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In this paper we are concerned with finding exact
solutions for the stress fields of nonlinear solids
with non-symmetric distributions of defects (or
more generally finite eigenstrains) that are small
perturbations of symmetric distributions of defects
with known exact solutions. In the language of
geometric mechanics this corresponds to finding a
deformation that is a result of a perturbation of
the metric of the Riemannian material manifold. We
present a general framework that can be used for
a systematic analysis of this class of anelasticity
problems. This geometric formulation can be thought
of as a material analogue of the classical small-
on-large theory in nonlinear elasticity. We use the
present small-on-large anelasticity theory to find exact
solutions for the stress fields of some non-symmetric
distributions of screw dislocations in incompressible
isotropic solids.

1. Introduction

Mechanics of residually-stressed solids has been of
interest to many researchers in solid mechanics for quite
some time. In an anelastic deformation any measure
of strain has a non-elastic component. This means that
a non-vanishing strain does not necessarily correspond
to a non-vanishing (conjugate) stress; only the elastic
part of strain—the elastic strain—enters the constitutive
equations. The remaining part of strain is called pre-
strain or eigenstrain as coined by Mura [1]. One source
of anelasticity is defects. Line defects in solids were
mathematically introduced by Vito Volterra more than a
century ago [2]. Volterra realized that such defects, which
he called distortions, induce a self-equilibrated state of
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residual stresses. His calculations were done in the setting of linear elasticity. He introduced six
types of line defects, three of which are now called dislocations (translational defects), and the
other three are called disclinations (rotational defects). Other examples of anelasticity sources
include non-uniform temperature distributions [3, 4, 5], bulk growth [6, 7, 8, 9, 10], accretion
(surface growth) [11, 12], and swelling [13, 14, 15]. Following the pioneering works of Eckart [16]
and Kondo [17], the multiplicative decomposition of deformation gradient was proposed by Bilby
et al. [18] and Kroner [19] and has been extensively used in the literature to solve anelasticity
problems (see [20, 21] for a further discussion on the origins and the use of the multiplicative
decomposition in the mechanics literature). Alternatively, rather than using the conceptually
ambiguous intermediate configuration in the framework of the multiplicative decomposition (cf.
[4, 9] for detailed discussions), eigenstrains can be modeled using an abstract manifold (material
manifold) that is possibly non-Euclidean [22, 23].

Evolution of defects in solids is an important and difficult problem when strains are finite. The
complexity of the equations of anelasticity leaves little hope for finding exact solutions. A handful
of exact solutions have been found using semi-inverse methods assuming some symmetric classes
of deformations (these are all somewhat related to Ericksen’s universal deformations [24]). In the
case of defects, examples can be seen for dislocations and disclinations in [25, 26, 27, 28, 29, 30],
and for point defects and discombinations in [31, 32, 33]. The existing exact solutions correspond
to highly symmetric distributions of defects. As soon as this symmetry is broken, the governing
equations start to be utterly complicated leaving no choice but for numerical computations. One
possibility for extending the class of problems amenable to exact solutions is to study those defect
distributions that are perturbations of the highly symmetric ones. This is what we call small-on-
large anelasticity in this paper, which is a material analogue of the small-on-large theory of Green
et al. [34] (further discussion and several applications of this theory can be found in [35, 36]).
Given a distribution of some source of anelasticity with a known exact solution, we perturb the
distribution and solve for the induced small elastic deformations. This is achieved by linearizing
the governing equations about the known solution with respect to the perturbation. Even in the
case when one fails to find exact solutions in this framework, the linearized governing equations
are much easier to solve numerically. In this paper we are concerned with the change of the state
of stress (residual stress) of a hyperelastic body with a given distribution of defects, or more
generally a source of anelasticity, under a perturbation of the defect distribution. A change of the
defect distribution changes the geometry of the material manifold, and consequently changes the
metric of the underlying Riemannian material manifold. Such calculations have two immediate
applications: i) Suppose one has an analytic solution for the stress field of a given distribution
of defects (dislocations, disclinations, point defects, or a combination of them—discombinations
[33]). Can one calculate the residual stress field of the body if the defect distribution is perturbed
slightly? ii) One may be interested in stability of a defect distribution. If the defect distribution is
allowed to perturb, would the total energy of the system change? Any reduction of the energy of
the system may indicate instability of the defect distribution.

This paper is organized as follows. In §2, we briefly review the basic concepts of Riemannian
geometry and geometric elasticity needed in our formulation of small-on-large anelasticity. In §3,
we formulate the governing equations for the small deformations induced by a perturbation of the
distribution of finite eigenstrains. In our geometric framework, such a perturbation is equivalent
to perturbing the material metric. In §4, we solve several examples of screw dislocations that are
perturbations of an axi-symmetric distribution of screw dislocations in an infinite body made of
an incompressible isotropic solid. Conclusions are given in §5.

