Part 1

ELEMENTS OF
CONTINUUM MECHANICS






CHAPTER 1

TENSOR PRELIMINARIES

1.1. Vectors

An orthonormal basis for the three-dimensional Euclidean vector space is a
set of three orthogonal unit vectors. The scalar product of any two of these
vectors is
1, ifi=yj,
€;-€; = 6ij = . '] (].].].)
0, ifi#j,

di; being the Kronecker delta symbol. An arbitrary vector a can be decom-
posed in the introduced basis as

a—ae;, a;=a-e;. (1.1.2)

The summation convention is assumed over the repeated indices. The scalar
product of the vectors a and b is

a-b = a;b;. (1.1.3)
The vector product of two base vectors is defined by
e; X ej = €;ji€, (1.1.4)
where €;;;, is the permutation symbol
1, if ijk is an even permutation of 123,

€ijk = § —1, if ijk is an odd permutation of 123, (1.1.5)
0, otherwise.

The vector product of the vectors a and b can consequently be written as

axb= eijkaibjek. (116)
The triple scalar product of the base vectors is
(ei X ej) * €L = €ijk, (].].7)
so that
ai b1 C1
(a X b) rC = eijkaibjck = |G2 bg Ca| . (118)
as b3 C3

In view of the vector relationship
(ei X ej) . (ek X el) = (ei . ek)(ej . el) — (ei - el)(ej . ek), (119)
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there is an € — § identity
€ijmEklm = 6ik6jl — 5il6jk:- (1.1.10)
In particular,
eiklejk:l = 25“’, eijkeijk = 6. (1.1.11)

The triple vector product of the base vectors is

(ei X ej) X € = €ijmCEkim®e = (5ikej — 5jkei. (1112)
Thus,
(a x b) x c=ab;j(ciej — cje;), (1.1.13)
which confirms the vector identity
(axb)xc=(a-c)b—(b-c)a. (1.1.14)

1.2. Second-Order Tensors

A dyadic product of two base vectors is the second-order tensor e; ® e, such
that

(ei ® ej) -ep = e - (ej ® ei) = 0jk€;- (121)
For arbitrary vectors a, b and c, it follows that
(a®@b)-e,=bra, (a®b)-c=(b-c)a. (1.2.2)

The tensors e; ® e; serve as base tensors for the representation of an
arbitrary second-order tensor,

A= Aijei & €j, Aij =e€; - A- €;. (123)
A dot product of the second-order tensor A and the vector a is the vector
b=A -a= biei, bz = Aijaj. (124)

Similarly, a dot product of two second-order tensors A and B is the second-
order tensor

C=A -B=Cje;®e;, C; = AyBy;. (1.2.5)
The unit (identity) second-order tensor is
I=9die; ® ey, (1.2.6)
which satisfies
A-I=1-A=A, I-a=a. (1.2.7)

The transpose of the tensor A is the tensor AT, which, for any vectors a
and b, meets

A-a=a-A”, b-A-a=a-A"-b. (1.2.8)
Thus, if A = A;je; ® ej, then
AT = Ajie;®e;. (1.2.9)
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The tensor A is symmetric if AT = A; it is antisymmetric (or skew-
symmetric) if AT = —A. If A is nonsingular (det A # 0), there is a unique
inverse tensor A~! such that

A-A7'=A"T. A=1 (1.2.10)

In this case, b = A - a implies a = A~! -b. For an orthogonal tensor
AT = A7!, so that det A = +1. The plus sign corresponds to proper and
minus to improper orthogonal tensors.

The trace of the tensor A is a scalar obtained by the contraction (i = j)
operation

trA = Ay;. (1.2.11)
For a three-dimensional identity tensor, trI = 3. Two inner (scalar or
double-dot) products of two second-order tensors are defined by
A.-.-B=tr(A-B)=A4;;Bj, (1.2.12)
A:B=tr (A-B") =tr (A" -B) = 4;;B;;. (1.2.13)
The connections are
A - -B=AT:B=A:B". (1.2.14)
If either A or B is symmetric, A --B = A : B. Also,
trA=A:I, tr(a®b)=a-b. (1.2.15)

Since the trace product is unaltered by any cyclic rearrangement of the
factors, we have

A - (B-C)=(A-B)--C=(C-A) B, (1.2.16)

