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Abstract 

Advanced machine learning methods could be useful to obtain novel insights into some 

challenging nanomechanical problems. In this work, we employed artificial neural networks to 

predict the fracture stress of defective graphene samples. First, shallow neural networks were used 

to predict the fracture stress, which depends on the temperature, vacancy concentration, strain rate, 

and loading direction. A part of the data required to model the shallow networks was obtained by 

developing an analytical solution based on the Bailey durability criterion and the Arrhenius 

equation. Molecular dynamics (MD) simulations were also used to obtain some data. Sensitivity 

analysis was performed to explore the features learnt by the neural network, and their behaviour 

under extrapolation was also investigated. Subsequently, deep convolutional neural networks 

(CNNs) were developed to predict the fracture stress of graphene samples containing random 

distributions of vacancy defects. Data required to model CNNs was obtained from MD 

simulations. Our results reveal that the neural networks have a strong ability to predict the fracture 

stress of defective graphene under various processing conditions. In addition, this work highlights 

some advantages as well as limitations and challenges in using neural networks to solve complex 

problems in the domain of computational materials design. 
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1. Introduction 

Computational design and characterization of nanomaterials are often limited by the available 

computational power. For example, first principle methods such as density functional theory have 

limited applicability to fracture characterization at the nanoscale due to high computational cost 

[1]. On the other hand, even computationally efficient continuum-based numerical methods such 

as finite element methods become prohibitively expensive when they are used to study complicated 

fracture mechanics problems such as crack propagation in the presence of interacting microcracks 

[2,3]. Moreover, such continuum-based methods are not directly applicable to the corresponding 

problems at the nanoscale because the surface energy effects and discrete nature of the underlying 

atomic structure become important as the characteristic dimension reaches down to a few 

nanometres [4–6]. On the other hand, it appears that molecular dynamics (MD) simulations strike 

a balance between computational cost and accuracy [7]. Even though MD simulations can be used 

to generate a large amount of data, the existing continuum-based theoretical frameworks are unable 

to properly characterize this data due to the fact that continuum methods often preclude the 

influence of discreteness and surface effects. For example, the underlying crystal structure of 

graphene has a significant influence on the stress concentration at an existing defect/crack [8,9] 

and its propagation [10,11], which is difficult to capture within the framework of classical 

continuum mechanics. 

There has been a recent interest in data-driven computing where empirical material modelling is 

eliminated by directly using the experimental data for computations [12,13]. On the other hand, 

machine learning techniques, which can be used to extract underlying features of a large data set 

[14], could provide an opportunity to gain novel insights into computational materials design 

[15,16]. Machine learning methods such as neural networks have been successfully used to predict 

crack growth in brittle materials [2,3,17]. In recent years, deep learning (e.g., the use of deep neural 

networks) has attracted significant attention from engineers and scientists due to its extraordinary 

success in computer vision problems [18]. However, the application of deep learning to the 

problems in computational materials science is still in its infancy [19]. Deep neural networks have 

been employed to develop a new method for numerical integration of finite element stiffness 

matrices [20] and to solve nonlinear dynamic problems [21,22]. Moreover, deep learning has been 

used to predict structure-property relationships of ceramics and composites [23,24], and it has also 
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been demonstrated that generative deep learning models can be successfully employed to generate 

artificial material samples, which can be used to develop predictive models concerning structure-

property relationships [25]. In addition, deep neural networks have been employed to solve 

challenging nanoscale problems such as predicting mechanical properties of graphene under 

various processing conditions [26] and interfacial thermal resistance between graphene and 

hexagonal boron nitride [27].  

Several recent studies have demonstrated that the computation of interatomic potential energy 

could be replaced with properly trained neural networks at a significantly lower computational 

power [28–30]. These preliminary studies suggest that the application of deep learning techniques 

could significantly revolutionize atomistic modelling of the mechanical behaviour of materials. 

For example, deep convolutional networks, which have been very successful in image recognition, 

could be used to obtain novel insights into complex nanoscale problems such as fracture and crack 

propagation in the presence of interacting nanocracks, which are computationally expensive to 

solve using atomistic simulations. Such studies are important to the emerging topic of tailoring of 

the physical properties through the topological design of nanomaterials with defects. In this regard, 

it is noted that deep learning has not yet been employed to investigate the effect of defect 

distribution on the fracture stress of nanomaterials. In this work, we employ both shallow and deep 

neural networks to predict the fracture stress of defective graphene samples under various 

processing conditions, including a detailed investigation into the effect of defect distribution on 

the fracture stress of graphene. Section 2 provides a brief overview of neural networks, molecular 

dynamics, and analytical modelling of the fracture stress of defective graphene. In Section 3, 

modelling of shallow and deep neural networks to predict fracture stress of defective graphene is 

presented. 

 

2. Atomistic Modelling and Deep Learning 

2.1 Artificial Neural Networks and Deep Learning 

Artificial neural networks contain a set of systematically interconnected simple units called 

neurons, which are inspired by the neurons in the biological nervous systems (see Fig. 1). Strengths 

of the connections between individual neurons, called weights (wi), determine the ability of the 
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neural network to represent a function of interest. The process of adjusting the weights is carried 

out by comparing the network’s outputs and the target outputs, until the network output matches 

the target with a reasonable accuracy. The process of adjusting the weights is called training or 

learning of a network. The output of the individual neuron shown in Fig. 1 can be expressed as 

𝑦 = 𝑓(𝑏 + ∑ 𝑤𝑖
𝑛
𝑖=1 𝑥𝑖), where b is a bias, which offsets the nonlinear activation function f [31]. In 

general, the number of training examples should be comparable to the total number of learnable 

parameters of the network (e.g., weights, biases). However, in the case of deep neural networks, it 

is often not practical to keep the number of training examples and the total number of learnable 

parameters comparable due to the large number of learnable parameters associated with deep 

neural networks, which can be in the order of 100 millions [32–34]. 

 

Figure 1 Schematic representation of an artificial neuron. 

It has been proved that a neural network with one hidden layer is capable of simulating a nonlinear 

function up to a desired degree of accuracy [35,36]. Figure 2 shows a typical neural network, 

containing one hidden layer, which we used to predict the fracture stress of defective graphene 

samples. The four inputs to the network (i.e. x1 to x4) are the temperature, vacancy concentration, 

directional constant, and strain rate. The hidden layer contains n neurons, where the best value for 

n was found by trial and error. The output (O1) is the fracture stress of the sample. In order to 

facilitate the learning of the network, the input and output data are transformed by linear mapping 

of the respective minimum and maximum values to be -1 and 1, respectively. 
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Figure 2 A typical neural network used to predict the fracture stress of defective graphene. 