2. An overview of nonlinear elasticity

We briefly review in the following some elements of the geometric formulation of nonlinear
elasticity and anelasticity. For more details, see for example [29, 37]. Let B be a three-dimensional
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body identified with a three-dimensional Riemannian manifold (5, G)'—the material manifold
where the body is stress-free. Let (S, g) be a Riemannian ambient space manifold, which we
assume is Fuclidean, i.e., S=R> and g its usual Euclidean metric.2 We adopt the standard
convention to denote objects and indices by uppercase characters in the material manifold B
(e.g., X € B) and by lowercase characters in the spatial manifold S (e.g., x € S). We denote
by {X A1 and {z“} the local coordinate charts on B and S, respectively, by 04 = MLA and
O = aga , we denote the corresponding local coordinate bases, respectively, and by {dX“}
and {dz®}, we denote the Correspondmg dual bases. We also adopt Einstein’s repeated index
summation convention, e.g., u'v; :=_, u'v;. Let V&, and V9 be the Levi-Civita connections

of (B,G), and (S,g), repectively. We denote their respective Christoffel symbols by I'* p¢,
and Y%, in the local coordinate charts {X“} and {z%}, respectively. By a configuration of 3,
we mean a smooth embedding ¢ : B— S. We denote the set of all configurations of Bby C. A
motion of B is a smooth curve in C, i.e., a mapping t € Rt — pt € C. We introduce the notations
e(X, 1) :==px (1) = pt(X).

The deformation gradient F is defined as the tangent map of ¢;:B— S, ie., F(X,t):=
Toi(X): TxB—T,,(x)S. We denote the transpose of F by FT and it is defined
such that V(W,w) € (IxB x T, (x)S) : g(FW,w) = G(W, F'w).In components, (FH4, =
gabe 5GAE . The Jacobian J relates the material and spatial Riemannian volume elements
dV(X,G) and dv(z,g) by dv(ei(X),9)=J(X,F,G,g)dV(X,G). It can be shown that J =

detg det . The right Cauchy-Green deformation tensor is defined as C=F'F. In

components, cA B= GAK pao KFb BYab - Note that c’ agrees with the pull-back of the spatial
metric g by ¢, ie, ch = v*g, where ()b denotes the flat operator for lowering tensor indices.
The left Cauchy-Green deformation tensor (also called Finger tensor) is defined as b= FF".In
components, b%, = F* 4 F¢ 5GP g, . Note that b—° agrees with the push-forward of the material
metric G by ¢, ie, b~ = .G, where (.)*b denotes the inverse operator followed by the flat
operator. We define the convective manifold as the Riemannian manifold (B, C b) .Let V€ be the
Levi-Civita connection of (B, C”). We denote its corresponding Christoffel symbols in the local
coordinate chart { X4} by IMpeo.

The material velocity of the motion is defined as the mapping V : B X R+ — T'S such that
V(X,t):=px«0t €T, (1)S, which in components reads V*(X,t)= at (X t) The spatial
velocity is defined as the mapping v : ¢ (B) x RT — T'S such that v(z, ) := V (¢; ' (2),1) € T2S .
The material acceleration is defined as the mapping A:B x Rt — TS such that A(X,t):=
DIV (X,t) € T,(x)S, where DJ denotes the covariant derivative along ¢x . In components,
A= %L; + 7% VPV The spatial acceleration is defined as the mapping a : p¢(B) x Rt — TS
such that a(z,t) := A(p; *(z),t) € ToS . In components, a” = aa—”: + g—zzvb + 4% pev?vC.

We denote the material and spatial mass densities by p, and p, respectively. The conservation
of mass in local form reads pJ = po , which is equivalent to

dp
& + pdivgv =0,
where divg denotes the spatial divergence operator.

We assume that the body is made of a hyperelastic material, so that the constitutive model is
given by an energy function W = W(X ,F,g, G)3 per unit undeformed volume, and the Cauchy
stress tensor is given by [40]

s

0

o=

, @.1)

SN
QD

g

!The material manifold need not be Riemannian, e.g., dislocations can be modeled by torsion [29, 38], and point defects by
non-metricity [32]. Note, however, that only the underlying Riemannian metric is needed to calculate (residual) stresses.
2See [39] for an example of a non-Euclidean ambient space.

3The dependence of the energy function W on the metrics follows from the fact that W is a scalar that depends on the
deformation gradient F . This requires the metrics to obtain a scalar out of it, e.g., tr(F' F) = F@ 4, F* s GAP g,
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which in components reads o = %% . We can alternatively consider W = W(X, C ’ @) and
the convected stress tensor X' = ¢} o is written as [41]

2 OW
2z 2.2
Jocr’ @2)
which in components reads X ab % 8%W . If the material is incompressible, we have J =1 and
AB

the stress tensors o and X' are written as

0':268—1/9\}—pgﬁ, 2:2%-;;0“‘, (2.3)
where p is the Lagrange multiplier associated with the incompressibility constraint, and (.)*ti
denotes the inverse operator followed by the sharp operator for raising tensor indices. If the
material is isotropic, the strain-energy function is expressed as a function of the principal
invariants Iy =trC, Iy = %(tr(C)2 —tr(C?)), and J, ie, W=W(X, Iy, I5,J), and the stress
tensors o and X' can be written as [36, 40]