A:(B-C)=(B"-A):C=(A-C"):B. (1.2.17)
A deviatoric part of A is defined by

A'=A-— %(tr AL (1.2.18)

with the property tr A’ = 0. It is easily verified that A’ : A = A’ : A’ and
A'--A=A"--A’. A nonsymmetric tensor A can be decomposed into its
symmetric and antisymmetric parts, A = Ag + A,, such that

A= (A+AT), A= (A-A"). (1.2.19)

If A is symmetric and W is antisymmetric, the trace of their dot product is
equal to zero, tr (A - W) = 0. The axial vector w of an antisymmetric tensor
W is defined by

W.a=w xa, (1.2.20)

for every vector a. This gives the component relationships

1
Wi]’ = —€ijkWE, Wi = —5 eijijk- (1.2.21)
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Since A - e; = Aj;e;, the determinant of A can be calculated from Eq.
(1.1.8) as

det A = [(A : e1) X (A . 62)] . (A : 63) = eijkAilAjQAkB- (1222)

Thus,
eagw(det A) = eijkAiaAjBAk'ya (1.2.23)
and by second of Eq. (1.1.11)

1
det A = 6 eijkeaﬁ'yAiaAjBAk’y- (1224)
For further details, standard texts such as Brillouin (1964) can be consulted.

1.3. Eigenvalues and Eigenvectors

The vector n is an eigenvector of the second-order tensor A if there is a
scalar A such that A -n = An, i.e.,

(A—A)-n=0. (1.3.1)

A scalar X is called an eigenvalue of A corresponding to the eigenvector
n. Nontrivial solutions for n exist if det(A — AI) = 0, which gives the
characteristic equation for A,

N — 1A% — oA — J3 =0. (1.3.2)
The scalars Jy, Jy and Js are the principal invariants of A, which remain

unchanged under any orthogonal transformation of the orthonormal basis of
A. These are

Ji=trA, (1.3.3)
Jo = % [tr (A2) - (trA)2] : (1.3.4)
Jy = det A = % [2 tr (A®) — 3 (tr A) tr (A2) + (tr A)3] . (1.3.5)

If A\ # A2 # A3 # Ay, there are three mutually orthogonal eigenvectors ny,
n», n3, so that A has a spectral representation

3
i=1
If A\p # A = As,
A= (Al — /\2)n1 ®n; + )\QI, (137)

while A = )\I, if )\1 = )\2 = )\3 =\

A symmetric real tensor has all real eigenvalues. An antisymmetric
tensor has only one real eigenvalue, which is equal to zero. The corresponding
eigendirection is parallel to the axial vector of the antisymmetric tensor. A
proper orthogonal (rotation) tensor has also one real eigenvalue, which is
equal to one. The corresponding eigendirection is parallel to the axis of
rotation.
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1.4. Cayley—Hamilton Theorem

A second-order tensor satisfies its own characteristic equation
A — J A% — J,A — JsI=0. (14.1)

This is a Cayley-Hamilton theorem. Thus, if A~! exists, it can be expressed
as

JA™ =A% — J1A — Jol, (1.4.2)
which shows that eigendirections of A~! are parallel to those of A. A number
of useful results can be extracted from the Cayley—-Hamilton theorem. An
expression for (det F) in terms of traces of A, A2, A®, given in Eq. (1.3.5),
is obtained by taking the trace of Eq. (1.4.1). Similarly,

det(I+ A) — det A = 1+ J, — Jo. (1.4.3)
If X2 = A, an application of Eq. (1.4.1) to X gives
A-X-LA-DLX-LI=o0, (1.4.4)

where I; are the principal invariants of X. Multiplying this with I; and X,
and summing up the resulting two equations yields
. 1
 LL+ I
The invariants I; can be calculated from the principal invariants of A, or from
the eigenvalues of A. Alternative route to solve X2 = A is via eigendirections
and spectral representation (diagonalization) of A.

[A? — (I + L) A — L I51] . (1.4.5)

1.5. Change of Basis

Under a rotational change of basis, the new base vectors are €] = Q-e;, where
Q is a proper orthogonal tensor. An arbitrary vector a can be decomposed
in the two bases as

a=ae; =aje;, aj =Qjia;. (1.5.1)

If the vector a* is introduced, with components a; in the original basis
(a* = ale;), then a* = QT - a.

Under an arbitrary orthogonal transformation Q (Q - QT = QT - Q =
I, det Q = 1), the components of so-called axial vectors transform accord-
ing to w} = (det Q)Qj;w;. On the other hand, the components of absolute
vectors transform as aj = Qj;a;. If attention is confined to proper orthog-
onal transformations, i.e., the rotations of the basis only (detQ = 1), no
distinction is made between axial and absolute vectors.