The output of the network shown in Fig. 2 can be expressed as  

𝑂1 = 𝑓𝑎
𝑜 [𝑏1

(2)
+ ∑𝑤𝑗,1

(2)

𝑛

𝑗=1

𝑓𝑎
(ℎ)

(𝑏𝑗
(1)

+ ∑𝑤𝑖,𝑗
(1)

4

𝑖=1

𝑥𝑖)]                                                                         (1) 

Where, 𝑤𝑖,𝑗
(𝑘)

 is the weight associated with the connection between node i in the layer k and the 

node j in the layer k+1. For example, 𝑤3,4
(1)

 is the weight of the connection between node 3 in layer 

1 and node 4 in layer 2. The functions 𝑓𝑎
ℎ and 𝑓𝑎

𝑜 are the activation functions. We used the sigmoid 

function for the hidden layer (i.e. 𝑓𝑎
ℎ) and a linear function for the output layer (i.e. 𝑓𝑎

𝑜). The biases 

𝑏𝑗
(𝑘)

 are used to offset the activation functions. 

The initial weights and biases of the network were randomly assigned, and their values were then 

iteratively adjusted using the error backpropagation method in such a way that the total error is 

minimized [37]. We used the Levenberg-Marquardt method to compute optimized weights and 

biases [38]. Once the performance of the network on training data is satisfactory, the network is 

evaluated using a data set that has not been used to train the network, which is called test data. The 

optimum number of neurons in the hidden layer is selected based on the performance of the 

network on the test data. All neural networks were modelled in MATLAB. 
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2.1.1 Deep Convolutional Neural Networks 

Convolutional neural networks (CNNs) are a special type of neural networks that use convolution 

operations in at least one of its layers. These networks are used to process data arranged into a 

fixed grid-type topology [18,33,39]. A brief overview of CNNs is provided in this section; a 

comprehensive review on the topic can be found in [33]. CNNs are widely used for classification 

problems in computer vision; however, they could be successfully used for regression problems as 

well. 

Figure 3 shows the architecture of a typical CNN with a single convolutional layer. Input to a CNN 

is generally an image, which is an array of number (e.g., a 2D array for a grey-scale image). In this 

study, a typical input to a CNN is an image containing the distribution of vacancy defects in a 

graphene sample and the required output is the fracture stress of the sample. The convolutional 

layer computes output from a set of neurons (called a filter) that is connected to local regions of 

the input image. Each filter convolves through the entire input space and produces an activation 

map. The number of activation maps (i.e. output of a convolutional layer) depends on the number 

of filters assigned to the layer. 

 

 

Figure 3 The architecture of a typical convolutional neural network containing a single 

convolutional layer. 

The activation maps from the convolutional layer are generally normalized by a batch 

normalization layer in order to facilitate the learning process. The normalization of the input 

channel is carried out across each mini-batch, which is a subset of the training data. Output of the 

normalization layer can be expresses as γ[(x - μ)/σ + β], where x is the input to the layer, μ and σ 
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are the mean and standard deviation of the mini-batch, respectively; β and γ are learnable 

parameters, which offset and scale the output, respectively. The normalized output then goes 

through a nonlinear activation layer. We employed the rectified linear unit (ReLU) activation 

function, which is one of the most widely used functions for CNNs [33]. The ReLU function 

performs a threshold operation on each channel, and its functional form can be given as max(x,0), 

where x is the input to the activation function.  

The pooling layer is used to reduce the spatial size of the activation maps, resulting in a reduced 

number of learnable parameters in the network. The fully connected layer is similar to a layer in a 

classical shallow neural network, where all neurons in a layer are connected to all the neurons in 

the previous layer. The fully connected layer combines all the local features of the input image, 

identified by the preceding layers in the form of activation maps, to identify unique features at 

higher level. Training and testing of a deep CNN is similar to the case of shallow neural networks, 

which explained above. 

 

2.1.2 Transfer Learning 

As demonstrated in Fig. 4, the middle layers of a CNN extract some special features in the input 

data; and the final fully connected layers convert those features into a desired output (e.g., 

classification or regression). Therefore, the convolutional layers remain the same for both 

classification and regression networks, which allows us to use a pretrained CNN on a different 

data set to solve other problems; this is known as transfer learning [40]. Transfer learning is widely 

considered to be the first step of solving a problem using a deep CNN because it readily provides 

a good estimation of the performance of a typical CNN; and more importantly, transfer learning 

requires a smaller number of training examples. In addition, transfer learning provides guidance 

in developing a new CNN architecture for a given problem. 
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Figure 4 A high level representation of the function of a typical CNN. 

Transfer learning is generally performed using a well-recognised pretrained deep CNNs such as 

AlexNet and ResNet, which have been trained using millions of images to identify 1000 classes 

of objects. In 2012, AlexNet significantly outperformed the other algorithms of object recognition, 

and generated great interest within the computer vision community for adopting deep learning for 

object recognition [32]. AlexNet contains 8 layers and the number of associated learnable 

parameters is approximately 62 million. The recently developed residual network (ResNet) uses 

new residual learning algorithm to train much deeper CNNs [41]; for example, ResNet152 has 152 

layers. and the number of learnable parameters is approximately similar to that of AlexNet. In this 

work, we conducted transfer learning using AlexNet to predict the fracture stress of defective 

graphene samples; subsequently, we developed a new CNN as explained in the following section. 

 

2.1.3 Modelling of a New CNN 

The developed new CNN contains 30 layers (see Fig. 5) and the distribution of learnable 

parameters are given in Table 1. The network has eight convolutional layers (C) and each layer is 

followed by a batch normalization (BN) layer and a ReLU layer (R). Four average pooling layers 

(AP) were used to reduce the activation volume and a dropout layer (D) was used to prevent 

overfitting. The total number of learnable parameters of the network is 1998. 

 

Figure 5 Architecture of the developed CNN. Details of each layer is given in Table 1. 
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Table 1 Parameters of individual layers of the developed CNN. 

Name Type Activations Learnable 
Total 

Learnable 

Input Input 224×224×1 - 0 

C1 Convolution 224×224×3 
Weights: 3×3×1×3 

Bias:  1×1×3 
30 

BN1 Batch Normalization 224×224×3 
Offset: 1×1×3             

Scale: 1×1×3 
6 

R1 ReLu 224×224×3 - 0 

C2 to C4 Convolution 224×224×3 
Weights: 3×3×3×3 

Bias:  1×1×3 
84 

BN2 to 

RN4 
Batch Normalization 224×224×3 

Offset: 1×1×3             

Scale: 1×1×3 
6 

R2 to R4 ReLu 224×224×3 - 0 

AP1 Average Pooling 112×112×3 - 0 

C5 Convolution 112×112×4 
Weights: 3×3×3×4 

Bias:  1×1×4 
112 

BN5 Batch Normalization 112×112×4 
Offset: 1×1×4             

Scale: 1×1×4 
8 

R5 ReLu 112×112×4 - 0 

AP2 Average Pooling 56×56×4 - 0 

C6 Convolution 56×56×4 
Weights: 3×3×4×4 

Bias:  1×1×4 
148 

BN6 Batch Normalization 56×56×4 
Offset: 1×1×4             

Scale: 1×1×4 
8 

R6 ReLu 56×56×4 - 0 

AP3 Average Pooling 28×28×4 - 0 
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C7 Convolution 28×28×5 
Weights: 3×3×4×5 

