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A routine is compiled to describe the spatial distributions of interpenetrating phases by solving the phase
field equation. And a 3D random finite element (FE) model based on the phase field method is presented
which can characterize the realistic microstructure of the interpenetrating phase composite (IPC) for the
first time. Compared with the previous models, the present model is easier to generate at a low cost. The
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sample capacity has also been discussed. In addition, the cross-cubic model and the tetrakaidecahedron
model are also conducted by finite element method (FEM) for comparison. Furthermore, the Young’s
modulus and elastoplastic properties of IPC are predicted by FE models and theoretical methods, and
the results of the 3D random FE model accord well with experimental data.
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1. Introduction

The interpenetrating phase composites (IPCs), also called co-
continuous or bicontinuous composites are advanced engineering
materials which consist of two pure phase materials. Each phase
contributes its own properties to the multifunctional characteris-
tics of the whole structure. If either of the two phases were
removed from such a composite, the remaining constituent would
form an open-cell foam, which alone can still bear loads. As con-
stituents of composite are interconnected in 3D space and twine
in all directions, the interface-to-volume (interface denotes inter-
face/surface between two phases) ratio is pretty high. Hence, IPCs
possess unique mechanical properties and physical properties
which are different from and even superior to the conventional
fiber or particle-reinforced materials. There are various IPCs com-
posed of different constituents, for example ceramic-metal [1],
interpenetrating polymer network [2] and metal/ceramic foam
base IPC [3-6].

It is a challenge to study the mechanical properties of IPCs for
their complicated microstructures. Previous work on this subject
can be broadly classified into three categories, namely theoretical
methods [7-9], experimental measurements [10,11] and computa-
tional simulations [12-22]. Because of the complex microstructure
of the IPCs, an analytical method can hardly estimate the mechan-
ical properties precisely. And experiment tests are inconvenient
and costly. Hence, computational simulation methods are always

* Corresponding author. Tel.: +86 10 82315707; fax: +86 10 82318501.
E-mail address: luzixing@buaa.edu.cn (Z. Lu).

http://dx.doi.org/10.1016/j.commatsci.2014.10.021
0927-0256/© 2014 Elsevier B.V. All rights reserved.

employed and documented in literature. With 2D mesoscopic
model using the Voronoi tessellation technique, Wang et al. [12]
performed FE analysis on the representative volume element to
study the mechanical properties of IPC. Singh et al. [13,14] pre-
sented a 2D unit cell model to numerically simulate the elastoplas-
tic behavior of IPC using the element free Galerkin method (EFGM).
Senthil et al. [15,16] used the random morphology description
functions (RMDFs) to generate a so-called realistic random micro-
structure (2D) for computational analyses. Chen et al. [17] devel-
oped a routine for creating 2D FE models characterizing the
microstructure observed in a SEM using a backscattering detector.
However, a 2D model can hardly characterize IPCs exactly, whose
constituents are interconnected in 3D space instead of scatter.
Tuchinskii [9] presented a skeletal structure to estimate the elastic
constants of pseudoalloys by theoretical analysis method. Feng
et al. [7,8] presented a micromechanical model to estimate the
effective elastic moduli of IPC by theoretical analysis method and
finite element method. Furthermore, the elastoplastic behavior
was derived via a step-by-step analysis of the unit cell. Jhaver and
Tippur [3] presented a Kelvin cell based 3D elastoplastic finite ele-
ment model capable of capturing both linear and nonlinear charac-
teristics of the IPC foams. Nevertheless, these micromechanical
models are far different from the realistic microstructure of IPC.
To approach the realistic microstructure, Alveen et al. [18] pre-
sented a representative finite volume (FV) microstructure using
Voronoi tessellation to synthetically represent the microstructure
of a two phase ceramic composite. Poniznik et al. [19] established
arandom voxel model by FEM to estimate the effective elastic prop-
erties of metal-ceramic interpenetrating phase composites, and a
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realistic microstructure FE model was introduced by contrast.
These two FE models were much more approximated to the realistic
structure of the materials compared to Tuchinskii’'s model [9],
Feng’s model [7,8] and Jhaver’s model [3]. Basista et al. [20] devel-
oped a computational model to determine the Young modulus of
IPC using 3D images of realistic material microstructure obtained
from X-ray tomography. Nonetheless, obtaining the FE model based
on a realistic microstructure is complex and expensive, which
demands equipment severely. Except mesh-free method and FEM,
molecular dynamics simulations (MDs) are also employed to study
nano-IPCs. Yang and Lu [21] investigated the mechanical behavior
of co-continuous Cu/SiC nanocomposites by MDs. They concluded
that both the volume fraction (VF) of the components and temper-
ature could affect the mechanical properties. Sun et al. [22]| summa-
rized four models to discuss the tensile property of IPC by MDs. It
was concluded that the connectivity of microstructure in a certain
direction strongly affects the effective Young's modulus and
strengths of nanocomposites in this direction.