) 2 - —
o= (WJ + 72W12) glj + jW]l bt — 2JWr,b # , (2.4a)
2 M A f_ 2% ot w.o-t
=5 Wi, +1WVn,) G* = WL, CF + W67, (2.4b)

where Wy, = ‘gTV‘; W, = g—}/\; ,and Wy = %—V}/ . If the material is incompressible and isotropic,

o= (2Wr, —p) g* + 20, b — 2,67 F (2.5a)
2 =2 Wy, + 1Wy,) G* —2W,C* — pC*. (2.5b)

In spatial form, the balance of linear and angular momenta read
divgo + pf = pa, ol =0, (2.6)

where f denotes the body force per unit mass. The balance of linear and angular momenta in terms
of the convected stress tensor read [41] (Note that, since vC = oF v& , the convective balance of
momenta (2.7) can alternatively be obtained directly from the classical spatial balance of momenta
(2.6).)

DiveX + ppiF=ppiA, S' =8, 2.7)

where Div¢ denotes the divergence operator with respect to C’,and F:=fo ;.

3. Small-on-Large Deformations Due to a Material Metric
Perturbation

In this section, we formulate a theory of small superposed deformations due to a perturbation
of the material metric. Given a motion ¢; with respect to a reference configuration (B, G), we
consider a 1-parameter family of metrics G¢ such that Go = G. We want to understand how
the state of stress in the body is affected by such a perturbation. Note that a perturbation of the
material metric is due to a perturbation of the source of anelasticity, e.g. a defect density. The
variation of the material metric is defined as

d
5G — a E:OGG .

For a small enough €, one can write Ge =G + ¢dG + o (¢). Note that even though the
deformation is seemingly independent of the material metric, changing the material metric may
affect the equilibrium configuration of the body at any given time ¢. Hence a perturbation of
the material metric may lead to a perturbation ¢ of the motion, such that ;o= is the
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equilibrium configuration corresponding to the metric Go = G. We define its corresponding
variation as

580t(X) = @t,X*aﬁ‘EZO € Ttpt(X)S7

that is, dp; = 0pf e and dpf (X) := dfjé’t «—0 - Note that dp o ¢~ 1 is the displacement field in
the classical theory of linear elasticity and we denote it by U =dp o ¢ L. Since S=R3, using
the linear structure of R?, one can write for a small enough €: pe = ¢ + edp + 0 (€) . Given the
configuration ¢ resulting in the stress field o, the perturbed configuration ¢, due to the material
metric perturbation Ge induces a stress field, which for a small enough € reads oc = o + €do +
o (€) . In the following, we formulate the governing equations to solve for §¢ and find do is terms
of G and d¢p.

As € varies, for fixed X and ¢, the right Cauchy-Green tensor CE remains in the same space
T2 (T%B), the set of (g) -rank tensors at X . Thus, it makes sense to define its variation as §C° =

b
d(% . One can write 6C” as follows
e=0
bod d * b b7
0C” = - C¢ =i i [otepteg]|  =viLug=i (V“’U + [VQU } ) =2p7€,
€ e=0 € e=0

T
where ()T denotes the transpose operator, and e=3 (Vg U’ + [Vg U b} > is the linearized

strain. The variation of the Jacobian of the motion reads?

detCE . o 1 P
i \/ oG~ <e.g §5G.G J, (3.1)

where “:" denotes the double contraction tensor product. Using pJ = p, and the above equation
(3.1), the variation of the spatial mass density reads

_4d
T de

6J

dp=— (e:gu — %5G:Gu) p. (3.2)

Note that when € varies, the terms in the balance of linear momentum (2.7) are vectors that remain
in the same vector space Tx B 5 Hence, one can write its variation as

d . * d
de [DIVCE e+ pe@e,tB] = -

de [pe‘P:,tAe] s

e=0

e=0
which, by expanding the divergence term in local coordinates, transforms to read

d AB AK #B BK 7A x d
df [(Ee ,B+Ze I g + e It BK) aA"’pESOe,tB] = 7
€le=0 de e=0

[Pe@:,tAe} . (33)

For different values of € and fixed X and ¢, X lie in the same space T2 (T'xB) . Hence, one
can define 60X = dd% ’ , which is computed in (3.4a) following (2.2). On the other hand, the

variation of the Cauchy_stress can be defined as the push-forward of that of the convected stress,
i.e., 0o = 0 X . Therefore, one finds

4 9*W % 2 9*W g1 #
0¥ =——r——: ———0G - |eg" — -0G:G" | ¥ 3.4
Jacracy 7 ¢t Tacacy (e 9 =3 ’ (344)
4 %W 2 9°W g 1 #
a—jagag.e—k jaGag'(SG_ (e.g —§6G.G’ )a. (3.4b)
We define the following fourth order elasticity tensors:
294 294
::éaw, ::gaw, (3.5)
J 0gog J 0GOog

fRecall that if det A # 0, one has ”ddei‘g‘“ = (det A) AT . Here, det G # 0 and det c’ #0.
“However, note that when e varies, the terms in the balance of linear momentum (2.6) are vectors that lie in the vector space

