*# _
A A L3
(£ - &4 )‘E-aj 20 . o (2.18)

This proves maximum plastie werk for the apgregate, with E?j and ﬁij as

defined above. The yield locus of E;i thus has the properties of convexity
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and nomélity. Hormality and eqm. 2'..12 give

swh=zhsE, v 55l By, 2 shSE,

since 5}: E =0 b}r.normalf'i“yi (2.19)
end thus, Zi? - BW“_
| SE;

Eqatien 2.5 defines an spproximate macroscopic dissipation when ¥ . is not

minimized with respect to all acceptable (izicompressible, cerpatible with .Eij ,

coittinucus) velocity fields;

W= éjsu(eje AV _ (2.5)
y : .

The zpproximate velocity filelds uée_:d here will have tha functional form
» . . ¥ ’ : .
;= w{E, %) (2.20)
L [ NPl L B

where x is the coordinate vector of a material point in the matrix, There

may be an additienal dependence on other parameters Q) » Gy » === 5 38 in

u;: (E 'FJ,,}?_“(Z)‘;' ) (2.21)

with the. qi's chezen to minimize the plastic dissipation, For their optimal

values,

7, = ¢ (E . (2,22)
?; (Z,; ( E 2 f )
go. the form of egn. 2.2)1 wlitimately wveduces to the form of egn. 2.20. All of
the veloclty fields considered here are, like the actual field, homopeneous of

degree one in the compotienta of (g‘; s l.e.,
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For €3 & constant,
ai'(C’EJJ.J CE;:L,"‘) = C {:L_i(E“, Ezg,"‘) . (2,23)

It is easily seen from egns, 2.1 and 2.5 that ¢ and # are then also homo-
geneous of degree one in the éii y giving
W = W Eqj

(2.2u)

Define the approwimate macrosccplic stress needed 1o cause macroscopic

yielding in a way analogous to eqn. 2.19:

.2 W, 5 4 Seelé) 26un AV

0 {2,25)
. v .
TS
due to normality for Eij(é) . This gives, with eqn. 2.2k,
1 - T -1 i
ZLJ ELJ - BW E“j = ‘/\/ N . {2.726)

9E;;

This shous that Eij as defined above is a work cenjugate to ﬁij" as is igj

"Dy a trivial vearrangement of the steps ip egn. 2.19, normality is thus estab-
1ished for the spproximate yield locus {generated by the locus of stress states:

nii defined by eqn. 2.25 for all possible directions of ﬁij} .
The actuyal yield surface cheys both normality and convexity; it is desir-
able to exzmine if the approximats zii surface is convex. Consider two ap-

- & - ¥
i . e € <16 h . 3 y ' .
p:\o.&lmé‘ite stress fit.]ds E ' j and 2 - j H which cox‘r'espond to E i j and }‘ij

respectively through equs. 2.1, 2.2, 2.5, 2.20, and 2.25, Vrite the following:




(zi,i ~£E’§-)E;J- = {-}_ Su(ﬁ) 95&1 "Skl(ﬁ)aﬁu Eii AV (2,27)
M IE;; aE,
Convexity can be proven if, in addition to eqn. 2.23, ::ij “1s homogenecus and

iinear in E ., This means:

¢ a -

aé"i E = ‘——-———aé."’“ Eij = & (2.28)
BELJ o QE&,’. |

| Equation 2.27 then becomes

(ZLJ LJ)EEj b %ﬂ (Sucé) - '_Sff-‘-{éﬁ))ekﬂ ‘(V 2 O (2.28)
y
since sij(_e) cbeys maximum plastic work. A maximum pla;.tic werk principle is
thus proven for I; 30 giving,cc:}vexity as well as normality for the I, 3
yield surface, when linearity (eqn. 2.28) applies.
Equation 2,28 applies to one class of velocity fields used later on. A

second class, to which it does mot apply, is of the form
ﬂ{':: L!L(!,;)%‘F}E) ‘ ‘ (2'33).

whére l-.li {and thus Eij arxd %) is homogenecus and linear in the iij for a
fixed value of § . ¢ is an additional paranmeter which is dependent on E anc
$ (ses eqn. 2.21), and has the effect of making ‘:’.i. hemnogennous of depree one,
but no lenger linear, in the &ij . "I‘he; appronimate dissipation thus has the
form

= (g, v (g, ) .o
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Eouation 2.25 gives

Zii oW oW Y
— 4+ =TT (a) (2.32)
B Y 1 9k
q): LOH.S’L .l"
_ o -E:cons*-
4s discussed for egns. 2.21 and 2.22, W(E.£) is determined by mininizing W

with Tespect to ¥ , 60

IW

.5.[‘.)_ ) O o : . (b) (2.32)

Since 2.5 as given above is a work ccnjugaté of éii , normality is proven

as in eqn. 2.19.

Unfortunately, the dependence of ¢ ou"é makes it imposéible to prove
convexity as in egn. 2.29. Convewlty can be used, however, to help judge the
value of the approximate yield supfaces generated with this formulation. Since
the object is to approximate the yield and flow behavior of a real material
(with a convex yield surface),.én approximation which violates convexity should
be considered a bad apprexinatiocn. |

To prove thwt the approvimate yield locus l;es outside the actual yield
locus in stress SPace, write the ppinclple of maximum plastic work in the fol-

lowing form:

1 R A . ' ‘ y a
3 (551(,@)‘ Ss‘J)éij AV :go , (2.33)

A *A . . LA . o ehe
where 815 ic sij(tij) , and hoth Eij and cij are compatible with the
sume macroseepic pate of defermation éij + Using cgne 2.5, the principle of

i A S T A RS L e L TR et it
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A .
virtual work, and the result that Eij and Eij are work conjugates to sij ’

eqn, 2.33 becomes
Z "}.-.A)E l> O ' (2.34)
~{ § ¥ o - :

Since éij, is an outward-ncr@al to both the Eij' and zij yield loci, this
shows that the surface alwaya lies om or cutside the I?j surface.

Tor the porous material deseribed here, it has been shown that the getual
yield locus has the properties of normality and converity if tﬁey are present
in the matrix. The most important properties established for the approximate
racroscopic yield stress I, i3 are its upper bound relation to EA] , the con-

vexity and nermality properties of 'its yield surface (given the canditions

described above), and. the equation pelating it to éij :

id

_Z—- = 4 Skg(.é) ey AV (2,25)

A subsequent section of this paper is devoted to the solution of eqn, 2,25
for warious veid volume fractions and the two void geometries discussed earlier.
Varying the Eij Fleld pesults in the generation of an approximate yield sur-

face for a particular veid geometry and volume fraction.
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3, General Theory - Expansion Technique

The purpose of this section is the develcpment of a method for rigorously
expanding solutions of I for a given E and £ to cbtain I for E and
£+ AF { where Af < <1, When f approaches zero, this allows comparison of
solutions by other authors for the isolated void in an infinite rigid-perfectly
plastic body with results for small (but finite) £ obtained via eqn. 2.25.
Since no approximations to void spacing are made for the isolated void in an
jnfinite body, the ccmparison allows some judgément of the effects of the vold
spacing approximaticn evident im Figs. i, é,'and 3. (The compariscns.are made
in sections 5 and 6.} Under certain restrictions on the form of the flow field
the expansion technique allows the calculation of I for E and a range Qf f
with much less numerital work then Qith fhe.pravious methed. The expansicn
methed also offers some insight intdé how the actual stress boundary conditions
cn the void surface (zero traction) -should affect the flow field,

Consider this gemeral form for the aﬁproximate disgipaticn (a3 in eqgms.

2.25 and 2,31).
W(E,f) ) (3.1)

W is completely determined by E and £ . Define the follewing quantitisse:

Zpj7 oW (a}, W"'"T*E_M_/ ‘ (3.2)

oy i”
where 213 is the same as in eqn. 2.25, and - is the chanpe in § ouith f
for a fixed E Field, This gives .
' (3,9)

ffw = Zu C'!E:“:' “‘. wdf

)
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b and £ through a Haxwell (reciprocal)

i3

relatitn. This is simplest whemn f is pot allowed to be zero, so the aggre-

gate is not incompressible and the ';:ij are six independent quantities. Equa-

tipns 3.2 and 3.3 then give

]
af

DZ:'J'
of

a

"
AL

Development of & Maxwell relation is made mere difficult when the possi-

bility of £ =0 (and thus
of E are no longer independ
below, resolves this problem.

hydrestatic components of %

the voefficlieny of dEij in
within a hydrostatic part whe

the hydrestatic part of &'

ékk = 0} is included, since the six cowpunents
ently vardable, The new function ¥, derived
Rewrite eqn. 3.3 in terms of deviatoric and

and’ E

= oy 24 ! : o

JW - E,:J' JE“ _+§ZH‘ U(Eif Wa('F I {3.5)
where ' and E' are deviatoric quantities. Define i as follews:

L - + ’ . 1 a ’

Vs V(‘;:.,Zkk,f) = W"'g Zkk E,q,g ; (3.6)
whera only five of the EI}.:} are independent, the sixth defined from E}’d{ =0,
Then, .

e ) L F i ! . . .
AV - ZJ:J' JEEJ' ""5 El( bfzkk W:ﬂ!’F (3.7)
! since variations in 'dEij are censtrained by
)
&UD(’E“ :O} (3.8)

{3.4) . |

the expression for d¥ can only be determlned to
.
p° ¥ is given. This is, however, immaterial sinas

is zerp. Hemce, one may write



- 92 -

PR 'S-?'
2ij® 2L (3.9)
)

the partial derivative notation being inderstood in recognition of the con-

straint. “Also, W can be re-expressed as

Wz -dW = -3V, o
- —_ ’ 3.10
af of
a;d therefore,
355 A _ BERT
——4d 2 = 2 ¥ ¥/ T av:z, (3.11)
of S'FQEU’_ o QE“
. Another reciprocal relation which results from eqn. 3.7 is
' — -2V = W \
3 af IF T 9% ki
The general extrapolation precedure is, glven Zij (E_, f) .-
from eqn. 3.4,
5,(E, 0eae) = Z(E,6) - awlEa) AF, (@)
- ok
from eqn. 3.11 {3.13)

£ (B fraf) = 2H(E B f) - BW(«E;J}ZM,F) AF ()
aEEJ*

rigorous to first crder In AF . Given I‘Jkk(gl‘ ,!!m.f) , eqn. 3.12 yields
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%EHJEZZ«}f+Af) =

.J;Ekk(E; Zkk)'F) + QW(E_’} zhlt) 'F) A'?
3 ~ :
9L Lk

(3,14}

again, rigorous to first order in af . “Rigor to first order in Af" as used
here is analogous to 'within errbrs due to numerical integration"” for eqn. 2.235
Note that berause the relationship of I to W is the s#me in eqns. 3,2 and
2.25, the I, calculatéd by'thé expansion procedure are also upper bound
stresses to first order in AF .

Eqns. 3.12b and 3.14 can be usea to extrapolate solutiens for £ =0 into
the dewain of nenzero £ . References 36 and 37 give results which enable the
ecaloulation of w as a function of E and the remote wniform stress field for

an isolated void in an infinite body (which .is x.j(ﬁ,o)) . Then,

(%, Zu,f) = 2 (8 Zw;O) 3w (E 2y 0) £ ()
aEh! ' |

(3.16)

i ékk( M_,'p) - Z Egk( Zkk,OJ + BW )t-kk,o) _F (b)
E)
‘ 32k

to first opder in f .
The term w will now be examined in greater detail., From egns. 3.2b and

2.5;

o

-
i,
--i—,)

(3.17)

Using Leibalts's rule and novmality of 8y {c),
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e A\ s (€)E;;dS, L\ si(e) gk AV
v Vv 5’"— (3.18)
s, : v
where 5 {s the surface of the void. Only when the volume integral above is
small with respect to the surface integral can W , and thus awlaé s+ be
13

accurately approximated by the surface integral alone {and numerical work

greatly reduced)}.

. . ° .
Consider the case where B4 iz the actual macroscopic strain rate field.

Using incomgressibility, the VQluma,integrai in eqn. 3.18 becomes

1 O‘ 3{: CdV L
V) T o
v .

4 proof analogous to that for the principle of virtual work gives

.A “)1' Co i ‘A _l:al ’ '
110 98y V' = LT, KAdd 45 “{3,12)

vhere S + S, is both the outer surface of the beody and the void suxface.

For velocity fields whose behavior on S is independent of f (as in equ.

2,14), the volume integral becomes

i . AL A
L Uif %_Ei{ AV = L nA%JVJ :O) (3,20
£ v of |
v J Sy

since the void surface is traction-free.
The comdition of a relatively small volume integral is satisfled automati

cally for the actual velocity field, This says nothing about the use of zn
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approximate velocity Field, since the velated microscoplc etvess field bas no
relationship to equilibrium. Ancther way of satisfying the condition is to
choose @ special form of ﬁi(ﬁ.f,x) such that the volune integral remains
small. This form can simply be independent of £ ,Aor undetermined to the
extent that the condition of smallness on the volume integral can be used to
corrplet‘ei;z determine G - In any case, it should be emphasized that the vol-
ume integral of eqn.. 3.18 being zero is a necessary, but by no means sufficient

condition for ¢.. to be é%. .
1) 1]
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4, Approximate Velocity Flelds and Geomeiries - General Comments

The -approximations made to the vold and matrix pgecmetry of the unit cube
(Figs. 2 and 3} make pcss;ble the conatruction of approximate veloeity ficlds.
In order to néet the requirements of the upper;bound_method, these velocity
fields in the matrix must be kinematically aémissihle (ohay compatibility, and
the displacement b.c. on the outer surface ~ eqn. 2.2 or 2.14), and be incom-
pressible {in Xeeping with the ven Mises assusption). The general velocity
field is construcied as a sum of a finite number of incompressible fields, each
multiplied by an undetermined macroscopic factor. There must be at least enovugh
terms present so that a solutionAcan be fdun& which meets the displacement b.c..
fny extra terms indicate a more refined veloeity fleld. The extra macroscople
factops are determined as follows:

It seems reasonable to maxe the Eij field resemble the ;ij

closely as possible. One such opportunity is presented by the knowledge that

field as

the actual shear stresses on the void surface, and thus the corrasponding shear
components of Eij (eqn. 2.10) on the void surface are Zero. By snalogy, set-
ting the corresponding components of éij

solve for any remaining macrescopie factors. No such opportunity is presented

to zero seems reasonable, and helps

by the zero normal stress condition on the void surface, because the ven Mises
flow rule is in terms of deviatoric stresses only. It has been found, as ex-
pected, that this process results in a lower approximate dissipation for a given

-

E  than if the extra terms wWere. just discarded, indicating a bhetter puarv at
Another method of determing unknown macroscopic factors iz to treat them as

variables, and solve for their values whilch minimize W for a given E . This

will give the least upper bound oh { within the 1imits of the velocity field

approximation,
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Two basle types of velocity fields are considered. The simplest is the
type where all of the matrix material is undergeing plastic flow, and the
velocity boundary conditions are as shown in egn. 2.14 (pointwisé surface ve—

locities uniquely determined by éij to within a rigid body motion). This

type of flow field is subjected to both of the refinemcntAprotedures discusaed

above. Another type of field, suggested by some finite element studies [ul,uE]%
ailows part of the matrix to vemain rigid. This velocity field is related to
E through eqn. 2,2, tﬁe averaged boundéry‘COndition. The medel employs an
idealized rigid-plastic boundary (Fig. 4)}; a padial plane for the cylinder and
a centered circular cone for the sphere, BPecause of the symmetries invelved,
this model is limited to axially symmetric deformation in the spherical case,

and zero shear aleng the axis in the cylindrical case. Equation 2,30 deseribes

the velocity field, with ¢ being the angle between the rigid-plastic boundary

and the axis of symmetry. ¢ is determined as in equation 2.33. Similarly,

opt
a choice is made between the yield loci generated by the two types of flow
flelds on the basis of which glves the lower value of dissipation for a given
£,

it is necessaxry to diécuss how the geometric approximations evident in
Fipe. 1,2, and 3 affect the analysis. The cylindrical model iz intended to

represent the behavier of an aggrepate with voids rahdbmly shaped and dispersed

in the transverse directions, but elongated ﬁlong the axis. The spherical

' model approximates an aggrepaste with volds randonly shaped and dispersed in all

~ three dirvections,

The upper bound result (eqn. 2.34) requires that gﬁ and I be computed
from the same geometry. When this i{s the yandem peometry, for which the non-
carrelation critevia and bousdary conditions of the type eqn. 2.2 are used,

L]
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the following assumpticn must be made: The I field behavior of the epproxi-~
mte (cylindrical er spherical) model must resemble that of the random model
clésaly,enough s¢ that I computed from the approximate medel is an upper
béund to Eﬁ ef the random model: . )
: A . :
.-zi.i' approR. B zi'i randam Ei‘i 20 : &.2)
mode | medel

Another approach i5 to agree that 'egn. 2.34% holds when both Eﬁ and E
are computed from the approximate geometries, The symmetries of these peome-
tries imply violation of the non-ecorrelaticn eriteria, so this appreach is
1imited to cases where boundary conditions as in eqns. 2.13 and 2,14 apply.
Theﬁ,‘it,must be assumed {as bgfore)‘thgt the approximate wodel behaves encugh
like the random model so that eqn.‘ﬁ.l is valid. -

In both cases, a valid extrapolation betveen the unit cube (randem geoine-

try) and the approximate (cylinder, sphére) geometries must be assumed,
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5a. Long Circular Cylindrical Voids ~ Tully Plastic Flou

This void geemetry is meant to represent one limit of random void shezpe.
Long, roughly cylindrical volds are seen to appear at the necks of tensile
barg after larpe deformation {see, for example, ref. 26). They would also
resylt from long cylindrical inclusions which decchere from the matrix after
straining, or, on a larger scale, from drilled holes in a homogeneous material.
The centered and geometrically similar matrix displays the transverse isotropy
expected of an isotropic material with a void distribution which is randonm in
the trensverse directions.

For the fully plestic case, the velocity b.c. will be related to E

thiough eqn. 2,14. The veloeity field will be broken up into four separate

parté which should, when combined in various properticns, satisfy any set of
velocity boundary conditioné. Thesé'parts are 1) plane strain (Eiﬂ €iq =
5 = 1,3) with ne dilatation, 2} uniécrﬁ deformation in the axial direction,
3} shearing normal to the axial direction, and ) general.dila:ation. Rice
and Tracey [37] employ a similar technique in their treatment of a spherical
cavity in an infinite matrix; splitting their strain field inte parts due to
racroscoplo shape change and.volume change.

Only the awially symmetrie parts of the flow field can be determined com-
pletely from incompressibility and symmetry. For the other parts, the general
soluticn to an analogous'visccus problem is used to puess sowe reasonible solu-
tions to use in the manner outlined in section 4. The viscous preblem is solv-
able analytically because the constitutive laws give a linear relationship
between stress and strain rate. As is necessary, all the soluticns obey in-
compressibllity. 'The solutiéns ave genmeral cnough to gatisfy the veloeity b.a.

on the outen surface, the 2o sheay strain pate condition on the imner surface
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and to allew the dissipatien to be further minimized. The cases where the two
latter conditions are enforced and fgnored will be carried aleng sirultaneously
Since the cylindrical model is transversely‘isotropic, it is convenient to
work in terms of the following set of axes. The (3) axis is along the axis of
the cylinder, and the (1) and (2) axes are in the transverse plane, and rotated
such that El2 = 0,.l This direction can always be feund, and its angie B

from the initial axes is given by

fan{28) = 2E,
(Eiy-Esa)

For plane strain with no dilatation, the vizcous problem is sclved as fol-

{5.1)

lows. An angular dependence of relevant quantities is assumed, with barred

- quantitles dependent only on 1 @

1

Orp = T cos{28)

S
a
k

Coo cos(le)

r

Ora = Opg s ;‘@ ( 9‘9)
‘ (5.2)

S
11

V- cos(i@)

Vg = Vgsin (9‘9>

it

where vi and ﬁi are unterchangeable. An exarple with this type of angular
dependence for a similar elastic problem (elrcular hole in a plate) can ba

found in ref, [u6l,
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Theré are five equations im the five barred quantities in eqn. 5.2; two

equikibrium, one incompressibility, and two constitutive. These are

O + (Err_‘_aee) + 20, =0
dr r K r

- - (5.3}

where G is the shear modulus. These equations are manipulated to eliminate

the stresses, leaving the follewing;

v, = *é[?‘ Vip ‘v',.] (a)

. (5.4)
M 7 1) 3 (3} | g vy (R M g0 .
G 16’ -3V -GG 2O (b)




where superscript (n)} denctes differentigtion of order n in » . Equationm

5.4b hias the general solution

V,..': C1r3+C1r‘+C3r'l+qu';;3 (5.5)
5.5

C; = constants
which gives

Uy -20, K- Cur + Cyr (5.5)

‘The resulting strain rate field is

€., = &, cos(2e)
Epocos(dO) (5.7

1

596

u

€ p = Ereosin(le)

iwhere
€y = BCr*+Cy ~Car ™™= 30,
E_r.r. 1|‘ 3 3!" s} Hi"

foo - &
ee ~ ‘ ‘ (5.8)

It should be emphasized that eqns. 5.5 to 5.0 arve only weascnzble guesses at

the velecity and strain vate fields for the wipgid-plestic case, plraned from

the solutien to a different problem. Any compatible and incowpressible veloeify
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i field would be permissible. It ig felt that egnsz. 5.8 ave general enough to

| .
give a good approximation to the true strain rate field when properly opti-

mized.

e

Uniform axial deformation Involves no shear compenents on the void surface,

Hera, microscopic and macroscopic strain rates are equal:

€45 = Es ‘ ' ‘ (5.9)

Shearing with components in the axial (3) direction is related to the

macrescopic strain rates Ela and 1.:23 + The flow field spproximation is con-

structed with a viscous analog, in a manner similar to that used previously for |
plane strain with zevo dilatation. Consider the comporenis ils and i:23 .

It is easily shown that a rotation 6 around the (3) anis results in

R 4

El.”::o

E’L = éla(mcm.) = - sin(e®) {1334- cos(e™) £,z
' . (5.10)
at tan(e®) = - E;3
Eas

A3 before, the snalysis can proceed more simply from a special set of axes

4 : .
vhich can always he found (i.e., where El3 = 0) , with no loss of generality.

Wheve y is the polar angle measwred from the 2% axis, the assumed ve-
loeity field can be written

vy = Yyl cos(F) Ve w Uelr) zees(¥), (5.11)
vy = o= VL) wsin(n)
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The following equations for the analegous viscous problem (equilibrium, consti-

tutive velations) lead to forms for "\"rz, and Gr :

d ' 1 _
Orzsr T T Ffra;? * Uz_z;i: f}T Opz = O ()

O}-z :;Z-G Er‘-i_‘) O-bﬂi :Q-G E'FZ) C);ff: O (L) (5.12)

A | ' 1 i ‘
€ra 3("” ’ Vrﬂ)) €pz = Z\Vur "FVur (<)
When combined with eqns‘.‘ 5,11 and S.Iéb and ¢, equ. 5.12a becomes

- 1= 1 5. .. 5 -
Vorr * FVar ~ Ve T Ve T O (5.18)

Since '{rr‘ and ;z are independent quantities, they go to zero geparately.

The general solution is then

s
1t

constant = Vg,l '

<
th
H

Cor+ Cort

Cr and (g constant wirt ﬂcomefr-y (5.1
: : 5.1

€pg * %[Cﬁ - C, R4 \/5;1_] (_t)ﬁ('&f‘)

Eps = =3 [Cs v € P Vg Jsin(¥)
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Vi is simply the shearing velocity per unit axial length on the (3) plane.

The eontribution to oy is

. if1
Epryp z'i(?:vr:a‘* Vnr'%‘-va‘)
(5.15}

- %\V;ii'("‘i,:s"“(ﬂ +O‘+%5in(3‘)) =O

The velocity field due to pure dilatation is derived from three-dimension-

al incompressibility with no angular dspendence, and is independent of consti-

tutive laws. Using eqn. 5.9;

ékk =(J = O(Vr.o + _\{r_o.- + EE'E z O} {5.186]
P .
Where the superscript D refers to "diléta‘&:ibnal“ . The soluticn is
D . L oo,
W= &y - Egal, Ve 7O
r 4o :
. L LlF
g = C -2 Egp
rr Al a—it (5.7
20 I S S
Ege = +C'}.r "'fiEH.