The interpenetrating metal-ceramic and pseudo-alloy are
advanced engineering materials which have extensive applications.
The fabrication of these IPCs always involves two steps, one of
which is to prepare an interconnected porous structure, and the
other is to infiltrate the molten phase into the porous structure
[23,24].In order to better predict material behavior, it is a key prob-
lem to establish a model which can describe the realistic micro-
structure of porous structure with co-continuous structure. Chen
and Shen [25] characterized a co-continuous structure via solving
the phase field equation and obtained realistic morphology.
Inspired by the previous work, a realistic morphology is introduced
into FEM and a random 3D FE model is presented to characterize the
IPCs based on the phase field method for the first time.

The objective of this paper is to study the mechanical behavior
of IPCs and the organization is as follows. First, the FE models (ran-
dom, cross-cubic and tetrakaidecahedron models) are presented in
detail. Next, the statistical and error analyses are introduced to
determine the optimized random model parameters. Afterward,
the optimized model is employed to predict the elastic and elasto-
plastic properties of IPCs. The influences of the constituents’ mate-
rial parameters on the mechanical behaviors are also analyzed.

2. Models
2.1. Random model
IPCs have a complicated bicontinuous microstructure (Fig. 1) as

their processing methods include direct porous structure and
another phase infiltration into the matrix. To better mimic this

(a)

process, a random porous model should be built at first, and then
fill the porous model with another phase to obtain the whole IPC
model. The phase field method has been usually employed to char-
acterize the bicontinuous structures [22,26-29]. Sun et al. [22]
established a bicontinuous structure based on the phase field
method and MDs was implemented to obtain the mechanical
behaviors of nano-IPC. Crowson et al. [26,27] probed the dominant
mechanisms for the geometric relaxation of bicontinuous nanopor-
ous metal based on the phase field method. Farkas et al. [28] and
Sun et al. [29] studied the mechanical properties of nanoporous
gold with bicontinuous structure based on the phase field method.
As Section 1 mentioned, the existing FE models are either too sim-
ple to characterize the IPCs, or so expensive to obtain based on X-
ray CT scan. Consequently, we utilize the phase field method to
obtain the model information and implement FEM to establish
model.

In the phase field method, the pattern evolution can be
described by the Cahn-Hilliard equation [30]. The Cahn-Hilliard
equation has a rather broad range of application. It can serve as a
good model for the dynamics in a sufficiently accurate fashion so
that many of the various features of the resultant pattern forma-
tion evolution during phase separation can be explained and pre-
dicted. As mentioned in Ref. [30], this pattern formation is
referred to as the microstructure of the material in materials sci-
ence. Consequently, a random bicontinuous structure pattern can
be obtained by the following Cahn-Hilliard equation.

U =V- {M(u)v[% - \)ZAu} } (1)

where u(x,y,z,t) is the difference in concentration of the two
phases, t represents the evolutionary time, u, denotes the partial
time derivative of u, f{u) is a free energy function, M(u) is a “mobil-
ity” coefficient, 0 > »> <« 1 is a “coefficient of gradient energy”, »
denotes the width of transition region between the two phases. In
this study, we simply adopt the double-well potential function
fw) =1@w?- 1)2, and consider M(u) as a constant coefficient 1
and set 5 = 0.01 which does not influence the results qualitatively.
We adopt the central difference method to discretize Eq. (1). A set of
initial values are randomly generated near zero, and periodic
boundary conditions are adopted in all three directions. The size
of computational domain determines model size, which can be
adjusted as needed.

We set a cutoff value ug to distinguish different phases. If
u > Uy, the coordinate position is occupied by one phase, otherwise
the coordinate position is the other phase. We can change the
value of 1y to obtain various VFs of constituents. Indeed, different
random models can be obtained at different evolution time.

