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Abstract
An approximate predictive model is developed for the evaluation of the interfacial thermal stresses in a soldered bi-material assembly with a low-yield-stress bonding material. This material is considered linearly elastic at the strain level below the yield point and ideally plastic at the higher strains. The results of the analysis can be used for the assessment of the thermally induced stresses in bonding materials in some laser packages and in similar micro- and opto-electronic assemblies.
Introduction

Adhesively bonded and soldered bi-material assemblies are widely used in micro- and opto-electronics [1-16]. Interfacial stresses in such assemblies, when subjected to temperature excursions, concentrate at the peripheral portions of the assembly. Plastic strains occur in the bonding material, if the induced strains exceed the yield point. The low cycle fatigue conditions, when the assembly is subjected to temperature cycling, make such a bonding material vulnerable and thereby responsible for the fatigue strength of the assembly. 
In the analysis that follows we develop an approximate analytical model for the assessment of the interfacial stresses in a bi-material soldered assembly with a low-yield-stress of the bonding material. The developed model is an extension of the models developed previously for the case of an elastic bonding layer [5, 6]. The model can be used in the analysis and design of soldered assemblies with solders that are characterized by a low yield strain. 
The analysis is carried out under a major assumption that the bonding material is linearly elastic at the strain level below the yield strain and is ideally plastic at the levels exceeding the yield strain. It is clear that the previously obtained elastic solution [5, 6], on one hand, and the present ideally-elastic/ideally-plastic solution, on the other, address the two extreme cases. The more general situation, when the bonding material experiences elasto-plastic deformations above the yield point, is beyond the scope of the present analysis.
Analysis

Assumptions
The following major assumptions are used in this analysis:
· The bonded components can be treated, from the standpoint of structural analysis, as elongated rectangular plates that experience linear elastic deformations 

· Approximate methods of structural analysis (strength-of-materials) and materials physics, rather than methods of elasticity and plasticity, can be used to evaluate stresses and displacements (see, for instance, [12])
· At least one of the assembly components (the “substrate”/”submount”) is thick and stiff enough, so that this component and the assembly as a whole do not experience bending deformations. The thinner component, however, might experience some bending with respect to the thicker component (Fig.1)
· The bonding material behaves in a linearly elastic fashion, when the induced shearing strain is lower than the strain that corresponds to the yield point, and in an ideally plastic fashion, when this strain exceeds the yield strain of the bonding material
· The yield stress in shear, 
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· The interfacial shearing stresses can be evaluated based on the concept of the interfacial compliance [5,6], without considering the effect of “peeling”, i.e., the normal interfacial stresses acting in the through-thickness direction of the assembly. The “peeling” stress can be then determined from the evaluated interfacial shearing stress

· The “peeling” stress is proportional to the deflections of the thinner component of the assembly, i.e., to its displacements with respect to the thicker component.

Shearing Stress

Basic Equation

Let an elongated soldered bi-material assembly (Fig.1) be manufactured at an elevated temperature and subsequently cooled down to a low (say, room) temperature. In an approximate analysis, the longitudinal interfacial displacements, 
[image: image6.wmf])

(

1

x

u

and 
[image: image7.wmf])

(

2

x

u

, of the adherends (assembly components) can be sought, within the elastic mid-portion, 
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 are the coordinates of the boundaries of the elastic mid-portion), in the form [5]:
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where  
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 are the coefficients of thermal expansion (contraction) of the materials, 
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are the longitudinal axial compliances of the assembly components; 
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are the thicknesses of the components (in accordance with one of our assumptions, the thickness, 
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are the interfacial compliances of the assembly components [5, 6], 
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 are the shear moduli of the component materials, 
[image: image27.wmf])

(

x

t

is the interfacial shearing stress, 
                                               
[image: image28.wmf]ò

-

-

=

x

x

Y

l

d

x

T

*

*

)

(

)