Cq is censfant w.rt. geometry

The peneral form of the velocity -and straip rate fields yegults from com

binlng egnu,. 5.5 through 5,17
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kY
b [ Cor e Gt €y enste

(a)
+Cqrt - J:Eéea-f" + Vi 2 cos(¥) (5.18)

Vo = (-2Car? - Car v Co P sin(20) ~ Voa 2 5in(7) (&)

Vg = (C_sr' 'f’C.;r"j)CO-S(T) + E;_;_:‘% - (<)

é”_ = (3 Cl r* o+ C?--C.Z f’-z".BCq r‘L‘)CO-ﬁ(QG) " C'] !":;L "g"‘Egg

(#)
ése:(‘:") C.I r’* - C_:L-f' C3 r-fl ’!-‘BCH r:“f) Cos(le) '*C'j r_“l __%_ Eii
()
€2z = Ezg () |
o : (5.19)

ére = '(EC; r«:z.;.Cl-!-Cj r-'_1+3£‘, {"—‘fJ,SJ'FL(lg) _ (4}

{Tya
-1
s

11

%.(CSI‘CG r2 -f-\/gq)coéh") {e?

- 'i’z’l (C5 + C, r"'fV3;1)51'1rL(_3”) (f)

M.
D
La

t
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In applying the external boundary conditions (at r=b, see fig. 2), it is
ta be understeod that the angle 8 is measured from the {2) axis where

f,‘ = 0 and £._>E 3k and the angle ¥ is measured fr-om the (2%) axis

127 22 7 "1
where f;l =0 . A new quantity whose meaning will become appavent is V23 ’
a nomnl;zed shear velocity parallel to the (3) axis and in the same spirit as

(see eqn. 5.14). Some new macz‘oscopic quantities which will be useful are

£'= L(Eu- i)
E= 'é:ékk E %"_.(E.u * é‘az*réjs) (5-20)

Eas® E3a -"li_(v?,“vs‘?)

repeated Latin indices mesning sum over 1,2,3.

The welecity field on the outer surface ig, in terms of the macroscopic

quantities;

7 E.‘/b'cﬁﬁ(?\@) + %(Elg_"' E.lj. )b + V}l‘E'COS(F)
Vy = Vasb cos(@) + Ezz# | (5.21)
Vo = ~E'besin(2.6) - Vaasin(?)

The condition of zero shear SIPess-IeYQ gheap strain rate on the veld surface Is

gl ¢ Epy _ = 0 {5.22)
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Equations 5.18 and 5.21 glve -

C B+ Cyt Cob*+ Cyb™ = E

- Cqbt - %Efilb :é"(fiu * Ezl) , CnzEDb® (5.23) |

Cs+ Gy b = a3

Equations 5.18 and 5.22 give

8C ar+ Cat Caat# 3C,a" =0

{5.2u)
s . |
-Cs"CQO- "'Vj?‘:o
Cq and C; ave now deterfined uniguely. Usiang the following;
F=o08, A= I .
. b* B* _ (5.25)
: these are .
l CS- = V;:,z - § Vj__:l:_ ) Ce = &1(V33* V;;L) (.26
(14 ) (1+F)
Equations 5.19% and £ now become
. £ 8 o
Epa * ;_(—.1“ /}\) E;:,) cos{¥), £ €, cos ()
(1+F)
(s.27

-

oy e w(l-rm E:Z sint?),
(1+f)

ééf;':’ sin{®)

1
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‘Equatioms 5.23a and 5.24a are two equations in the four unknowns Cl

through €, The procedure adopted here is to set Cl =0 , and solve for

C3 and C,+ in terms of 02 and the known macroseopic quantitles. C, is

then determined numerically as the value which winimizes the dissipation, and

is thus considered a functien of E' and f (as suggested by eqn. 5,23 end
born out by numerical calculaticns). The veason for assuming a value for Cy
is simply that the numerical minimization problem is much more complex and
time consuming for two variables than for one. The value zero was chosen be-
cause; 1) Cl goes to zero for small f in the previously cited elastlc exam-
ple [4B], and 2) it is felt that for this type of problem the velocity field
| sheuld appreach linearity in v for T > > a , and only the Clra term vie-
lates this {for nonzerc Ci . Therefgrg, ﬁiscarding the term seems to be
reasonable, especially coupled with the minimization with respect to C2 .

Solving equs. 5.23a and 5,2%a for C3 and C, {with Cl=0) gives’

CCy= b [3E-03 r)cl]
(3-F)

(5.28)

Co= otk [Calt-f)-E']
(3-£)
Equations §.1%a, b, and ¢ can be written more compactly when the coeffi-
clents of the trigenometric functlons are. wrmtten as single terms. Usinpg this,

and eqnz. 5.23b and 5.23, they becomc

Eéppt Eppcosre)-f Nt

-
tLga él,.g.cc?,.(le) E)\"l C (5.28)

(‘rs? = Era 5’ﬂ(39)
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Aadopting the form

Cy Ca () Ej= ‘ (5.30)

and defining

A= A(3F)-3F(-F) o
AE(3-F) | o)

it ean be shown that

B s Bl AY-3(A-F) (2)
- A (3-)
_ ' A {5.32)
oz -E[C{1-A) +3(A-F) (b)-

AN (3-1)

The numerical minimization of W with respect to Cé resulted in the follow-
ing empirical form (an approximation to a finite number of data points)}, which

H

iz acourate for 0 g f S 0.5 3

CL(e) ~ 1-¢ -027(1- explI18.5:0)) (@)

For very small £ {<0.01} (5.33)

’
Calf)~1-6F ()
in sufTicient.
Eguations 5,27 through 5,33 presult from meeting both ghear sirain rate b.e.
on the void surface, displacement b.c. on the outer surface, and wininizatien
wt 0 o Tt g ugeful to consider tha sispler form which results when the

P
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strain rate b.c. are ignored; aﬁd d?pendence of Err y Ere ' Erz , and Eez

on A is eliminated. This is equivaient to assuming that the portion of the
velocity Field related to macroscoﬁie shearing is independent of f , and equal
t4 the homogeneous results for £ = 0 . The only effect of void volume frac-
tion cn the nondllatational velocity field is then the removal of material

vhose straxnlng would contrlbute to the macroscopie dissipation. The result. is

€er = Ef} €rg * "E’ i C-‘-\l. =1

(5.3u)
T w - S
Erz Eas; Eoz ~ “E.3

Equations 5.2%,b show the dependence of the dilatational porticn of the micro-
scopic strain rate field on X .

The dissipation can now be written in the following form:
vedls ey, v = L(Fate, e
Ty sii =PRFE TR LE o LE;j &4 (2.5)
v v

Using the definitions

i= cos(2B)
_ {5.3%)
= cos(¥)
end eqns. 5:27 and 5.29, this becones
W %“"{H‘Emﬂ“&‘) £l - e X
4, (5.36)

e
o~

PENR e BER e BN 4 (.L-vf)gji} AV
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:l’:fhe upper bound macroscepic stresses needed to enforce the deformation are
then given by eqn. 2.25.
' The locus of the stress vectors in stress space needed to enforce various

rodes of deformation is the yield locus. Fer the eylindrical medel, {t is

'"expected that the yleld function can be formulated in terms of equivalent

macrescoplc tensile stress

i
. (3 er of \2
chv H (Q_Z“ Zij ) (5.37)}

‘and the sum of the two transverse normal stresses

Zyp = PITRPETE (5.28)

The dilatation should be affected by I, alone.

<+
for the transverse awes oriented such that E 5 = 0 , it can be shown that

1

‘the dissipation has the general form

{5.39)

W:‘ W(E: E) Eis)

.
h
e
pX}
i

i.e,, [ determines W uniguely. Consider a rotation ¢  about the 2 axis
. from the principle transverse axes te, say, the A axes (an arbitrary rola-

tion). It is epsily shown that

E,p = sin(2e)E’

A P A ' y
%(En”gu) = F/ = cos(la) b

(5.40)

1,

L

ie., L(E")Z + (é\“)l] "oz ff




Equation 2.29 then gives

2n =AW - AW 2B | W Ey,

dE;,  9E E, oE [E)*+(E)*]

(5.41)

Therefore, 212 = 0 in the principle transverse coordinates of E‘, and the

macroscopic equivalent tensile stress in these ccordinates is

2 .3 T SN i
qu ’ﬁ(z.‘zl le)+'~1233

_ (5.42)
* gi (ZJ-S 23 +23-LZ.3-L) =4, A
Using egns. 5,20 and 2.25, it can be shown that
T W (32_‘:{ ) w
JE,, 2 E’ E
27 W i(—gﬂ,gﬂ)’ (b)
D, A\ E' T JE
: . (5.43)
50, (£,0-211) 2 AW (), Tz W ()
IE’ 2
= W (e, Zi ‘i(é‘ﬁ_‘i—-,:l,.i'_) (¢)
C}Ea'} JEBB 4:2 Qé

Zya = 3W {9).

3E.,
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Hhere a vepeated Greek Indru (on) means sum over 1 and 2. It is useful to
remenber that W s homogeneous of order 1in E . Therefore, the stresses
can be calculated given only the direction of E , or some normalized value.
New, the details of solving for the upper bound yield locus for fully
plastic flow {(both numerically and analytically} will be discussed. First,

| note that in transforming back to the transverse axes where ﬁl2 =0,

: ' (s.u%)
(E13J Els T E13 -
Then, using eqns. 5.27 and 5.32, or egn. 5.34, eqn. 5,36 bezeomes

Wil 2 a;{x e EE N ¢ ER X2
' CRES : E"a ’3 (5.45)

Vv - L .
+%E3§ + ‘IiKs(Ens Ed3+E3;¢E3VK)} AV

where Kl s K2 , and KS apve geometrie factors which go to 1 when equs, 5.3%

are used., Noting egns. 5.31, 5.33, and 5.35;

Ky @ (C;.)l[(i"A)l? ‘1’/%,91] + 6‘65_',(,\--%‘)(1«1&6._/\)

N (3-)
(3()\ £) )
A3 'F)

(5.4e)

~_
-~

13
i1

CLO+A) - 300 )
N (a-1)

_..
PN

4
11

(1+F) A




Before applying ‘equs.
First, a4 normalkizing factor for the strain rates is defined

- 45 ~

5.43, it is convenient to define some more new vari-

ables.
Ll i . g P J",/
E= (E‘_Ei‘i Efj) * (5.47)
This is convenient because for plane strain with no ‘dilatation,
E = E
 Por general states of strain, define
E E
. . . . 1 :
e,,-f(E,(,;E‘,LwEHEM_)”?- , Gq=Ey (5.48)
E £
Q:{Kl -—1@}@@1 L +GY t Ky G +36
N
Pguations 5.43 then become
A
(5. -Zg) e {200 QK G -y G [V ()
e | ;N
14 .
4 A
Syp =L (20 Q[ Gy - Ky Gy [dV (0]
VIE AT N
v
) (5.49
2313 :1:1__;‘7_‘@&&61‘1]} Gy (o) :
vV yv3 S
y o
SR (2t i) (@
I [ifmo K}_L )
/3 ;L"":.m ;
Ty AL




The volume integral is done as follows: Consider a volume element of
axial length L , inner radius a , and outer radius b . Since the integrals
are volume-avervaged, only.the ratio a/b is important., The yield stress of

Cus o
|
1

the veid is zero, so the integral is carried out over a g r ¢ b ¢
2T b L |
11{; 1 |
T idV = == rdrdodl (5.50)
V L |
v o A o.

iven no dependence of the integrand on L , and using

AA = Ardr

A=12,
— LA LA RIg
b* * 43

rdr = b AN (5.51)

eqn, 5.50 bescomes

<l

_ 1
dV = oF dAde | , (5.52)
Q

L A— o £

Figures § present the resulis of carrying out the integrals of eqns, 5.49

numerically. Each point on any line represents Eéqv VS, AVE*Y for a given

|

LY .
l

1

2 |

2 ¥ N
E and § . The convenient normalization

Te> (5.59)
o a

- is used; here, 9, is constant throughout the matrix. As can be geen, the

2

.
. 1 :

! gwallest value of Teqv for a piven w—-'l('.YY and f occurs for planc strain

- deformation (3 axis). This ls because in plane strain, the Joad carrying ca-

| pability of the Lody suffers wmost from the zero shear stress conditlen on the |
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void surface. It is the planme strain part of the flow field which i affected
Sy the minimization of W with respect to C) . Note that a similar minipi-
zation is not ca_rx-.{ed out For the flow field due .to 1'323 s since the form
assumed did not leave an extra coeffielent equivalent to (32 (see egnm. 5.4,
The simplest case to deal with analytically is axially symmetric deforma-
tion (E' = é23 = 0) ., Here, the micrescopic flow field is CDKIE})le‘th.ly deter-
pined by eymmetry and incompressibility, and the zero shear stresa b.c. on the

void surface is automatically satisfied. A1l apgular dependence disappears

|
from egns. 5.43, and the stresses as defined in eqns. 5.43 b and c can be re-

lated without approximation as follows [4713:

Tor axially symmetric deformation, .
i

Tyt 3T
Gy = 63 - OJ (Ty2- 7.—1.1) = 7;3 =0 (5.54)
- 7 42 - ;__ i -
Using the sub;titutiens

X= G, N dhe -G XM dx, ()
Cf.;— 3 gt s uced as o temporary voriable,

2 GH ; .
i | 2 not to be confused with void radivs ().
eqns. 5.49 b and ¢ become

(5.55)

6; 1
Top = ~2.| (@+x?)*dx
E s, (5.56)
F
#

Tege = J& Gy | X2 (@t x7) 7 dX
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|
|
|
|

These integrals can'be found in many standard reference tables (e.g.,

ref, [LB]. The results are:

j}' = _!31 1?;@ = lfl v af? +(3;? *‘(52_. {a)
8 ¥(Ja*5; 1"'6’1)

(5,57}
_TJI = Tegu % = Jax 65 - Jaf*+ GF (b)

The object now is to eliminate (a) between these two equations, giving cne re-
lationship between Teqv, and Tw at yield (a yield function)., This iz accom
plished as follows:

Define the variahles

.Z1= JotGy  + 06y ‘
: ‘ (5.58)

Equations 5.57 and 6,58 then give

Zy= Tz ; 21.6:7}“05.’3

T T (5.59)
(1-fe™) (i-?cﬁ)
Equaticns 5.58 can be rearranged to give
‘,/ 7 d 2 % -
G"f: j; = . a — Z - 'F
R *éa - fo (5.60)

1%—.1_ ' 2_":;

Substituting eqns. 5.52 into eqns. 5,60 pives

TA ot = (L-Fe®) {117 ) = 1o 2 - 2% cosh (Ta)

(5,61)
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Using eqn. 5.57, this becomes

¢ = TE;} + A f éosh (_E"T}‘Z‘) -1-¢*:=0, (5.62)

which is the yield function for axially symmetrie deformation.
It can mow be shown that egqn. 5.52 sets the form for all yield functions
for fully plastic flow in the cylindvical wodel, whatever the direction of E .

First, consider tha'apprbximaté flow field which results when

KJ_:Kgﬂ:K_z:‘i

This approximation allows the integration of egns. 5.49 with respect to A",
The rgsult is then expanded in a power serdies around yu = 0 , and inteprated
with respect to 08 for én aﬁﬁroxiﬁéte.fesult.
‘befine the following; .
%= G Xt dAz 6 X dx @
. : . . [
W Gf‘ . ﬁ 032 P % 6: (6) {5.63)

wliich ave identical to egns. 5.55 for axial symmetry (G, = G4 = 0). Using

dx . = n [0+ x-p6,] = F(#)

Q* . (5.64)
‘ 4

dX = -l InfQ® roth -p Gy |2l G(w)

>(CQéi CI&& X Cl&h Ci%i

_ -H{E) - 4 6y
Y & A 6{’5_

M

' _dX - - QJ/’" + 5 dx

:._'—.:—3/ ; T
X o= o % 178
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it can be showm that, to first order in 1N

Oy,
4, . “f __!/ . -
Ty = -a*GHeo)] az[/m?-fmgj
61
' Gy (5.05)
Tiy = EF(O)J = 2| jofr 6l + G,
@ 0L

G, E {‘(/a+ G: + Gl)

The above €qns. are the equivalent to egns. 5,57, the only differcnon being a

Tore general definitien of (a). Eilminating (a) between then piveg

Te,flv + lf-co.sh(g-rm«) -1l-f2 =0 (5.66)

for all dim_gﬁtﬂions of the stress tensor,

When K.l R K2 y @nd Ka ire cefined as in Bqn. 5.45, the giress field
for & pgiven nust be computed numerically., The results can be written, to

a good ®pproximation, ag

Cray 72;,; + Af cosh ('—g Trg‘) -1-£* = O, (.67

vhera CTQV is a function of £ and the direction of F

+ Equatien 5,672 ig

the exact solutien, and gives

CT(W = 1 for ~axial Syn'nn(:“f'ry, (5.68)

The nunerical vesults for plane strain can be approximated closely by thig

erpirical fopm

2 . (5.60)]
Crav = I+ 3f02476)* nr Lo .

23
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The values of CTQV for other strain rate fields will lie between these twa
values.

McCiintock [38] has examined the problem of void growth for the axially l
symetric deformation of a long cylindrical void in an snfinite plastic matrix,

and has given

i - Enl|fZ smh(_@j”),l

0 _5:- 1 —5: {5.70)

P ——r

The strain rate field at the void surface (r =

1
=]
~
Ha
[

Eer 7 "(EE. "”Ezz)) €oo ™ & €37 Eaz

o
r+d 6+ Ex
P\ @ 2L

The last term in egn. 3.18 is zero here, since the Flow £icld has no dependenca

(5.70)
'Fl’Dm- l:{-r = ‘_LE;_

1

en £ . Therefore, using 5.52

' 2l 14 ;
W= s e) g d S Em(é” é‘.j)lv(,\de (5.72)
¥

AT
v o

Using axial symmetry and Leibnitz's rule,

{5.73)
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Using eqn. 5,71 .

W= 0 éﬂ cosh (Ci Tn.)

(5.74)

Since the extrapolation makes use of the flow field at £ = p (Infinite ma-

trix), the form

’

Q_éﬁi = “Q—ﬁ,—, (3.12)
of IE;; | |

is apprepriate. The result is

T = COS/L(-% 7}3*) )

It (5715)
Tﬁ'{:o - T;J!F = ‘PCQS!,'L(_‘?: ’T;.r)
and 3T/ - 0, - Ter = constant (5.6}
JF
Since T;'x- "is a constant,
/ / -
IT35 {F“’T;'r! - T;EV[.]: (5.77)
So one pan write
f? -+ i
Efy /o - Tezv f{ = £ cosh (’L;: }Te*“) }
(5.78))

where -E'fzv/ =] :
o
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Therefore,

Tezv c = |- 'Fl:o.sh(-{g- T-(a*) ()

and

d Tegw

dTv o - 3 sinh (B Tey)  (0)
dTey 2

Equations 5.73 are to be coﬁpared with the yield function (£

which vesults from the upper bound approach:

b= Tegy +11°_-c.osln_ (B Tre) - 1- £ - e

S(b:O:“g_échzv"'a JT"{“')
Q‘T;iv Q‘T%'F

dTegw -~ J3 £ sinh (-‘g— Trr) (b)
JTT.? ‘ | 1Tc.g_v

Equations 5.79 and 5.80 are very similar when the T

not too large. Also, note that Teqv ean be cbiained to fir

from egn. 5.80 via an expansion

e

Tegv =[1+-{'1—1F-cosh Tn)]

=g h [arcoh(§T) e 7]

1 fcash (2 Ter)

The result ls eqn. t.7%, and the expansion is accurate for

irst order in £

—

{5.79}}
|
or small f)
(a)
{5.80)

angverse stress and f are kb

{5.81)



i

- 5Y .

2 cosh (g T”-) - £

+€., for small values aof £ and TY

¥ "

<

(5.82)




- pigld while the other part flows plastically to accommodate the macroscople
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th, Leng Civreunlar Cylindrical Voids - Flow with rigid section

The geonetry considered here {s the same a8 ip section 5a, however, the
flow fleld has an jmportant aifference. For the case of plane strain {no de-

formation in the dirgction of the cylinder axis}, part of the ratrix remains

deformation.

Plane strain deformation of 2 matrix containing cylindrical cavities as
described above has peen studied previously via elastic-plastic finite ele-
pents [#1,42] and (rigid-perfectly plastic) slip line thecfy fuul., ALY of

these suppert the jdea of only part of the matrix deforming plestically. The

finite element solutions suggest that a radial 1ine might be a suitable approi-
{mation to the rigid—plastic boundary, and that the non-plastic yregion is sym
petric around the principle axis along which there is the largest absolute

strain {see fig. 4},

The rigid-plastic analog studied here is a circular cylindrical matrix

with a circular cylindrical vold at its center, undergoing plane strain defor-

mation. There are wedges of rigid paterial centered apound the (2) axds, with
radial planes & boundaries (see above}, Mn approximate velocity field will
be censtructed which atlows fer this rigid—plastic boundary. AS discussed pre-

viously, the Proper angle, ¢opt-' between the boundary and the (2) axis is the

sngle for which the dissipation 15 minimized for a glven (E égz) (applied

11!
via eqn. 2.23. wept is found numerically.

This formulation leads to sone jnteresting nurerical results, but does not
lead to & concise derived functional form {p the manner that equn. 5,67 was ob-
tained. Therefore, SOWE parts of the fFopmulation will be outlined, omltting

ihe kind of detail given in gection 5a. The main coneeyn of this section will

&+
he plang atrain, as in refuxﬂnccg‘Eul,ui.Nﬂl. velocivy flelds due to 213 '

. et - s e
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1'223 s and Esa €an presumably be supexrimposed, as in section Sa, if regults

for 513;?0 are desired.

The rodel is illustrateq in £ipg. (s}, Boundary veloeity is specified at |

L)

8=0 and %= % » and the rigid-plastie boundary is ar engle ¥ measured

from the (2) axis. The gereral procedure will be to find the velocity field

in terms of vy Vo s and ¢ , then to use egn. 2.2 to ohtain Vl and V2

for a glven éll . 522 and ¥, ¢ wiyy then be varied to locate ¢

opt
Becavse of symretry, the entire velocity field cam be found by considering a
N? slice,

Besides the velocity b,c., a majer constraint ig that the rigid section
move without deformatien, This estzblishes the velocity b.e, at the rigid-

Plastic boundary, where the veloeity must have no radial dependence. Symme tyy

requires that v, be symmtric, ang v, be antisymmetric, about the (1) axls.

As with the previous case, incompressibility is required,

Using the above conditions, the Epproximate velocity fielg (vr, vu) can

be constructed as follows:

Instead of trying to solve a similer viscous problem ms in section 5a, ,

the eimpler approach of 5tarting with a pensvalizeq series solution will be

used, Wpite

Ver 8" cos(n o) + b, rsin{n,, «)
{5,03)
Vi = Cu M eos{ng, ) + d,yre sin{n g, o)

Sypmetry fmmediately pives

b 2 Cp = O RN




Incompmss;’.bility ig, for plane strain,
V + 2 Vst Ve ) = O j
nr r ) d r;j - {5.85

giving, for all o«

o cos(nmd) [(mtl) U * Pm Jm] : 0,

(5.86)
Am = - (m"'i)g_ﬁﬂ__
Nm

Equations 5,583 thus become

A " cos(la <)

11

Vr

(5.87)

11

Ve ’(m*i)'_o_‘-_f‘_ r'm-si’“-(nmﬁ*)

lm

The rigid-plastic boundary requires that ¥, and Vv be independent of

r at o7 %- ¢ . Terms with m= 0 cbviocusly meat +this condition, Because

gin(x) and cos{x) never are both zero for the sams value of x , meeting the

condition for w# 0 requires that the coefficient of either sin(nmu) or

cos{nmu) vanish. Tnis is fulfilled only when ™= -1 . TILquatioms 5.87 thus

become

-1
v = Qo coslnget] + G-al” c,o.;(n_ids

] ‘ (5.88)
where -1 —-i—:'i—'qj
u

v:a = “g:-_" 5“\' ( ﬂo":)
fLo
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Boundary conditions ard first fmposed gs the surface velocities nt ¢ = g
and o = %— (see Fig. 53, Due to symmetry, these are Pirely vadial velocitien.!