Bias:  1×1×5 
185 

BN7 Batch Normalization 28×28×5 
Offset: 1×1×5             

Scale: 1×1×5 
10 

R7 ReLu 28×28×5 - 0 

AP4 Average Pooling 14×14×5 - 0 

C8 Convolution 14×14×5 
Weights: 3×3×5×5 

Bias:  1×1×5 
230 

BN8 Batch Normalization 14×14×5 
Offset: 1×1×5             

Scale: 1×1×5 
10 

R8 ReLu 14×14×5 - 0 

D Dropout 14×14×5 - 0 

FC Fully Connected 1×1×1 
Weights: 1×980   

Bias:  1×1 
981 

Output Output - - 0 

 

2.2 Analytical Modelling of Fracture Strength 

Part of the data required to train the shallow neural networks was obtained by developing an 

analytical solution based on the Bailey durability criterion and the Arrhenius equation. We earlier 

developed a numerical model to compute the fracture stress of graphene containing a random 

distribution of single vacancies [42], which was later extended to develop an analytical model to 

study the influence of hydrogen functionalization on the fracture stress [43]. In the current work, 

we combine our previous work to arrive at an analytical model to evaluate the fracture stress of 

graphene samples containing a random distribution of single vacancies. The model combines  the 

Arrhenius equation [44] and the Bailey durability criterion [45] to achieve a generalized analytical 

solution where the predicted fracture stress is a function of temperature, strain rate, vacancy 

concentration, and loading direction. The development of the analytical solution is outlined in this 

section. 
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The Bailey durability criterion (see Eq. (2)) provides a theoretical framework to compute the 

temperature dependent lifetime of a material sample [45,46]. 

∫
𝑑𝑡

𝜏(𝑇, 𝑡)

𝑡𝑓

0

= 1                                                                                                                                            (2) 

where, tf is the lifetime; τ(T,t) is the durability function that depends on time (t) and temperature 

(T), which is generally an empirical function [46]. In the absence of an empirical durability 

function for graphene, a durability function in the form of Arrhenius equation can be defined 

[42,43]. The Arrhenius equation [44] expresses temperature dependent rate of a chemical reaction 

(k) as 

𝑘 = 𝐴 × exp (
∆𝐸

𝐾𝐵𝑇
)                                                                                                                                  (3) 

where A is a constant that depends on the material; ΔE is the activation energy barrier and kB is the 

Boltzmann constant. This general form of the Arrhenius equation can be used to define a durability 

function for graphene as 

𝜏𝑔(𝑇, 𝑡) =
𝜏0

𝑛
× exp (

𝑈0/𝛽 − 𝜐𝛾𝜎(𝑡)

𝑘𝐵𝑇
)                                                                                                  (4) 

where τ0 is the vibration period of the atoms; n is the number of bonds in the sample; U0 is the 

bond dissociation energy, which is approximately 4.95 eV for a carbon-carbon bond in graphene; 

v is the representative volume of a carbon atom in graphene, which is approximately 8.6 Å3; and γ 

is the directional constant that represents directional dependence of the fracture stress. Following 

the work of  Young et al. [47], the constant γ for pristine graphene can approximated as cos(θ), 

where the angle θ is measured from the armchair direction towards to  the chiral direction of 

interest. For example, θ is 30˚ for the zigzag direction. However, the presence of multiple 

vacancies remarkably alters the chirality dependent fracture stress. Therefore, based on our MD 

simulations conducted at a temperature of 300 K, we selected γ to be (1.08 + cos θ)/2. 

The stress at time t in a graphene sample can be expressed in terms of the strain rate, 𝜀̇, as  

𝜎(𝑡) = 𝑎(𝜀𝑡̇) + 𝑏(𝜀𝑡̇)2                                               (5) 
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where a and b are the second and the third order elastic moduli, respectively. The values of a and 

b were computed by performing regression analysis of the stress-strain curves obtained from MD 

simulations, and the corresponding values of a and b are 1.11 TPa and -3.20 TPa for armchair 

graphene. 

The constant β represents the reduction of the activation energy barrier due to the presence of 

vacancies, which is related to the vacancy concentration (α) as 

𝛽 = {
1, 𝛼 = 0

0.165𝛼 + 1.13, 𝛼 > 0
                                   (6) 

It should be noted that β is discontinuous when α equals zero, which is due to the fact that even a 

single vacancy (i.e. α is very small) has a remarkable influence on the activation energy barrier, 

resulting a large reduction in the fracture stress [42].  

The governing equation of Bailey’s principle for a graphene sheet can now be expressed as 

∫ 𝑒𝑥𝑝 (𝜆𝜎(𝑡)  −
𝑈0

𝛽𝜐𝛾
)

𝑡𝑓

0

=
𝜏0

𝑛
                                                                                                                   (7) 

where 𝜆 = 𝜐𝛾 𝑘𝐵𝑇⁄ . By substituting for 𝜎(𝑡), Eq. (7) can be expressed as  

∫ 𝑒𝑥𝑝 (𝜆 [𝑏 (𝜀̇𝑡 +
𝑎

2𝑏
)
2

− (
𝑈0

𝛽𝜐𝛾
 + 

𝑎2

4𝑏
)])

𝑡𝑓

0

=
𝜏0

𝑛
                                                                            (8) 

Then, using the definition of the error function [48], where 𝑒𝑟𝑓(𝑥) = 2 √𝜋⁄ ∫ 𝑒−𝑡2
𝑑𝑡

𝑥

0
,  Eq. (8) 

can be solved for the life time tf as 

𝑡𝑓 = (𝑒𝑟𝑓−1 {√
−𝑏

𝜋
(
2𝜆𝜏0𝜀̇

𝑛
) exp [𝜆2 (

𝑈0

𝛽𝜐𝛾
 + 

𝑎2

4𝑏
) ] −  𝑒𝑟𝑓(𝜒)} +  𝜒) √−𝑏𝜆𝜀̇⁄                 (9) 

where erf--1 is the inverse of the error function and 𝜒 = 𝜆𝑎 √−4𝑏⁄ . When tf is known, the fracture 

stress, σ(tf), can be obtained from Eq. (5).  

Our previous atomistic model to compute the fracture stress of graphene containing single 
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vacancies [42] has to be solved numerically, which may be viewed as finding a numerical solution 

to Eq. (7). In addition, the previous model has only been parameterized to compute fracture stress 

along the armchair and zigzag directions. The current analytical model is more convenient to use, 

and it predicts the fracture stress of the graphene sample when loaded along any chiral direction. 

 

2.3 Molecular Dynamics Simulations 

Data required to train deep convolutional networks was obtained from MD simulations. Moreover, 

the performance of the shallow networks as well as the analytical model were evaluated against 

the corresponding MD simulation results. The uniaxial tensile tests of the samples were simulated 

using the LAMMPS MD simulator [49] and the AIREBO potential [50], which contains three sub-

potentials: the Lennard-Jones (LJ), torsional, and reactive empirical bond order (REBO) potentials. 