(

t

x

x

t

                                                     (5)

are the thermally induced forces acting in the cross-sections of the assembly components, 
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 is the yield stress of the bonding material,  and 
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 is the length of the plastic zone at the ends of the assembly. The length,
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, where l is half the assembly length. The origin, 0, of the coordinate, x, is in the mid-cross-section of the assembly. 
The first terms in the right part of the expressions (2) are unrestricted (stress-free) displacements. The second terms determine the displacements due to the thermally induced forces,
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, that arise in the cross-sections of the assembly components, because of the thermal contraction mismatch of the dissimilar materials of the soldered components. These terms are defined based on the Hooke’s law assuming that all the points of the given cross-section have the same longitudinal displacements, i.e., the assembly cross-sections remain flat despite the change in the states of stress and strain.  The third terms in the right part of the equations (2) account for the inaccuracy of such an assumption and consider the fact that the interfacial displacements are somewhat larger than the displacements of the inner points of the cross-sections. The structure of these additional terms reflects an assumption that the displacements, which are responsible for the distortion in the planarity of the component’s cross-section, are proportional to the interfacial shearing stress acting in this cross-section. It is assumed also that these additional displacements are not affected by the stresses and strains in the adjacent cross-sections. 
While the structural analysis approach is used in this paper for the evaluation of stresses and displacements, the coefficients of proportionality (interfacial compliances) between the interfacial displacements and the interfacial shearing stresses are evaluated on the basis of the theory of elasticity solution [5]. This solution was obtained using Ribiere treatment of the problems for long-and-narrow strips subjected to the distributed shearing loads applied to one or to both of their long sides. 

The condition of the compatibility of the interfacial displacements, 
[image: image35.wmf])

(

1

x

u

  and  
[image: image36.wmf])

(

2

x

u

, can be written, considering the compliance

                                                       
[image: image37.wmf]0

0

0

0

0

0

)

1

(

2

E

h

G

h

n

k

+

=

=

                                              (6)

of the bonding layer [5], as follows:
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Here 
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 are the elastic constants of the bonding material, and 
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Introducing the formulas (2) into the compatibility condition (7), we obtain the following basic integral equation for the shearing stress function,
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Here 
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 is the total longitudinal interfacial compliance of the assembly. It is noteworthy that, in the case of a thin and/or low modulus bonding layer, only the two soldered components (“adherends”) determine the axial compliance of the assembly. As to the interfacial compliance, both the soldered components (“adherends”) and the bonding layer (“adhesive”) contribute to the interfacial compliance: the role of a thin and low modulus bonding layer is typically comparable with the role of thick and high modulus bonded components (“adherends”), as one could see from the numerical example at the end of this paper.
Boundary Conditions

In the case, when plastic strains occur in the bonding material, the following conditions must be fulfilled at the boundary,
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The first condition in (9) indicates that the shearing stress at the boundary between the elastic and the plastic zones must be equal to the yield stress. The second condition follows from the formula (5): the shearing stress,
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. Physically, this condition is due to the fact that, since the interfacial shearing stress at the peripheral portions of the assembly is constant (is equal to the yield stress,
[image: image52.wmf]Y

t

), the force 
[image: image53.wmf])

(

x

T

changes linearly at these portions, from its value, 
[image: image54.wmf]*

l

Y

t

, at the boundary of the elastic and the plastic zones, to zero at the assembly ends. The sign “minus“ in front of the second boundary condition in (9) indicates that the force at the boundary should be compressive (negative) for the compressed component of the assembly. In the case of a purely elastic state of strain (
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This condition reflects the fact that there are no external longitudinal forces acting at the end cross-sections of the assembly components.

Elasto-Plastic Solution

From (8) we find, by differentiation (with respect to the coordinate, x):
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The next differentiation, considering the relationship (5), yields:
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where
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is the parameter of the interfacial shearing stress. The equation (11) has the following solution in the elastic mid-portion of the assembly: 
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It is clear that this solution satisfies the first condition in (9). Introducing the sought solution (14)  into the formula (5), we conclude that it satisfies also the second condition in (9). 

Introducing the solution (14) into the basic integral equation (8), we find that the relative length 
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where
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is the maximum elastic interfacial shearing stress at the end of an infinitely long assembly [5].

As evident from the equation (15), no plastic zones could possibly occur (
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Indeed, for long (large l values) and/or stiff (large k values) assemblies, when coth kl could be considered equal to one, the condition (17) is equivalent to the requirement that the yield stress is simply larger than the maximum elastic interfacial shearing stress. In such a situation no plastic stresses could possibly occur. 