Vl and Vg are the velocities normalized with TESpect to the puten radivs b,

ot fot= 0 AT G, +Q-, 5" (a)
= b‘

(5.89)

1

%-cosfn, (F-9)]

TETEE) e ot

rFeb v, = V,\NB'.SI‘)‘I([P) = _%‘SI.H[HD('E—{F.J]

The following changes of variable are useful:

- a - -
A"r —) A.Tl* T“JN (5.90)
bV b V

Equations 5,88 apg 5.89 then give

Vi AV v VY (o)

cos(¥) = A c.os[}’la (2 "V)] (b) (5.91)

NS V)= Ao sinfna(5-9)] o)

For & pivap ¥ . eqns. 5,81 1 end ¢ can be solved nmerdeally for n, and

Ao » It ig lmportant to note that Ao ’ uo s @ngd “-1 {sae equ. 5,80)  are

1 !
- functions only of ¢ » énd not of Vi and V; . |



e
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Using . » &% defined in eqn. 5:25, eqns. 5.88 can be written:

)
vy © b[Ao V;cos(nad-) + A VlN }\/7‘ c,o_s(n_lck)] (o)

Vo ‘b_/_‘\g_\/fsin(no&) (b)

Mo

Using eqn. 5-913s

Ve ® b[Aa Vo (cos (nes) - P\J/’Lcos(n—ld))

A N cos (na CA)] (

0
of\a‘1 and V};.

The rigid section has the velocity field
N .
. Vr = Va_ S’Yl(‘h)
N
Vi = Va cos(*)

1
the getermination of V}i and \‘t; (for a given ) from E and E

straightfoward.

For principle coordinates, -eqn- 2.2 becomes

E‘&g‘-_ = % Vd.n-ﬁ JS;
>

teane tpansformation betweel: Vli ' v!; , ahd E‘.n ' F",:_ .

A

]

Yor a given ¥ a2 Y, and Vv, for the plastic region are nov 1inear functions

so the total velocity field is piecevise lincar in W and Vt; . This makes \\

11 29 rather

; M .
where a Lap undsr & subseript {ndicates no BUTL Let (‘.“ﬂ' be a geries of 2%2

(5.,92)

(5.93)

(5.98) [

matrices, sach one {gentified by the superscript ¥ . They will be used in the

gy
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First, v. and Vo e piecewise linean funetions of V‘;j and V"zz for

B given 1§

v

1 H
el _IC G

(5.95)
N
Vi C}u C f:a. V:L

The two sets of Ci'ﬁ' are obtainable from €qns. 5,92 and 5,93,

Equation 5.95 pan be written

1 N
Vp 2 C‘TE VS - 1) 2 (5.95)
Equation 5,94 requirag vélocities in cartesfan coordinates, and these are ob-
tained by
e 2
Vj_ - C_”_ Clz Vr ; OY' i
- 2 2
A CJI 21 Vi {5.98)
S VS R T |
Then, eqn. 5.9y becomes
- il 2 L N
2 {5.97}

Esp = Cas V'

Rote that the swiface integral must be carried cut over both the Plastie and

the ripid repions. Inverting eqn, 5,07 glves

[3

SER N | s.00)]
b% - CSﬁ Eﬁg ¢ %

Thus, for a given ¢ V}l{ and Vg are homogensous }inear functions of f:ll

and 1:22 B

A A LT A Fht Sty mersare v e o
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Tinding the gissipation corresponding te %pt amounts to finding ¢

and H_{w) where

%%:O (a) %—%‘2}0 (b) (5.95)

and can be déne by Hewten's method [491 applied to aw/a‘p . The digsipation

is calculated jin general as in eqn. 2.5 H

W'-'—%.(S;j(é) é,,'jr.!v ff-‘aa 6,_4 JV . (2.5)
'

The derivative is calculated numericallys;
9\*\/ W(W’rﬂ)—W(‘F"ﬁl ! A«%' ' (5.100)
Q‘V 24 E“ - constant |

since no strain-

Here, the integral need be done over only the plastic regiocn,

ing takes place in the rigid region. For plane strain,

éij € = &rr t EccoL+ Z‘Ere&. . (5.101)
Using eqns. 5.92,

. N NY ok

Ee = Ve = (AW ) K cos(nge)

. _ 1 .

b = LVt Vo) = - Err

(5.102)

- .4 1

€ra % Va,r+F(Vn¢'%«)]

)51'11.(n.-,.m')

]

[VzNAp /\—EE (nu’%:

V A VH))\IH1>HL(H-_1 )]




o T TR

- 62 -

The macroseopice Stresses are calculated, as before, via eqn, 2.25. There

Ire sor cezplicaticns, however, due to the dependence of E

*
and E or
T ra n

¥ and V? « First, eqn. 5.25 must be modified to reaq

I vy -
= J E' { . 4 )
My tonst. v El-i%go‘:ﬂdf,

Because the correct value of ¥ is q’opt » Q. 5.9%a applies ang the lagt

term iz zero, Equation 5,88 ghows that for constant ¥ 4 the Vg are linear

in the principle valyeg ill and f:22 * 30 egh. 5,103 can he uritten,

fox
$,8=1,2
- s H
Seac W = W i,
= e Y (5.104)
2E - DA
ldé ¥z LPOP‘[’ s
& much simpler rethed fon calculating EBB was also investigated;
Z‘,{ﬁ < JW e W‘(Ed,gf'd)- 14/(£¢44_ﬂ)
— = / (5.103)

ZA A
I Eus A (E“E;j)."

This gave the same xesults (within numerieal errors) as those obtained via eqn,
5.104, and served a5 a check on the calculation,
Fox the cylindrical model, the yleld function can be expressed in terps

of I and I ., For plane strain, these ara |
eqv las

. chv s g!zll-zll!

{5,106}

Zyy = L Iy

50 the !i’l need not Le calculated, ]-‘




For more peneral deformation,

yield surface.

mst be superirposed on the ::i.j

distinguish betwee
and the superscript *ig"

plane strain,

tJ

fquations 5.19

which El2

are taken.

.13
€= By v kU

Vhere 8 is the angle ©

For plane strain, the ‘:’213
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the 25_3 must bo calculated to chtain a

To apply eqn. 2.25 ta the Ei.s s the eij due to the Eia
for plane strain given in egns, 5.102. To

s" will denote ::ij due to

Ei3 :

n the tvo, the superscript "p

will denote ;-'i.' due to
1

. P35
(5.107}

give the following as the addition dus to &1 imposed f:aa :

é% - "é.as(x*i)
éf,fé z +:l5_ E33 ()\—_l) (5.108)
5?& = Ejs |
coor'clmu‘l‘e.s ( r;, o, 2 ).
ror £, and £, » eqns. 5.10 and 5.27 give
éf—; = é-rg COS(?) ..
6;1 = é.i:'= €.z cos (¥} (5.109)
r= e-6%

£ rotation frem the aves In the transverse plane in

= 0 to the axes in the transverse plane in which ils = 0.
should be set to zere after the derivatives '

This gives
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1
™
L+
(¥
"

%Jfoa e“ea“) (z\ )JV

(5.11

243 ¥ 2,57 0 .

For the wmore general case '(éia £ 0) , the procedure is straightforward, It

should be noted that wopt mry thange for E 3 ¥0 K 50 the minimization pro

cedure must be répeated,

The y;eld curves generated by the wedge flow field for plane strain are |

shown in figs. 7, In comparing these curves with thoge chtained for fully

plastic flew, it {a immediately apparent that the slopes. of the curves for the

wedge model are more Begative for the lewer values of § —_— By the normal

flow rule, thig rpeans that the wedge nodﬂl Prediets nore dilatation than the

fully plastlc model For low ET . Con51der1ng that the effect of a rigid

-wedge would be to inhibit eontructicn in the (1) direction (see figs. 4 and 6)

thie iz recasopable.

Dilatatien for the plene strain model can be characterized by the ratie

L

Ee & £,

- (5,111
Eaa
Figure 8 shows the variatiom of ¢opt with ER for a range of f , For smal
dilatatien, ﬁépt rises with ER » Indlcating prowth in the size of the vedpa

| This ie logical, since a larper vedge would Interfere more with contraction in

the {1) divection. For large diletation, dacreases with inereasing ER

This indicaten a growing preference for the fully plastic state.

£}

3)
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in a paper by Hagpal, Mv:.Clintock‘, Berg, and gubhuti [44], plane strain
slip line solutions for bands of evenly spaced cylindrical cavities (long axis
in the plane straip direction) are developed. The cross sections of the cavi-
ties considercd are slits at various angles, and circular holes. The bands
algo have zero extension in the transverse divection, a result of ths fracturs
eritericn being developed there (see £ig. %a). For the eylinders with the cir
cular cross section, an analogy can be maﬁa to the cylindrical voids in matri-
ces in plane strain discussed here. The élip 1ine soluticns are done for var-
fous ratios of shear traction to normal traction, so with a bit of manipulation
the results generated here can be directly compared with theirs (Appendix 2).

In order to £ind equivalent values of I and I for the plane at:;ain
results generated here, rotation into.coordinates where ﬁll = 0 is required.
(En and 2'5 are not enough to cémpute zaqv and Zw) . The counterclock-

wise rotation @ from the original axes is glven by

(5.112}

tan?(8) = - E.“_ P
Eaa

vhich shews that a plane of zero extensicn exists only when él.l and é22 ave

of opposite sign. Then, where the superscript % denotes quantities in ths

coopdinates reached by the votation

. T L
£y = Efr @ Ea® 0 ‘
(5.113)

PR sin*(8) Z); ¥ cos’(®) 21z

2“ = 5in (E-?)E.'C?S(e) (le - 221)

™
L7
1
=
b
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Any comparigon of msultu‘mq}aire:-: an Interpretation of void volune frac-
tien £ in terms of the ratio P/L . in the slip line rodel, P g the holae
radlus and L s the inter-void spacing in the Land. Flgure b shows 2 -
Square array of holes in a matfix, wit‘h the two reascnable directions for
bands marked. (The bands are shown by dotted lines,) Relating P/L in each
band to the void volume fraction of the array, and postulating that thege rep-

Tesent bounds on the £ represented by any band, the result is

E(fi < .F < E(ﬁ . (5.114)
HiL ) -~ S

In fip! 10, the slip line results are corpared with the results generated
kere for the fully plastic and vedge models, The wedge tedel does a much betw

ter job in matching the slip. line. model, particularly for the value of f migw
¥ay between the bounds given akove; '

(5.115)

CaT)”

The direction of plagtic flow {i.e., the nermalized values of the éij) 3.5
governed by the normality rule, and thus dependa on the slope of the yield
curve. For this reason, the similarity in slepe r;f the slip line and wedpe
y”.ie.ld surfaces is particularly satisfying. It also justifies the development
of the wedge model.

As noted previously, no functional form fer the yield locus emerpes from

these caleulations, Howe\rer, rome success has heen achieved in fitting the

following empirical form to the data:

. - 2 1 H
b Tey (B BT BT ), T2 T ey
{
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‘The coefficients B, » B.l ’ e.nd. B, are eonstant for a given £ o ‘I'hey- are
detemued by fitting the Ffunction to three numerical data puints, spaced as
evenly as pessible over the cooputed yield locus. Bo ’ Bl s and B2 are func-
tions of £ , so yield functions for values of £ between those calculated
nemerically can be approximated. In figs. 1,1', the epproximations sre showvm in
solid lines, while the numerical data ave shown as points. Figure 12 shows

the computed values of B_ Bl s and 132 for various values of f . For val-
ues of f between those for which nummcal data. exists, numerical data for
the three nearest values of -f are used to determine the ccefficients on the

vight-hand side below:

Bo = Ba{‘o * Ba{'l"F + Bo{-‘g"Fl

1t

By= Bigo* Brgg F* Brea'f? (5.117)

Ba= Bajo* Bary ¥ 7 Bagar¥?

Thus , Bo ' ﬁl ’ 132 are caleulated as functions of f for any values of f ,

and epproximate yield loci resuit. These are shown in Fig. 13 for a range of

f.
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Ser Composite Yield Functiens for Plana Strain
— rrEin

In sections %a and Sk, uppar bound yield loei for the tylindrical model
1l in plane styrain were caleulated, uaing two very different microscople flew
flelds. Doth figw flelds give yield curves which are convex to the origin in
siress speca, Pacause tha curves intersect, nejthep iz the preferred yield
§ curve for the entire ranga of -%‘ T'YT + The preferrea (composite) upper boung

é; yield curve iz thus comprised of the sections of the two curves which are

“f closest to the origin,

The flow behavior predicted by the actual yield locus (via normality)

ghould obey the follewing symeetry conditions. Fop zero dilatation

(flll = ~}.222} » radial velocity along the (2) axis should be of cppositea value
to that along the (1)} axis. For pure transverse dilataticn (ﬁu = 5.22) » the
radial velecity should be constant. It would be reassuring if tha conposita
of the two approxzimate yield locl also cbeyed thege syreretry conditions,

These correspond to the polats of the yield curva for the Fully plastic modelr
(at 5 TTY =0, and at Teqv = 0}, and do not exist for the wedgo medsl due to
the inhsrent asymmetry of the 'velocity field assumption. Thexefors, at these
tie points, it is not Mmaipested that the fully plastic cupwa shauld ba thae

' Innermogt curve, This is indeed true when the refinsqd fully plastia velocityl
fie)d is wsed, but it i noteworthy that for the unrefined field (Kl:Kz:eKa:o .
Fee eqns. §OMS, S5.UB) |, 1t would be untrue. The importance of i refining pro-
cedure is thus undsrscored. Hote that ths wedga flew ficlg vas refined also,
by varying the angle of tfm rvigid-plastic boundary,

One way to use tha cemposite yield funcilon ig sirply to polevs a roblon

wing both the vedge and the fully plastic yield funetions, ang kosp the salye

tlon which gives the lower dssipation. Another vay ia to una a functiong:




- %9 -

forn which approximates the entire composite yiald surface, if one can be

Viund, One such attempt is discussed below,
Consider figs. 1. They suggest that one approach might be to take the

rm of the fully plastic solution, and medify it to “compress' the yield i

T + The form used is
T

“wve in the middle rangd of %—

q)'-ﬁz} [i+1€ lfcash( T.”)]P:O, pr1

fon for axial symmatry,

(5.11%)

p =1 , this reduces to the fully plastic solut
=0
eqv

independent of P .

Note that for T

ne strain for the unrefined velocity field. s

or for pla

will be the same as for the fully plastic soluticn,

5,118 to the

The prope

For most CASEB,

pr valug of P can be determined by watching eqn.

P varies between 2 and 3.4,

with the higher valuss of

data.

B for the lower values of

1
7 Ty

values of P »

gtate does not vary too greatly.

it is cbvious that eqn.

(see Figs. 15). with this wide range of

5,118 is useful enly when the stress

judged by two eriteria.

One is

The ac

curacy of the approxipation can be

TIRES,

tha other is accuracy in

predicting rate

accupacy in predicting yield &

-'r

of deformation behavior via neormality {i.e.,

predicting the slope of the yield

, the first eriterion is much easier to

curve b

Espacially for low

ﬁseet than the second. Therefore, when :.nvestigatmg rate of deformation he~

wavior, it 15 probably batter to use eqnd. 5,116 and 5.87 (the two separate

yield functions), and chose the vesult which glves the lower disaipation.
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ba. therlca; Voids « Fully Flastic Flew

This void geomtry 1s meant tg represent a linit of void shaps opposite to
that of the long cireulap cylinder. Voids of approximately spherical shape can |
oceur when (approximataly equiaxed) inclusions decchers from a ratrix, or them- ’
selves bresk apart during deformation., Voids have alsg Lean se=n to nucleata inJ
materials witheut inclusions, due to grain boundary misfits causagd by straining |
[11-20]. Metal powdar compacts can be specially prepared so that they contain
approximately equiaxed voids [21,223. voids can also be present by accident,
through faulty processing,

Many parts of this analysis are sinilar to barts of the analysis fop tha '

eylindrical geometry. The spherical g2omelry is sinmpler to work vwith becauge

there are no preferred axes (as with the cylinder), but at the same time more
corplicated because of the =pherical geomatry. A refinemant procedurs analegnaus
to that in section 54 was carried out; in contrast to the previous case, little

change in the calculated yield loci resulted. For this reason, a refinement

caleulation will be onitted here,
Figure 16 shows the spherical rodel iIn principle axis Spate. Becauss thare
&re no preferred anes for the model, the approximate microsconic velocity field

: =
will be broken vp into only two parts; shape chanpe at constant velume (),

v . .
amd volure changs at congtant shape (x )+ The total micrescopic velocity

field is simply

~

The élj field calculated From ¥y must, as hefore, he inconprﬁssible, and v

BUSE et extarnal beundary eonditjons put in terme of the F,

ij °*
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Vals - Eij X; JS (6.2)

The boundary conditicn is of the type in eqn. 2.1%; as is the cage for the fullyl
plastic eylindrical medel. Because the two Parts of the velocity field {eqn,
6.1) will be constructed separately, it is reasonable to geparate the boundary

condition as follows:

Eij = E:J + %E‘nn S‘-J- (o)

VLS{S = E:J X !5 (b) (6.3)
v I .

v; ]5 = 3B % [5 {e)

The superseript 'g® » Meaning "shape changing", should not be confused with
the syrbol "s* | denoting the outer surface. éij s the Xronecker derts.
The deviatoric part of E, is vsed to congtruet a cimple approximation

j
to the shape changing part of ¥ - In cartesian coordinates,

W Bnx Utrlx .0

¢ = &

This identically satisfies the boundary cendition. If the mieroscopic rate of

defermation fipld is separated as ¥ is in eqn. 6.1, then

€. = é;"j + €&/, : (6.5)

i

Equation 6.4 irmediately gives

TRy
€ = EY;

which patisfies inconprc:sibility by inspection.

T At 103 A
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py symmetry. v ghould consist of a radial cowponent only.
¥ M

ihility is thus written

¥
vﬁi’ ¥ _.-——‘D‘vrv =D
r

Integration gives

C F-z, (= constanT

A

Applying the boupdary condition (eqn. 6.3¢),

.b—"

imn-

nn

r= = Cb" :%énn'bf s }5

the velosity field corresponding to pure dflatation is thus

Vo

V¥ F B B = vy = O

3

Caleulating the E;j in spherical coordinates;

éir = 3-_\./!-‘:' = 'g'—‘(b-»)} énn.
or 3T
s vy v =t 4_(9.)’&,,”
r 30 r I \F
.V
Epe i ovd 4 vy + vy coftd) oL
. SEn -
28 r~ r 3

- élé)d, = C)

i

v LY
€ra er@

Inconpsﬁssibility {s satisfied, by'inﬁpcctlan.

incompress=

{6.6)

(6.7)

(6.8}

(6.9)




It i3 usefyl 1o write é {eqn. 6.5) 45 the following form, using the ney
variable h“ H
s 4 p
6{’_}’ - E&‘j + 'j Eﬂ?’l ;1‘4:.]' . (6-11) [
In spherical coordinates,

hpe s “2(,?)3; hoo= hog = + (%;)3 (2) *

hi; /
In cartesian

h..

3 .
u’(SU‘3&X])(Q)i :(&j'3m”0(é) (c)
r r

r*‘=><f+><;+x§ ()

{6.12)
=0 ()

LEd

coordinates,

(6.12)
n; =_£;L = Car"!'c.s:'an. Components of the normal to
r

@ sphere of redius {e)

Row that an approximate é field has been constructed, e T2y apply eqn.
2,25 and write £ as a function of é and £,

2ii = L5066, qv

T (2.25)
ag&'i

Lquation 6.13 can be modifleq as

. ) : : g 47
Ekg: Ek‘l *%Ennhkf = (Eki ~_'—-5'Errrl Skﬂ)+35nﬂ hk.f

Aoy i iy 8 it o
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B0,
: 4 4 .
d€rs = (§4i 50573 %4 SM) 3 bii it (6.1
aE,jj '
Using the fact that Biiﬁii = 0 ,eqn. 2,25 bhecomes
2t g(s % E’LJ Skt hkk)"lv Zu * ’"2"‘1 SLJ {6.15)
v

Matching coefficients of & 13 gives

v {6.16)

Using s, = o and eqn. 6.12, one &an write

Zan © % g%'srr(é".)hrr 4V (6.1 4
v

In terms of Ei—j and g, » the upper hound macposcopic stresses are (using

eqn. 2,18},

I %_/:37 oo ér; dV
V ‘/EFJC” © o {6.18)

Zon LS [2 _?}__é_s,:l‘_a.!;“w
)
v f kEELE
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The upper bound macroscople dissipation is

i
W=\%,- EU;(&'M € )> dV (6.19)
¥ .

Equations 6.18 and 6.19 will be solved in a manner pimilap to that used in sec-

tion 5a.

The integrands must first be put in terms of the Eij » Which along with
f are the independent variables. To this end, eqn. 6,12 ang the coordinate
transformation
=y Y .
E‘- . 'fLJ' cer'll'e,s.‘an.. — Err 5':hgr—rc.a{ (6.20)
i
Lourds, coords.

are used to give

{621}

. f . . 3 LA &
. . _ f / - g/ / 1 b
€ljE; = Ei.i Eij “;‘-Enﬂ/ Q1 Err (ﬂ?_) + .‘.3'2 Enn (-r:)
The following changes of variabla ars useful in meking eqns, 6.18 and 6,19
more tractable, Where possible, they are similar to steps taken in section 5a.

Define the following new varisbles:

" . .

) fij = EJ.‘

D= Eo.ﬂ__._'_. L
3f5ELE. J3ELEL,

T —————

FEt e
J; E st {1 ted

., ,
Moo= l:r,. = tfj g (see Appendix 1) {5.22)
F

}\:('5)3 p QF L-HDE AT vy pT A




The volume integral over the

here is a solid angle.

dV =

r2 ddr,

-6 -

sphere is treated as follows, where

- ra.sin(®) dd Lo dr

0 as used

> o LA

rla(,.'z %1;)\ L= ;{5;}{9?’ =b i
b "1

1 4 s " (5.23)
Lty =i | e g gm\m

vV 3 'n ‘= QNf

o M

da = 5 Ssm(ci)) dP de

{¢N e o

Using the above,

W = /—‘O" mn mn) g g Q o(/\ (6.1'—{)
o f
4 b
Z'.f;f,qg,g gcf”l[tu+(s;3.«3n;n_,-)0/\'1]4x(m (@)

a0t

|

i¢n

Zon = Lo
6T

These equations

the ratios of the FE.
i}

and eqns. 6.12, eqns.

show that the macroscopic upper bound

, and not on their magnitudes.

6. 18 and 6.19 become

f

pacause mo refinement procedurs has taken place here,

. .

Sai‘i(;loxl—y)xhtf\m (b) ‘
i
a
!

gtresses depend only on i
This is to be ewpected.

eqns.