Tw,‘ (x)S , in which the base point ¢+ (X) depends on €.
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2 2
(C(lb(‘d = ﬁ% and DabAB = 3#@5]5 USlng (2 7) (3 2) and

(3.4a), the governing equation (3.3) for the incremental stress transforms to®

(4w . 2 oW o
Divo <Jacbacb-%6+ 79Gacr '“") s (e - i)

which in components read

BK ~—AL =M BK ~—AL
—2x70 i€y I BxOa+E7"C [SO?E’BL,K—’_SJ;G‘KL,B_¢I€|BK,L]8A
AK ,—BL AK ~—BL
—2X70C te’LJVIF BrOA+XTTC [SDIE’BL,KJ“DI&‘KL,B*@IG‘BK,L}BA
d . d ;.
LrpeBl|l =p S pr,A
+p - 961 B] p o lpeiAd

I

e=0 e=0

(3.6)

where dp denotes the exterior derivative operator on B, i.e., for a function f:B — R, one has
dpf= ai(fA dx4 . Denoting by a double stroke (.)H the convective covariant derivative, i.e., the
covariant derivative in the convective manifold (8, C) , one can write (¢} €) 5 LK+ (pr€) g LB~

(pt€)pr,L=(Pi€)prx + (Pt€) kL s — (Pi€)pK|L +2(¢f€)pas I'™ px - One can also show
that

—BL *
¢ [ ) pryr T (1€ s — (¥ G)BKHL]
BL

[C (SDtG)BLHK‘FC ((’O?G)KLHB —cht (‘O;G)BKIIL}

—|(c7ie) 4 O (et — O (01€) ey = ()

On the other hand, one has dg (e: gu> XY= (gﬁ:e) X YKAH, . Therefore, (3.6) is simplified to

)

K

read

. 4 PW 2 W 1 ¢
Dive | 227 . 2 IW s s (156:G") - »
Ve <Jacbacb “et Jocacs %)t 3(2 GG)

d
=P [pe tAc]

BK ~—AL[ " " d &
+2700 [90t€|BL||K+‘Pt€|KL||B_WE’BKHL}‘?A"'IO e [pe.B]

e=0 e=0

(3.7)

Recall that, VE = »; V9 . Thus, one can write

b 1 b
(@re)ABHC :FaAF BFCCEab|c: EFaAF BFCC (Ua|bc + Ub|ac) .

Assuming that the ambient space is flat, it follows that U, ;. = U, |, - Hence, it is straightforward
to show that (¢i€) gk + (Pi€) k)5 — (Pt €)BK|IL= Fb]_r;FkKFlLUlWC . For the acceleration
vector, one has
a
de

0A%
Oe

[@:,tAE}

=piLyA=¢; [

. 8a+V%A7V‘?4U} =i [D?A - V5 U]
=

e=0

=i [DIDYV — VU] = ¢i [DIDIV + V1

vV - vf{lU]

=t [DfoU +Vip vV - vng] ,
where D? denotes the covariant derivative along € — ¢ +(X), for X and ¢ fixed, and where
we used DIDIV =DYDIV + V[U V] , since we assume a flat ambient space. We also use
the symmetry lemma [42] to write DIV = Df U . For the body force vector, one similarly has
4 [@:,tB]‘ 0= ©iLyuB =¢; [V{; B — VU] . Finally, using the above results and pushing
=

®Recall that the Christoffel symbols for the convective Levi-Civita connection, i.e., the Levi-Civita connection for the
convective manifold (B, Cb), read ' g = %CiAL (CBrL,xk +Ckr,B+CBK,L)-
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forward (3.7) by ¢¢, one obtains the following balance of linear momentum for the perturbed
motion

divg (C:€ + D:6G) + predp (%G;G“) o
2
(3.8)
+VIVIU o + p (VB — VLU) =p (DfoU + V% v
where VIVIU :0 = a“bvg o, Vg U=0c"U “|badc - If the material is incompressible, the variation
of the convected and the Cauchy stress tensors are written as

V-v4U),

63 =} (Cie+D:5) — 6pC~F + 2p i et (3.90)
50‘z(C:e+1D):5G7(5pg’j +2peﬁ, (3.9p)

where dp = %‘ OpE is the resulting pressure variation, which can also be interpreted as the
e=

Lagrange multiplier associated with the constraint §J = 0. Therefore, for an incompressible solid,
the balance of linear momentum for the perturbed motion reads

divgdo + pixdp <%5G:Gﬂ) o+ VIVIU: o +p (VgUB - VgBU)
(3.10)

— 9 ng g g
=p(DfDIU + VY,V - V4U)

Remark 3.1. Note that for an isotropic solid, one can show that the components of the elasticity tensors
(3.5) read

_ 4712
cabed - (WJ+JWJJ+4IQW]2J+ 2W[2+72W[212> abngJr WI1 1babde

X 215 5 ac _bd ad be abycd ab _cd
(WJ-FTWIQ) (9 g +9yg ) <2W11J+ JW1112> (g b +bg ) (3.110)