If the kl value is small, then the condition (17) results in the relationship:
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Thus, no plastic deformations could occur, if, in a short and/or compliant assembly, the condition (18) is fulfilled, i.e., if the yield stress 
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The equation (15), if solved for the lengths ratio in the parentheses, can be written also as
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If the yield stress 
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As evident from this equation, plastic deformations might still take place, if the k value is large, despite the low l value. A possible numerical procedure for solving the equations (19) and (20) is shown in Appendix A.
Predicted Length of the Plastic Zone Based on an Elastic Solution

We proceed from the equation (12) and seek its elastic solution in the form similar to (14):
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Introducing (21) into the equation (12), we conclude that the following relationships must be fulfilled:

                                            
[image: image77.wmf]k

l

=

k

,    
[image: image78.wmf]kl

t

k

C

tanh

D

D

=

a

l

                                          (22)

The first formula in (22) is the same as the formula (13). This is because the formula (13) defines the parameter k of the elastic interfacial shearing stress. 

With the formulas (22), the solution (21) yields:
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where 
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where
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For 
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 obtained using the elasto-plastic solution, we conclude that in the case in question the prediction based on an elastic solution underestimates considerably (by about 24%) the length of the plastic zones. The underestimation is even greater (about 80%) in the numerical example carried out in the last section of this paper.
Peeling Stress

Basic Equation

The basic equation for the peeling stress, p(x), can be obtained using the following equation of equilibrium for the thinner (more flexible) component (#1) of the assembly treated as an elongated thin plate:
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is the flexural rigidity of the component, and w(x) is the deflection function of this component (with respect to the thicker component that, in accordance with our assumption, does not experience bending deformations). The equation (26) indicates that the “external” bending moment experienced by the component #1, and expressed by the right part in the equation (26) and the first term in the left part, should be equilibrated by the elastic bending moment, which is expressed by the second term in the left part of the equation (26). This term is proportional, for small deflections, to the second derivative (curvature) of the deflection function, w(x). 
In accordance with one of our assumptions, the peeling stress, p(x), can be evaluated as
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where K is the spring constant of the elastic foundation, provided by the bonding layer and, generally speaking, also by the assembly components themselves.
Excluding the deflection function, w(x), from the equations (26) and (28), we obtain the following integral equation for the peeling stress function,  p(x):
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After differentiating this equation twice with respect to the coordinate x and considering the relationship (5), we obtain the following basic equation for the peeling stress function:
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where
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is the parameter of the peeling stress.

The equation (30) has the form of the equation of bending of a beam lying on a continuous elastic foundation (see, for instance, [12]) and loaded by a distributed load whose magnitude is proportional to the rate of changing in the interfacial shearing stress along the assembly. Since the shearing stress is constant outside the elastic region, the “peeling” stress is zero in this region. Note, that in the close proximity to the boundary between the elastic and plastic zones the peeling stress might change in a manner that violates its proportionality to the derivative of the shearing stress. This is due to the fact that the approximate solution (14) ignores the singularity at the boundary between the elastic and the inelastic zones, and therefore the behavior of the peeling stress in the proximity of this boundary might be different of what is described by the equation (30).
Boundary Conditions

The peeling stress should be self-equilibrated within the elastic region and therefore the following conditions of equilibrium with respect to the bending moments and the lateral forces should be fulfilled:
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From (29) we find, by differentiation:
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The relationships (29) and (33), with consideration of the conditions (32), result in the following boundary conditions for the peeling stress function, p(x):
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The peeling stress in the zones of plastic shearing strains should be zero, as it follows from the equation (30): the shearing stress function is equal to the yield stress in these zones, and, hence, does not change along the assembly.