An invariant of a is a-a. A scalar product of two vectors a and b is an
even invariant of vectors a and b, since it remains unchanged under both
proper and improper orthogonal transformation of the basis (rotation and
reflection). A triple scalar product of three vectors is an odd invariant of
those vectors, since it remains unchanged under all proper orthogonal trans-
formations (det Q = 1), but changes the sign under improper orthogonal
transformations (det Q = —1).
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A second-order tensor A can be decomposed in the considered bases as

A = Aijei ® e]' = A:‘]e: ® e;f, A:] = QkiAlelj- (152)

If the tensor A* = A}e; ® e; is introduced, it is related to A by A* =
Q" - A - Q. The two tensors share the same eigenvalues, which are thus

invariants of A under rotation of the basis. Invariants are also symmetric
functions of the eigenvalues, such as

trA =X+ X+ A5, tr(A%) =AT+ A3+ A3, tr(A%) =27+ A3+ A,
(1.5.3)
or the principal invariants of Egs. (1.3.3)—(1.3.5),

JI=AM+A+ A3, Jo=-— ()\1)\2 + X3 + )\3)\1) , J3 = A1 A3, (154)
All invariants of the second-order tensors under orthogonal transformations

are even invariants.

1.6. Higher-Order Tensors
Triadic and tetradic products of the base vectors are
e®ejRe;, € ®e Qe;® ey, (1.6.1)

with obvious extension to higher-order polyadic products. These tensors
serve as base tensors for the representation of higher-order tensors. For
example, the permutation tensor is

€ =¢€j1e; Qe e, (1.6.2)
where €, is defined by Eq. (1.1.5). If A is a symmetric second-order tensor,
€:A =¢;Ajre; =0. (1.6.3)

The fourth-order tensor £ can be expressed as
L=2Lijrne Qe Qe e (1.6.4)

A dot product of £ with a vector a is
L -a= Eijklalei De; Qeg. (165)

Two inner products of the fourth- and second-order tensors can be defined
by

L--A= EijklAlkei X ey, L:A= ﬁijklAklei D e;. (1.6.6)
If W is antisymmetric and £ has the symmetry in its last two indices,
L:W=0. (1.6.7)

The symmetries of the form L;ji = Ljin = Liji, will frequently, but not
always, hold for the fourth-order tensors considered in this book. We also
introduce the scalar products

L :: (A ® B) =B:L:A= BijﬁijklAkla (168)

and
L (A®B)=B--L--A=DBj;iLijuAn. (1.6.9)
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The transpose of £ satisfies
L:A=A:L" B:L:A=A:L":B, (1.6.10)
hence, LT}, = Lyij- The tensor £ is symmetric if LT =L ie., Liju = Liij
(reciprocal symmetry).
The symmetric fourth-order unit tensor I is
1
I= ki€ ¥ e; Qe ey, Iijkl = > (5ik6jl + 6il6jk) . (1.6.11)
If £ possesses the symmetry in its leading and terminal pair of indices
(ﬁijkl = ﬁjikl and Eijkl = ﬁijlk) and if A is symmetric (Az] = Aji), then
L:I=1:L=L, T:A=A:T=A. (1.6.12)

For an arbitrary nonsymmetric second-order tensor A,

1
I:A=A = 5(A+AT). (1.6.13)
The fourth-order tensor with rectangular components
N 1
Lij = 3 (0ir0j1 — 0it0jk) (1.6.14)

can also be introduced, such that

I:A=A,= %(A—AT). (1.6.15)

Note the symmetry properties

~

jijkl = jklij, jjikl = jijlk = —Lijn. (1.6.16)
A fourth-order tensor £ is invertible if there exists another such tensor
L which obeys
L. L'=CLt:L=1 (1.6.17)
In this case, B = £ : A implies A = £ ! : B, and vice versa. The inner
product of two fourth-order tensors £ and M is defined by

L: M= Eijmannklei RKej Qe ey. (1.6.18)
The trace of the fourth-order tensor £ is
In particular, trI = 6. A fourth-order tensor defined by
1
L'=L - st L)L, (1.6.20)
satisfies
tr£d=0, LYuL=LT:L1 (1.6.21)
The tensor )
Li=C- (oIl (1.6.22)

also has the property tr L9 = 0.
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Under rotational change of the basis specified by a proper orthogonal
tensor Q, the components of the fourth-order tensor change according to

Liji = QaiQjLaprsQvrQot- (1.6.23)

The trace of the fourth-order tensor is one of its invariants under rotational
change of basis. Other invariants are discussed in the paper by Betten (1987).