— J (20 Wiy +4Wy, +41Wp, 1,) (g“bb*Cder*“bng) +4T3Wy, 1, b b

—|—2JV_V]2 (b—acgbd+b—ad bc b—bcgad+b—bdgac) _ 4.])/_\7]1]2 (b—abbcd+babb—cd) ,

1.+ Jox . 21
DPAB = _ (§WJ+§WJJ+2IQW[2]+72

o 205 ab ~AB
JW[2+7W[212 g G

J

1.5 . —ab

_ jWh (FaKFbLGAKGBL+FbKFaLGAKGBL) _ 2J3W12[26 ab—AB

+J (JW[2J+2W]2 +2[2W1212) (biabGAB +gabciAB) - %W}ljl babCAB (3.11b)

+ oW, (b—abCAB+babC—AB) <W11J+ Whlz) (babGAB+gabCAB)
_lez(ak bp—A p=B | bkl p=A p- )

For an incompressible isotropic solid, the components of the elasticity tensors can be obtained from (3.11)
by setting J = 1 and removing the terms containing W.

4. Examples of Material Metric Perturbations in an Infinitely Long
Cylindrical Bar with an Axi-Symmetric Distribution of Parallel
Screw Dislocations

In this section, we solve examples of perturbed dislocation distributions. Starting from a
dislocation distribution with an existing equilibrium solution, we perturb it and solve for

H
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the induced small elastic deformations due to the resulting material metric perturbation. We
consider the example of a cylindrically-symmetric distribution of parallel screw dislocations
in a cylinder made of an incompressible, isotropic, and radially inhomogeneous nonlinear
elastic solid, i.e., a solid with an energy function that can be written as W=W(R,11,15).
Using the geometric theory of nonlinear dislocation mechanics introduced in [29], we first
construct the stress-free Weitzenbock material manifold for an arbitrary cylindrically-symmetric
parallel screw-dislocations distribution. Next, considering a perturbation of the axi-symmetric
dislocation distribution following §3, we solve for the induced small elastic deformations and the
corresponding stress field.

(a) Material metric perturbation

In a cylindrical coordinate system (R, ©, Z), we consider a distribution of cylindrically-symmetric
screw dislocations parallel to the Z-axis by assuming a Z-oriented radially-symmetric Burgers’
vector density b= b(R) . Let us consider a perturbation of this Burgers’ vector distribution, i.e.,
we take a one-parameter family of Burgers’ vectors be(R, ©, Z) such that by(R, ©, Z) = b(R) . We

define its variation as 6b = %be . The given distribution of Burgers’ vectors is equivalent to

having the following torsion 2-forms

be(R, 0, Z)

9t A2,
27 A

T =7%2=0, T3=
Following the method of Cartan’s moving frames [43], we look for an orthonormal coframe field
of the form ¢! =dR, 92 =RdO, 93 =dZ + fe(R,0,Z)dO, for some function fe = fe(R, O, Z)
to be determined. Denoting by w®g the connection 1-forms, Cartan’s first structural equations,
T=dd" +w g A 97 for a = 1,2, 3, give one the following non-zero connection coefficients

oy Lt L (fer  be e e L (fer b e = 02
w=—gp, wa=-—5 | 5 ) w=was=g| T o) W=

Hence, the connection 1-forms read

1 1o 1(fer b\ 3 2 1(fer be\ g, fez3 3 1 [(fer be\ 2
W= 2(R 27r)’9""3_2<R 27) U TR TR )

Cartan’s second structural equations, R* g = dw®g + w®, A7 g, for o, 8 =1,2, 3, along with the
flatness of the material manifold yield,7 fer= Rg—;, fe,z =0. Therefore, b. 7z =0, and hence
be =be(R,0), ie., a Z-dependent Burgers’ vector cannot be accommodated using the assumed
coframe field. It then follows that fe(R,O) = % fOR Ebe(€,0)dE, and the perturbed material
metric in the coordinate frame is written as

1 0 0
GEZ 0 R2+f62(R78) fG(R7@)
0 fe(R,0) 1

Hence, the variation of the material metric is written as

0 0 0
5G=| 0 2/(R)Sf(RO) 5f(R6) |,
0 5f(R,0©) 0

where

R R
fR)=g- [ e and sf(R.0)= 5 [ esbie o).

For dislocations, the material manifold is by construction a Weitzenbock manifold, i.e., it is flat and has a compatible
connection with a possibly non-zero torsion [38].
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Knowing that by = b(R) , we have fo = f(R) = % fOR £b(€)d¢ and G = G(R) is the metric for the
axi-symmetric parallel screw dislocations

1 0 0
G=| 0 R*+f*R) f(R)
0 f(R) 1

Note that tr (6G) = 6G:GF =0.