The LJ and torsional potentials evaluate the energy due to the van der Waals and torsional 

interactions between atoms, respectively. The REBO potential expresses energy stored in a bond 

between atom i and atom j as 

𝐸𝑖𝑗
𝑅𝐸𝐵𝑂 = 𝑓(𝑟𝑖𝑗)[𝑉𝑖𝑗

𝑅 − 𝑏𝑖𝑗𝑉𝑖𝑗
𝐴]                                                                                                                                 (10) 

where 𝑉𝑖𝑗
𝑅 and 𝑉𝑖𝑗

𝐴 are the repulsive and attractive potentials respectively; bij is the bond order term, 

which modifies the attractive potential depending on the local bonding environment; rij is the 

distance between the atoms i and j; and f(rij) is the cut-off function, which limits the interatomic 

interactions to the nearest neighbors. In order to avoid the previously observed non-physical strain 

hardening, the cut-off distance of the REBO potential was modified to be 2 Å [51]. 

A typical graphene sample used for the MD simulations is shown in Fig. 6. The planar dimensions 

of the samples were 15 nm × 15 nm. Even though smaller samples (e.g. 5 nm × 5nm) are sufficient 

to compute the mechanical properties of pristine samples [52], relatively larger samples are 

required in the case of defective graphene due to remarkable size effects at the atomic scale. For 

example, when simulating graphene samples with cracks (i.e. a row of vacancies), length and width 

of the simulated graphene sheets must be kept at more than ten times the half initial crack length 

in order to avoid the effects of finite dimensions on the MD simulation results [10,11,53]. Even 

though dimensions of 10 nm × 10 nm are sufficient to simulate graphene samples containing a 
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vacancy concentration of 10% [54,55], we selected sample dimensions of 15 nm × 15 nm, which 

allows us to generate various spatial distributions of defects within the sample. The maximum 

vacancy concentration used in the current MD simulations is 2%, where the defects were randomly 

distributed.  

 

Figure 6 Molecular dynamics model of a graphene sample containing 0.2% of random vacancy 

defects. The blue arrows indicate the loading direction. The blue circles on the inset indicate 

missing atoms (i.e. vacancy defects). 

Before conducting the numerical tensile tests, the simulation samples were equilibrated over a 

period of 25 ps, the selected time step being 0.5 fs. Even though special energy minimization 

techniques and subsequent relaxation over a large period is necessary for bulk materials such as 

polymer [56,57], we found that graphene, which is a single layer of carbon atoms, reaches 

equilibrium in around 10 ps. Convergence of total energy was used to identify the equilibrium state 

of a graphene sample.  Initial displacement perturbations (~0.001 nm) were imposed on the atoms 

along the x-, y-, and z-directions in order to facilitate reaching their equilibrium configuration [52]. 

Periodic boundary conditions were implemented along the x- and y-directions. The simulations 

were performed with the isothermal–isobaric (NPT) ensemble, and the Nośe-Hoover thermostat 

was used to keep the temperature constant during the simulation. After the equilibrium period, the 

graphene samples were subjected to strain along the y-direction (εyy), at a rate of 0.001 ps-1, until 

fracture. The virial theorem was used for the calculation of atomic stress [58]. The averaged virial 

stress tensor, σij, is defined as follows: 
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𝜎𝑖𝑗 =
1

𝑉
∑ [

1

2
∑ (𝑅𝑖

𝛽
− 𝑅𝑖

𝛼)𝐹𝑗
𝛼𝛽

− 𝑚𝛼𝑣𝑖
𝛼𝑣𝑗

𝛼

𝑁

𝛽=1

]                                                                                          (11)
𝛼

 

where i and j are the directional indices (i.e. x, y, and z); α is a number assigned to an atom and β 

is a number assigned to neighboring atoms of α; Ri
β is the position of atom β along the direction i; 

Fj
αβ is the force on atom α due to atom β along the direction j; mα and vα are the mass and the 

velocity of atom α respectively; and V is the total volume. In volume calculations, the thickness of 

graphene was assumed to be 3.4 Å [59].  

Fracture of the sample was identified by a sudden drop in its stress, with the maximum value of 

stress defined as the fracture stress. In one of our previous publications [42], we have compared 

the stress-strain curves of armchair and zigzag graphene samples, both pristine and containing 

vacancy defects, under various temperatures. Moreover, we have previously validated our MD 

simulation results of graphene against available experimental results and density functional theory 

calculations in the context of elastic properties and fracture stress of pristine structures [9], fracture 

toughness [10], and surface energy [8,11]. 

 

3. Results and Discussion  

3.1 Modelling Fracture Stress  

3.1.1 Data for Neural Network Modelling 

A sufficiently large data set is required to properly train a neural network. We obtained a part of 

data to train shallow networks from the analytical model developed in Section 2.2, where the inputs 

to the network are the temperature, vacancy concentration, loading direction, and strain rate. The 

span of each input variables is given in Table 2. The temperature range in Table 2 was selected to 

cover the range that a graphene sample could experience during synthesis of graphene based 

products [60,61]. The range of strain rates was selected considering the rates used in typical MD 

simulations and experimental work [62,63]. The only output of the network is the fracture stress 

of a graphene sample.  

Figure 7 shows the distribution of fracture stress with respect to two selected input parameters (out 

of four) as predicted by the analytical model. It can be noticed that vacancy concentration has the 



16 
 

highest influence on the fracture stress and the influence is more significant at elevated 

temperatures (see Fig. 7a) and at small strain rates (see Fig. 7c). Interestingly, the loading direction 

does not have a significant influence on the fracture stress in the presence of vacancy defects (see 

Fig. 7b). Due to the limited availability of experimental results related to fracture of graphene, we 

validated the analytical model using MD simulation results, in the context of having previously 

validated our MD simulations with respect to the available experiments and first principle 

computations related to fracture of graphene [8–11]. In addition to the data obtained from the 

analytical model, we used MD simulations to obtain limited data samples to train and validate 

neural networks as explained in the proceeding sections. 

 

Table 2 Ranges of input data used to train the neural network. 

Input Range 

Temperature 350 K to 950 K 

Vacancy concentration 0 to 4.5% 

Directional constant 0.974 to 1.04 

log10(Strain rate) 0.5 to 9.5 
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Figure 7 Variation of the fracture stress σf of graphene samples with two independent variables: 

(a) vacancy concentration and temperature, (b) vacancy concentration and chirality, where the 

cosine value of the chiral angle θ has been plotted on the x-axis, (c) vacancy concentration and 

strain rate, and (d) temperature and strain rate. 