1.6.1. Traceless Tensors

A traceless part of the symmetric second-order tensor A has the rectangular
components

1
A;j = Aij — gAkk(Sija (1.6.24)

such that A}, = 0. For a symmetric third-order tensor Z (Z;jx, = Zj;, =
Zji), the traceless part is

1

ik = Zigk = 5 Zmmidit + ZmmOki + Zmmiis) (1.6.25)

which is defined so that the contraction of any two of its indices gives a zero
vector, e.g.,

=7

iji

=7

Jit

7!

it]

=0. (1.6.26)

A traceless part of the symmetric fourth-order tensor (Lijui = Ljim =

Lijik = Lriij) is defined by

1

=
1

+£mmik6jl + ‘Cmm]'ltsik) + g Lmmnn (5ij5kl + 5ik6jl + 5il5jk) .

(1.6.27)

Lisr = Lijkt — 5 (LmmijOrt + Lonmkidij + LmmikOit + Lomitdjk

A contraction of any two of its indices also yields a zero tensor, e.g.,
ikt = Lhiat = Lig; = 0. (1.6.28)

For further details see the papers by Spencer (1970), Kanatani (1984), and
Lubarda and Krajcinovic (1993).

1.7. Covariant and Contravariant Components

1.7.1. Vectors

3

A pair of vector bases, e1, e, e and e!, €2, €3, are said to be reciprocal if

e;-e =47, (1.7.1)
where 8,7 is the Kronecker delta symbol (Fig. 1.1). The base vectors of each
basis are neither unit nor mutually orthogonal vectors, so that

2De' =¢;1(ej xep), D =-e;-(exxe3). (1.7.2)
Any vector a can be decomposed in the primary basis as

a=ad'e;, a =a-eée, (1.7.3)
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€,

el

F1GURE 1.1. Primary and reciprocal bases in two dimen-
sions (e; - e®> = ey - el =0).

and in the reciprocal basis as
a=aqae’, a =a-e;. (1.7.4)
The components a are called contravariant, and a; covariant components of
the vector a.
1.7.2. Second-Order Tensors

Denoting the scalar products of the base vectors by

g7 =e"-el =g, 9ij = €i - €j = Gji, (1.7.5)

there follows
al = gijaj, a; = gijaj, (1.7.6)
e =ger, e =gpe’ (1.7.7)

This shows that the matrices of ¢* and gi; are mutual inverses. The compo-
nents g* and g;; are contravariant and covariant components of the second-
order unit (metric) tensor

I=ge;0e;=gje e =e/ve;=ej0e. (1.7.8)

Note that gij = 6ij and gij = 6ij, both being the Kronecker delta. The
scalar product of two vectors a and b can be calculated from

a-b= gijaibj = gijaibj =a'b; = a;b. (1.7.9)
The second-order tensor has four types of decompositions

A= AVe; ® e; = Aijei wel = Aijei ®el = Aijei ® e;. (1.7.10)
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These are, respectively, contravariant, covariant, and two kinds of mixed
components of A, such that

T =e;-A-el. (1.7.11)

(3

i — ot J = e . [JPN .
AY =e"-A-e, Ajj=e;-A-ej, A',=e"A-e;, A

The relationships between different components are easily established by
using Eq. (1.7.7). For example,

Aij = ginAY = A gy = gin A gi;. (1.7.12)
The transpose of A can be decomposed as
AT = Alle; ® ej = Ajiei ®el = Ajiei ®el = Ajiei ® e;j. (1.7.13)
If A is symmetric (A -a =a-A), one has
AV = AT A= Ay, Aij = A/, (1.7.14)
although Aij # Aij.