(b) Stress perturbation

Let us first find the residual stress field for the finite axi-symmetric distribution assuming
an incompressible isotropic solid. Based on the symmetry of the problem, we look for an
embedding of the material manifold in the Euclidean ambient space such that, in cylindrical
coordinates (7,0, z), we have ¢ (R,0,Z) = (r(R), 0, Z) . Then, the deformation gradient reads
F =diag (r'(R),1,1) and the Jacobian is written as J=rr"/R. Using the incompressibility
condition, i.e., J =1, and assuming that r(0) = 0 to fix the rigid body translation of the body, we
find that (R) = R . Hence, the standard Euclidean metric for S = R3 in cylindrical coordinates
(r,0,z) reads g = diag(1, R?%,1) and the only non-zero Christoffel symbols are v"yg = —R and
’)/Qrg = % . The Finger deformation tensor is written as

1 0 0
=1 o % _ f}({;)
0 7f}(£) 1+ féf')

Following (2.54) and denoting a(R) = 2Wy, (R, I1 (R), I2(R)) and 3(R) = 2Wr, (R, [1(R), I2(R)),
the non-zero Cauchy stress components read

FA(R)
R2

o"" = —p(R, 0, Z) + a(R) + ( + 2) B(R), o= % [-p(R. 0, 2) + o(R) + 28(R)] ,

F*(R F*(R 0-_ _J(R
0**=—p(R,0,Z) + ( 152 ) +1)a(R)+ éz ) +2|B8(R), o Z:—](:i—Q) [@(R) + B(R)] .
Note that I (R) = I2(R) = 3 4+ f?(R)/R?. The f and z-equilibrium equations imply that p = p(R),
and the radial equilibrium equation is simplified to read 0" r + 0" — Ro% = 0. Assuming a
traction-free boundary condition on the boundary of the cylinder at R = R, , we solve the above
equation for p = p(R) and it follows that the non-zero Cauchy stress components are

Ro £2 2
/R I©) geyae - "B pmy | |

O L
o= [T sy, o=

€3 £ 1 4.1)
R, 2 2 .
o= [ LD sae + Liar), o =L o) + i)

Next we formulate the governing equations for superposed small elastic deformation
and compute the incremental deformation and residual stresses due to the perturbation db.
In cylindrical coordinates (r,0,z), we look for solutions of the form d¢(R,0)=U(R,O)=
(6r(R,0),00(R,0),02(R,O)). Hence, VIU reads

or R dore— RO 0
Ulp=| 60p+% d0eo+% O
0z.R 0z0 0
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T
Recalling that the linearized strain reads € = % (Vg U’ + [Vg Ub] ) , one can write

5r.p 3 (9re+R*0R) $62n
e=| 3 (oro+R%0R) R (000+4or) $0ze
%62)]3 %(52‘)@ 0

Note that G:G¥ = 0, and hence, the incompressibility condition §J = 0 using (3.1) is simplified
to read

% (RoT) g+ 80,6 =0. 42)
In the absence of body forces, the equilibrium equation (3.10) simplifies to read
divgdo + VIVIU:0 =0, (4.3)

where we recall that do = ((C:e +D:0G — (Spgti + 2p eﬂ), dp=06p(R,0) is the Lagrange
multiplier associated with the incompressibility condition §J =0 (4.2), and p=p(R) is the
Lagrange multiplier associated with the incompressibility condition J = 1. Note that VIVIU
can be written in local coordinates as

or RR —R80 g — 252 461 po 0

—R(SQR— - —2R597@+5T7@@ -I—Ré’r’,R —or 0

0 0 0

289, +00 RR M-F(W ,RO 0

Ualbc: 7R6TR 6r—|—59 RO 00 @@+R59 R+257"o 0
0 0 0

5Z5Z RR —(SZTE8+5Z7R@ 0

O +0z RO 52’@@+R52’R 0

0 0 0

(4.4)
For the sake of simplifying the calculations, let us assume that the body is made of a generalized
neo-Hookean solid, i.e., the energy function has the form W = W(I) . Hence, it follows from (4.1)
that the Cauchy stress reads

0 0 0
o=| 0 0 —2 By, (4.5)
0o —2fUbyy, 2” LWy

1

Thus, recalling that VIVIU :0 = U“ ‘bcabcaa , one finds from (4.4) and (4.5) that VIVIU:0 =0.
Also, following (3.11), the elasticity tensors simplify to

C:e=4Wy, 1, (b :e)b*, D:6G =—2Wy, 1, (C*:6G)b* — 2V}, 1. 6GF . (4.6)

However, using the incompressibility condition (4.2), we have bf:e= % (Ror) g+ 00,0 —
%&z_@ = 7%527@ . Therefore

) —4R2fW[1]1527@ ~ 0 . 0
C:e= o 0 —4fWrr,0z0 4f*Wrnr,dze
0 4PWnoze  —Af (B + ) Winéze

On the other hand C*:6G = —2%6 f,and one can easily obtain
=W, fof 0 o
D:3G = 0 WL £Of =2 (Wi, +3 W1, ) of
0 =2 (Wi, +3 Wi ) o AW, + 5N
R2 I1+ R Wllfl f 4 R2 W Wflll f(s.f
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Therefore, the equilibrium equations (4.3) simplify to read

divgdo =0, 47)
where
4fW _ /6
507 = % (6f — 62.0) + AWy, 0r.5 —0p, S0 =2, (% T 59,R> ,
4fW 1 -
509 = % (8f —bz) — 3 (90 + V1,61 R) |
2 (2 W, + R2W “8)
0z Il I rz X
do’ " =— i (6f—5z7@) , 60 " =2WrézR,
w
50 = L 10vy, +Wr,1)87 ~ Wrnoze] + L0E (57— 52 ) b,