When modelling a neural network, we divided the data set into three different subsets namely: (a) 

training set, (b) validation set, and (c) test set. The training set was used to adjust the weights and 

biases of the network during the training phase and the validation set was used to measure the 

generalization of the network during the training, which ensures that the network does not overfit 



18 
 

the training data. The change in the mean square error (MSE) of the validation test during the 

training was used as a criterion to terminate training- i.e. the training was terminated when the 

MSE did not reach a new minimum in six consecutive iterations. The test set provides an 

independent measure of the performance of the network. From the original data set, 70% of data 

samples were randomly selected for the training and the remaining 30% used for validation and 

testing (15% each). Unless otherwise stated, similar segmentations of data are used to train, 

validate, and test neural networks in the ensuing sections. 

 

3.1.2 Modelling of Neural Networks  

First, we identified the optimum number of hidden neurons by evaluating the performance of a 

network by varying the number of hidden neurons; here the MSE of the test set was used to 

measure the performance of the network. Three data sets containing 250, 500, and 1000 samples 

were used for each neural network to evaluate influence of the number of training data samples on 

the resulting performance. The initial weights and biases are randomly assigned, and therefore 

each network was trained 25 times with different initial weights and biases; the network with the 

smallest MSE is considered to be the best network. It can be seen in Fig. 8 that a network with four 

hidden layers can accurately evaluate the fracture stress irrespective of the number of training 

samples. 

 

Figure 8 Variation of mean square error of the test set with the number of hidden neurons for three 

different number of data samples. 

Based on this initial result, we selected the network with five hidden neurons containing 31 

learnable parameters for further investigation. This network was modelled with 1000 data samples, 
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and Fig. 9 shows its performance. It can be noticed that output is almost identical to the target 

within the entire range of the targets, where the best fit curve to the outputs coincides with the 

output = target line. The largest error is of the order of 0.5 (see Fig 9c) and the percentage error 

less than 1%. 

 

Figure 9 Performance of the network containing five hidden neurons: (a) to (c) output-target 

relationship of training, validation, and test sets. (d) The distribution of errors of the three data 

sets. 

In order to further validate the predictions of the neural network as well as the analytical model, 

we compared their predictions with corresponding MD simulation results (see Fig. 10). Two 

vacancy concentrations were considered (i.e. 0.5% and 2%) and the loading was applied to samples 

along the armchair or zigzag direction. The simulation temperature was selected to be in the range 

from 300 K to 1500 K, and the strain rate was kept constant at 109 s-1. Due to the fact that the 

fracture stress depends on the distribution of vacancies, ten MD simulations were conducted for 

each vacancy concentration, where the vacancies are randomly distributed within the graphene 

sample. The error bars associated with the MD results in Fig. 10 indicate the range of the obtained 

fracture stress. Figures 10a and 10b show that the analytical and neural network models agree 

reasonably with the average value from MD simulations over the temperature range considered. 
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However, as temperature increases beyond 1200 K, the difference between the analytical and 

neural network results shows an increasing trend. It should be noted that this trend could be a result 

of the fact that the neural network had been trained using data up to a temperature of 950 K, but 

the network was used to predict the fracture stress up to 1500 K to investigate the network’s ability 

to extrapolate. In view of the trends observed in Fig. 10, it would be interesting to train a neural 

network using MD data instead of the analytical model and examine the resulting trends.  

 

Figure 10 Comparison of results from MD simulations, shallow neural network (NN), and 

analytical model (AM) for (a) armchair and (b) zigzag graphene. 

 

3.1.3 Modelling Neural Networks using MD Data 

We conducted MD simulations of uniaxial tensile tests on 1000 defective graphene samples to 

obtain data to train neural networks. The vacancy concentrations of the samples were varied from 

0.1% to 2% with an increment of 0.1% and the simulation temperature varied from 300 K to 900 

K with an increment of 150 K. The loading was applied to samples along the armchair direction. 

Considering the high computational cost associated with MD simulations, we focused our attention 

to a fixed strain rate. In the literature, MD simulations of uniaxial tensile tests are generally 

conducted at strain rates of around 109 s-1, and the fracture stress obtained under this strain rate 

agrees reasonably with the experimental results [9]. Therefore, we used this strain rate of 109 s-1 

for the MD simulations. Ten MD simulations were conducted for each vacancy concentration and 
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the average fracture stress of the ten samples was used for modelling. There were thus 100 data 

samples to model the neural network.  

A neural network containing three hidden neurons was selected for the modelling, the two inputs 

being the vacancy concentration and temperature, and the output is the fracture stress. The total 

number of learnable parameters in the network is 13. Due to the limited number of training 

samples, we first trained a network (NNT) while excluding the data pertinent to vacancy 

concentrations of 0.5% and 2% for independent testing (i.e. 10 samples). The primary objective of 

training the network NNT is to predict the influence of temperature on the fracture stress, whereas 

the vacancy concentration is considered to be the secondary variable when selecting training 

samples. It should be noted that the network was trained using data up to 1.9%; hence, and the 

testing with the vacancy concentration of 2%, which is slightly outside the training data, reveals 

the extrapolation ability of the network (see Fig. 11a). Subsequently, we trained another network 

(NNV), while keeping the data pertinent to the samples at temperatures of 450 K and 750 K for 

independent testing (i.e. 40 samples). The primary objective of training the network NNV is to 

predict the influence of vacancy concentration on the fracture stress, whereas the temperature is 

considered to be the secondary variable when selecting training samples. It can be seen in Fig. 11b 

that the neural network NNV was able to predict the influence of vacancy concentration at the two 

temperatures with a high accuracy. It should be noted that the fracture stress obtained from MD 

simulation in Fig. 11b shows some fluctuations, which suggests that the distribution of defects 

could have a higher influence on the fracture stress than the influence of vacancy concentration, 

when the vacancy concentrations are comparable to each other. In addition, even though the 

network NNV has only seen data pertinent to three widely spaced temperatures, it was yet able to 

identify the nonlinear variation of the fracture stress and generalize it over a large span of 

temperatures, including intermediate ones.  
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Figure 11 Comparison of the variation of fracture stress obtained from MD simulations, neural 

network (NN), and analytical model (AM) with (a) temperature and (b) vacancy concentration. 

  

Even though neural networks are recommended for use within the limits of the data used to train 

them, it is useful to have an understanding of their extrapolating ability, which could be beneficial 

in practical applications. In order to further investigate the ability of the two networks NNv and 

NNT to extrapolate fracture stress of graphene samples beyond the range of data that has been used 

to train them, we employed the networks to predict fracture stresses at two higher vacancy 

concentrations (2.5% and 3%) and at two higher temperatures (1200 K and 1500 K). Additional 

MD simulations were also conducted to obtain fracture stresses under similar conditions. Figure 

12a compares the MD simulation results with the predictions of the two neural networks at three 

vacancy concentrations (2%, 2.5%, and 3%). It should be noted that the networks have been trained 

with data containing vacancy concentrations up to 2% and temperatures up to 900 K. The 

predictions of NNT is reasonably accurate even at higher vacancy concentrations, whereas the 

predictions of NNV converges to approximately 41 GPa as temperature increases up to 900 K (see 

Fig. 12a). Similarly, at higher temperatures, predictions of NNV converges to around 41 GPa as 

the vacancy concentration increases (see Fig. 12b). On the other hand, the network NNT 

demonstrates some ability to extrapolate the influence of vacancy concentration even at higher 
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temperatures. Given that the two networks have similar architecture, the main difference between 

them is in the number of training examples, which are 42 and 63 for NNv and NNT, respectively. 