A dot product of a second-order tensor A and a vector a is the vector
b=A a=be; = be'. (1.7.15)

The contravariant and covariant components of b are
b= AYa; = Aijaj, bi = Ajja’ = Aijaj. (1.7.16)

A dot product of two second-order tensors A and B is the second-order
tensor C, such that

C-a=A (B-a), (1.7.17)

for any vector a. Each type of components of C has two possible represen-
tations. For example,

O = A*BJ = A BY ' = A*B,; = A" B (1.7.18)

The trace of a tensor A is the scalar obtained by contraction of the subscript
and superscript in the mixed component tensor representation. Thus,

Two kinds of inner products are defined by

A--B=tr(A-B)=AYBj; = A;B" = A",B/, = A/B’,  (1.7.20)

A:B=tr (A-BT)=AYB;; = A4;B7 = A",B/ = A/B',.  (1.7.21)

If either A or B is symmetric, A --B = A : B. The trace of A in Eq.
(1.7.19) can be written as tr A = A : I, where I is defined by (1.7.8).
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1.7.3. Higher-Order Tensors

An n-th order tensor has one completely contravariant, one completely co-
variant, and (2" — 2) kinds of mixed component representations. For a
third-order tensor I', for example, these are respectively ['“/*, Lijk, and

g ) " , .
Fl]kﬂ Fljkv Fij ) Fljka Fijka Fijk- (1.7.22)

As an illustration,
[ =Tite,0e;0e, =T, e ®e; ek (1.7.23)
The relationships between various components are analogous to those in Eq.

(1.7.12), e.g.,

Fijk = Fijmgmk = I‘m”kgmignj = I‘m”pgmignjgpk. (1.7.24)
Four types of components of the inner product of the fourth- and second-
order tensors, C = L : A, can all be expressed in terms of the components

of £ and A. For example, contravariant and mixed (right-covariant) com-
ponents are

CH = LM Ay = L5 AR = £k A= £ AR (1.7.25)

Ch=L' Ay =L, A = KA =0, AN, (1.7.26)
1.8. Induced Tensors

Let {e;} and {e’} be a pair of reciprocal bases, and let F be a nonsingular
mapping that transforms the base vectors e; into

é;=F.e; = Fle;, (1.8.1)
and the vectors e’ into
gi=el . Fl=(F1)
such that &;-&/ = §,7 (Fig. 1.2). Then, in view of Egs. (1.7.10) and (1.7.13)
applied to F and FT, we have
FI' . F=gjewe, F1.FT=g4Uexe;, (1.8.3)

e, (1.8.2)

where §;; = &; - &; and ¥ = &' - &/. Thus, covariant components of F7 - F
and contravariant components of F~! - F~7 in the original bases are equal
to covariant and contravariant components of the metric tensor in the trans-
formed bases (I = g;;6' ® & = gile; @ &;).

An arbitrary vector a can be decomposed in the original and transformed
bases as

ie; = aje’ = a'e; = a;e'. (1.8.4)

o
Il
e
o4
Il

Evidently, _
a], fll = F]iaj. (185)
Introducing the vectors

a* =d'e;, a,=ae’, (1.8.6)
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o>

o
o>
o>

el

FiGURE 1.2. Upon mapping F the pair of reciprocal bases
e; and e’ transform into reciprocal bases €; and &’.

it follows that
a*=F'.a, a,=F".a (1.8.7)

The vectors a* and a, are induced from a by the transformation of bases.
The contravariant components of F~!-a in the original basis are numerically
equal to contravariant components of a in the transformed basis. Analogous
statement applies to covariant components.

Let A be a second-order tensor with components in the original basis
given by Eq. (1.7.10), and in the transformed basis by

A=Al 0e;=A el wel =Ag;mel =476 we;. (1.8.8)
The components are related through
AV = (F7Y AM(FTYY,, Ay = FRARFY, (1.8.9)
Al = (F Y ARFL, A7 = FRANF Y. (1.8.10)
Introducing the tensors
A*=AVe;0e;, A,=Aj el el (1.8.11)
A= Aijei wel, A, =Ale e, (1.8.12)
we recognize from Eqs. (1.8.9) and (1.8.10) that
A*=F ' A.F T A, =FT.A.F, (1.8.13)
A*=F 1. A-F, A, =F'.A.F T, (1.8.14)

These four tensors are said to be induced from A by transformation of the
bases (Hill, 1978). The contravariant components of the tensor F~'-A.F~T
in the original basis are numerically equal to the contravariant components
of the tensor A in the transformed basis. Analogous statements apply to
covariant and mixed components.
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1.9. Gradient of Tensor Functions