(6.15)\

6.24 and 6,25

are simpler in theip dependence on 3 than their counterparits for the cylinder
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(see eqns. 5,45 through 5.49). Their form is simple encugh, in fact that the

integral.over A can be carried out analytically for the general case, The

necessary integrals can be found in tables once the substitution

dA= -1 dx, x[ =

1 .
il_)- o A=f f’x{ 1

A1
4 .({F ) (6.28)
so, S dA = %
£
' )

is made (zee, for example, ref. [48]), Note; x is ot to be confused with

the position vector X .
Once eqns. 6.2% and 6.25 have been alterad by the above substitution, the

integrals ever x can be put in terms of the following ﬁmctmns (note the

definition of functiens Flxz,u) , 6{x,n) , and H{x,u) :

dx = L Inf@%+2D)x-ppul= 1 F(x,u)

o D] 10} 210l

dx = -1n[Q%+1 -20u] = - o(xu)

=2 (6.27)
ij"& X ’

K |
dx = - QF -20uG(x,p), Hixe)= Q*
Tk %

|
Equations .21 and 6.25 now become I'
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. + i/ ¥
b\!:[%’m.(E,me,m)z {f_,gu}d" + (- F(x )
HT A 24 4 {0l
(
x=4%

TR | K
o1t {‘t“H(X,&} + DKy G(X,H)}\leo{ﬂ_

where Kjj = (S;j-Sn;n;) +Apt;;

1]

G 15.‘4.
e {D_F(w)w w0 an o
%1

% g
0 A |O[
Some regults of the mmerical integration of eqns. 6.292 and b

as the discrete polnts in £fig. 17, vhere

4
U R Y
Tc‘,gv’(lzijzii) ;o 5T ® 22k

Oo o

The curves im fig., 17 are approximate results. Each curve is for

ent £ . They &re all for axially gymmetric deformation,

P Y B 1~
gy ? Esn® "2 Ezs

gnd result from varying D butween zero and infinity.

" pendent variables representing the

tp a measSUTe of its deviatoric companent,

norizontal (Hydrostatic) axis at 90%, indicating DY normality that

1

= : = d
The value of 3 Tkk for Teqv . 0 can be easily calculated €
" egns. 6.18D and 6.1 for ill = é22 = iaa {21l angular dependence

or by using eqne 6,250, taking the 11

p isa legical inde~

ratio of the hydrostatic compenent of E

fach yield curve intersects the

{ther by using

mit as DT The result is

]
%%

d 0
x=1
6.28)

e —— T

()

(6.29)

can be seen

{6.,30)

a differ—

{6.31)

.

D=,

disappears ).

ip—————

e T
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éznn. = é"Tm = E_lﬂ.(i) (6.32)
G 30

As menticned previously, the points in fig, 17 result from axially sywmet-
ric deformation only. Other ratios of the éij were found to give yield
curves which were, for the most part, indistinguishable from the axisymmetric
results. The largest differences occurred at very high triaxiality {and
slope), where, for a given %-Tkk end £ , the spreadwin Teqv for various
E' was never more than 10% of the ?eqv for axial symmetry. At these points,
the values of Teqv vere theqselves quite low.,

Humerical caleulation of the yield function for all of strass space (re-
sulting from a range of ﬁij covering all possibilities) iz greatly fscilitated
by the use of the follewing symmetry arguments, ‘adapted from vef. [1], p. 13.

The yield surface In stress space can be depicted by the hydrostatic stress
(%-Ekk) and % plane projection (figs. 18) of the yield surface at that hydro

static stress. The = plane is simply the plane perpendicular to the 1ine
DETRERD I Z33.

in prirciple stress space. The perpendicular distancé from thisz line to a point
on the yield surface is simply
' 141
r= (2 25)
Referring to the form of egns. 6.24 and 6.25, ncting that the spherical wodel im
isotropie, and uslné principle axes, the following argpuments ecan he made:
If {Ea, L Ec) is a plastic state with I »0,501s (Ea, FLr)

c' b
due to isotrepy. Therefore, the w plane intersection of the yield zurfoce iu |




— S

gyrmetric about the positive 1 axis, Due to isotropy, the same syrmetric form

gurreunds the pesitive 2 and 3 axes. The same arguments apply separately o
the megative 1, 2, and 3 axes, though there is mothing to show any similarity
petween the points surrounding the positive and negative axes. Therefore, the
{ntersecticn of the yield locus with the © plane between any positive axes
and a neighboring negative axis (60°) gives, through symmetry, the entire 380°
intspsection, Figures lfa shows the iii used to calculate a typical £0% seg-

ment. (Unfortunately, slightly different values of ékk were required to get

equal values of Ipy for the # plane projection {n stress space), Figure
185 ghows a ¥ plane projection in stress space with the deviation exaggerated

for clarity. Correspending iij directions, lecated by normality, are shown.

Examination of eqns. 6.2 and 6.25 shows another area where symmetry can
be exploited, It can be ghown that if (Tii ' Tkk) {5 on the yield surface,
so is (—T;j s -Tkk). This allows prediction of the effects of hydrostatic

pressure from the results for hydrostatic tension if the effects of inclusion

fragments within the void are ignored.

The approximate yield functions develcped below involve only the first and
gecond invariants of stress. Therefore, the n  plane prejections in stress

gpace will be circles.

The gross effect of the hydrostatic stress in the approximate fully plastic
yleld function is to change the von HMises cylinder inte a clozed body of revolu-

tion about the eylinder axis. This has been approximated previcusly {41 by

closing the von Mises eylinder with a hemispherical cap.

[ ]
e

The mext ctep is to find appreximate analytic soluticns to eqns. 6,30,

which can he coubined to pive an approximate wpper bound yield function. Tha !
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method used is to erpand the funections F 2+ G, and H in 2 power serics in
P oareund g = 0 , and fhen integrate over 0 . The exponsion is nsed because
the expressions are too corplicated for emact integration. Good acouracy re-
sults from truncating tﬁe expansions after the second order term in i .
Fquatioh 6.22¢ defines u in terms of the éij and the anpular position
of the radius vector., It can be shown that the absolute value of U never ex-
ceeds 1, which makes y° particularly attractive as an expansion variable, IFf
a Lode variable {11 v i defined in terms of principle values of ﬁij {az in
ref. {371)7

v=-3E,  ,EL2ER>E!

E':I _E‘:/ (6.33)
I I
then it can be shown that
. 1-3cos*(@)+35in* (@) cos(2e)
SV EvayEs [va-3cont@r 3 - J (6.34)

- T X
Hmax, = +1 occurs ot V=41, (P—(Slrt—.l)l) e=ny,
n= ever hﬁmar

L opin = ".1, ab Ve -1, & and © as aéou&) = odd ;'n%ejer-

Yhen the expansions are written out, a superscript in parentheses will in-
dicate the nunber of derivatives with respect to u  immosed on that term, A

{n) . g(n? , or y(nd
=2
X
For o (Fw(xjg)) (6.354)

4z O ‘
2 -

bar above the symbol T -will indicate as follows:




egte. Thus,

The approximate

T ==

3 psing the results derived in Appendix (1

2
-
3 T—

LJ

—Tk

the exponsicns are of the form

F(x,e)
%

Z;j pars '_@ﬂgﬁlu(ﬁta)-ﬁ&ﬁm *iB’LF!”’)

ing out the integral over . gives

-
k
i24

Again dropping gmaller terms,

gecond order:

- B2 -

e

x: i
F“’ TR (6.35h)

F[a)_i_t:lf_—(.l + ,,_

stress integrals thus become, o gecond crder in ¢

6Tl : :
.O— ‘!‘lDt;J (QG{D} +M-16{1})

+ (65 -3mm;) (G + & 64 +ze 5(2))] 40
{6.35¢)

Uo g[ (F{D)'f‘EFU)* E‘!‘th})
(ol

(Bém o é(:))] el

) ané dropping the smaller terms, ¢arry-

LA LR+ £ DEY)

{6.36})

lm[zﬁ”+§fm] 26

the equivalent repsile stress can be calculatad tc:
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2 _34r s 3 Y -, (o) & g o[yter pez)
T =3 T35 Ty = :.f—;jtij(?H +=HH )

- F{lajl.!_._lgto}ﬁu)
= gl

— — - l/
T;.flf ~ [Hw)l_;_éHmHm] *
: . (6.37)
~ IQ(GJJ [l + .._1_ H(ﬂ ] "2
5 [ ©

re A9 + 4 A9 sign (1)

The following statements can be verified in a straightforverd wanner from

eqn. 6,271

Fe - Jn[(rlwoz)" + 2(D] ]

#((a+ 401 + 2(D])
For=-T_1 ¥ D% *i
(1+4D*x) (1+ D5 % ([iveor ¥+ 2| D)) »
E0: -1px xed (6.39) |
Mt uryiAa
(L+HD* )2

A = [fTyHDY - VITHDT
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fop D> 0 , these give
_ x:‘lj{'
Ty = +F7 -1 0x(QeHD™X)

2 5 Y
(1+H0*)™ [ .4

{6.39)
_ .y
Tegv = -F* +_2D% ¥

5(1+L[D1x3) %
X=4

The last terfss in the above expressions are of gecond order {order uz). Because
they are small with respect to the first order terms, they can be dropped fer a
fairly good first order solution. When this is dene, a caleculation analogous 1o

that in eqns. 5.57 through 5.62 (with a~+ 1,6, 2D) gives

= Tey + 2F-cosh (5 Tur)-1-F% =0, (5.150)

the first order yield functiom.

The second crder terms in egn. 6.39 are
i,

x.’-

+
= 1
T..,  Dx(2rHD*)
%
540 ) |y
(6,u41)
_ 2 x::le
Ton & 220X
2
51+ 40" <)
*= 1
sa the second erder yicld function is
{6.17)

(Téiv * Tﬂz)l'}' 1{'595;‘-(%’_-&&* TR:'..) - fF =0
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The second order terms require that D be known. Because D ig itself deter-

mined by the yield fuhction via nermality,

D-= E_’l& - : d)J Tar, 1
3/%‘ E;£ E;J_ 3_/33"[(Q)JTM-:’:!{LRR,\SKL)(‘")J /1

it should have to be calculated by an iterative process. However, it has been

{6.43)

found that if a first order solution is ured to calculate the value cf 0 used

in the second orden terns, these are almost indistinguishable from the results

of an iterative process. Therefora, 'rk2 and sz can be calculated using
- L 1
D= ¢ -"”‘k(;_ﬂm)
Q-TEQV

Jrop ferms of order {1 {6.44)

The first and second order approximations are shown, with the nuperical
data, in fig. 17. Ag can be seen, the second order approximation fits the nu-
merical data almost exactly, and the First order approximaiton is quite peason-

able,

Because the sinple flow field used here (eqns. 6.4 2nd 6.9) is indapendent
of f , the expansion method could have been vsed as an alternative to integrat-
ing over ) {egqns. 6.27) with relative ease. The expansion methed will Le ueed

here to generate a yield functien from the results of Rice and Tracey 371 for

the fully plastic flow of an infinite body containing a single spherical void.

This will be cenparsd with egns. 6.40 and §.49.

For axially symmetric deformation {about the (3) axcs) with lavpe amounts
of trizulality, Rice and Tracey give the everage radial veleclty at the void
surface as

(= ol Eis cxp[l;_;: _:{5__} {(6.u5)
1 T 3

—
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shere "a" is the void radlus. When, the exponent is large enough, the dis-
sipation can be caleulated to reasonable accuracy by using eqn. 6.45 as in

pure radial expansicn:

€ppz A%, oo = €oo 24y

o a {6.48)
ére = .é,,¢- : €og =0

This gives
l - i 1/10! 2 .
e ata) n s fr g
W = BUQE33ﬁ?<P Tu.g - :5_
'.'.l'" 2 {6.u7)

..5

W= 30’°é33 cxp( '{;K) ~ 0.57 O‘;E exp (éT )

By analogy with eqns. 5,75 through 5.78, which arz also for axially sym-

metric deformation,

- T:-,iy = l-O..E"?F'cxp(%LTM)

(6.u8)
- e 1- LM fcosh (4 )
For swall f ,
Tepe s 1- 2,29 F cosh (3T ) (6.9

which, considering the approximations made, is in veasonakle apreement with eqn.

6.0, Tt can be shown that the "lapge triaxiality® approximations wsed above

are valid for ?;L 31 .
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Bb. Spherical Voids < Flew with Rigid Section

Following the example of section 5, the Plastic flow of a sphierical model
with ripid sections is now eongidered. Fop sirplicity, only axisyrmetric de-
forration is considered, The rigid sections are thep idealized as truncated
cireular cones, czpped with sphearjcal sections, whose axes coincide with the
tensile axis. The variable ¥ is the angle between the tensile axis and the
#all of the cene, and is varied to minimize the dissipatioﬁ. This optinizes
the assumed Flow field within the limits of the spproximation. Flow of this
type is considered because of the success achieved with its eylindrical analog.
See fig. yb.

The form of tha calculations in this section is very similar tec the form
of zection 5b; the geometry and flow type are the rajor differences, Again,
the calculations do not lead to any concize derived form for the yield functicn,
50 zome details are omitted, The notation used here for some of the intermedi-
ate variables differs somewhat from that used in section Sb,

Cunsider_the model, shown in fig. 19, Boundary veloeity is cpecified at
a=0 and g = %-, and the rigid-plastic boundery is the cene wall set at englel

¥ from the tensile (3) axis. bue to axial syrmetry,

- = (6.50)
V_! V;L \/R ,;{:O

80 the only boundiry velocities which must be specified arc Vl and V3 R

before, the angle ¢ is specified. The general procedure is to find the miero-

scopic velonity Field in termm of V s Vo, and 9§ ; then to use can. 2,2 top

1
ebtain Vy and Vq for a given éll and ﬁaa (Ell = tgg'hy syrmatry), ¢ ig

3

then varied to locate $opt » which gives the lovest dissipation (within the

limits of the approximatien), Symmetry allows all inteprals over the spherical §f

i

B AL A4 W s g 1t Sk g8 o e
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geometry to be reduced to Iintegrals over a 90° slice between =0 and l

ae wf2 . ;

As before, the constraint of the pigid pection sstablishes veloeity b.c.
i

st the rigid-plastic boundary. Here, the velocity wmust have no radial depen-

dence. Symmetry requires that v, be symmetric, and v, antisymmetric,

about the (1) axis. Incompressibility is required. _

Using the above information, the spproximate velocity field (vr, vy) 35

constructed. Using symmetry and a generalized series representation,

"

Ve ) Apn 71 cos{me)
m, 1

(6.51)

"

Vi Z Bpwr" sinlme)

b

with infinite suma‘ticn over n and W . (The two series will be trumcated

later by restricting the values that can be taken by m and T .} Incorpressi-g

pility in spherical coordinates gives

rVer? [Q‘VF"V**““(‘*) +.V’.c,¢] =0 (6.52)

with commas indicating partial differentiation. substituting eqns. 6.51 inte

. . n
eqn. 6.52 glves, for each coefficient cE T

Z[(R*I)Anm C,O.S(fﬂd) (6.53)

" t+ Bnm(—ﬂ'n(hm) tan{e)t m-(:o.s(mo{})] =

he factor tan @ im the coefficlent of B o has the effect of clininating

nost values of m from consideration (i.e., theip companion Anm and Bm-\

mst e zero for eqn. $.53 to hold). However, the following tri gopometric

jdentitics

e e T et N p——
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i) fonle) = 1- cos(Qx)

(6.54)
Csin(Ha) anla) = -1+ 2cos(2a) - cos (Het) 65t

allow terms with m= 0, 2 » &nd 4 to remain, Also note that for n= -2,

Anm does not enter into the ineompressibility condition and nnm =0 for all

m .

Limiting m to 0 » 2 ,and Ywhern n # -2 , and uéing eqns. 6.5%, incom-

pressibility gives

Ang = 5(3An0+ Ana)

1

Bna -(n+2).(2Aﬁo+Anl) (6.55)

11

Bnq -(n+2)(3Amo+ An:)

Eqns. 6,51 thus become

Ve = Ago {1+ 15 cosfqd))v‘ Aoz (cos(id)+5¢og(wc{))
-i-Z/—'\.lnl Fcos(ma)
(6.56)
Vo = = Agor 2 {2 570 (2<) +3sin{Ha))

“Aoy 2 (sin(24) * sin (4a))

Hote 1hat for the termz with n- -2, Anm and m are still unidentifieg,

R T
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Let the rigid-plastic boundary be at the angle
b2
aroh =g -W

Then, the houndary gconditions {mposed by the ripid cone are
ot wza¥, Vet hVau sin («®) (a)
Vy ® 1o Van ros (%) (&)

V- ana! Va rhefepcnalen"f‘ of 1 (c)
The other boundary conditions are

of #=0, V= rnViy {2

ve: O (k)

The subscpipt "N denotes normalizaticn by the outer radius ©, :

\ﬂyq =V, Vin ® Eﬁ;

o e

Equation 6.57¢ requires that, for R = ~2

cos(ma¥) =0

There ave an infinity of values of m which satisfy this condition.
steucting the approximate velocity field, only this one value of m

used (the series is truncated):

m = 1T
2cl*

(6.57)

(5.58)

{6.59)

{6.60)

In con-

will be

{5,61)

A can ba found in terms of the other coefficients via eqn, 6.58a:
om
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o3 Vin Vl” Vin vz VgNG

This form is used to wmndersecore tha follewing normalizing

A“lm = .1" V_;N 16;’400 + 6-A01

(6.52)

scheme, similar to
that used in eqn. 5.90:

Acs A, A= Ass ) A Agm

Vints Vi Vin 53 (6.83)
A-::_ : 1”;Yibl_ (15 Aot éAz)‘
IN

A These are alt nondimensional quantities, Using the definition of 1% found in

egn, 6.22 (with x, ® b} , egqns. 6.56 become

Ve = VJN fa {A,,(l-f—lSco.s(‘fd}) 'f'}fl_'1 (Cg_g(;m) ﬁgw_g(:'_;‘,d)]
- *Vin e As X% cos{ma)

(8.64)

Wy = le”a{*2/‘\5(ls:'rn_(iio()+35:'rl.('—f«<))
: " 2Aa(sin(2¢)+ sintue)) ]

As a check on the calculations, eqn, 6.52 can be applied to the shove, It

that incompressibility is satisfied for arbitrary values of A_2 R Ao R 52 ,

le , angd VSN .

The boundsry conditions at the ripid-plastic Loundary (eqns, 5.87), when

applied to cqns, 6.8%, pive A, and A, &as functions of at caly. (liote that)

the factora qu vy cancel, and use is wmade of eqn. 6,60}, Ian. §.83 then
b

i
shows |

pivea A 2 aleo a function of o enly. The peneral rrocedure new Fol lows
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the form of eqns. 5.95 through 5.100. Appropriate changes are nade for geom-

etry, and the Greek subscripts are now 1 and 3. Thus v, and v

are ob- i

tained in terms of E.‘Ll ' 233 , and ¥; then the solution is optimized with

respect to ¥ .

The microscopic rates of deformation for axially symmetric deformation arel
o b ()
Eop = Cud = (VantVr

Ege © %_ (l’,- -~V tan (W)J

(6.65)

These can be calcul.a‘ted using eqn. 6.64. The derivatives are
Ver = =2 Viy Ay Nt eos(ma)
A VAN {2.605(20‘-) (2A.+A,)
+ L{‘s:’nr("fc&)(?’:/’\o*f\g)} (.56
Vi = Vi To [ ~60 A sin 1) - Ay (13in (2} 220 sin (=)

. -1 .
Vg A A9 mosinlnd)
The epproximate dissipation W is computed via equ. 2.5.
L5
, ) VAo, otk L ,n 4R
L\/: 3 G’n (&“7?—"‘*‘6‘00-{. é..{ta‘ .b’”&rv\)be\ CJC-‘Z. (ﬁ-ﬁ?)
o f '

For axial symmetivy
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Fote that the integral is taken only over that part of the geometry which is
underpoing plastic flew, and much use Is made of symmetry.
Stresses are caleulated numerically as Iip egns. 5.103 through 5.105. The

yield curves are given in terms of the follewing:

T‘i*’f = !T:%}'tu

S . (6.68)
Ta, 23T = 32T+ Ts)

The results are shown for & range of £ in figs. 20, along with the variation
in ¢0pt . Their appearance is very similar to the results for the cylindrical
model in plane strain {fig. 7), so a similer type of pelynomial appreximation
{eqns. 5.116, 5.117) is attempted. The results are shown in fig. 21.

The results of fully plastic flow and fleow with a rigid section are com-
pared in figs. 22, The symmetry conditions of section 5c do not apply to axi-
ally syimetriec defermation, so it is not necessarily te be expected that the
fully plastic solution gives the better (lower} upper bound when Ty = 0 -
Symmetry does, however, require that the fully plastic solution apply at
Teqv = 0 , and this is indeed obeyed by the reFults.

Seme further comment on the selution at Tkk = 0 is in order., As ceen
from fig. 22, the fully plastic solution dominates ot lower values of £ (less
than eround 0,01}, while the'rigid section solution deminates for hipher values
of £, It is physically reasenable that a fully plastic solution should in-
creasingly dominate as f decreases. This is also true for the entire yield

surface,

A choice between the two cowpeting yleld suvrfaces is made in the sowe man-

ner as discuszed in pection 5S¢y the innermost yleld surface s proferaed.
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At the time of writing, the author knows of no other theoretical or nu-

merdcal work done for the type of problem considered in this section, There-

fore, a comparisen with results generated by another wethod (as was done in

section 5b) cannot be made hera.




- g5 -

7. Hormality, Plestie Flow, Void Growth, and Work Hardening

In chepter 2, the normality of the macroscopic rate of deformation tenser
to the upper bound yield function was established., This means that the yield
function can be used as a plastic potential (see ch. 3 in ref. (11}, which pives

the Qirection of xij once the stress state for yield has been specified: [

Eif = A0 P E;‘:‘ (zijﬂc: 5:;,;) (7.1)
9L

A is a scalar factor, the "magnitude” of E » determined from consistency condi
tions and a given hardening law. (This will be derived later.) For a given
yield function, this allows calcwlation of the pate of volume change in a dila-

tant material which is caused by a given rate of stress or strain:

Vg, - o (22 g2 ) =vA2e s
JZM 9231 c3233 / J2rk

Because the wmatrix is incompressible, all volume change in tha aggregate is dus
to void growth. ( The reverse is also true here; void nucleation will mot be

considered wntil a later chapter.) It can be shewn that

£= (1B = (10) A 22 1.3)

dZn |

Bilatation, vhich weskens the aggregate, is thus clesely related to the influe

ence of hydrostatic stress in the yield function.
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The two types of upper bound yield functions (fully plastic flow, flow

.ith rigid section) developed in chapters 5 and 6 resulted from the imposition

of E fields, and caleuwlation of upper hounds to the stresses mecessary to

raintain those fields. Given the sarme ratio of '1‘eqv to Tuyp » the two types

of yield functions can lead to very different amounts of dilatation. The fol-

lowing example is jllustrative:

volds.

[

Tt = Tm=O) .Ef_\':.l.:ﬂj Tuyo = 3 I

E;y fs known, ‘,[\?- Ess

2

33

KKK 33

- ¢= ng‘uf-cosa{ing,) ~1-F* =0, er
$= T ~Bo- B, 4Ty -BaiTes = O

yhen the flow rule is used, the yield function must remain unspecialized:

former can be cbtained when tﬁe yield funetions are gpeclalized by eqn. 7.

A state of simple tension is imposed on an .aggregate containing spherical

(7.4)

{Note that the size of Tuyp here is relafively small.) Two quantities of in-

rerest for each type of yield function are Tya * and the ratic (E,./E,.). The

L3

{7.5)
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using T = 2 -
Co
- EL',' z Ad),z;j 2_/\.:33 (3]:3 + f.sinh (51‘- T;‘K) SfJ)’ or

: Eiy = Aby, = AB[3T/ - 85 (48,+ 28,47, )]

ij

tr

Specializing the E to egn. 7.4 gives, for fully plastic flcw,

N EM‘_ - 3‘F=s;‘nh("iﬂ3)-
E., 1Ty, -'P-sr'n.h(éﬂ_o,)

For flow with a rigid section, the vesult is

Eoth of these ratios must use the relsvant value of T33 .

range of values of £, are given in fip. 23.

The results, for a

The figure shows that the rigid cone model predicts considerably more

(7.6)

(7.7)

(7.8)

dilatation relative to the fully plastic model, ecpecially at lewer values of f.
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1t also generates lower values of T33 (and is thus preferable as an upper
bound sclution) for all but the smallest values of £ .