(b)

Fig. 1. (a) Microstructure of Al,03-Cu composite, X-ray CT scan [19]. Reused with permission from ref. [19]. Copyright 2008 Elsevier. (b) Schematic of an interpenetrating
two-phase composite [38]. Reused with permission from ref. [38]. Copyright 2004 John Wiley and Sons.
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Fig. 2. Schematic of an IPC based on the phase field method (50% VF).

Fig. 2 is a schematic of an IPC (50% VF) based on the phase field
method, which is geometrically periodic in all dimensions.

After collecting the information of coordinate position, a rou-
tine is compiled and FEM is implemented. We displace the coor-
dinate position with a set of voxels (8-node elements in this
study) and give them different material properties. The interface
between two phases is considered as perfect interface. In conclu-
sion, a random interpenetrating FEM model is achieved, as shown
in Fig. 3(a).

2.2. Cross-cubic model

A cross-cubic model was used to study IPCs in earlier work [7-
9]. Here, we also adopt this simple analytical model, as shown in
Fig. 3(b). With the assumption of macroscopically homogeneous
and isotropic materials, the cross-cubic unit cell can be divided
according to the iso-strain and iso-stress assumption in two differ-
ent ways. The lower and upper bound for the effective Young’s
modulus of IPCs with two constituents can be estimated as [21]

E% — f2E, + f2E, + 2fofo(f1 /E1 + f2/E2) 2)
-1
o = f2 / (3)

fE+(1-F)E FE+ (1-£)E

where E; and E, are the Young's modulus of each constituents,
respectively. f; is the edge length as shown in Fig. 3(b) and
f2 =1 —f1-

2.3. Tetrakaidecahedron model

The tetrakaidecahedron consists of eight hexagon faces and six
quadrilateral faces, in which every edge has the same length. Tet-
rakaidecahedron model, or Kelvin model was generally applied to
study low-density open-cell foam [31,32]. Moreover, Jhaver and
Tippur [3] and Tippur and Periasamy [33] developed a Kelvin cell
based 3D elastoplastic finite element model and examined the fea-
sibility of predicting both the elastic and plastic characteristics of
the IPC foam. Similarly, we suppose that the tetrakaidecahedron
has a uniform circle cross section of every ligament with the round
joints. A cubic unit cell is built by filling the space of tetrakaideca-
hedron and 3-D tetrahedral solid element is adopted in ANSYS soft-
ware to guarantee the compatibility between elements, as shown

in Fig. 3(c). We can obtain various models with different VFs of
components by changing the value of ligament radius.

2.4. Boundary conditions

The above three FE models are all geometrically periodic, so
periodic boundary conditions [34] (PBC) are adopted in this study
to ensure the continuity of forces and displacements on the oppo-
site faces of the model.

3. Model analysis

Due to the structural randomness apparent in the FE model, the
statistical and error analyses of the calculated results are signifi-
cant. Based on our previous work [35,36], we discuss the effects
caused by the model size, mesh sensitivity and the sample capac-
ity. The following discussions are based on the results calculated
with the parameters from the existing literatures [12,37], as shown
in Table 1.

3.1. Model size and mesh sensitivity

To a random model, the effect of model size can be extremely
crucial. The results based on a random FE model with small size
exhibit far too much scatter to draw definitive conclusions regard-
ing the macroscopic properties. However, the computational cost
becomes prohibitive when the size is too large. Consequently, a
suitable model size is crucial for our simulation. To facilitate com-
parison, the same VF of either constituent is chosen.

The number of meshes increases as the size of model increases,
which can be indicated as mentioned in Section 2. Therefore, a FE
model with an appropriate size is related to the number of meshes,
which becomes a critical FE model for simulation in this study.

Fig. 4 reveals the influences of model size on Young’s modulus
with different VFs of constituent. The values decrease as the model
size increases. The discrepancy of the mean Young’s modulus
between the 20 %20 %20 model and the 45 %45 x 45 model is
3.84%, 4.30% and 4.87% for the VF of 32%, 35% and 39%, respec-
tively. When the model size reaches 40x40%40, the calculated
results become insensitive to the model size. Furthermore, the dis-
crepancy of the mean Young’s modulus between the 40 x 40 % 40
model and the 45 %45 %45 model is 0.11%, 0.51% and 0.14%,
respectively.

According to the obtained data, we conclude that the critical
model size is 40 = 40 = 40. These dimensions balance the computa-
tional precision and efficiency, and we adopt this model to com-
plete the following simulation.