Let f = f(A) be a scalar function of the second-order tensor argument
A. The change of f associated with an infinitesimal change of A can be
determined from

of
df =tr | == -dA ). 1.9.1
r=u (g5 aa) (19.1)
If dA is decomposed on the fixed primary and reciprocal bases as
dA = dAYe; ® e; = dAijei wel = dAijei ®el = dAijei ®ej;, (1.9.2)

the gradient of f with respect to A is the second-order tensor with decom-
positions

of _ of i Of _of - af
A~ 0Ar O T ga;, C eI T g 0O = gpi e @ (199
since then (Ogden, 1984)
_ of ij_af o of . Of i
df = 557447 = oA dA;; = PAT, dA’; = DA d4;’. (1.9.4)

Let F = F(A) be a second-order tensor function of the second-order
tensor argument A. The change of F associated with an infinitesimal change
of A can be determined from

OF
dF = > - dA. (1.9.5)

If dA is decomposed on the fixed primary and reciprocal bases as in Eq.
(1.9.2), the gradient of F with respect to A is the fourth-order tensor, such
that

8F_8F i j_aF ) '_aF ) i OF i . 1.96
A = oar ® ¥ T gy, 00 = g7 0 = g @ e (196)
for then
OF i OF _ OF ; _ OF j
For example,
g_jF& - gﬁ% ewe et ®el (1.9.8)

As an illustration, if A is symmetric and invertible second-order tensor,
by taking a gradient of A- A~ =T with respect to A, it readily follows that

aA;jl L1 -1 —1 41
A =3 (47 45" + 47145 (1.9.9)
The gradients of the three invariants of A in Egs. (1.3.3)-(1.3.5) are
6.]1 . 6.]2 _ BJS A2
A=l FAA-JIL SE=A’-JA- DL (1.9.10)
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Since A? has the same principal directions as A, the gradients in Eq. (1.9.10)
also have the same principal directions as A. It is also noted that by the
Cayley-Hamilton theorem (1.4.1), the last of Eq. (1.9.10) can be rewritten
as

0Jz 1. O(det A) 1
8—A = J3A 5 1.e., aT = (det A) A . (].9].].)
Furthermore, if F = A - AT, then with respect to an orthonormal basis
0A;; OF;;
—L =6, L = G Ay + 6, Ay 1.9.12
aAkl ik O35l aAkl ik 5l + jk 4Ll ( )

The gradients of the principal invariants J; of A - AT with respect to A are
consequently
.y
= =2A"T
O0A ’

d.J;

A =2(AT-A-AT - JJAT), = =2]A71

1.10. Isotropic Tensors

An isotropic tensor is one whose components in an orthonormal basis remain
unchanged by any proper orthogonal transformation (rotation) of the basis.
All scalars are isotropic zero-order tensors. There are no isotropic first-order
tensors (vectors), except the zero-vector. The only isotropic second-order
tensors are scalar multiples of the second-order unit tensor d;;. The scalar
multiples of the permutation tensor €;;;, are the only isotropic third-order
tensors. The most general isotropic fourth-order tensor has the components

Lijri = 0508 + bOixdjt + ¢ 0qdji, (1.10.1)
where a, b, ¢ are scalars. If £ is symmetric, b = ¢ and
Lijrt = adijop + 20 Liju. (1.10.2)

Isotropic tensors of even order can be expressed as a linear combination of
outer products of the Kronecker deltas only; those of odd order can be ex-
pressed as a linear combination of outer products of the Kronecker deltas and
permutation tensors. Since the outer product of two permutation tensors,

6ia 61’6 6@’7
€ijk€apy = |Oja  0j  Ojy|, (1.10.3)
Oka Okg  Oky

is expressed solely in terms of the Kronecker deltas, each term of an isotropic
tensor of odd order contains at most one permutation tensor. Such tensors
change sign under improper orthogonal transformation. Isotropic tensors
of even order are unchanged under both proper and improper orthogonal
transformations. For example, the components of an isotropic symmetric
sixth-order tensor are

Sijkimn = 0 0i0k10mn + b0(ij mn) + € O(ikOtmOnj), (1.10.4)
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where the notation such as d(;j Iymn) designates the symmetrization with
respect to ¢ and j, k and [, m and n, and ij, kl and mn (Eringen, 1971).
Specifically,

1
8(ij Ihtmn) = 3 (0s5 Intmn + Okt Imnig + Omn Lijit)
1 (1.10.5)
1 (it Ljtmn + it Likmn + Oim Iuing + Oin Inimy) -
In some applications it may be convenient to introduce the fourth-order
base tensors (Hill, 1965; Walpole, 1981)