The curves genmerated by the Tigid cone model appear to have a discomtin-
luous slope at several points. This ls because values of Bi(f) vere obtained

by linear interpclation between known values of Bi for £ = .01, .05, .10,

and 420 .

Work hardening in the aggregate can be appreached in two weys. One is to
congider the local microscepic strain and corresponding local flow stress of
individual peoints in the matrix; the other ig to-qontinue to treat the matrix
ag Lf its flow stress was uniform (as in the virgin material), assigring &n
average value. The latter is explored below:

The "average" values of microscopic equivalent yield stress and total

strain are

T

L, g, where 0.% f[e)l J' f(e.) (&) (7.9)

where the functions §(E) and h{e} deseribe, respectively, the stress-strain
cyrve and its slcpe fov the matrix material (h is not to be confused with hij
in eqn. 6.12). The average rate of plastic work is equal to the volume average

{over the matrix, but not the voids) of the macroscepic rate of plastic work:

ok = 5B (7.10)
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This gives

£ = T E:’.i (7.11)
(1-f)

33 an average rate of plastic straining on the microseale. .From eeqn. 7.3,

G:hé=hT,E,. (7.12)
(1-f}

Ps an example of the form taken by h , consider the case of power law harden-

ing( where * indicates values at first yield),

- FL . =
% - (E) ), G:oné (7.13)
o EY £

Using all of the above, 1t _is possible to determine 4 , First, apply con-

pistency to the yield Functien
92 9(5,;,0,¢) =0 (7.1ua)
For the specific forms developed in chapters 5 and 6, this can be written ag
¢ = (P(sz_{-‘) 2 d’(%—i ;-F)‘ =0 , (7.25p)
[

it iz "copsistent" that since the yvield function equals zero, so dees its total
¥ 1

Jerivative:

|
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L 30 e 00, 0
¢)-O = athziJ + a OUQ + a-F—F J
(7.15)
29 < 20 hTi5 29 20 26
H T — r— gt l 'A
¢ =0 JZ‘-J-E“ 30, (1-F) 9Z“~A ' ~F( f dZ.
This gives, for A
__ab Pl “lTu 3¢1 ]— (1.16)
A= JZLJZ“[QO' (1- F)DZ ( )QZH_

A can also be caleculated from rate of deformation boundary conditions (eqn.7.l).
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8. Void Mucleation at Particles

S0 far, while investigating the behavier of porous raterials, no mention

has been made of the origin of the porosity. Some materfials are naturally
porous. Others acquire porosity during deformation when second phases fracture,
either internally or aleng the interface with the suwrrounding matrix. In this
chapter, void.nucleation at rigid particles embedded in a work hardening matrix
undergoing plastie flow will be investigated.

Two reasonable ideas have been put forward to explain void nucleation at
rigid particles; a critical strain in the matrix, and a critical stress normal
to the matrix-particle interface, Both are investigated here, with the bulk of
the space devoted to the latter. In both cases, extensive use is made of werk

by other zuthors. An attempt is made to put both theories into the sare frame-

The change in £ during an increment of deformation is now broken inte two

parts: That due to the grow{h of existing voids, and that due to the nucleation

Hof new weids,
JF = D"F graw“'u_ + cx’-F nuel (8.1}

Here, the second term is investigatedl The First was dealt with in the previous
chapter (see egn. 7.3),

In some recent work on spheroidized 1.053%C steel, Gurland [19] finds that
the variation of the fraction of particles broken with strain is very close to
Hnear and homopensous, The experiments were done in tension, compression, and
torsion (essentially low levels of triaxial stress ~ judged here to be too low

to deronstrate the role of the first stress invariant in a eritical stross nue

"G
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cleation criterien). If 3 eracked particle is presumed to behave like a vold,
these experiments sugpest the form

df

nae] = CydE, (8.2)

where cl~ is a constant for a given volure fraction of particles, (It was
learned [54] that the volume fraction of particles, fﬁ + Was approximately

0.15.) HNote that for these experiments,
d€ =~ JE {8.3)

because there was neglipgible void growth in the specirmens used for measurements,
and the initial void volumé fraction f was zero.
KFhere Pf denotes the fraction of the particles which are fractured at a

glven value of © , Gurland's data at & = 0.30 gives (for tension experiments)

o RPN Y (8.4)
dE .30 :
which would lead to
|
C, = ,C‘Pg_g; = 0.03 (8.5)

However, larger particles were found to fracture preferentially, necessitating

a correction factor {the r2tio of the average volume of fractured particles to
the average volume of all the particles). Where the averare size of the broken

particles is proportienal to 2.2, and that of the unhroken particles preoportion

al to 1.3
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Pf = 0106)

L O . ‘
C,= 0.03r2.2 = 0.043, o 0.04 (8.8)
(I-P¢)-13+P2.2

It is interesting to speculate on the functional'dependence of Cl on
the volume fraction of unfractured.particles {fup) . One‘expects the depen-
dence to be appronimately 1inear and homogeneous at low values of fup + Be-
cause eqn, 8.2 is in terms of the microscopic matrix material quantity de

{and not, for instance, dé), jt is not unreasonable to expect this dependence to

continue as fup becomes larger. A more umiversal expression in place of eqn.

8.2 might then be

JF! o C,'*Fup dE . (8.7}

huc.f

i ) '
where Cl did not vary greatly with fup . For the example above,

~ 0,29 (g.8) k

Argon; et al. [133 study the case of rigid ?ﬁrticlea which adhere to & \
plastie matrix, eventually coming loose. They favor a eritical value of the |
gtress normal to the matrix particle interface as the criterion for this event.
In their calculations, they examine this stress, and how its value is amplified ;

via interaction with neighboring particles when the matrix underpgoes plastic

flow. Due in part to their work {as modified in Appendin 3}, the following forw

ig supgested

ZH

(0.2}
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A is an amplification factor (4ppendix 3, and fig. 26} and oy is the
interfacial stress, and is a merotenically rising function of the local parti-
cle concentratien e . The amnllficatxon oecurs only for shear deformation,
50 the last term is added to 1nclude the hydrostatlc contributien to o

The factor (1 £} is an approximate way of accounting for the fact that the

voids do not carry any stress:

Zy

O, (8.10)
H
(1-f)
Hatrix-particle separation oceurs when
0 = g° . : (8.11)

the critical value.
&
Using the above criterionm, say that ¢ is the lowest value of o for
which matrix particle separation can occur. Then Argon, et al. have shown, via

a statistical model for randomly ‘distributed particles of equal size that the

fraction of particles which have nucleated voids {separated from the matrix) is
: oo
d X
M{x+1)
*
C
¢

P 15 the fraction of the particles which have not separated, ¢ is the average

{0.12)

(1-P) = 04412

particle fraction, and I{ntl) is the Gamma funetien,
It is pointed out in yef, [13] that even though this model was developed
for pexticles ef equal size, a velative particle size factor is evident, Thig

‘I3 because the local cencentration & near a large particle is likely te be




- 105 =

ft

L.arger than that near a gmall particle, and is thus more likely to attain ¢ -«

the idea that nucleation occurs

Eyperimental observations [17-20, 537 support

hreferentially at larger particles.
finite integrals [u9] on

Using Leibpitz's rule for d:.fferentiatmn of de

an. 8.12 gives
- 3(1-P) -0H41L
act F(% -r_]_)r

{B.13)

~0.4H1L Ac
-p) = _...__..__-———‘

here A indicates a small change. If the assumption is made that once a par-

ticle has separated from the matrix, it behaves 1ike a void of equal volune,

then equ. 13 gives

""Ol"‘bfl 1

df ]w =TT 1)

dct (8.1%)

" .
Lmu the problem is o find d¢ , using egms. g.9 and B8.11.

"
- Imagine an 1:1crement in ¢ . Now ask what increpent in stress is necessary]

to enforce this. Eguation 8.t at matr;ﬂ-par_ticle separation is

(8.15%)

p
o; = Alct) oo T o

i
o tan be detern tred {numerically) fmm this equation. Ir:qmsu a variation on

o teed Yamer thie other euantities wust vary to Famtaiu the geparation
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condition:

d{of) =0 - ‘j—g des oy + Alc)do; +af(fi) (8.16)
C*

For a hardening material;

% ={(2), Jo, = h(z)dz (8.17)

Using the above and eqn. B.14, eqn. 8,16 becomes

dA [(%+1) oy ore 5y

0-: —;[E‘m O;JF/}‘J'J&,[ +A(C”’LJ&+ C{(l—-{."
(g.18)

= = Alc)—=dE + = J| =2

lnuaf F(% *1) df{c“ T, 4 {-F

{1t is noted that the last teem ean {tself be a linear function of &f/nuel .
This will be taken into account shortly.)}

Equations 8.18 and 8.2 can ba combined inte the following general form:

- Myde + M, c{(i&_) (8.19)

df | >

nved

Far the nodel bhased on Gurland's results,

My = constant wnt &, M, =0 (8.20)
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In order to make all the terms in eqn. 8.18 readily ¢aleulable, and to

identify all coefficlents of df_lnucl , the last term should be expanded:

Zy \ | dZa L
h |l = e —a a{ .
J(i-f“/ I-f {I-F) d
(8.21)

{aT)  oT .

(l __,F) + (l“‘P)l ( al‘b'fr";h + J‘F vel )

:Using eqns. 7.3 and 7.12, this becomes
2 o, d T B
() ’
B (H‘) hie
(8.22) h
oA T

¥ (1- H [(I-F) JE“‘ ¥ A‘F,nur_!] \

The term dTH can

be expressed in terms of df if enough is known sbout the l
:

invariants of macroscopic stress. Express “

|

relationship between the first two i

A the yield function as

b= ‘35(711“?—”,?) (8.23)

Then, conslistency glves

) 20 P afb
E)¢) h O aTqu(Tczv gT;‘ G(.H.j GI‘F

(8.28)

¢ dTey +a¢} ¢ )
{a"&w AT 3Ty ATu * W{'F =0

The term d'l‘mw/d'l'u is known, for instance, in the .exawmple piven in chapter 7

feqne FoA)



It is thus possible to write down a complete expr2551cn for df/nucl

For the critical stress critericn,

0"“!13- 1 1
_M;l = 61_- -‘E‘; J M_[ = M;LA (C‘)'}’L
Z *‘1) 1};3

Equations 8,24, 8.22, and B.19 can then be used to ehtain

1 1 {dn T )
del = ( T )[4
’Olmf Mo, (1 £), ! (1-) A

M, 0. (1-f) G, (-ANdE  (1-)

facial stress to the initial matrix tensile vield stress,

OZC-
OE’%

%
This allows caleuiation of Ale ), and thus (hy numerical means),

c*  and féﬂ“

dc”
A range of valucs censidered reasonable for the stress ratio ig
[+

1<L ¢g
[an

[¢]

[

& -
which depends en ¢ v €4 Ale) , the stress state, the yield function, and A ,

(8.25)

(8.25)

M T A% T
(~—%_+ a “)7; quij+_i_u(-~ﬂ+;—ﬁ—)<1-r)cﬁ),zu

A quantity which must be known to carry out the sbhove caleulation for the

critical stress eriterion (see eqn. 8.9) iz the ratio of the eritical inter-

(n,27)
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1

I

This is based on data from [12] and [20). The peferences reported strain to ‘
|

{pon and copper alloys wexre 1{

void nucleation, from which u.g can be inferred.
considered.

Some results of calculations using eqn. 8,26 are shown in figs. 27 and 28.

The_qum]ti.ti_es plotted are

‘-r——*————-“d-”nu! V5. 'EQ_. or
A”grow'fh

(ml ™

ot ! y
The geometry considered was plane strain, with parallel cylindrical voids and
particles oriented in the direction of zero strain. The transverse stress is

rero, and the boundary conditions are in terms of ﬁ” t

Es
%

(8.28}

Ess =0, T, =0, Ep=known, A=
32
Each graph is for constant values of £ and ¢ , end each line is for a con~

stant stress ratio. Caleulations are carried out for both fully plastiec and

pigid wedge yield fuactions.
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# 9 Yield Nunction and Plastice Potential with Void Nucleation

It has been shown that, prior to the considevation of void nucleation as a
mechanism for porosity inc?ease, the yield function could ba used as a plastic
potential (see, for example, eqn. 7.1}, In this chapter, the effects of void
nucleation on this dual purpose of the yield function are examined.

First, it would be wise to define the two quantities separately. A plastic
potential is a function which défines the direction of plagtic flow, given a
state of stress sufficient for yield. (Iﬁ hardening materials, it also glves
the magnitude of plastic flow, via conszisteney.) In egns. 7.1 and 7.8, ¢ is
used &s @ plastic potential. A yield function defines the locus of points in
stress space for which the aggregate, at a certain state of -deformation, will
first attain plastie yield. For a more detajled discussion, see chapter 2 of
ref. [11. '

The major difference between void nucleation {critical stress criterion)
and vold growth as mechanisms for porosity inerease can be secen from eqns, 8.1B

and 7.3. A component of df] is dependent directly on the change in

nuel
stress; it is independent of the magnitude of the plastic flow increment. In
contrast, an increment of void growth is a homogeneous and linear function of A.
One might ask if the plastic potential changes when the void nucleation
mechanism is included. This guestion van be answered by considering the proof
of normality given in chapter 2. The rate of deformation tensor _é is proven
to lie normal to the locus of those stresses defined by
aw o Y
0F J_F-:J where W = "é Vsu(g) Eg dV (9.1)

M

It is postulated that if the vold nucleation mechenicn dees not change any of




:? these quantiiies,

‘Maffect the current value of T,

‘Inardening matrix, voids,

- 111 -

then ¢ as a plastic potnetial will remain unchanged, The

key guantity above is
£, = é(E,F) (9.2)
S~ ¥

g is mot a function of the rate of changs of £ . Because nucleation does net

but onrly its vate of change, the plastic potem-

} tial is unchapged by nucleation.

The yield function, however, does change. Consider an aggregate of work

and rigid inclusions, of the type described in chapter

g. If the aggregate is at yield, it is interesting to compare the tangent to

the yield function and the tangent to the plastic potential. These tangents can

two stress ihvaviants:

JZ .\/ | ’ 1 )
'f'a.f!gﬂrl-'r = Ifj"’ J t’(ZH = EO(Z"H . (9.3)

be put in terms of the first

" Ito Find the tangent, write the consistency relation in terms of these two stress

Nariables, with nucleation taken into account (a portion of df is now a func-

f‘kion of dE)' Hrite the increment in ‘df as follows:

(9.4a

- df = a‘:l G(ngy + af;o[z” + @z dAN

{9.ub}

or, df = bu O(Z"J‘ + Qg3 D(A

] hha By and bii are differential coefficients, and will be determined later.

ransistency is now written

et e
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5¢ Zt.v Z,f =0
(2,20 1) (9.5)
= (q))icgv +d)!-{-' af.l)('lzcgv .f (d);zH + i3 Q{,Z)D{ZH

+(¢JU; O;é—)_ﬂ—f- ¢J‘F afs) dA

where commas indicate partial differentiation. When moving along the yield
function of a hardening material, no plastic flow takes rlace, so dA = 0 .

The tangent to the yield function is thus

ey (D4, maf:z)
daZH (dzsz' + ¢%f€1{i)

(s.8)

Hote that For the eritical stress epiterion developed in chapter 8,

Qi =0

The plastie potential is simply the yield funetion with nucleation ipnored, so

its tonpent is

.J_Z._":,tli = -(sz-H
J;H '

-(9.7)

)
chiv

fome examples of the two tangents, and the differences betwoen them, arce shown

in fip, 29,




. 84n. 8,19, the differential coef

‘ag. follows H

(9.8a)

[}

44—‘[ o F dffw,

grevi

can never be negative.

_m@
B 19 gwes a negative-_ valua 13 "d..flnucl s it should be resst

e 'rhere A re, ::f €qhs.

o, ze-roq Matc:h:,ng cueffzc:.ents for

(9.9a)
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For dflnucl = 0,

App *Qgp= by3 = O

Qgy = (l—‘r) (p)‘imc

/ {9.9b)

Given a state of yield, any stress increment pointing outside the vield
surface will cause plastie flow. This includes increments which ife between
the {nucleation) yield surface and the plastic potential, which would cause
unleading if nucleation was not considere;i. Hucleation also affects the con-

Eistency relation, and thus the value of dA  for a given dz
dJ = d)(zi.f.- 0;; 1{‘) =0
" 8¢=0-= 4’12;;4251 + Qg do, ¢ D ¢ (awa\“ b,; JZ;‘J)

{%.10)

i = (CDJZ;,,'* d))-F bL'J')D[ZiJ f(d’;o;héu\ LY afs) d A

For no plastic flew {dA = 0) » 4 must wove aleng the yield functicn,
Lguation 9,10 then shows that the tensor Q is normal to the yield funetion in

stress space, where

L) 290
g (9.21)
Jf
By neglecting nucleation, it can be shown that the tensor ﬂ is normal to-the
plastic potential, where
ap :
. (o.12}) i
d2 .. :

e

Nii =
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The quantities in eqn. 9.9 are functiens of current state, and not of

incpewents in I or L. Thepefore, when egn. B.19 becomes negative, a

f3a
and the bii change abruptiy, il a vertex in the yield function is formed.

To locate this vertex, examine df!nucl for movement along the yield function.

Using df‘= de = dflgrowth = 0 , egns. 8.19 and 8.2) become

Zy
-F/7 (2.13)

of |

nwel

M, d

i

s, (L Zu

—

(1"‘[:) Mg (1"“.)1

Equation 8.25 shows that for all but the most unusual cases, the quantity in

square brackets is positive. Then, ag| becomes negative {and is there-

nucl
fore set to zewo) when the increment dzﬂ is negative. The vertex is there-
fore at the current yield stress staté. As shown by eqn. 9.11 with bii = 0
the branch for which dI, < 0 is coincident with the plastic potential, The
direction of the other branch is defined by Q- » when bij > 0 . BSee fig. 30.

Note that this is a vertex in the field function, and not in the plastic

potential. The importance of the distinction will be made spparent in chapter

10, .
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10, TFlow Localization

Ductile fracture on a maeroscople level iz scmetimes observed to occur via

the localization of plastie flow in a band of concentrated deformation., In thiw
chapter, a method is presented which predicts this localization in terms of the
constitutive behavior of & porous rigid-plastic material, Thé_method {5 based
on some recent work by Rice [45],land thus draws on the work of Berg [3,4], and
! Hill [55]. In this method, a body with boundary conditions compatible with a
! homogeneous macroscopic flow field is considered. Conditions are sought for
I which the flew field is allowed to localize in a band, while still meeting the
boundary conditions, obeying compatibility, and obeying conditions impozed by
continuing stress equilibrium. The band of localized flow is presumed to be
planar, As a first approximation, the localization for this simple case is
presumed to apply to cases where the boundary conditicns demand nonhomopeneous
flow fields.

Consider an apgregate of rigid-work hardening matrix and volds, but no
rigid inclusions {coinciding yield—function‘and plastic potential), Using Nij
as defined in egn. 9.12, the flow rule {constitutive law} given in egqn., 7.1 can

be rewritten as

k-
E - i Nij (NM Zkl)
U H NN

AN {10.1)

4

H is a wacroscopic hardening parameter, not to be confused with the Intermedi-
ata varlable used in eqns. 5.64-5.55, and 6.27-6.3D0. It relates the rate of
deformation é te the component of E which lies normal to the yield functlown]

plastic potential. gkl is the coroctational stress rate. It ls used here be-

causn larpe rates of rotation are expected in the inciplent band, once localizasj
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tion starts. (For a detailed explanation sec, for example, ref. 571.) The

corotational stress rate is

. N
it L7 2o fLey “Zipdlp;

av; 2V

o 1
WI’H:I‘E. J’Lu = 'i s - %
) h §

(20.2)

“ij is the rotation tensor, Vi are components of the macroscopic velocity

yector (not to be confused with the Vi in ch. 5b), and Xy are rectangular

cartesian spacial coordinates.

Now, consider the hypotheticel band which contains the ineipient nonhomo-

Fop convenience, the 2 axis is oriented

seneous velocity field (fig. 31a).

normal to the band. Vhere A& indicates the difference between a quantity in-

side and outside band,

(10.3)

A() : ()[in:,igte_ - {) o-}*.sr'alf.

compatibility requires that

‘ A(QV; ) = 9.(X;) b . | (10.4)

JX; L

The g,{x,) are functioms of x which have not yet been defined. (Examples

of viclations of egn. 1C.4 are given in fig. 31b,) The difference in vate of

deformation. between the inside and outside of the band is thus

AEU = %(gi(xl)sj,ﬁgj(xa)sh) (10.5)
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jUsing this, and egn. 16.1, it can de seen‘that the kinematical econditicn for

loecalization can be met only if

Ny = N, = Ny = Ny = O H (10.5)

there is no extension in the plane of the incipient band. ¥hen the rlastic po-
tentfal is swmooth, the "ij are functions of the past history and the current

stress state, and not a function uf any current-rates of change. Therefore, eqn.

10.1 gives

AE;; = ‘H}L N;; (Nkl Aim) €10.7)

(The effects of vertices in the plastic potential will be discussed later.)

Using eqﬁ. 10.6 and symnetry, the quantity in parentheses becomes

NuAZu = ANy A5, eNL AT L0 2N, 82 ooy

[where, from eqns. 10.2 and 10.4,

v

Az = Aizi B ZZPAQPJ " 25 A0y,

P
"~

(10.9)

' =AZ'“-+,’~::z;9(3p531'958m)+_3‘ Je (9"_918?3)

(Up to the inception of lecalization, the stresses inside and outside the bana
are equal.) ]

Censider stress equilibriuvm in the direction normal to the band:

A2 . (10.10)
—L s @) |
J X; ;‘




Phen this is conside

and the time derivat

Eguations 10.8 then

procedure were; n

Now, eqns. 10.5 and

Equation 16.8, and thus the

the current stress state, and the yield function.

band is a plane of zerc extension,

across the barnd to aliminate the time derivatives o

aEy e g s NG (NG DI
: - % /¥ b
AE,® g, % Dael Y A3)

o= 119 -

red in terms of a jumwp £rom inside to outside the band,

ive applied, it becomes (see ref, [451)

A 2:1j =0

become

AZ“ : "';’{(Zn_" Zn)_ﬂ. t izl:s 9s

ZJI gl + 223 93
-‘:"i(zj.l - 213)53 * -"'2231 3'

11

the use of compatibility to establish that the incipient

For simplicity, define the normalized tensor components

NE = N
H Nrs NI'S

16.7 can be combined to give

: Y
i'Hinwriq_s —;N* {N:i L\Z“)

bﬁzj , then become functiuns only of the

Two cpucial peints in thie

and 2) the use of eontinuing equil

n the pight side of eqn.10.9.

{10.11)

{10.12)

81(7‘(2) 3

——mat

ibrium

p—————T

10.13) |

(10.14)

PR p———
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These are three linear equations in the g with coefficients in terms of

the known quantities Z and K* . The hemopeneous matrix equatlon

q,
Mi_i 5.+ = () (10.15)

43

this arises. Vhen the determirant of [M1 (det[H]) is nonzero, the only
solution for the g; 4&re zero. VWhen det[M] is zero, however, nonzepo gy
are possible while the velocity field still meets the boundary conditions, and

obeys compatibility and equilibrium. Therefore,

det [MJ = 0 (16.16)

is taken as the localization condition. It establishes critical values Qf H
{called HCR) » for which batds of loecalized deformation will form.