3.2. Sample capacity

For our random FE model, the mean values from different mod-
els are generally used to estimate the effective mechanical proper-
ties. Evidently, more precise results would be obtained as the
sample capacity (amount of models) increases. However, much
sample capacity would cost much computational time. Hence, an
appropriate sample capacity is selected in a statistical approach.
The convergent relative error of mean value (REMV) and relative
standard deviation (RSD) are determined as follows, respectively
[35].

|Mn+1 - Mn|

n+1

_ Dy L Z(Qi = My’
RSD =y Dy = | =S (5)

n
REMV = x 100%, M, = —Z‘;l % (4)
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Fig. 3. FE models of (a) random, (b) cross-cubic and (c) tetrakaidecahedron.

Table 1
Summary of parameters used in the FE models.

Young’s Poisson’s Yield stress Tangent
modulus E (GPa) ratio v oy, (MPa) stiffness T
(GPa)
ALOs™ 390 0.2 - -
AlSipo? 73 033 - -
Epoxy” 3.4 035 - -
Tungsten® 410 0.28 1200 14.5
Copper® 110 0.345 57 -

2 From the literature [37].
" From the literature [6].
¢ From the literature [12].

where Q; is the value obtained from numerical sample i, M,, and D,,
are the mean values and standard deviations calculated using n
numerical samples, respectively.

To facilitate comparisons, the model size (40 x40 % 40) and
mesh density of these FE models are fixed when the influences of

sample capacity are discussed. As shown in Fig. 5, we calculate
the REMVs and RSDs for E and o, values, respectively. It is evident
that the REMVs and RSDs both decrease when the sample capacity
increases. Fig. 5(a) illustrates that the REMVs are below 1% since
the sample capacity exceeds five. The convergence rate for each
RSD is as quick as the corresponding REMV, as displayed in
Fig. 5(b). The RSDs are below 1% since the sample capacity exceeds
three and are below 0.5% when the sample capacity reaches five.
Therefore, the following simulations adopt the mean values of five
samples for each parameter.

4. Results and discussion

Based on the above discussions, the 40 % 40 x 40 model is cho-
sen as the critical size model. Hence, this model is adopted for
the following simulations and all parameters are determined by
averaging five samples.
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4.1. Elastic properties

The effective Young’s moduli have been calculated and com-
pared by using different analytical and numerical methods. The
microstructures of the composites are either determined by the
phase field method as mentioned above, or using previous cross-
cubic model and tetrakaidecahedron model. The parameters of
constituents are listed in Table 1.

Fig. 6 illustrates the effective Young’s modulus of IPC versus the
VF of Al,03 which increase nonlinearly as the VF of Al,03 increase.
The FEM calculations for random microstructure, cross-cubic and
tetrakaidecahedron are compared with the analytical low bound
and up bound which are expressed as Eqs. (2) and (3). Blocks and
spots represent the experimental data from previous literature
[6,37]. It is observed that the analytical low bound and up bound
cannot cover the experimental data completely. Due to real micro-
structure imperfections (e.g. microcracks, voids, etc), the experi-
mental measurements may have values falling below the
analytical low bound. The results of the cross-cubic model and tet-
rakaidecahedron model are both higher than the experimental
data, but the results of the random model fit the experimental data
well for two kinds of IPCs. The reason is that the morphology of the
cross-cubic model and tetrakaidecahedron model is far more dif-
ferent from the realistic microstructure of IPC. However, the ran-
dom model in this study can characterize this microstructure to
a certain extent. It is also revealed that the random model can
characterize the IPC based on different material system.