O(ikOtmOnj) =

K:%I@I, J=I-K. (1.10.6)
These tensors are such that tr K = K;j;; = 1, tr J = J;;;5 = 5, and
J:J=J, K:K=K, J:K=K:J=0. (1.10.7)
Consequently,
(a1 +01 K) : (a2 d + b2 K) =ajas J + b0 K, (1.10.8)
(a J+bK) " =a;' T+ K. (1.10.9)
An isotropic fourth-order tensor £ can be decomposed in this basis as
L=C;J+LkK, (1.10.10)
where
Lx=tr(L:K), Lrg+5L;=1trL. (1.10.11)

Product of any pair of isotropic fourth-order tensors is isotropic and com-
mutative. The base tensors K and J partition the second-order tensor A
into its spherical and deviatoric parts, such that

1
Apn=K:A=3(rA)L Apy=J:A=A— Ay (110.12)

1.11. Isotropic Functions
1.11.1. Isotropic Scalar Functions

A scalar function of the second-order symmetric tensor argument is said to
be an isotropic function if

f (Q-A . QT) = f(A), (1.11.1)
where Q is an arbitrary proper orthogonal (rotation) tensor. Such a function
depends on A only through its three invariants, f = f(Ji,J2,J3). For
isotropic f(A), the principal directions of the gradient df/0A are parallel
to those of A. This follows because the gradients 0.J;/0A are all parallel to
A, by Eq. (1.9.10).

A scalar function of two symmetric second-order tensors A and B is said
to be an isotropic function of both A and B, if

F(Q-A-Q",Q-B-Q") = f(A,B). (1.11.2)
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Such a function can be represented as a polynomial of its irreducible integrity
basis consisting of the individual and joint invariants of A and B. The
independent joint invariants are the traces of the following products

(A-B), (A -B?)", (A%.-B?). (1.11.3)

The joint invariants of three symmetric second-order tensors are the
traces of

(A-B-C), (A*.B-C)", (A*.B*.C)". (1.11.4)

A superposed asterisk (*) indicates that the integrity basis also includes in-
variants formed by cyclic permutation of symmetric tensors involved. The in-
tegrity basis can be written for any finite set of second-order tensors. Spencer
(1971) provides a list of invariants and integrity bases for a polynomial scalar
function dependent on one up to six second-order symmetric tensors. An in-
tegrity basis for an arbitrary number of tensors is obtained by taking the
bases for the tensors six at a time, in all possible combinations. For invari-
ants of second-order tensors alone, it is not necessary to distinguish between
the full and the proper orthogonal groups.

The trace of an antisymmetric tensor, or any power of it, is equal to
zero, so that the integrity basis for the antisymmetric tensor X is tr (X2).
A joint invariant of two antisymmetric tensors X and Y is tr (X -Y). The
independent joint invariants of a symmetric tensor A and an antisymmetric
tensor X are the traces of the products

(X*-A), (X*-A%), (X*-A”.X-A%). (1.11.5)

In the case of two symmetric and one antisymmetric tensor, the joint invari-
ants include the traces of

(XAB)7 (X'A2'B)*v (X'A2'B2)7
(X-A2-B-A)*, (X-A2-B>-A), (X2-A-B), (1.11.6)
(X2.A2.B)*, (X2-A-X-B), (X2-A-X-B?)*.

1.11.2. Isotropic Tensor Functions

A second-order tensor function is said to be an isotropic function of its
second-order tensor argument if

F(Q-A-Q")=Q FA)-Q". (1.11.7)

An isotropic symmetric function of a symmetric tensor A can be expressed
as

F(A) = aol + a1 A + axA?, (1.11.8)

where a; are scalar functions of the principal invariants of A.
A second-order tensor function is said to be an isotropic function of its
two second-order tensor arguments if

F(Q-A-Q",Q-B-Q")=Q F(A,B)-Q". (1.11.9)

An isotropic symmetric tensor function which is a polynomial of two sym-
metric tensors A and B can be expressed in terms of nine tensors, such that
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F(A,B) = ;I + a2 A + a3A? + a4B + a5B?
+as(A-B+B-A)+ar (A’ B+B-A?) (1.11.10)
+as (A-B*+B?-A) +ag (A? - B*+B?-A?%).