Solution to the Basic Equation

The equation (30) has the form of an equation of a beam lying on a continuous elastic foundation (see, for instance, [12]). We seek the solution to this equation in the form:

                                       
[image: image99.wmf]*

2

2

0

0

cosh

cosh

)

(

)

(

)

(

kx

kx

A

x

V

C

x

V

C

x

p

+

+

=

b

b

  ,                           (35)

where the functions 
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These functions have the following properties 
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which make their use of convenience. As evident from the expression (35), the peeling stress function, p(x), has its maximum value (zero derivative) at the origin, and is symmetric with respect to the mid-cross-section of the assembly. 
The first two terms in (35) provide the general solution to the homogeneous equation, which corresponds to the non-homogeneous equation (30), and the third term is the particular solution to this equation. Introducing this term into the equation (30), we obtain:

                                                      
[image: image103.wmf]*

4

1

coth

)

1

(

2

kx

kh

A

Y

h

t

+

=

   ,                                           (38)

where the ratio
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characterizes the relative role of the interfacial shearing and peeling stresses.
Using the boundary conditions (34), we obtain the following algebraic equations for the constants 
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The algebraic equations (40) have the following solutions:
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This concludes the solution of the problem of finding the peeling stress function. Note that for long enough elastic zones the solution (35) can be simplified as follows:
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and the hyperbolic cosine in the first formula in (41) can be put equal to one.

Numerical Example
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The Poisson’s ratios of the bonded components and the bonding material are 
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. Then the formulas (3), (4) and (6) result in the following axial and interfacial compliances of the materials: 
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The parameter k of the interfacial shearing stress, in accordance with the formula (13), is as follows:  
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Hence, the parameter kl is kl=3.4087. From (16) we find the following  value of the maximum elastic interfacial shearing stress, if the bonding material behaves elastically under any level of loading:
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 i.e., about 26.6% of the interface’s length experiences elastic deformations. The flexural rigidity of the thinner component #1 can be found by the formula (27): 
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In an approximate analysis we assume that the spring constant of the elastic foundation can be put equal to the Young’s modulus of the bonding material, so that K=E
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The functions 
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The formulas (41) and (42) yield: 
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Then the peeling stress function expressed by the solution (35) is as follows:
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The calculated interfacial shearing and the peeling stresses are plotted in Fig.2. As evident from this plot, one cannot simply truncate the diagram for the shearing stress, obtained on the basis of an elastic solution, to evaluate the length of the plastic zone. Such an approach will result in a substantial, by about 80%, underestimation of the length of the plastic zone. Clearly, the elastic approach cannot be used to assess the peeling stress either.
Conclusions

The following conclusions can be drawn from the performed analysis:

· A simple and easy-to-use transcendental equation has been obtained for the evaluation of the length of the plastic (inelastic) zone in a low-yield-stress bonding layer of a bi-material assembly subjected to the change in temperature

· The obtained solutions can be used for the analysis and design of the bonded assemblies with a bonding material that has a low yield point. . The obtained solutions can be useful, particularly, when developing figures-of-merit (design criteria) for the assemblies of the type in question.  
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Appendix   A

Transcendental Equation for the Relative Length of the Plastic Zone
The transcendental equations (15) and (19) of the main text can be solved numerically. Let, for instance, the stress ratio be equal to 
[image: image179.wmf]Y

t

t

¥

max

=2, and the parameter kl is also equal to kl=2. Then the equation (15) yields:

                                                         
[image: image180.wmf]ú

û

ù

ê

ë

é

÷

ø

ö

ç

è

æ

-

-

=

l

l

l

l

*

*

1

2

coth

2

1

1

                                   (A-1)

This equation has the following solution: 
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 This result could be obtained by simply assuming different length ratios, plotting the function in the right part of the equation (A-1) and accepting, as a solution, the length ratio, which is equal to the computed value of this function in the left part of the equation. The same result can be obtained from the equation (19).

Another approach is to employ a rapidly converging iterative numerical procedure. Such a procedure can be based on the well-known Newton’s formula
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for solving a transcendental equation  f(x)=0. 

The formula of the (A-2) type can be obtained from the equation (15) as follows: 
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where
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For 
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No iterations are necessary for sufficiently long and stiff assemblies, characterized by large kl values, since the hyperbolic cotangent will be equal to “one” for any (but large enough) value of the argument. Indeed, let kl be equal to kl=10. Then, assuming that the 
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  ratio is significantly smaller than one, we have 
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Fig.1. Bi-Material Assembly with a Thin and Low-Yield-Stress Bonding Layer
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Fig. 2.  Calculated Interfacial Stresses
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