4.2. Elastoplastic properties

To study the elastoplastic properties of IPC, we assume that the
constituents of IPC obey the elastoplastic constitutive relations. In
this study, a set of parameters are chosen to simulate the elasto-
plastic behaviors of IPC, as listed in Table 1. Based on the literature
[12], the stress—strain relationship of tungsten is supposed as a
bilinear relationship. And the stress-strain relationship of copper
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Fig. 6. Comparison with FEA results and the experimental data (a) for Al,03-AlSi;;
and (b) for Al,03-Epoxy.
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is obtained by experimental data in the literature. The VFs of cop-
per and tungsten are obtained through the density of CuW 70 wt.%,
namely 48% and 52%, respectively. As shown in Fig. 7, the tensile
stress-strain curves of different FE models are exhibited when
the VF of copper is chosen as 48%, and the stress-strain relation-
ships of two constituents are also presented. It is observed that
there is an increase in modulus and strength of composite by addi-
tion of hard reinforcement. The curves of the cross-cubic model
and tetrakaidecahedron model are close with each other and
higher than the curve of the random model. The Young’s modulus
predicted by the cross-cubic model and tetrakaidecahedron model
are also higher than that predicted by random model, which are
determined by the initial slopes of the curves. According to the
conventional definition, the yield stress is determined at 0.2%
residual plastic strain (0.2% offset yield strength o), and the yield
strain is determined at the same position. A comparison of them is
presented in Fig. 8. The yield stresses predicted by the cross-cubic
model and tetrakaidecahedron model are higher than that pre-
dicted by the random model, which has a similar tendency with
Young’'s modulus. However, there is only a little difference for yield
stress between the cross-cubic model and tetrakaidecahedron
model. The yield strain predicted by the cross-cubic model is just
lower than that predicted by the random model, and both of them
are observably lower than that predicted by the tetrakaidecahe-
dron model.

Fig. 9(a) displays the stress—strain curves of various VFs of cop-
per (%) predicted by the random model, which rise as the VF of cop-
per decreases. The modulus and strength of tungsten are much
higher than those of copper, so the influence of the VF of tungsten
is significant. Fig. 9(b) shows the yield stresses for different FE
models versus the VF of constituents. From this plot, it is observed
that all the FE predicted values decrease nonlinearly as the VF of
copper increases. It is found that different microstructures strongly
affect the yield stress of IPCs. The yield stresses predicted by the
cross-cubic model and tetrakaidecahedron model are close. The
yield stresses predicted by random model are obviously lower than
the others and closer to the experimental data. Hence, the random
FE model is proved to be better utilized to describe the elastoplas-
tic behaviors of IPC.

The stress—strain relationships of constituents have a great
influence on the behavior of IPC, which is mainly governed by
some parameters, like initial stiffness, yield stress and tangent
stiffness. These parameters can change the nature of the resultant
behavior of the IPC. Afterwards, the influences of various parame-
ters are discussed when the VF of each phase is 50%. Fig. 10 shows
the different stress—strain curves for the different values of yield
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Fig. 7. Stress-strain curves predicted by different FE models.
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Fig. 9. (a) Comparison of stress-strain curve for different VFs of copper predicted
by random model and (b) yield stress predicted by different FE models.

stress in hard phase with all other material constants unchanged.
It is observed that the yield stress in hard phase has little effect
on initial stiffness and yield stress. However, the plateau stress
increases as the yield stress in hard phase increases. Fig. 11 dis-
plays the different stress-strain curves for the different values of
yield stress in soft phase with all other material constants
unchanged. It is observed that the initial stiffness, yield stress
and plateau stress all increase as the yield stress in soft phase
increase. Fig. 12 shows the different stress—strain curves for the
different values of tangent stiffness in hard phase with all other
material constants unchanged. The tangent stiffness in hard phase
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has almost no effect on initial stiffness and yield stress, but the
plateau stress decreases a little. The most sensitive parameter is
the yield stress in soft phase, for which a small change affects
the overall behavior of IPC by large extent. Hence, the elastoplastic
behavior of IPC depends on the yield stress in soft phase primarily.

5. Conclusions

A solving process to the phase field equation has been used to
describe the spatial distributions of interpenetrating phases. A rou-
tine has been compiled and a 3D random FE model based on the
phase field method has been presented to characterize the realistic
microstructure of IPC for the first time. Inspired by previous work
[3,7-9], the cross-cubic model and tetrakaidecahedron model are
also conducted by FEM for comparison.

The statistical criterion has been employed to determine the
critical size of the 3D random FE model. The sample capacity for
REMVs and RSDs has also been discussed. The conclusion of the
critical size being 40 * 40 % 40 has been obtained.

After that, the 3D random FE model has been employed to pre-
dict the elastic and elastoplastic behavior of IPC. The predicted
results of the cross-cubic model and tetrakaidecahedron model
are also displayed for comparison. It is observed that the predicted
results by the 3D random FE model accord better with the experi-
mental data because of its realistic morphology.

In the present work, the 3D random FE model is only employed
to predict the elastic and elastoplastic behavior, but it has the
potential to predict the progression of damage using a continuum
damage approach because of its realistic structure. Moreover, this
simulation method offers the potential to model additional fea-
tures of the real material, such as porosity, anisotropy and residual
stress due to microcracking or debonding between phases.
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