Writing (4.7) in components along with the incompressibility condition (4.2) gives the following
system of partial differential equations

4 _
88]%[ fgélhd —4W116T7R+6p]
20, o [4fW @9
I I
= [4R<srR+5r@@+R 5939] o { aes 164 ,
0 [2Wn, 2 4fWn,
oq [ = (6r7@+R 5073)} - iz 0
. (4.9b)
2Wr 1 4fWrnr
+ [357‘@ 2R6T po + 3R 59R} =30pe=——i" 0 e,
-
88R [2W[1 0z R] V;Il 5Z7R
AF2Wr, 1, + 2R2W AF2W 2W (490
+ 11]1R4 115 R411]1 + R211 5,]0,(9’
o+ Ror p + Ro0.6 =0. (4.9d)

The boundary conditions corresponding to zero incremental boundary traction read
60" (R0, ©) =0, 66" (R,,0) =0, and 66" (R,, ©) = 0, which following (4.8) can be written
as

_ 4 4
AWy, 81 g — %5 —5;;] o [ fwflfl 6f] o’ (4.10a)
5
{ O +507R] -0, (4.100)
R (Ro.0)
52,1 (Ro,©) = 0. (4.100)

In order to fix the rigid body motion of the cylinder, we assume that
or(0,0)=0, §60(0,0)=0, 62(0,0)=0. (4.11)

Note that the continuity of the traction across any radial plane of constant © gives 6% (R,0) =
6% (R,0 + 27), 669 (R,0) =60 (R, 6 + 27), and 607" (R,0) =60 (R,0 + 21). Also,
in order to preserve the structural integrity of the cylinder, one must have dr(R,©0)=
or(R,©+2m), 60 (R,0)=060(R,0 + 2m),and 6z (R,O0) =6z (R, O + 2m). Thus, it follows that
or, 60, z, and 0p are 2m-periodic functions with respect to ©.

Note that 6z = §z(R, ©) can be obtained from (4.9¢). Given the solution 6z = 6z(R, ©) for (4.9¢),
we observe that the following functions are the unique solution for the system of linear ordinary
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differential equations (4.9) satisfying the boundary conditions (4.10) and (4.11):

e
Sr=0, 50=0, 5p:%(5f—527@). 4.12)

Therefore, following (4.8) and (4.12), the variation of the Cauchy stress tensor reads

0 0 2W[1(5ZR
P 0 - (2 +4fL) (57—52.0)
Wy 0z — <2W’1+M) (0f—0z0) MWnspeWnn (5r 5, )

(4.13)

Let us first solve (4.9¢) for §z = dz(R, ©) to complete the solution (4.12). Recalling that dz is

2m-periodic with respect to © and assuming that ¢ f is periodic as well, we can represent them by
the following Fourier series

S om(R)ERC, 5 Z 5fr(R)e™® (4.14)

k=—o0 k=—o0

wherei=+/—1,and for k € Z, dz;, and J fj, are the complex-valued Fourier coefficients given by

1 27 2

a7 J, 0z(R, Qe™dC, 0f(R) = 5 ; SF(R, e *edc. (4.15)

Substituting the Fourier series (4.14) into the partial differential equation (4.9¢) for k € Z, we find

4f*Wr, 1,
R4

QW]I
R2

9ux
4f°Wrr, +2W11

Ri R | B 0=

- dw 21
2W1162k//+|:2 Z\gl + y;h} Sz, — + ikd fy, ,

(4.16)
1 _ dbzp " _ dzézk : _
where 0z, = ¢, and dz; = 5. Note that Jfy can also be written as dfy=

% fOR £8by,(€)de , where by, is the k" Fourier coefficient of 6b. The boundary conditions for ¢z
from (4.10) and (4.11) transform in terms of its Fourier coefficients to the following relations

02,(0)=0, 0z, (Ro)=0, keZ. 4.17)

Therefore, we have transformed the real partial differential equation (4.9¢) into a set of complex
ordinary differential equations (4.16).