The calculation is straightforward but rather tedious, so it will not be
carried out here, (One way to simplify the calculation without loss of peneral-
ity is to rotate the axes in the band such that N23 = @ . Because "13 is
zero due to kinematic conditions, this means that the new 3 axis is a principle

axis of N .) The result of the calculation, with the above rotation carried

cut, is

H?‘ {-{:H ) N-:i [‘ZN N::‘. - (Zzz"zu) N;f,]] = O (10,27}

One obvious sclution for the critical hardening rate is Hop ® 0« The proper

golution is, however, the most positive solution, because this will be reached

first In the stress-strain history. Sometimes, this ls greater than zero.
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To investipaote this, first put egn. 10.17 in terms of the principal axes

of I and Eﬁ . These necd not be the same when anisotropic plasticity is
considered. Tor simplicity, assumé that the principal (3) axis of I and N
coincide. Then the principal axis systems of E and N can be reached, re-
spectively, by ccH rotations of © and ¢ avound the 3 axis from the plane
of zera extension (fig. 32). Using the fact that Hil = 0 , and denoting

principal values by Roman numerals, egn. 10.27 becomes

Ha{;lz Heg sin (2v) (N ‘N;Jlsinfl(aﬂi’)](zg - ZE)} =0 (10.18)

It is noteworthy that Hep = 0 is the only solution when either of the follow-

ing is true: 1) The principal axes of [ and K coincide (8 = {) . This

ocours when the material is isotropic, or vwhen the anisotropy and I meet cer-
tain symmetry conditions. 2} The highly symmetric cases, H;I=Hz, or EII =2I .
A detailed discussion of anisotropic plasticity, albeit for ipcorpressible wa-
terials, can be found in chapter 12 of ref. 1.

It is instructive to examine the possible pagnitude of HCR as predicted

by eqn. 10.18, psing the follewing simple example {plane strain, small £ , no

dilatation):
Ve :
NpzoNEe o, (NE-NG)TER (1019
- ps 2 :
7000, gt 5 lay VG
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This pives
HCR
ad,

= % sin [l(W— @)] _ ' (10.20)

This should represent a maximum, because increased dilation should decrease
2 .

both (HII I) and (ZII-ZI) . |

When the stress dependent vold nucleation mechanism (chapter 9) is added,

the constitutive law must be changed to

¥ .
.L * * = LY
EI.J‘ *H N’:J‘ (Qk! ZKI) ¢ 7 A N-LJ {(10.21)

* .
vhere the Qij are normalized components of Q (as in egqn. 10.13}). 1In carry-

Ing out an enalysis similar to that which lead to egn. 10.1%, one arrives at

. v
AE; "ﬂi(fh Sint 95 8i5) = '& N:j (Q:( A Zu) {(10.22)

Carrying the analysis furthep leads to vastly different results, Because the
& .
Qij (i and j not equal tv 2) are not identically zero due to kinematlcs (the

* .
Nij are; eqn, 10.6), the sum

14
Q) AZ,,

s nat homogeneous in the 'gi « The sum dontains stress rate terms other than

those in eqns. 10.12, The matrix equation for the g; thus becomes

9‘ . .
M ] some nponitro . (10.23)
v 2 h - . p
i} 1 functiens of A Eij

0,
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Therefore, there is always a nonzers solution for the g; » noe matter what the
1 hapdening rate is. It is therefore predicted that localization eccurs immedi-
A ately, at first yield.

This is an important exawple of the failure of the rigid-plastic model to

predict the behavier of more realistie elastic-plastic materials. One does not

expect all of these materials to experience flow localization at first yield.

The peason for this failure is that all of the bgij in the incipient band are

;| not erpressible in terms of the Aéij {the gi) . FPut another way, the flaw

rules (eqns. 10.21 and 10.7) are not invertible. Aé is related only to the

component of Ag which is normal to the yleld function. In centrast, an elas-

| tic-plastic model will give an invertible flow rule, so the stress rates can be

| expressed directly in terms of the strain rates. This is the approach taken in |

a recent paper [56) by Rudnicki and Rice:

v

z;: ILJK£ ¥ (10.24)

v . ,
and AZ“‘ = izju AEH; = I:sz 9

jiijkn is the constitutive matrix.  Weiting ens. 10.12 as

v .
ATy 7 R 9 (10.25)

jincar homopeneous equations in the g, resuli:

'Zu'kz - Rik_ 9;., =0 _ {10.26)
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The localization condition is thus

: "’”-L['Z:zim 'Rik] =0 (10.27)

In ref. [56], the authors examine the localizationm behavior of isotropic
elastic-plastic models with smooth yield functions, and models whose vield
functions develop vertices, For the isotropic-smooth yield functien model,
they find that the coretational terms Rij produce only very small correc-
tions to the critical value of H . This is because the P‘ij are on the order
of stress, while the'lijkz are on the owder of the elastie moduli. Using

: le = 0, they arrive at the folicwing:

oo 0 e U0 (B2 pre )P

+ {10,28)
G A 1-v) 2 Zeov 3

1 .
where EII is the Intermediate principal deviatorie stress, ¢ is the elastic
shear modulus, and v is Poisson's ratio. p and B are related to.the tan-

gents to the yield function and the plastie potential as follows:

dz |
Heh SESY b e ield fonction
-3 0‘ ZH
(10.29)
B = L U(Zt?‘v por-. the pfas‘l'”f(.. pﬂ’llf?nﬁf’,

BT

J[For the case of tha yield funetion and plastic potential being the same Function
{B=u) , egn. 10,26 predicts that HCR is nenpositive, and zero only for a suit-
‘lably chosen stress state. {(Vhen there iz no dilation, se p = ¥ =0, this

| stress state cerresponds te that for plane strain when the matrix ls a Von Mizes
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= 0 , independent of

material.) Recall that egh. 10.18 predicts HCR

for an isotropic rigid plastic model where u = B . Therefore, where

and the hardening behaviors are the sawe, an elastic plast

is more resistant to flow localization tha

¢onsider what happens if ome attempts to predict rigl

from eqn. 10.28, by letting G approacﬁ infinity.
the right-hand side is zero, this will mean

[

Fhen £ = ) only the negative value is possible,

never QCCUl.

it iz instructive to examine the range of
for some physically reasonzble values of the arguments.
steel, the following are reasonables

C‘,:]‘OTJ o;*—_:SxIOqP_,fJ y=03
. H

H
t ‘E.g: 100?;

For low levels of triaxiality {not
yield function gives

&, s = O]

where "O(E)" weans “order of €', 1t can alsa be shown that

ic isotropic materfal
n a rigid-plastic isotropic material.
d-plastic behavior

For cases other than when

and flow localization could

“CR predicted by eqn. 10.28

For instance, for mild

much greater than Eeqv), the fully plastic

1

Iyp e

u=8

(16.30})

{10.31)

(10.32)
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’ I .
7 ZI{ e t 3 for axisynmefrie  strees fieids  (ro.3py
e

3 v Ol } for plane .s1Lraerl. low Triaiof =y
with the values fop axial symmetry being the upper and lower limits. Using
2gns. 10.28 and 10.21, one arrives at

H

on .
—5_;}— £ 0(200) For ‘mxm/ Synm?r.‘gry

(10.34)

He

R .
F - O_(.ZOO*{Z) for plane  strain

o

The results for axial symmetry are certainly suggestive of eqn. 10,30, while

the results fop plane strain are more suggestive of a criticatl hardening rate

‘#of zero, at least when £ is small. It is often found experimentally that axj.

symmetric specimens are mope ductile than plane styain specimens. Equations
10.3% concur with this, The reason for the difference is that in plane strain,

the kinematic conditions for flow localization are almost alvays wet (very large
dilatation might provide an exception), while in axially symmetric deformation,
these conditions are very hard to meect. The only pessible plane of zerp exten-

sion is, by symmetry, the plane perpendicular to the aris. Tor zero extension

in this plana, large amounts of dilatation {and stress triaxiality) are pe-

quired. {¥hen a zpecimen is loaded in uniaxial tension, larpe vadial stresses

an be penevated by a neck, op a circumferential noteh.} The level of triaxial-f

ity neaded for this type of loecalization can be caleulated as follows: ;

Consider the folicwing general form of the vield function for the isotropiof

spherical wodel: !
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= ATHTL G(Tee, ) = O (10.35)

+} £

Tor the case of axial symmetry,

E,¢ s Ege

{10.36)
Ta = Tas Tp\g, T;Y" = T;, for ES?.TH
“jfor a plane of zero extension to exist,
: ’
) O——bd)’n' <0 3T+ GJT:I
€10.37)

et TE’?_‘, - GJ‘EJ

For the fully plastic yield function, the condition for a plane of zerc exten-

sion to exist is thus

Ty, = [1062 - 2Fcosh (3Tus)]

1
3

= fsinh (3 Tm_) (10.38)

lvhen the arpuments of the hyperhclic functions are lavge enough, the approxi-

“imation

sinh{x) = cosh(¥) = i _ (10.39)

i valid. Substitution into eqn. 10.38 pives

1
f
il = e ) 0.1 (10.40)

cA T | -0

Tace=din
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Yumerical solution of eqn. 10.38 for %'Tkk shows that eqn. 10.40 is sur-
prisingly aceurate; the error at £ = 0,25 was less than 0,2%.

When G(Tkk » £} 1s zero, there is no mechanism for dilatatien, The
above calculations then give the well known pesult that axisymmetric flow in
an incompressible rigid-plastic material can never localize,

The kinematic conditions for Flow localization at the neck of a tensile
bar require further discussiqn. Considering the geometry of a cup-cone frac-
ture in an axisymmetrie tensile bar of ductile material, it is obviocus that
flow localization takes place on a conic seétion. See, for example, ref. [26].
This suggests that a valid generalization of the kinematic condition be that a
surface of zero extension exists, The experimenfs also show that the cup and
cone do not extend to the axis of the bar instead, they flatten out. Thig
central region appéars to be due mainly to dilatational instability in a plene )
perpendicular to the axis, with no sheap component. See fig, 33%a.

It can be seen from flg. 33b that sliding over closed conic surfaces of
zero extension is kinematically inadmissible, while sliding over gpep conic
surfaces is indeed admissible. It is therefore required_that for flow localiza-
tion to ocrur along the surfaces of zero extension at the neck of a tensile bar,
an open region nust develop at the axis. Since no sliding is permitted prion
to the development of this repion, it must develop via a purely dilatational
flow localization. This can occur oniy on the plane perpendicular to the axis,
vhich by symmetry does not require any éliding. Stress conditions at the center
of the neck for which that plane is a plane of zero cxtenszion are thus required
if flew localization 15 to take place. Once this locallzation occurs, the cen-
Ter of the neck can he considered voided, and the conle surfaces of zero exten-

sion are no longer closed, locallzation then takes place on these conie nur-

facen, and fracture follows Immediately,

SO
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According to the above interpbetafion, triaxial stress levels as shown in

“Legn. 10,40 are required only at the center of the neck to start flow Localiza-

tion. 1If it were required that a plane of zerc extension exist across the en-

until enprmous arounts of void growth

I tire neck, 1ocalization weuld not oecur

An

{ had taken place, ané strain to fracture had been greatly overestimated.

analysis of the stresses at the neck of a temsile bar such as that of Bridgman

[24] shows that the triaxial stress is greatest at the center, and lowest

(¢ .=EBS=D) at the surface of the neck.

The requirement that a

across the neck

plane of zero extension must form

of an axisymmetric specimen made of porous matepial may itself be teo stringent.

The amount of perosity at the neck may itself be large enough to allow sliding

If this in-

alopg the closed conie surfaces, OT adjacent open conic surfaces.

texpretation is correct, kinematics would be less of a problem, and Jower esti-

mates of straim to flow localization {fracture) would result.

rden lsotropically have been considerved, These

So far only wodels which ha

have subseguent yield functions of the form of eqn. 10.35, so for f held con-

stent, the yield functions at two states of hardening will be geometrically

gimilar. Kineamtic hardening, shape change of the yield function, and the de-

veloprent of vertices have been ignored, because of the added complexity they

would introduce. Because thair effect can be gubstantial in some CaseS, they

will be discussed here in a gualitative manner. This may illustrate some of

the limitations of the jgotropie hardening model ‘when used to study flow local-

ization.

Fipures 344, b, ¢, and & ghow schematically vhat 1s meant by the four

hardening phenomena en the microscale. Plastic jncompressibility allows all
the inforzaiion to be contalned in q-plane projections. In fig. J4a, the
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"lstress Increment is accommodated by ‘ekpansion of the Mises cylinder, In

flg. 3ub, the stress increment causes the Mises cylinder to move in the w plane,
f maintaining its size and shape. In fip. 3be, the initial Mises cylinder chanpes
chape and translates, In fig. 34d, the radlal stresh increment causes a vertex
"ffto Form.

Shzpe change and vertex formatien can be explained by considering plastic
flow and hardening to take Place on individual slip systems, each of which has a
- feparate yield function [56,58]. The total yield function is the intersection
of the yield functions of all the slip systems. A given stress increment acti-
vates only a fraction of the slip systems, whose selective hardening causes the
Jtotal yield funetion to change shape and/or form a sharp vertex,

Phen a sharp vertex forms at the point of leading, the flow vule no longer
gives a unique solution 1o the direction the plastic Flew will take. Instead,
the flourdirection is bounded by a cone of normals to the surface(s) surround-
ing the vertex (Fig. 35). The direction that the flow takes, within this cone,
is determined by the next stress increment, which in turn is influenced by flow
localization.. The result is that the kinematic conditions for localization can
be met if the proper flow direction falls within the cone of normals.

Rudnicki and Rice [56) examine this phencmenon for an elastic-plastic medel
and find that wvertices can raize the value of the critical hapdening rate, thus
ellowing it to be reached earlier in the stress history, Their model &s devel -
oped for rocks with fissures and individually hardening slip planes, 2nd their
calculations seek cut the slip plane most likely to accept bifurcation. (¥lne-
ratic conditions arc in terms of plastic compenents plus elastie components, )
tith more slip planes able to meet these conditions due to the vertexw, one asso-

clated with a more positive value of HCP can often be found,
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apicus hardening phenorena shown in figs. 3% affect the

¢ yoids and rigid-plastic matrix? To exam”

How could the Vv

fherdening pehavior of an agpregate ©

Fine this, Tecall the relationship between pacroscopic and microscoplc stress

and rate of deformations

3E
kLodV : (10.81)

]
Z:I' z —”Sskl(
} v v aEtJ

“} ¥hen the fully plastic spherical model is employed, this hecomes

/ . N
I =J§g5£j(é)g!\/} P —-% gsrr(fz-) = dv. (10.42)
v

v .

Consider a porous body which has undepgang some plastie work, and has hardsned

and cowpare the subsequent

on the nicroscale according te figs., 34b, ¢, OF d,

yield function te onme that would result from isotropic hardening (as in £ig.3lal

¢ increments of daf or

Tor simplicity, consider constad dE giving radial i
l

-paths in the T planeé. tge the endpolints of the yleld function in the compari~

sONT

(10.53)

The hardening parameters {initial yield stress and strain, hardening E)iponcnt)
should be the sane for the individual u1:4;: planes and the isotropic model.
should cmpand with hardening

Fop the isetrople aodel, the yleld function

A
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as before, Heglecting &f , this means peometric similarity with a proportion-
ality factonp

%

O;*
For the kinematic and shape change hardening models, one expects Eeqv to be a
funetion of nrientation.‘ When the é field imposed on the racroscoplie stress
integrals is such that é(é)'_ig proportional to the hardening inerements, the
slip planes which have hardened the mest should be used preferentially, and

L should be maximized, The result should be

eqv
- Z&FV ZH;O Zciv In:o
mox. ‘ J..w';ro'eu‘c hgra{em'a-mj

{10.44)

fiowever, the maximum value of ZH should behave differently. It is acsumed

here that despite the anisotropy induced by hardening,

+

Zgiv 0 Ecgv =0,
Z,,,f 2

Zeqy 20 Z” Imux.

{(10.45)

Because an F field which is purely hydrostatic will mctivate all s1ip planes
equally, one expects an averaging process to take place, This means that

1]
ZH /mM X < ZH {puxx ) (10.48)
kingmatie hrJ,; uc"*w,::a f-pra'n.

and the two types of subsequent yleld functions should appear as in fip, 20,

hote that for a giveﬁ ratio of Ze ¢ to IH s the yleld function for kine-

q
matic hardening has a steepar slope than that for isotrople hardening. This

peans that the kinematic condltion for flow localization in a band In an axioym

metric specinen would be met at a lower lavel of ¥
R TR s ety Hants g et 220

f” .
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1la, Ductility =~ yumerical Calculations.

The total strain to fracture of a specimen {5 commenly referred to as its

ductility. For tension specimgns,.tha strain measure commonly used is the true
lengitudinal strais, £n(AOIA) , wWhere ‘Ao s the original cross-sectional avea,
and A is the cross-sectional area at fracture. Factors affecting the ductil-
ity of a glven gpecimen include its loading or deformation histery, and the
material response to that history. The material response encompasses the yield
function and plastic potential, and the bardening behavior. For each increment
in the history, and its associated material response, the conditions for flow
localization in a band (fracture) may or may not be met. The strain at which
they are first met (Efr) is the measure of ductility used here.

Tn previous chapters, +heopies for material response and criteria for flow
localization have been developéd. In this chapter, they will be combined with
various types of lstories. The effects on guctility of various parameters in
the material theories and the history will then be examined.

Here, the history will be imposed in terms of increments of strain, For

each increment, elements of the material response such as vold nucleation and

geowth and matrix hardening will be monitored, using the yield funetion and
plastic potential. Increments of macroscopic stress alse result, allouing cal-~
culation of the hardening rate H . As can be seen from chapter 10, the critical

valee of 1 is a function beth of the total and the jineremental strain response.

1

for the material models used here, H btegins as positi#e, and prown less posi-
tive with each inecrement of strain, When an increwent shows H § “CR , the con-
dittons for flow localization have boen Fulfilled, and tho caleulation is

stopped,
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Several oinplifying assumptions are made to the theories of material behav-
ior. 1} For all ths examples carried out here, the void shape is {dealized as
constant; the incremental changa in the void boundary iz appreximated by its
average radial value. (Mote that the two void geomstries considered were long
c¥lindrical and spherical; moré general shapes, such as ellipses or ellipsolds
were not gtudied.) This assumption allows continued use of the yieid function
for the initial veid shape. 2} Isotropic hardening on the microscale (fig.34a)
is assumed throughout, and the hardening at any matepial point is approximated
by its average over the matrix. This, together with condition (1), leads to
continuation of the aggrepate's initial isotropy. 3) Only the simpler yleld
functions and plastie potentials {eqns. 5.62 and 6.40) ape used. It was found
that the other approximations did rot work well when combined vith the isotropy
assunption.

The first specimen geometry considered is also the slmplest: an agpregate
of long parallel eylindrical voids in Strain hardening matrix. The apgpregate
undergoes plane strain deformation, with the axis of zero strain (the 3 axie)
coincident with the vold axis. Mo .inclusions are present. The aggregate behave:
like the two-dimensional model in fig. 37. An incprement 4., 15 opeeified,
and 'I‘ll is specified (as zero) throughout the history. (Hecking fs Ignored,
50 the L and é fields are homogeneous.) This allows calenlation of dg,
in terms of dEns »  The plans strain condition gives E, . 5 db . 50, The

33 33
yield functien-plastic rotential used for this example s

(3, 0,¢) = 32/, 55 uwm(-‘-w/@)\ “rF1)=0
i (11.1)

T+ 2 casho (8 T,,) ~1-f1=0
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E-:EY’ E,--'O

Ef:0

11

1]

dure is as follows:

0.01.) The flow rule then allows calculatlon of dA , and thus dE,, *

dE, = 42y A % A, A

In

é ; and its associated flow field, that

45z (1) (dEyy + AE,)

inerement of macroscopic plastic work, ped unit volume of matrix:

3o dEs J o T dEg

- dE =~ =
GCE T TR ' (-F)

In this example, this reduces to

T22 1s found mumerically from the yield function, eqn. 11.1 :

One usually starts with the model specimen in the state of the first yield,

where the superscript p denotes plastic components. {Because this s a rigid-

plastic model, these superseripts will now be dropped). The incremental proce-

First, impose the increment dUz . .dEzz {s then calculated from the cur-

pent configuration. (In the numerical caleulations, this ls on the order of

It can be showm by considering the (two-dimensional) hydrostatic corponent of

The avevape increnent of equivalent plastic work 1n the matrix is found from the

£13.2)

(1.2

(11.4)

(11.5)

(11.6)
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ﬂfEai:O”’E;"O"“’ Tkk:%T,,a (1.7)

d’) :O a!lﬁ’ T-}I:O '—’%T;llfar‘caslk(gﬂz)—l-{‘z':

Given £ , Ty, is found via Newton's method (see, for example, IHQJ). The

average hardening increment in the matrix can then be found.

da, = h(e)dE (11.8)

The macrescopic hardening rate can be ecaleculated using eqn. 10.1, by evaluating
it for pre-localization deformation. This invelves no rotation prior to local-

ization, so Eij can be replaced by iij « The time derivatives are then rve-

placed by increments:

x

Nia .
H-= (Nu “‘Z ) JZ“- = 0((0-0 T-I-J)
df:n

(11.9)
N *®
dE,.

A
@Z” dZ,, -
@z Pz ) dE L,

d£22 is found by comparing the current value of I

“here,  H:= ( Nn d5,,) =

22 with its value at the
previous increrent. For this example, a plane of zero extension always exists,

and

Her = O (11.10};

Therefore, flow lecalization is indicated by a nonpositive wvalus of d222 -

The vesults of carrying out this Incremental precess ave shewn in flg. w8,

The horizontal axis {8 the initial veid voluma fraction (fi) » and tha vertical




A aets 1 ductility.

saterialy

h(&)

‘of ductility with

fracture,
of £ .
The nui

plicated if ome

a2, 4
Hu.*“i

these nonline
mthad used fo

is ldentical,

reasonable th

where n is the s'qrain hardening exponent.

necking was jgnored.

would somewhat reduc

and would thus preferential

epical problem of solving for the T 14

with spherical voids (eqn. 6.%0).

using dﬂsa = Tll

AT, ~ T ? fsinh(aT, +1T,,) = O
3 - 3 (11,12}
ar simultaneous equations can be

for a plven fi

ag and 39, note the difforen

éand thus higher ductiiity.
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The matrix ls modeled as a power 1a¥ hardening ven Kises

n
n Ce
=z ! = (é ) (1311

Fach curve represents the varigtion

initial £ for e given value of B . In this sirple exarple,

1t is expected that necking, by {nducing a positive Tiy %

e the ductility. The offect would increase with strain to

1y affect Efr for lower initial values

becomes somewhat more cow-

wishes to use the fully plastic yield function for an aggregate

,Equations analogous to eqns. 11.7 are then,

=0

(2% T ) ¢ cash (1Tis ¥4 Ta) 177 = 0

solved by a generalizatlcn of the

p eqn. 11.7 {same reference}, The cest of the jterative process
and the results are shown in fig. 39 The ductility is higher
the cylindricel model.  {When conparing figs.

and m than for
s type of history, it is

ces in sealing.) For thi

at epherical model would exhibit leas vold growth per increment,

| T L st
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How, consider an axisymmetric specimen which uses the same {&pherical
volds} vield function. The specimen iz shown in fig. 40. Pecause the praeblem
ie now three-dimensional, the incrementatl eguatlons differ somevhat from thoza

for plane strain. By symmetry,

Eype By ® Egr, Typ=Tac Tar (11.13)
Increments can be put in terms of dERR or 6233 + Using dséﬁ S drll N
Az %E‘g— 1 dEgy = Ay, (11.14)
225
Equation analogous to eans. 1l.b fhrough 11.9 are then
df 2 (-F) (2dE g + dEsy) (11.15) |

dé = (ATon dEgn + Ty oIE,, )
(1-£)
G277 2 fcosh ($T) - 1-F2 = 0 fa)

: ({1.17)
— (E’“RR)Z* Af-cosh (Teg *3'.7;3) ~1-F1:0 (b)

(11.16)

by (28,5, 8y g, IE,,)

" dEyy (lgzufp::u“baz” @::,;) (11,18)

&iven TRR y eqn. 11.17b can be solved numerically for T.. , As befora, local-

33
ization ard matrix hardening are characterized by eqna. 11,10 and 11.11.
In a uniaxlal tensile specimen, TRR = 0 prier te necking., Yor a Fivat

erarple, incremental duetility caleulations were carried sut for the axisymmat-
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the same yield function and localization criterien (H,p € 0)

for the axisymmetric specimen sre shown in £ig. 41,

is in qualitative agreement with experimental results.

ctatic stress level caused by the plane strain congtraint.

plastic incompressibility is assumed. )

distribution at the minimum neck section of a temsil
radius of curvature zt the neck surface.

to verify the accuracy of Pridgman’'s anal
provided that any initial notch used to

of a certain geometry. The specimen models used hepre start
at all, or a very challow one,

acceptable.