Therefore, the better extrapolating ability of NNT may be attributed to the higher number of 

training examples. Also, the effect of vacancy concentration on stress is greater than that of 

temperature; and higher temperatures significantly change this dependence on vacancy 

concentration (see Fig. 7(a)), and both these effects will reduce the performance of NNv under 

extrapolation.  Both networks, however, accurately predict the fracture stress inside the range of 

their training data (see Fig. 11).  

 

Figure 12 Use of the neural networks NNT and NNV for extrapolation (a) with respect to vacancy 

concentration and (b) with respect to temperature. 

  

Molecular dynamics simulations demonstrate that the influence of vacancy concentration on the 

fracture stress at 1500 K is significantly different to that at 750 K and 1200 K (see Fig. 12b). In 

order to test the performance of neural networks in this nonlinear regime, we trained another 

network (NNTV) using MD simulation data where the vacancy concentrations of the samples were 

varied from 0.1% to 2% with an increment of 0.1% and the simulation temperature varied from 

300 K to 1500 K with an increment of 300 K (i.e. 100 data samples in total). Architecture of this 

network is similar to that of NNT and NNV. The predictions of NNTV were compared with MD 

simulation results at temperatures of 750 K and 1350 K. Figure 13 shows that the network captures 
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the influence of vacancies on the fracture stress with a reasonably high accuracy. These 

observations suggest that neural networks have strong capability to identify underlying features 

pertinent to complex nanomechanical problems and could become a useful tool for 

nanomechanical design. Moreover, as demonstrated in the Section 3.2.2, sensitivity analysis of a 

trained network could provide novel insights into complex nanomechanical problems. 

 

Figure 13 Comparison of the temperature and vacancy concentration dependant fracture stress 

obtained from MD simulations with the predictions of neural network NNTV. 

 

3.2 Effects of Defect Distribution 

The developed analytical model (Section 2.2) and the trained neural networks (Sections 3.1.2 and 

3.1.3) are unable to predict the influence of defect distribution on the fracture stress of a sample. 

The stress distribution of a defective sample can be highly complicated and hence challenging to 

develop analytical solutions for this problem. Moreover, nonlinear stress-strain relations and 

anisotropic fracture characteristics of graphene make the problem even more challenging. Figure 

14 demonstrates the stress distributions of a defective graphene sample at two levels of applied 

strain along the two principle chiral directions (i.e. armchair and zigzag), where stresses of 

individual atoms were computed using the definition of virial stress (see Eq. 11). The maximum 

value of the computed individual atomic stresses (σmax) and the average value of the atomic stress 
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across the entire sheet (σave) are given in Fig. 14.The values of σave and σmax of the sample when it 

is subjected to a strain of 5% along the armchair direction are 43.6 GPa and 84.5 GPa, respectively 

(see Fig. 14c). However, when the same sample was strained along the zigzag direction up to the 

same strain, σave and σmax of the sample are 39.2 GPa and 69.2 GPa, respectively (see Fig. 14d). 

Insets of Fig. 14 demonstrate the complex interactions between individual vacancies, which could 

have a remarkable impact on the crack propagation. Table 3 summarizes the information of the 

four stress fields shown in Fig 14, which indicates that the maximum stress concentration depends 

on the both loading direction as well as the applied strain level. In this section, we first develop a 

shallow network to predict the influence of defect distribution on the fracture stress, which is 

followed by an effort to employ deep CNNs to tackle this challenging problem. 

  

Figure 14 Stress distribution of a graphene sample containing 0.5% of vacancies under an applied 

strain level of 1% along (a) armchair and (b) zigzag directions, respectively. The stress state of the 
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same sample under an applied strain of 5% along the (c) armchair and (d) zigzag direction. Insets 

depict the atomic stresses of a selected region. 

 

Table 3 Stress concentration of a graphene sample containing 0.5% of vacancy concentration. 

Strain Loading direction σmax (GPa) σavg (GPa) σmax/ σavg 

1% 
armchair 25.0 8.3 3.0 

zigzag 26.3 7.9 3.3 

5% 
armchair 84.5 43.6 1.9 

zigzag 68.2 39.2 1.7 

 

 

3.2.1 Data for Modelling Neural Networks 

We performed nanoscale uniaxial tensile tests of armchair graphene samples containing five levels 

of vacancy concentrations from 0.1% to 0.5% with an increment of 0.1%. For each vacancy 

concentration, 250 samples were prepared with different distributions of vacancies, and the 

simulations performed at a temperature of 300 K under a strain rate of 109 s-1. Figure 15 shows the 

distribution of the obtained fractures stresses. The red horizontal bar in each blue box indicates the 

median fracture stress, where the bottom and top edges of the blue box represent the 25th and 75th 

percentiles, respectively. The dashed lines beside the box indicate the limit of the most extreme 

data points that are not considered outliers. The outliers are denoted by the + symbol, which 

represents comparatively low fracture stresses due to coalescence of individual vacancies forming 

a crack like defect. It should be noted that the variation of fracture stresses below the median for 

each vacancy concentration is always greater than that above the median. This is to be expected 

because configurations where vacancies are close to each other will lead to a range of lower 

fracture stresses. When the vacancies are far away from each other however, their interaction is 

not significant, and the fracture stress is almost independent of the vacancy distribution. In the 

subsequent section, we use this data to develop a shallow neural network and later, in Section 3.3, 

we present the development of a deep CNN. 
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Figure 15 Distribution of the fracture stress obtained from 1250 MD simulations.  

 

3.2.2 Modelling of a Shallow Neural Network 

Inputs to the network were the five shortest distances between two adjacent vacancy defects and 

the output was the fracture stress.  The five inputs (d1 to d5) are arranged in the input vector in such 

a way that d1 is the shortest distance between two vacancies in a sample and d2 is the second 

shortest distance, etc… Interestingly, three hidden neuron we found to be sufficient for this 

complex problem. The network (SNN-1) was trained using 926 data samples and a separate 247 

samples used for validation, where the distribution of training and validation data are shown in 

Fig. 15. The outliers (denoted by the + symbol in Fig. 15) were excluded from the data samples. 

After the training, the network was tested using a new set of data obtained from MD simulations, 

which comprise of 250 graphene samples containing a vacancy concentration of 0.3%. It can be 

seen in Fig. 16a that the network is able to capture the underlying trend of the training data; 

however, the variability of the output is significantly high. Root mean square error (RMSE) of the 

test data is 2.87 (see Fig. 16b). In addition to RMSE, the slope of the regression line (not shown) 

between output and target (m) is another indication on the performance of the network [64]. Better 

models need to have slopes close to unity (i.e. similar to the line of equality). As given in Fig. 16b, 

the value of m for the current model is 0.35, which indicates that the model significantly deviates 

from a perfect fit. 