The scalars a; are scalar functions of ten individual and joint invariants of
A and B. An antisymmetric tensor polynomial function of two symmetric
tensors allows a representation

F(A,B)=a;(A-B-B-A)+a (A’ B-B-A?
+a3(B*-A—-A-B%) +a4(A*-B*-B>-A?)
+a;(A*-B-A—-A-B-A”) +a5(B’-A-B-B-A-B?)
+a7 (A B>-A—-A-B*-A%) +a5(B*>-A>. B-B-A”-B’).

(1.11.11)

A derivation of Eq. (1.11.11) is instructive. The most general scalar invariant
of two symmetric and one antisymmetric tensor X, linear in X, can be
written from Eq. (1.11.6) as
g(A,B,X) =a;tr[(A-B-B-A) -X]+atr[(A*> - B-B-A%) -X]

+ az tr [(B2 -A—A-B2) -X] + ay4 tr [(A2 -B? — B? -A2) -X]

+astr[(A>-B-A—A-B-A%)-X] +agtr[(B*-A B

— B-A-B2) -X] +a7tr[(A2-B2-A—A-B2-A2) -X]

+astr [(B*>-A* . B-B-A”.B?)-X].

(1.11.12)

The coefficients a; depend on the invariants of A and B. Recall that the
trace of the product of symmetric and antisymmetric matrix, such as (A-B+

B:-A)-X, is equal to zero. The antisymmetric function F(A,B) is obtained
from Eq. (1.11.12) as the gradient dg/0X, which yields Eq. (1.11.11).

1.12. Rivlin’s Identities

Applying the Cayley—Hamilton theorem to a second-order tensor aA + bB,
where a and b are arbitrary scalars, and equating to zero the coefficient of
a’b, gives

A’ B+B-A’+A-B-A-I4(A-B+B-A)-IgA*-II,B

—[tr (A-B) —IsIp] A — [[I[Atr (A_I-B)] I=o. (1.12.1)

The principal invariants of A and B are denoted by I, Ig, etc. Identity
(1.12.1) is known as the Rivlin’s identity (Rivlin, 1955). If B = A, the
original Cayley—Hamilton theorem of Eq. (1.4.1) is recovered. In addition,
from the Cayley—Hamilton theorem we have

IMIytr (A" -B) =tr (A>-B) — Iatr (A -B) — Iglly.  (1.12.2)
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An identity among three tensors is obtained by applying the Cayley—
Hamilton theorem to a second-order tensor aA + bB + ¢C, and by equating
to zero the coefficient of abe.

Suppose that A is symmetric, and B is antisymmetric. Equations
(1.12.1) and (1.12.2) can then be rewritten as

A-(A-B+B-A)+(A-B+B-A)-A—I4(A-B+B-A)

—IIsB-—A-B-A=0. (1.12.3)

Postmultiplying Eq. (1.12.3) with A and using the Cayley—Hamilton theo-
rem yields another identity

A-(A-B+B-A) - A+III[,B-A -B-A=0. (1.12.4)
If A is invertible, Eq. (1.12.4) is equivalent to
ITI;A™' ' B-A'=I,B-(A-B+B-A). (1.12.5)

1.12.1. Matrix Equation A-X+X-A =B
The matrix equation
A-X+X-A=B (1.12.6)

can be solved by using Rivlin’s identities. Suppose A is symmetric and B
is antisymmetric. The solution X of Eq. (1.12.6) is then an antisymmetric
matrix, and the Rivlin identities (1.12.3) and (1.12.4) become

A B+B-A-4,B-II,X-A X -A=0, (1.12.7)

A-B-A+1II})X—-14A-X-A=0. (1.12.8)
Upon eliminating A - X - A, we obtain the solution for X
(TATTA+TIT))X =I4(A-B+B-A)-I3B—-A-B-A, (1.12.9)
which can be rewritten as
(IAlls +T114)X = —(I4aI—A)-B- (I41—-A). (1.12.10)
Since
TATI4 + 1114 = —det(I4I— A), (1.12.11)
and having in mind Eq. (1.12.5), the solution for X in Eq. (1.12.10) can be
expressed in an alternative form

X =[tr(I4aI—A)'|B-(I4I-A)"" "B-B-(I,I-A)"" (1.12.12)

provided that I4I — A is not a singular matrix.

Consider now the solution of Eq. (1.12.6) when both A and B are
symmetric, and so is X. If Eq. (1.12.6) is premultiplied by A, it can be
recast in the form

A (A-X—%B>+<A-X—%B> -A:%(A-B—B-A). (1.12.13)