The stpess distribution is wost iptense at the
gsection, so this 1s where the localization condition v

incompressible plastic model, Bridgman found that

Fig, u2),

rie geometry with necking ignored throughout the strain history.

ditions discussed in chapter @ are componly used to evplain this

so that a valid corparison could be made with the plane straln geometry, using
! .

. The results
Hote that for a given n

and initial £ , the ductility for the axlsymmetric case is always higher. This

See, for example, refar-

ences [30] and {317, This result is expected in light of the higher hydro-

{The kinsmatic con=

Nacking will now be accounted for in the case of the axisymeetric
Use will be made of the theoretical and experimental work of P. W, Bridgman

[z63. In his work, Bridgman developed an approxirate sclution to the stress

e bar, as a function of the
Some later work f40,59,607 has served
vsis and its underlying assumptions,
start the neck ls not very sharp, or is

with either no neck

Therefere, the bridgman analysis is congidered

center of the minlmum neck

111 be applied.

This was dane

phenomenon when

medel.

For hig

the stress state hers was (seef
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(1119
%o Trr, Ty Oy lr:a."' Crr
0:‘3 l!":a. = o.o
In adapting this to a porous materlal, the simple approximation
a3 leee = oL (1) | (11.29)
will be used. Thus, the approximation used hare will he
T =R (R T, e T
am = ] 25 ) o6 - lan {11,213

' T33 is thenm calculated from eqn. 11.17b. This approximaticn ignores most of

“lthe effects of dilatancy. It is felt that the factor (1-f) » vhich approxi-

‘Imately carries the weakening effects of the porosity, will be sufficlent.

Bridgman glves a pood deal of experimental data on the relationship between

“lthe nondimentionnl radius of curvature, and the true strain at the neck of sxf-

symmetric tensile bar

'Ez.e vs. £, = lﬂn(%f) = ,&L.(-%ﬂ) (13.22)

“It™e subscript o denotes initial values {prior to any deformation), A& {» the

area of tha minimum neck saction, and “a {s the outer vadius. The result is

elven In 201 in an experimental curve flt te the data pelnts. It can be fit
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pather well with an empirleal cquation, the form cof which was suggested

by Tracey {61]. The following is & slight generalization of that form:

o

- e 3[1— cxp(-O.SQSCE-EnkJ)] for EvE i (11.23)¥

Hhere Enk is the value of E at which the specimen starts to neck.
Hutehinson and Miles [62] have investigated the theoretical problem of
first necking in an incompressible elastie-plastic axisymmetric tensile bar.
They found that for reasonably slender kars, the traditicnal necking critericn
of maximum load is accurate. Here, the paximym load eriterlon will be applied
to a tensile bar of dilatational material. Prior to necking, TRR =0 ,ausd T
and E are homogeneous in the specimen. Where P 1ig the axial load, the cri~

terion for inception of necking is

dP = 0= ‘1(233 A) = J(G—"TSJ A)

(11.2%)
JmT;; A"" UQJT_:;_EA + cro.-r}; JA

For this simple stress state, the yield function glives

Toa * 2f-cosh (LT, ) ~1-F= O (11.25)

Prior to necking, T33 is thus a functien only of ¥ . Using this, and some

previous developments, eqn. 11.24 can be rewritten as

h(&) T3 1 Ta JT}:

PO'““{ )

1-F) gy ¢ TR cb,z“] (1260 |

\When the quantity in bracketa Flyst becomaes nonpasitive, necking stavts, and

ramryrer P UIERTL
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Enk equals the euryent valus of E ., After necking, the zoro value of %

RR.

is replaced In the incremental equation {11.15 throuph 11.18) by thet value ree

sulting from eqns, 11.21 and 11,23,

Yhen £ = 0 tha material is Incompregsible and 'r33 =1 . FEnuation 11.20

then beocomes

o

Alh(E) dE; 7o 2dEg, }

AdE;; [h(z)- on]

(11.27)

For power law hardening materials, this gives the familiar resuit that at neck~

ing

no_ o A v
OoF -0 =0, £: n-};n(A) (11.20)

Cne effect of poresity, however, is to lessen the rate of work hardening, Whera
n is the hardening exponent of the matrix, it would ke interesting to ses how

the necking strain for a given value of n varies with the initial valuve of f.‘

This iz shown in fig, u3,

Incremental calculations were carried out 1n which the rodel axisymretria
tensile bar was loaded uniaxially until ncching commencad, after which the necke

ing correction given aboys vas included. As before, the fracture eriterion was

s i e

“CR =0 . The results ara giéen in fig. nu, The Importance of necking is Immoa

dlately apparent vpon comparlson with £ig, 42, (Note the differencn {n scaling, )}
Heaking, and the changa in the stress state which it eauses, decrcases ths dyee

tilivy Ly approximately g factop of 2 for gmall fi(+0.01). The factor falls to

{ epproximately 1.4 at fl = 0.20 , Variation of n does not sezem to hava punk

effect on thls facton, . '
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Marshall and Shaw [63) conducted experiments which verify the effect of

and copper vound tensile bars by remeving them from the testling apparatus somes

vhere between inception of necking end fractupe, and increasing the ratio p/a

!

'!

|

necking on ductility. They found they could ingrease the ductility inm stesl l
1

!

|

i

!

{fig. u2) by machining in a larger valus of p . This reduced the hydrostatic

~ stress due to the neck. At fracture, they found that higher values of pla E

(due to increasing it midway through the test) correlated with higher values of |
ductility for a given type of specimen.

The next step is to investigate the behavier of an spgregate of vigid-work
hardening matpix, volds, and rigid inclusions bonded to the matrix. The parti-
cles aps assumed to be of equal yize, and of the sawe shape (and orlentation,
for cylinders) as the voids. Within the orienfation 1imitation, random distri-

bution is assumed. Once a particle cracks or bpeaks loose from the matrix, it

s peplaced in tha caleulations by a void of equal size and shape. The void

then grovs aceording to the previcusly establighed rules. As before, the lecal-

jzation criterion is H.p € o,

Adding the veold nucleatien mechanism to the incremental calculations 1f H

fairly straightforusrd, because the independent variable is strain, not stvasd.

Interpreting and digesting the pesults, however, {s made much xore cenplicated,
bacauge of tha extyra {ndependent variables which enter the problem. Teor the

nucleation criterion in'eqn. 8,7, the extra variables ars ¢ and Cg and for

the type which leads to eqn. .26, there are

These ape added to the initial value of f (fi} and the matrix hardening ewpod-

“f rent 0o
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There phenomana ape illustrated in figs. us. Puctility fg calcolated

using the plane strain redel with paralle} cyiindrisal voids apd rigid parti-

cles, As befova, necking ig neglacted, The deformation is homagenaous up to
flow localization, which is charvacterized by ch € 0 . Each plot {s for glven
valuag of n anpd u:/ug'. Hote tha abrupt degradation of ductility which oc-
cwrs when the matrix hardening ean no longer balance the softening causzed by
vold nueleation and growth. Also note that this degradation spreads across

the entire range of fi for a rather small range of @ , Dotted lines repre~
sent sudden ehanges In ductility between values of £y for which ductility was

caleulated,

Priop to deformation, many engineering waterials might be better charactep.

ized by the initial particle concentration (Ei) then by the parametep fi .
This s ths basis of the next series of figures. Each Line In Pigs, ug repre-

sents the ductility fop a range of Ei‘ with fixed values of 1 and ﬂ;fﬂg .
and with fi = 0 . The lines represent different classes of histories, and are
thus not all similar geometrically (as they are for models with no inclusions),

Consider fig, 4Ba, whers n = p,2:

For line 1, U; is relatively low. Therefore, voids are nucleated very

early in the stress-strain history, and macrogeopic softening dus to nucleation

daes not cccur. The data line {is almost identical to that fop Bfr va., fi
for .n= 0,2 in fig. 38, Because of ths early nucieation, this would be e

§ pected,

For curve 2, uz is gomewhat higher, and nucleation is therefore delayed,

.Fm‘part of the range of Ei considered, the nueleation rate at some pairnt in

“the history becomen large enough to causa wacrescople softening (and thus flow

;localization). For the lower range of Ei where thiy dees not happen, later ?

i b e
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nucieation canses a very slight increase in duetility. The dotted iine indl-

cates a sudden drop In ductliity between values of Ei for which Efr is

calculated.

Tor lines 3 and H, oi is high enough to delay pucloation until late in
the histery. There the nucleation process becom#s more gradual due to the de-

¢rease in the matrix hardening rate. These factors combine to make Efr in-

o st et e T

crease with oz over the entire range of Ei +» The controlling facter is now

the strain prior to significant void nucleation.

Similar results for n = 0.5 are shown in fig. u6b. As would be expected;
larger values of az are required to cover the range of phenomena discussed
above., ({Again; note that the seale for Eg, {g different from that in fig.
K5a.)

The nucleatiom critericn which is based on accurulated strain (eqns. 8.7

and 8,8) is obviously mueh simpler to use than the stress-based eriterion dis-

cussed above. Because the pucleation rate does not become very large, it is

gxpected that the duetility behavior will also be sirpler. It is noteworthy i
that the data in ref. [19] on which this theory i{s based is the rate of particle

cracking with strain, rather than the rate of matrin particle separation.

Therefore, the two criteria may be valid for different types of inclusions.

vor simplicity, the numerical examples used here are closely l1inked with

the velevant experiments reported in ref. {197, The data used in egus. B.%
through 8.8 is frem tensile tagts ob axisymretrle specimens, E0 this is the
sonfiguration that Is used here. A stress-straln curve given in (18] is intec~

pretad here to glva
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ey’ =0.005, G = Y«joY,

.

o é n i (11,73 4
o
o :(E:) , = 025

R was calculated using the stress level at ¢ = 0.05. 7In the numerical exam-
Ples, n = 0,25 will be uged as the matrix hardeping exponent throughout the g
strain history. C: as determined in eqn. 8.8 s most probably a function of
the geometry and the parameters in eqn. 11.29. It ig therefore felt reasonable
only to vary 51 in the numerical elaculation. - |

The results are presentad in figs. 4%7. Because of the gradual natupe of

the nucleation eriterion, no sudden decreases in ductility are evident.
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4 1)b, Ductildity - Comparison with txpariment, Comments on the Thaory

Clausing®s [30,31] Investigations into the properties of structural steels

for both axisymuetrie and plane gtrain specl-

fnclude measurements of ductility (

‘mens}, hardening exponents, and tensile and yield strengths. &S explained

previously, the ductility for an axisymmetric specimen is always greater than

that for a plane straim specimen of the same material. Clausing's data allows

determination of the ratio of axisymmetric to plane strain ductility and ite

{Clausing examines its variation with initial

‘vapiation with hardening exponent.

# *
yield strength, O, ° One expects low % to correlate with high n , and vice

versa, This is trus fop Clausing's data.)

The same ratio and its variaticn with n can be determined from the

mmerical data in figs. 39 and 41; duetility in plane strain and axial symmetry

for an agpregate of gatrix and spherical volds. Kecking was ignored in the

plane strain case because data simflar to Bridgman's (eqn. 11.923) was not avall-

able, For consistency, necking was ignored for the axlsymmetric case also. The

ductility ratio may thevefore only ba considered a3 indicative of what might

pesult if necking were included. Remember that the kinematle requiremant of 2

plane of zero extension is lgnored in the axisgymmatric case.

The numerical ductility ratios are compared to ¢lausing's data in flg. ug,

Clawsing's results are marked by full circles, while the numerical dsta peints

are connected by stralght 1ine segments, each 1ine vepresenting & different

falp for all but the lowast values of 0 .

Jyalue of £, . Tha agreement iz

Even if necking vere included in the rumerical models, the added requirement of

a plane of zero extenslion acreoss the meck would have made the ductility ratie
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2 good deal highar. The compari;on suggeste that the kinematie requirement
does not act to dalay Flow localizatlon in axial gymmetry unless n s z-at:her:
- &mall,

The isotropic hardening model canmot explain this effect. It can be ex-
plained, howsver, in teris of some eimple models of vertex formation (harden~
Ing oo individual slip planes, [50,57]). Consider materials with different
strain hardéning exponents, but otherwise identiecal, subject to a given strain
history., Where n s very small, hardening on the slip planes is also small,
and the vertex will form at an angle closo t? 180°, According to the model,
the stiffness to tangential components of straln increment decroase only as
the vertex sharpens. (For no vertex, this stiffness 1s on the order of the
: elastic modull,) A low valuz of n +therefore means that kinematic conditions
¥hich require strain incvements with relatively large tangential components
: will ba @ifficult to satiofy. {By "difficult", it is meant that a larga
negative Hap s required - see [50).) When n 1is larger, however, the
“l vertex angle decreases, the tangentlal stiffnsss decreases, and the kinematrle
conditions ave easinp to satisfy, Ses fig. 49,

An isotropic hardening model way do a reasonable job of pradicting pre-
“#localization flow and herdening behavior, but is less likely to predict locali-
tation when the kinsmatlc condition is not easily met, It is therefore falt

-. reasonable to "horrouw" the vertex model to predict whon flow localization ig
kinematically admizsibla. Clausing’s data supports the notlen that only uhen
n is rather small does the kinematic requlrament delay localization in axially

daymretrlc deformation, It is therefore felt reassnzhls to use the eritical

- e sl e A ekt e
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hardening rate as the only localization eriterion vhen 0 3,0-1-

Some experimental data with which the numerical calculations can be con-
pared is shown In £ig. 50, The lines centered in the scatter bands are marked
with the author's. initials. Edelson and Baldwin [217 reports ductiilty in
copper-base alloys as a function of the second phase-voids, and 2 variety of
inclusions. (Beaides theip own work, they include a few results by other
authors,) Their speclmens were vound ténsile bars, prepared by nixing pow-
ders of the constituents, compfessing and scintering, and then machining into
£inal shape. - By varylng the mixture and the scintering pvqcsdure, a wide
range of particle or void volume fractlons was obtained. They found that duc-
tility was deternined more by the volume fraction of the second phase than
by the type of second phase. Rostoker and Liu [22] alsa used a scintering
process to prepars their specimens; flat bars made from powdered brass, with
various amounts of pqrosity. Liy and Gurland [29] prepared their round ten-
gile bars from eight different types of vacuum cast carbon steels, each with
a different carbon content. The specimens were heat treated to spheroldize
the carbide, which was the second phase.

The experimental ductility measurements are shown In fig, 50. Edelsen
and Pildwin veported that thelr copper matrix had a strain hardening exponsnt
of approximately 0.3, vhile Rostoker and Liu report 2 value of appreximately
0.3, The dlfference between theiy results is therefore gomewhat surprising.
The reason may lie in the scintgbing procedura jtsalf, whers metal powders
are put under pressure and heated at temperatures belew the melting tempera-
tures {(bonds between particles then form by diffusfon)., Rostoker and Liu
show that ductility can bhe rather sensltive to the scintering procedurs, vhic

{5 constrained when a certaln pnrosity {g tha aim. Further evidence coisd
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from the data of Liy and Gurland, wheve the specimens were prepared fron
| @ melt. Their highep ductility could result partly from this, and partly
7 ‘from the strength and bonding {to. the matrix) of the second phase. It {a
‘ o expected that the matrix would have a higher hardening expenent than
: that reported by Edelson and Baldwin.,
The qualitative behavior of the numerical results ig quite reasonable,

Muetility fncreases ag the concentration of second phase decreases, with an

b apparent linmit of infxnity\ns both fi and ci approach Fero, Because
the matrix is modelled as a perfect ven Mises materfal with no inhoroganei-~

1§ ties, this 1s to be expected. When ci ia zere, the ductility steadily

decreases with n » as would ha expected. When rigid inclusions which adhere
[ te the matrix ape added to the model, the behavior of the new agaregate can-

"8 be Interpreted in a reasonable mannep.

The experimental vesults and the numerical examples for round tensile

bars {fips. 50 and w4) do not correlate to badly for very swmall values of

i v The discrepaney increases dramatically, houever, az fi becomes larga.
It is necessary, therefors, to review tha approximations used Iin modelling
“hduetile agpregates, snd to see i any improvements or corrections can be made,
. Consider first the ags sumptions related to continuing isotropy. At largar
‘feeviatorie strains, the constant void shape assumption Lecomes less acourata,

: As seen from comparing yield functions for the spherical and eylindrical volda,

[ vola shape can have a large influence on the yieid funetion. Using the yleld

M functlon for fully plastic flow, and aferaging the hardaning increment over

“fthe Matrix alsc becomes legy accurate at highsr values of £, where a highiy
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he matrix rigid) beccmes enerpetically |

anlsatzopic flow field (with part of t

:preferable (see £ig. 22).
led,

I Closely related to this is the way in which void interaction was medel

g the vold in a finlte geometrically similar matrix,

‘B this was done by congiderin
n infinite watrix, and using the
{see Figs« 1 through 3).

gampe vold volume fraction asz

" pather than 2
When £ is

that of the aggregate to ba modelled

large, the use of a geometrically gimilan outer bourdary for the matrix may

Evidence for this

%v-underﬁstimate the plastic flow between neighboring voids.

was found in three studies of two dimensional aggregates with periodic arrays

rdening plastic matrix, and looks

‘of volds. Thomasen [93 uses a rigid-non ha

ecking (concentration of the plastic flou) be-

for conditions favorable to n

tween cavities. In his finite element study, Needleman [411 uses an elastlic-

and finds that the plastic zome never encoz=

york hardening plastic matrix,
a in (42].

Kﬁasses the entire matrix. gimilar results were foun

n arises if one tries to consider the

Another aspect of void interactio
rsed in the matrix, as was done for inclusiens in |

be d¢ifferent frem the average

'volds as randonly dispe
value,

Local values of ¥f would then

chapter B.
and 1ocal areas would have different plastic behavior. The aggregate‘bchavior
might then differ from that predicted by the gingle void model.
vior is ancther area of juterst. The aimple flov his-

The hardening beha
g of £ and £ ‘coincident, s0

4 hera should keep the principle axe

sotropic hardening., incremental

torles use
plasticity

It tnat witnhin the rigid-plastie, 1

assumptionsg, l% = 0 should be accurabe.. Honevar, wnany materials deviate
R

lter the macrascoplc yield functlon (sea

from Lstroplc hardening, which could a

a{uwv:q?f-ymﬁzwﬂm pu
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fig. 36), Many materials (such as rocks) do not in general obey normality,
and this can lead to values of Hcg which are small but positivé [50}. The
characterization of the matrix hardéning by a singla hardening exponent Ia
alse a notable approximation.

Another approximation worth discussion is the characterization of the
matrix material as a perfect von Hises materi;l, without any consideration of
structure, In some recent work, Bauer and Wilsdorf [11] report experiments
in which silver single crystal ribbons and polycrystalline stainless steel
foils showed void nucleation in "clean" areas (ne second phases) and at
grain boundaries when pulled in tension. The structure of the matrix {tself
ray then de a primary source of void nucleatinn when other sources are absent.

Baver and Wilsdorf attribute this nucleation to a dislecation-vacaney mechanism.
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gurmary and Conalusion .
}

The goal of this work was 3 better understanding of the role of second
phases in the plastie behavior of ductile materials. To this end, approximate
yield functions were developed for a simple model aggregate {voids and duc-

tile matrix only) which retained the convexity and normallty properties of the

watrix yield function. Rigid inclusions, which acted as void nucleation sites,
were then added to the formulation. The nucleation nechanism was found to

changz the yield function, but not the plastlc potential.

The elements of plastic behavior which were studied with this model wers
flow, hardening, and ductility (the strain to ductile fracture), The matrix

hardening and the aggregate hLehavior were idealized as isotropic. Even 50,

there were many independent variables in the formulation. These'included tha
matrix hardening parameter 1 . the initial vold and inclusion concentrations

£, and Ei , the natrix-inclusion geparation stress c; , and the macroscopic

i
rate of deformation field E .

Plastic flow was directly affected by pa?osity. By leading to 3 tem in
the plastic potential which was a function of the first invariant of stress,
it made plastic volums change In the aggregate possible. Decause the matrix !

retalned its plastic incompressiblity, the volume change consisted entively

of vold grewth.

Hapdaning in the aggregate was composed of three different phenomenal |

matrix hardening, softening due to vold growth, and softening due to vold

mucleatlon. Even while the matrix hardened, the aggregate could thus softeny

It was postulated that flow localization led tmrediatoly to ductile
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fracture. The criteria for flow lecalization were found to be 1) the exis-
tenca of a surfacs of zerg extenzion, and 2) a critieal agpregate hardaning
rate. For an lsotropic matefial, the critical hardening rate waa found to
be zeru.

Puctility was studled as a function of the indepandent parameters noted
above. ' The results were qualitatively reasonable, and the behavior could be
easily explained. Quantitétively. howaver, numenical predictions of ductility
were too high in comparison to the available experimental data, especially
for larger values of fi and ci. This might be attributed to some op. all of
the following: 1) The model of void interaction may have been inadequata,

2) The isotvepy assumpticnslmay have hidden important effects of anlsotrepy

at large plastic strains, 3) Veptex formation was not consiipred in the deter-
Bination of the crizical hardening rate. &) No account was taken of the matrix
structurs,

The numerical results are especially interesting with respect to siress
Induzed void nucleation at inclusions, Under certain conditions, the nuclea-
tion may becowz unztable and cause early flow localization. Bue to the be-
havicr of the matrix hardening rate, & moderate value of ag may decreaze tha
duetility mora than lowsr or higher values of u: .

In the coursa of this work, several topica have stood out as being in
need of further research, Specific to‘this work dre a better understanding
of vold interaction, and voids of pore general shape. (An origlnally spherical
void In the neck of a tensile bar ceuld then be modelled as, say, a con-
tinwally elongating sllipsoid.) A more azeurate modelling of the ductile matrix

matarial, wlth regard to both hardening and veid nucleatlon, Is also nseded,
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!ﬁ;etter anderstanding Is also needed in areas such as plastic anisotropys

:V’Eha formation and effects of yield vertices, and the behavior of sescond




{1l

{23

{3l

4]

£s3

fe]

(73}

{g]

£sl

(10}

{13]

[12]

[13]

f1u]

- 157 ~

Feferences

Hill, R. 1950 The Matbematical Theory of Plasticity, The University Presg,
Onford.

Bishop, ¢. F. W., and Hill, R. 1851 "A Theory of the Plastic Disterticn of

a Polycrystalline Aggrepate Under Combined Stresses", Phil. Mag. u2,
pp. 4lt-h27, -

Berg, €. A. 1872 "Ductile Fracture by Devslopment ef Surfaces of Unstablo
Cavity Expansion" Journal of Reseapch of H.B.8. 76C, mos. 1 end 2,
Pp. 33-33,

Perg, C. A. 1969 "Plastic Dilation end Void Interaction" in the
Proceedings of the Ratelle Memorial Institute Symposium on Inelastic
Frocesses in Selics, pp. 171-208.

Rosenfield, ‘A, R. 1968 "Criteria for Ductile Fracture of Two Fhase Alloys"
Yetallurgical Reviews 13, wvev, 121,

Hahn, G. 7., Kanninen, M. F., and Rosenfield, A. R. 1972 "Fracture Tough-
ness of Materials" Annual Review of Haterials Science 2,pp. 381-u0u,

Rice, J. R., and Drucker, D. C. 1967 "Energy Changes in Stressed Fodles Due
to Void afid Crack Growth" International Journal of Fracture Mechanics 3,
pp. 13-27.

Rice, J, R., and Johnson, M. A. 1970 "The Role of Large Crack Tip GCeometry
Changes in Plane Strain Fracture" in Inelsstic Behavior of Solias
(H. F. Kanninen, et al,, eds.) MeGraw-Lill, pp. BUi-672.