 



28 
 

 

Figure 16 Performance of the shallow neural network in predicting the influence of vacancy 

distribution on the fracture stress for (a) training set and (b) testing set. The root mean square error 

(RMSE) of the training and test data, and the slope of the regression line between output and target 

(m) for the test data are shown on the figures. 

 

Sensitivity analysis of a trained network is a useful way to understand what the network has learnt 

during the training, and also to obtain an insight into the computations of the network. By following 

the format of Eq. 1, the fracture stress (σf) predicted by the network can be expressed in terms of 

the five inputs and the associated weights and biases as follows: 

𝜎f = 𝑓𝑎
𝑜 [𝑏1

(2)
+ ∑𝑤𝑗,1

(2)

3

𝑗=1

𝑓𝑎
(ℎ)

(𝑏𝑗
(1)

+ ∑𝑤𝑖,𝑗
(1)

5

𝑖=1

𝑑𝑖)]                                                                         (12) 

where, the weight matrices and bias vectors were found to be, 
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=

[
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The range of the data used for training is given in Table 4. It can be noticed that the minimum 

value of d1, d2, and d3 is 0.14 nm, which is the carbon-carbon bond length in graphene [50]. The 

similar minimum value of the three variables indicates that at least one sample contains three pairs 

of vacancies, where the two vacancies in each pair are located next to each other at a distance of a 

carbon-carbon bond length. Individual vacancies in a graphene sample have to be located very 

close to each other, approximately within 1 nm, in order to them to interact with each other leading 

to a significant influence on the fracture stress of the sample [10,11]. The maximum value of d1 is 

3.49 nm (see Table 4), where the two corresponding vacancies are unlikely to interact with each 

other. However, the presence of a large number of vacancies even at relatively larger distance 

could have a noticeable influence on the facture stress [11]. It should be noted that the input and 

output data are transformed linearly during the training by mapping the respective minimum and 

maximum values of each variable to be -1 and 1, respectively. 

 

Table 4 Ranges of the data used to train the neural network (di is in nm and σf in GPa). 

Variable d1 d2 d3 d4 d5 σf 

Minimum 0.14 0.14 0.14 0.24 0.28 51.3 

Maximum 3.49 4.49 4.54 5.30 5.72 76.0 

 

We conducted a sensitivity analysis of the network by varying one input from 0.14 nm to 3 nm 

while keeping the other four inputs at 3 nm. Figure 17 shows the variation of the output (i.e. 

fracture stress) with each input variable. The distances d1, d3, and d5 have the highest influence on 

the fracture stress. The network has properly learnt that d1 has the most influence on the fracture 

stress when its value is less than 0.5 nm, where two vacancies can coalesce to form a crack like 

defect, leading to a significant reduction in the fracture stress. However, d1 does not have a 

noticeable influence on the fracture stress when it is greater than 1 nm. Remarkably, the fracture 

stress is almost independent of the input d2 and the effect of d4 has the next smallest influence on 

the fracture stress. This could be due to the fact that the effects of d2 and d4 are probably accounted 

for by d1, d3 and d5. Even though, d1 does not have a noticeable influence on the fracture stress 

when it is greater than 1 nm, d3 and d5 show an influence on the fracture stress in the entire range. 

This observation could be attributed to the likelihood that the network has learnt in such a way that 
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the short-range defect interactions are mainly described by d1, while d3 and d5 have been 

generalized through the entire range.  

 

Figure 17 Sensitivity of the network’s output to each input variable. 

 

In addition to the distance between two defects, the angle of the line joining the two defects is also 

an important factor in determining the fracture stress of a sample [2]. Therefore, we trained another 

shallow network (SNN-2), which uses the sine value of the angle of the line joining two vacancies 

with the direction normal to the loading direction (sin θi; see Fig. 18) as an input, in addition to the 

distances between the two vacancies. It should be noted that for a given distance, the fracture stress 

is expected to increase as sin θi increases (from 0 to 1) - in the way that the fracture stress increases 

when distances increase; and therefore, the magnitudes of the two types of input variables (i.e. di 

and sin θi) influence the output in a similar direction. This new network receives 10 inputs (5 

distances and the 5 corresponding angles) arranged in a vector (d1, sin θ1, d2, sin θ2, …, d5, sin θ5). 

The optimum number of hidden neurons were found to be 5 and the total number of learnable 

parameters 61. The additional five inputs slightly reduce the RMSE from 2.87 to 2.7, but the slope 

of the target-predicted curve increases significantly from 0.35 to 0.52, indicating a better fit than 

in SNN-1. In the ensuing section, we employ a deep CNN to model the influence of defect 

distribution on the fracture stress. CNNs are widely used for classification problems, but here we 

employ CNNs for a regression problem. 
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Figure 18 Distance (di) and relative angle (θi) between vacancies. Blue arrows indicate the loading 

direction. 

 

3.3 Modelling of Deep CNN 

In order to model a deep CNN, we reused the 1250 data samples, which were initially used to 

model the shallow network in Section 3.2.2. An image containing the distribution of vacancies in 

a sample, where each vacancy is represented by a dot, is selected to be the input for the CNN, and 

the output is the fracture stress of the sample. In the uniaxial tensile tests, it is noted that the fracture 

stress is insensitive to a rotation of the testing sample by an angle of 180°. Taking this fact into 

account, we can have two input images for each value of fracture stress (i.e. the original image and 

its 180 rotation), which increases the number of examples in the data set up to 2500. Such data 

augmentation is common in deep learning because large number of training examples are required 

to train a deep neural network [32,33]. 

 

3.3.1 Modelling Fracture Stress using AlexNet 

First, we performed transfer learning using the pretrained AlexNet, where the last two layers of 

the AlexNet were replaced by a regression layer [32]. The learning rate of the regression layer was 

initially kept at 10-4 while it was kept at 10-8 for all other layers to ensure that the network does not 

significantly change the already learned weights in the convolutional layers. The learning rate was 
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dropped by a factor of 2 at every 5 epochs and the training stopped when the validation error did 

not reach a new minimum in six consecutive iterations. The minibatch size was selected to be 40 

and the stochastic gradient descent with 0.9 momentum used for training [33]. After removing the 

outliers (see Fig. 15), the data set contained 2470 samples, of which 15% was used for testing the 

network. The remaining 85% was used for training (70%) and validation. The performance of the 

network is shown on Fig. 19, and it demonstrate that its performance is significantly lower than 

the performance of the shallow network (see Fig. 16).  