Therasen, P. F. 1268 "A Theorv for Ductile Fracture Ly Internal Necking of
Cavities" Journal of the Institute of Metals 96, pp. 360-355,

Themasen, P, F. 1971 "The Influence of Matrix/Particle Cohesive Bond
Strength on the Internal Hecking Mechanism of Ductile Fractura" Hetal
Science Journal 5, pp. 64-67,

Baver, R. W., and Wilsdorf, H. 0. F. 1973 "Vsid Initiation in Ductile
Tracture” Seripta Metallurgica 7 pp. 1213-1220,

Argon, A. 5., and Im, J. 1975 "Separation of Inclusions in Sphercidized
1045 Steel, Cu -0.6% Cr Alloy, and Mararing Steel in Flastie Straining"
Hetallurgical Transactions, due to appear in 1975,

Argon, A, S., Im, J., and Safogplu, R. 1975 iCavity Formatisn from Inelu-
slons in Ductile Fracture" Hetallurgical Transacticns, dus to apraar in
1975,

Argen, A, 5., Im, J., and Needlewan, A. 1975 "Distribution of Plastie
Straln and Triaxial Tersile Stress in Necked Stesl and Coppew Dapg®
Hetallurgical Transactions, due to appear in 1975,

e A bt e -f‘xwwu-w“,._-.,-.‘




[15]

{16]

1171

118]

{18}

{201

*f e

{22]

- 150 -

rosovsky, B., Hahn, W. C. Jri, and Avitzur, B. 1073 "The Behavior of
Particles During Plastic Deformation of Metals" Hetallurgical Transac-
tions 4 pp. 927-930.

Gurland, J., and Plateau, J. 1263 "The Mechanism of Ductile Pupiure of
petals Containing Inclusions" Transactions of the A.S.H. 5B,
pp. HH3-h5k.

Ganguiee, A., and Gurland, J. 1967 von the Fracture of Silicon Particles
in Aluminum-Silicon Alloys' Transactlons of the Metall. Scc. of the
A.I.M.E. 233, pp. 269-272.

Lindley, T, C., Dates, G, and Richards, C.-E. 1970 "& Critical hppraisal

of Carbide Cracking Mechanisms in Ferride/Carbide Aggregates” Acta
Metallurgica 18, pp. 1l27-1136.

Curland, J. 1872 “Observations on the Fracture of Cemsntite Particles im
a Spheroidized 1.05%C Steel Deformad at Room Terperature' Acta Metal-
lurgica 20, pp. 735-T4l.

Fasterling, XK. E., Fischreister, H. F., and lavara, E. 1873 "The Particle-
to-Matrix Bond in Dispersien-Herdened Austenitic and Ferritie Ivon
Alloys" Powder Hetallurgy 16,Dp- 12B8-145.

Edelson, B. I., and Baldwin, W. H. 1962 "The Effect of Second Fhases on
the Mechanical Properties of Alloys" fransactions of the A.S.H. 55,
pp- 230-250. :

Restcker, W. and Liw, §¢ Y. K. 1970 urhe Influence of Porosity on the
Ductility of Sintered Brass" Journal of Materials J,M.L.S.A. 5,
pp. 605-BL7.

sarin, V. K., and Grant, N. J. 1872 "Cu-Zr and Cu~Zr-Cr Ahlleoys Pyeduced
from Rapidly Quenched Powders" Metallurgical Transactions 3, 875-0173.

Eridgman, P. W. 1952 Studies in Large Plasztic Flow and Fractura
Harvard Univ. Press, Cambridge, Hass.

Beachem, C. D. 1963 “an Electren Fractographic Study of the Influence of
Plastic Straln Conditions Upon Dustile Rupture Processes in Metala"
Transactions of the A.S.M. 56, Pp. 318-326.

Biuhm, J. I., and Horpissey, R. J. 1965 rracture in a Tensile Speciren’
in Intornational Ceonfercnoe oh Fracture, Sendail, Japsn.

Barnby, J. T. 1967 "The Initiaticn of Ductile Fallure by Tractured
carbides in an Austenitic Gtainless Srpglh Azta Metallurplea 15,
pp. 903-009,

Parlington, H. 1971 “Ductile Practutre Under Axisyrretric Streases in
Llectrolytic Fron and Spheroidtzed hou-Corbon Sreni” LB, thesls, Bept,
of Metallupgy and Haterials Seience, Lehiph University, Bathlehem, Pa,

X

FYST
T,'J"



[29]

[32]

{317

[32]

[33]

[ay]

fa5)

(363

fa7]

(28]

[39]

[u0]

fu1]

- 159 -

Liv, €. 7., amd Gurland, J, 1988 “The Fracture Behaviop of Spheroidizeq
Carbon Steels" Transactions of the A.S.H. E1, pp. 156-167,

Clausing, D, P, )9sg "Tensile

Between 70 and -330 p" Journal of Haterials, g

Properties of Eight Constructional Staels
-H.L.S.A. 4, pp, 473407,

Clausing, D. P, 1370 "Effect of Plane Strain State on Ductility ang

Toughnessﬁ Int. J. of Fracture

Low, J. R., Jr.

» Van Stone, R, H.,

Mechanics 5y rp. 71-8y4,

and Merchant, R, u, 1972 "An Inves-

tigation of Plastic Fracture in Aluminum Alloys™ Nasa Technical Repowe
#2, NGR 39-087-003, Carnegie~-Hellon University,

Cox, T. B., and Lew, J. R., Jp. 1977 "Investigation of the Plastic Frac.

ture of High Strength Steelg"
Carnegie-Mellon University,

Cox, T. B,, and Low, J. R., Jr.

ture of High Strength Steelg"
Carnegie-Hellon University,

NASA Technical Report ¥3, Mor 39-087-003,

1972 "Investigation of the Plastic Prac-
HASA Technical Report #4, NGR 39-0B87-003,

Broek, D. 1972 “some Contributions of Electron Fractography to the Theory
of Fracture™ National Aerospace Laboratery (M.L.R.), the Hetherlands,

NLR TR 72029 vy,

HeClintock, P, A, 1968 "A Critevion for Ductile Fracture by the Growth of
Heles" Journal of Applied Mechanics 35, pp. 363-371.

Rice, J. R., ana Tracey, b, M.
in Triaxial Stress Fields" J,

Kahlow, XK. Jd., and &vitzur, B,

1969 "On the Duetile Enlargement of Yoids
Hech. Phys. Solids 17, pp. 201-217.

1963 "Void Pshavior aa Influenced by

Deformation and Pressure" report to the American Iron and Steel Instityts,

Lehigh University,

Avitzur, B, lgv2 "Tensile Strength of Compositg Haterials" Journal of
Engineering for Industry 83, pp. B274843,

Heedloman, A, 2972 "a Rumerical Study of Necking In Circnlar Cylindrical

Bars" J,

Mech. Phys. Soligs 20, pp. 112-127,

Needleman, A, 1972 "weid Growth in an Flastic Plastie Hedivm" Journal e

Applied Machanics 38, pp. 9Gh-

Haward, R. N., and Owen, D, R,

270.

Jds 1973 "The Yielding of a Two DMmensienal

Void Assenbly in an Organie Glass" Journal of Hateriols Science g,

Pp. 1126-11hy,

Hayden, 11, W., and Floreen, §.
tion During Ductile Practupe!

1869 "“Dbhoervations of Loeallved Teforma-
Acta Metallurpica 17, ppe 213224,

i
|
[
I
1
]
f




fuul

[45]
[uel

[u7]
(48]
49}

sl

[51]

{521
[53]

[543
(551

(58]

{57]

{sa]

! T

- 160 - !

M@u,t,mumw&,ﬁhqu&C.k,md%M%LM.mﬂ
uTraction-Displacement Boundary Conditions for Flestlic Fracturs by Hole
Growth® in the Int}. Symposium on Foundations ef Plasticity, vol, 1 ‘
(A. Sawczuk, ed,), pp. 365-3E5.

Rice, J. R. 1973.YThe Initiation and Growth of Shear Bands" in Plasticity
in %oil Hechanics.

Tiroshenke, S. P., and Goodier, J. N. 1834, 1951 Theory of Elasticitvy,
pe 78.

Rice, J. R. private communication.

C.R.C. Stendard Math Tables The Chemigal Rubber Co., Cleveland, Ohio.

Hildebrand, F. B, 1362 Advanced Caleulus for Applicatiens Prentice-Hall,
Inc., Englevood Cliffs, hew Jersey.

Rudnicki, J. W., and Rice, J. R. 1974% "Conditions for the Localization of
Deformation in Pressure Sensitive Dilatant Materials" N.S.¥. Geophysics
Program, GA-43380/2, Brown University. :

Cottrell, A, H. 1853 Dislocations and Plastic Flow in Crystals, Oxford.
pp. 116-124. ‘ :

I1yushin, A. A. 1946 "The Theory of Small Elastic-Plastic Deformaticns®
Applied Mathematies and Kechanics (Translated from the Ruseian} 10,
pp. 347-356,

Palmer, I. 6., and Smith, G. ¢. 1966 "Fracture of Internally Ouidized
Copper Alloys" in Oxide Dispersicn Strengthening, Hetallurgical Sociaty .
Conferences, vol, H7, pp. 253-290.

Anand, L. private communication

Hill, ®. 1958 "A general theory of Uniqueness and Stability in Flastie-
Piasstic Solids" J, ¥ech. Phys. Solids B, pp. 236-249.

Rudnicki, J. W., and Rice J. R. 1974 nesnditions for the Localizatlon of
Deformation in Pressure-Sengsitive Dilatant Materdals™, Drowm Report
HNSE GA-43380/2. '

Fung, Y. C. 1965 Foundations of golld Kechanles Frentice-Hall, Inc.,
Hew Jersey.

Batdorf, S, B,, and Budiansky, B. 1949 “A Mathematical. Theory of Plastic
ity Bascd on the Concept of s1ip¥ H.A.C.A. THIB71.




{59]

(e0]

{61]

[52]

[63]

6ul

=~ 161 =

Clausing, b, P. 1959 "Stress and Strain bistribution in g Tension Speeiner
¥ith a Clrcumferential Hoteh", Journal of Haterfals %, pp. 565-582,
Earl, J. €., and Brewm, D. K, 1995 "Distributions of Stress and Strain in

Circumferentially Yotched Tension Specimens” submitted te Enginecring
Fracture Hechanics

Tracey, D, M, 1368 “Strain Hardening and Intevaction Effects on the Growth
of Voids in Ductile Fracture” U.5.4.%,0. AT(SG~1}—239H[3H.Brown University,

Hutchingon, J, W.,and Miles, J. P, 18784 "DBIfureation Analysis of thae nset
of Necking in an Elastic/Plastie Cylinder Under Uniaxia) Tenaion" J. Mech.
Phys. Solids 22y pp. 61-71,

Marshall, R. R., and shaw, M. ¢. 1ouy "The Determination of Flow Stress
From a Tensile Specimen" Transactions of the A.S.M, B4, pp. 705-725.

MeClintock, F. A., and Argen, A. S, 1955 Mechanical Behavior of Materials
Addizson-Hesley Fp. 1l4-118. -

gecg)- 43y Ly

Ho, T
L

tﬂ*

H -‘)‘t

H?L ‘ (f




- 162 ~

Appendix (1)

The integrals in cqns. 6.33 are over the surface of a unit spheve, and
lend themselves to solution using symmetry arguments and the Gauss theoran.
the solutions are carried out as follows; using the coordinates and definf~
tions in fig. 3.

a) On the surface of a unit sphere, xi'r-t no
fxf dn = S Xedf = S XSdN, c= any exponent
b) By symmetry, {1 { (L

. Xt cartesian coords.

e) j)("XJ dQ = O for i #Fd
{1
d) State the Gauss theorem;

)’l,‘,F'({ﬂ = 2. F:, alv
Sﬂ 4 Vaxi( )

Here, V is the volume of the unit sphere, and the Fj are the cartesian

components of any vector.

., .
e) By definition, ML = = E:-r-

———ya—————

/—ngEkl ."—?.V

. Y S -/
By coordinate transformation, Epp = Cri CrJ E.,‘_,'

On the unit sphere, C”: = N = X !S
So <,
M= E,'“: n;n;
Ecqv’

The following calculaticns are gself-explanatory:
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!th‘

dno= E7L 0, g -
LQ E‘[" Q{L‘EU X_,'G(ﬂ [—fl.ﬁ' g ){ g{v

LA
"Lydy =0

e ——e

egv !

a _ = - ‘;' ~¢
Lél dn = {Ee; Eij Eki]fnixi K Xp d L) = {}J-‘l (x kax AV
vaX;

= {E;:VE “} j[éu KeXe# 5, X%, t 8.0 % x Jdv

-;IEC{V Epgéﬁ!!xixl v _ l

= QEE.?’V EFE Eff Si_g _‘;J(Xil+>(:+ X_;)ﬂgv
L

jg*c!n = fr‘JV = 417 | =
- n v 5 ]
. 2
| | |
VX j . R
o 3
S | I: —~ &
(\in n,dn = F 2 1 | ?J :
J cirjn;‘gkg X,gy X tﬂ E V:d;(k(E;I }(AX;XJ)({V I + i
- E JE’ L 2 -4 ‘ } ! ' ‘—[‘:D S‘
e ) Big XeXg +Ep X % dV = .lE:;y. B 4, = 81 iy L gt #

v 15 - .,

P '

{sce con. 6.22) ) f}h}

o
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Appendix (2}
The yield surfaces generated for plane strain in ref. [H#4] are given in

terns of the following stress paraseters:

tn,  t

Lk 4k
where k is the matrix yleld stress in shear, T, {s the macroscoplc stress
at yield normal to the plane of zero extension, and t, is the shear stress
at yield in the plane of ze?o extensicn {see fip., 9). In order to transforn
between ta and ts , and the stress parareters used here for the cylindrical
void case, the follewing steps are taken:

Starting from principal axes {principal values indicated by subscripts I
and II), find the plane of zero extension. ® is the CCW .rotation from the
I axis to that plane.

E:J_ = = cos*(e) EI + sint(e) élI
tan*(e) = "_E;_ g -Eg
Ex

¥ote that, in plane strain, EI and EII must be of opposite sign for a plans

of zero extensicn te exist. With 6 determined,

n

te sin?(8) ZI + cosip) ZII

5]

sin(e) cos(e) (ZJI - Z_r)

ts

This indicates that, for comparisen purposes, tS should be considered nega-

tivo. (Due te a dlffevence in aign éonvention, ref, {#4] has t, positive.}
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For plane strain,

Z'—‘Z" z “%i-‘(zzr' Z.I)-..a Zyy = (Zg ¢ ZI)

Using the normalization conventiens,

tn - /3 (5in%6) Ty + cosi(e) Tz)
2k 2 ‘

é__?-_ - @v.‘;:’n(e) cos(e) (TI - T.II')
2k 2

Inverting this gives

ref. [W0]) are compared with data generated by the wedpe model fop

0.05, and 0.3, These arise from

(Ji) = 0,073
L

In fig, 19a, points from the yield curves for the slip line model {Ffig. 7,

£ = 0.0170,

T

17g og)e g

g Y

.:9+

y

H-

ooy (
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f):o:ms -3-17(3)2'—0051 = bos
L) /o8 ks T R

.E' - o 3 _E.l- o~
(L)-O.JO, %—TI(L) =0,294 = 0.30

The points from ref. [44] were measured with a ruler, and are coanected by

straight limes.

In fig. 10b, data from ref. [44] is compared to composite yield curves

(1ike those in fig; 14, but mapped into the coordinates of fig. 1l0a) for

L e L

The comparison is reasonable, in light of the fact that two different ap-

proaches are used in two similar yet different prcblems. The maln geomatric

difference is the periodic nature of the model used in ref. [u44].
It is cbserved that the dashed lines (comwposite yield funetions) do mot

extend all the way down to tBIEk =0 . The curves terminate when the yleld

function gives ER % 0 . This means that no plane of zerc extension exists.

A common feature is that the curves end at the abrupt change in slope wmarking

the transition to fully plastic flow. (This point iz wade clear in the dis-

cussion of corposite yield functions.)
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Appendix 3

The purpose here 1s to develop a form for the stress amplificarion facto;
& , drawing heavily on the work done in ref. [13] by Argon, et al.. Some small
changes are made in theip theory, but the basic assumptions and direction eof
their caleulation are followed very closely. Therefo:é, where applicable, ref-
erence will be made to their work for details, Also, some of their notation
will be used in this appendix,

In ref., [137, the stress concentration at a rigid particle in a plastic
work hardening matrix Is investipated. The maln ceneern is the normal inter-
facial stress, whose attainment of a critical value (at particles above a
certain minimal size) is taken as the critemion for void nucleation,

In their first caleulatien, they leok at the twe dimensional preblem of
a eircular (cylindrical) rigid particle erbedded in a strain hardening materi-
al, undergoing simple shear at distant boundaries. Therc are no other parti-
cles for the lone particle to interact with. Using a bounding technique, they

arrive at the result

%k L0, -0r £ 2k 7 (A.3.1)

where k 1s the flow stress in shear, O is the normal interfacial stress,
and o, is the hydrostatic corponent of stress (superimpesed at the distant

boundary}., Given the closeness of the Bounds, and using

Y(E*) = /3K =175k (4.2.2)

{vhare Y{E') is the current, l.¢., work hardened yleld stress ln tension of
the plastic matrix, and P 13 the total equivalent plastie straln), the fol-

lowing is deduced




e
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o, = Y(E") + OF (4.3.3)

While this caleulation was done for a two dimensional case, the above result
is implicitly assumed in pef. [13] to be applicable to the three dimensional i

case of spherical rigld particles in a work hardening matrix.

Argon, et al. then consider a different type of appfﬂxinﬂtion to the nor- | i
mal interfacial stress, bhased on a guasi-upper bownd method. Here, both the | i
cases of non-interscting and interacting rigid inclusions in a work hardening l
matrix in simple shear are examined. The m;thod involves construetion of a
plastic flow field in the vicinity of the particle vhich accommodates in an

approximate wWay the kinematic restrictiens imposed by a rigid particle in a

matrix undergeing plastic flow. For particle—particle interaction, this local

‘ variation in an otherwise hemogeneous flow field (the Msecondary plastic zone")

must interact with the secondary glastic vone of another vigid particle.

Before continuing, the cne modlflcatlon made to the caleulations in ref.

|
{131 should be deseribed. This involves the use of the "Tayler factor', de- \ -

L 3
fined here as %: "
i b
K ¥ LAY . 51
- o . e
m,= 31, =V3 77 ey (A3 : =
ks Y 1 P [
El T~
| 3
k]
vhere k| is the xnitial yield stress in shear, k is the plastic drag at & \ n
displacement jncompatibility, and the last term repregents strain hardenivg 1 i §EE
. | i1 -
(y is enpineering shear strain, TY is the value at first yicld). The justifi- % i3 2
' i |y
' i
cation for this can be found in ref. (5], Yote, n a3 peed heve is the invercsl ! -
o
of its value in the rest of ths text. Argon, et al. use 4 similar form, but 'tﬁ
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without a work hardening term, "m" is a censtant factor which relates plas-
tic drag to the yleld stress in shear, commonly taken to be 3,1 (see [513), .

Using eqn. A.3.8 and following through the other parts of thes relevant
calculation in ref, 13, one‘arrives at forms for the nep~-interacting and inter-
acting values of Oep + They are of course functlons of the amount of work
hardening, and the latter (as expected) is a functien of the local concentra-
tion of particles. Both turn out to be larger than the bounded valye in egn.
A.3.3. It is postulated here, however, that their ratio is 2 reascnable ap-
proximation to the vatio of the true values’for simple shear;

Orr / r'n.'fe. r'a.c,‘f‘fon. ‘

A

it

(A.3.5)

rr,nonr'n’ﬁ:rad“r’on
Thus, the equation
E:H (A.3.6)
Orr = AG, + ~——2e 3.6}
(1-)

arises, where o, 1s the current yield stress in temsion. The {i~f) term ig

intended to meccount approximatély for the fact that volded material (created

here by nucleation at particles) does not support stress., MNote that f is
the void volume fraction, and not the particle volume fraction,
Carrying through tha calcwlations im ref. {137 (but using eqn. A,3.4)

vlelds, for spherical inclusiens

(A.3.7)

:, L
r\n '/E;( 1 .!._i) n{
Crr /nmu’nf&radwm = ko (*]F‘;) 1+ /3 n,
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The extent of the secondary plastic zone (sece fig. o4} ip given by

A

A [6(n+1) \P
"—“ — f.‘l (A.3.8)

e e

£

For the case of interacting inclusions, the extent of the secondary plastle
zone is governed by the local particle concentration c . This can be derived
by considering two particles (of equal size) which are close enough o interact
(fig. 25). Their naverage" radius is taken to be the radxus of a cylinder of

equal volume and depth

%Wﬁjz ﬂ’a}.lp—a- /oﬁ\v:/%?f) ' {A.3.9)

The local comcentraticon in a plane is then

C-.___II..@.;_-— _..__,.’}-.-: E-—- ..8._
To(A+ XA P 3 3

(A.3.16)

Following through the caleulation then gives

.L .
n
6
Ore interaction - ko(_g\—;) i+ %}2\0— + B Z- (4.3,117

where % is a nondimensional stress at x® 0 (where the secondury plastic

zones intersect), and can be found numerically from the equation

) n+1 .
E:}Q D f_' ’\ +Z - (i’,)[L ! (h.3.22a))
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Note that when 2 = 0 v this is equivalent to eqn. A.3.8, for neninteraction,

Alse note that a closed form solution for 2 exfsts for n = 2

i

1
z| T A JL[H (D) g AV R

rea” im 2 /_'"‘/

. {A.3.12n3
Im*ip

Z should never be negative.
Interaction first takes place when the local particle concentration is

large encugh so that the secondary plastic zones of neighboring particles make

contact:

00 ]71 Jr” (r1+‘1) rlfl ‘
3C m (A.3,12}

8o, for interaction, it is required that

-4

(A.3.10)

N 2T [ m /"(ml) ,-“{%1
=73 fl 2

For concentrations lewer than this, A=1.

Using the above forms to calculats A , the work hardening terrs cancel
out. This leaves A a function of e and n only., In flg. 26, A ls

plotted as o function of ¢ for various values of n . ¢ reaches a maximun

when A = 0 , indlcating that Yaverages! plane sections of neighboring particles

are touching. From eqn. A.3.10,

Cmax: "Q""- (A.a.iS)E
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An analysis similar to the one described above can be carried out for the
case of long (length L , »» radius p) paraliel cylindrical inclusions, This
geometry change ls reflected in a new equilibrium equation (analogous to eqn. 7

in ref. 13);

do ‘
X 2P0~ k2L =0, dx L5 T (A.3.163;
Following through the analysis (as modified by eqn. A.3.4) gives the

rr / noninferaction. ~

1
ka(% 1+ 3 F (n+1) (A.3.17)

1
Al /2 nel
P voninteraction, = 14 M L3 (n+1) (A.3.18)

In considering the local particle comcentraticn in a plane, the "average” radius

and the actual radius are equal:

:-—ﬁfi S -/-\- = E - (A.3.19}
(A+2p)* ! A / c

Uzing the akove valua,

where 2 is cobtained from

I - A3
Impe Z (A.23

1
SN LA Y- Sl -
reiinferaction = ‘o T 2 L 3,208
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In analogy to eqn. A.3.1%, the minimem local cencentration necessary for intep-

action Is
/E ey R Rt
c=Mam i (ne1) | 4o (4.3.22)

The relationships between stress and strain in eqns. A.3.7, A.3.11, A.3,17,
and A.3,20 have the interesting property that they chey Ilyushin's theorem for
pover law hardening materials [52]. The theorem states that if, in a body made

of power law hardening material;

“'J: = "k‘ " (A )
- B,Y "k \.3,23

{k is the current yield stress in shear), the boundary conditions w, lead to

1
the solution (o,£} in the body, then the boundary conditions 861 (8 is a
scalar constant over the body) must lead to the solution (Bl/na.sc) in the body,

This theorem is not obeyed when the caleculations are not modified by eqn. A.3.4.

S
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: : Cq i
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