It should be noted that this modified AlexNet contains 56,872,321 learnable parameters, whereas 

the number of training samples is only 1729. This large disparity between the number of learnable 

parameters and the training examples may be justified considering the fact that the network has 

been pretrained for image classification using several millions of examples [32]. However, as 

shown in Fig. 19, the large number of learnable parameters do not allow the network to properly 

learn the characteristics of the training data. At the same time, the current problem requires 

AlexNet to extract features in a distribution of defects (represented by a set of dots) and relate 

them to a unique number in a continuous number range, whereas AlexNet has been originally 

trained to extract features of 1000 classes of objects (e.g., cars, cats, etc...) and relate them to an 

integer with a certain confidence level. This slight discrepancy in the feature extraction segment 

could also contribute to the limited performance of AlexNet in the current problem. Therefore, we 

created a new CNN from scratch to make sure that the number of learning parameters of the 

network is comparable with the number of training examples. 

 

 

Figure 19 Performance of the AlexNet when it is used for transfer learning. Target-output 

relationship of data used for (a) training and (b) testing. 
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3.3.2 Modelling a CNN 

Architecture of the developed network (CNN–1) is shown in Fig. 5 and the distribution of learnable 

parameters within the network given in Table 1. The number of layers and filter sizes were found 

by trial and error. The number of learnable parameters of the network is 1998 and the total number 

of training examples 2100.  The initial learning rate was selected to be 10-4, and the learning rate 

decreased by a factor of 2 at every 5 epochs and the training stopped when the validation error did 

not reach a new minimum in six consecutive iterations. Other parameters associated with training 

were similar to the those used in the transfer learning (see Section 3.3.1). Performance of the first 

network is shown in Fig. 20(a), where it can be noticed that the performance of the network on the 

training set is slightly better than the modified AlexNet (see Fig. 19). However, the network has 

not been able to properly learn the correlation between the distribution of defects and the fracture 

stress, which is evident from the large scatter of the target-output plot for the test data (see Fig. 

20a). 

The performance of the network depends highly on the attributes of the training data. It can be 

observed in Fig. 15 that the data outside the 25th and 75th percentiles demonstrate a high scatter. 

Therefore, we trained another network (CNN-2) by taking only the data between the 25th and 75th 

percentiles for the modelling. It can be seen in Fig. 20(b) that this filtering of data has significantly 

improved the performance of the network, which can be partly attributed to the fact that the scatter 

of the data used for the modelling is remarkably less. Interestingly, the network has categorized 

the training data into five different classes and assigned a specific range of output for each class. 

The five classes correspond to the five vacancy concentrations considered in the training data (see 

Fig. 15), and the predicted fracture stress is approximately equal to the average fracture stress of 

the samples containing a given vacancy concentration. 
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Figure 20 Performance of the developed CNNs: (a) trained with all data (b) trained with data 

within the 25th and 75th percentiles. 

 

It should be noted that the input to the network is a large sparse matrix with dimensions of 

224×224, which contains a limited information about the distribution of defects. For example, in 

the case of 0.1% vacancies, the input matrix contains approximately 80 non-zero entries, which is 

about 0.2% of the entries in the input matrix. Therefore, feature engineering the input could help 

the network to perform better.  In order to explore this hypothesis, we modelled another network 

(CNN-3) where the input to the network is arranged in a matrix with dimensions of 5×5, which 

contains information about the distribution of vacancies. The input matrix was prepared as follows: 

first, the five critically located vacancies are identified by computing the distance between all 

vacancies; here the vacancies that are located closer to each other are considered to be more 

critical. Then for each critical vacancy, the five shortest nearest neighbour vacancy distances were 

calculated, and the values placed in a row of the matrix. The five rows are arranged according the 

values in first column in such a way that the first entry of the matrix (1,1) is the smallest and 

therefore the most critical value. The entries of each row increase from left to right. The total 

number of data samples available for modelling was 625. The network contains three 

convolutional layers, where each layer is followed by a batch normalization and ReLu layer, and 

the total number of learnable parameters is 302. Initial learning rate for was selected to be 10-3. 
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Figure 21 shows that the network demonstrates a slightly better generalization compared to the 

previous network, suggesting that feature engineering of the input data could contribute to improve 

the performance of the CNN. 

 

 

Figure 21 Performance of the CNN modelled using a pre-processed input matrix.  

 

Table 5 compares the architecture and the performance of the two shallow networks and four deep 

networks. In addition to the RMSE and the slope, m, of the test data, the mean absolute error 

(MAE) is given in the table in order to give an insight on the variation in the errors. Higher 

difference between RMSE and MAE indicates higher variance in the individual errors in the test 

data. In the case of shallow networks, introduction of sin (θ) as an input has reduced MAE by 14%, 

whereas RMSE is reduced by only 6%, which indicates that variance in the individual errors has 

not reduced significantly. Somewhat similar phenomena can be seen in between AlexNet and 

CNN-1 as well. The largest improvement in the deep network occurs when the variance in the 

training data was removed in CNN-2 (through eliminating outliers). It should be noted that CNN-

3 shows similar performance with a much less learnable parameters (302 vs 1998). Even though 

one of the main purposes of deep learning is to minimize human intervention, this result suggests 

that that significant hand engineering of input data could be helpful for achieving better deep 

learning models for the problems in the domain of computational materials science. 
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Table 5 Comparison of neural network models. 

Model Inputs Learnables 
Training 

samples 
RMSE MAE m Remarks 

SNN-1 Dist. 22 926 2.87 2.35 0.35 5 inputs 

SNN-2 Dist., sin (θ) 61 926 2.70 2.02 0.52 10 inputs 

AlexNet 
Defect 

distribution 
56,872,321 1,729 3.86 3.14 0.34 

224×224 feature 

matrix 

CNN-1 
Defect 

distribution 
1,998 2,100 3.54 2.74 0.53 Less learnables 

CNN-2 
Defect 

distribution 
1,998 1,062 1.98 1.55 0.74 

Data in 25th and 

75th percentiles 

CNN-3 Distances 302 531 1.99 1.57 0.76 

5×5 feature 

matrix; less 

samples and 

learnables 

 

 

4. Conclusions  

Our comprehensive neural network study reveals that both shallow and deep networks could serve 

as computationally efficient tools to predict fracture stress of graphene samples under various 

processing conditions. Data required to train the neural networks was obtained from a developed 

analytical solution as well as from molecular dynamics simulations. Our results demonstrate that 

shallow neural networks have a strong ability to predict the fracture stress of graphene samples 

and could also possess significant extrapolation capability. In addition, shallow networks are 

particularly useful when a limited number of training examples are available. On the other hand, 

deep neural networks require a large number of training examples and can be used to solve highly 

complicated problems such as the influence of defect distribution in a graphene sample on its 

fracture stress. Our study suggests that transfer learning could have some inherent limitations when 
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a deep network, originally trained for a classification problem, is used for a regression problem, 

even though the feature extraction part of the two cases are somewhat identical. Moreover, 

significant feature engineering (or pre-processing) of input data may be required to achieve better 

results when deep learning models are used in the domain of computational materials design. 
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