(c) Energy of a perturbed dislocation distribution

We next calculate the change in energy due to a small perturbation of the defect distribution to
the first order in the defect perturbation. For a given distribution of screw dislocations, the energy
per unit length in a cylinder made of a generalized neo-Hookean solid is written as

27 R,
W= / W(IL (R, ©)) RARdO .
0 0

Therefore, the variation of the energy following an arbitrary perturbation §b = 6b(R, ©) is written
as

27 R,
— / / dWIkR@))

Note that §1; = 2e:b* + 6G:C* = 2L [57(R, ©) — 62 o(R, ©)]. Therefore®

27 R,
RARAO — / Wi, (11 (R, ©))511 (R, ©)) RARd6 .
0 0

e=0

R, 27
W = / / @ml(h(m)aﬂ&@)d@m. (4.18)

8Note that since §z = §z(R, ©) is periodic with repect to ©, one has f27’ 0z,0(R,0)dO =6z(R,27) — 62(R,0)=0.
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Remark 4.1. Note that (4.18) can be written as

ow= | FATIR) ) (1 (RS fo(R)AR. (419)
0 R

where § fo(R) = % 0277 0f(R,©)dO is the angular mean value of 0 f . On the other hand, one can write

27 27 R R
Sh(R) = 5= [ srrepe= o [0 [ canie opaeae = o [ Testo(eie

where

27

5b0(R):% [ . e)ie. (4.20)

Hence, the energy variation depends only on 6bo(R) —the angular mean value of the perturbation
0b(R, 0).

(d) Perturbed dislocations in incompressible neo-Hookean solids

Let us consider an incompressible homogeneous neo-Hookean solid, i.e, W (I1) =4 (I1 — 3),
where p is the shear modulus for infinitesimal strains, and an arbitrary perturbation b=
0b(R, O).

Remark 4.2. Note that even though the energy per unit length along a single screw dislocation line in a
neo-Hookean solid is unbounded as shown in [25] (see also [44]), energy is not necessarily unbounded for
distributed screw dislocations. In particular, for a radially-symmetric distribution of screw dislocations, the
energy per unit length in a neo-Hookean solid is written as

R, R, ¢2
szw/o £ (1(6) =) e = [ fT@ds.

Let us assume, as an example for computing the energy, the following Burgers’ vector distribution

b(R) =

{bi 0<R<R;, (421)

0 R;<R<Ry,

where R; < R, is the radius of a cylinder made of a solid with a uniform Burgers” vector b; , while the
hollow cylinder R; < R < R, is dislocation-free. Thus, one finds

big?
1 ré 4 USEsh,
10 =5, [ a©ic=¢ 7, @)
b Ri<€<Ro

Therefore

R; 2y 2 R 2 2 2 p4
W = - T = = 1+41 — .
7I'/J/0 ¢ ( ) d€ + i ¢ ( d€ 6 og i <o

In the following computation, we consider an arbitrary radially-symmetric Burgers’ vector
distribution b = b(R) and an arbitrary perturbation db = 6b(R, ©) . For a neo-Hookean solid, the
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ordinary differential equations (4.16) for k € Z simplify and read
R%6z," + Réz, — k262, =iké fy, . (4.23)
Solving (4.23), one finds that for k € Z

R? 4 R2k 1 (€8 =) fe(Ro8)
S2(R) = 72R:Rk cp+i /R ( 2>€ d¢
- ’ (4.24)
B2k g2k (€Y onRog)
W dk — I/R 2£ d ;

for some complex constants c;, and dy, . By using the boundary condition (4.17) §z;"(Ro) =0, it
follows that dj, =0. We observe that ¢, = dzx(Ro), and from (4.15), one observes that dz_j =
8z, 2 Thus, c_j, = ¢, . Also, note that § f_j, = 6 f; . Therefore, following (4.24) and by using (4.14),
it follows that

32(R, 0) —coJrZ SRR

(?R(ck,) cos (kO) — S(cy) sin (kO) )

" 3

Ro

) /1 (gkf £+ (m[éfk(Roi)]Sin(kQ)+%[6fk(Ro€)]cos(k9))df}

Rk _ 2k €M7 ) (R0 i (Rot)] sin (kO)+ (0 f(Rog)] cos (kO)
+Z 2R*RE /R( >( £ )dé’

(4.25)

where :(z) and $(z) denote the real and imaginary parts of a complex number z, respectively.
Note that since § f.(R) = % 027r of(R, C)eﬂkcdc , one can write
1 2 1 27

RSB =5 | 0/(R.E)cos (k0)d0, S[fu(M]=—5_ | = 3/(R,E)sin (k&) de.

Remark 4.3. Note that for a neo-Hookean solid, the incremental deformation is independent of the finite
radially-symmetric dislocation distribution b= b(R) . Indeed, the governing equation (4.23) holds for any
b= b(R) . However, as can be seen in (4.13), the incremental stress field, and in particular §** , depends
on the initial dislocation distribution.

Let us now simplify the solution (4.25) for a particular Burgers’ vector perturbation given by

2
5b(R, 0) = dbo(R) + 2 (1= ) b1 cos@ + bysin @] | (4.26)
R, R,
for some R-dependent function §bg = dbg(R), and constants by and by . Note that the only non-
zero Fourier coefficients of b in (4.26) are dbg , b1 , and 0b_1 . For k= —1,1, one finds
2
1 R R
ob =—(by —ikby) — (1 - =) .
K(R) =5 (b —i 2)RO< Ro>

Therefore, the only non-zero Fourier coefficients of § f are § fo, d f1, and § f_1. They read

by —ikbe ( R> R'  R®
5 dbo(€)d d ¢ — == - f k=-1,1.
fo(R / £0bo(§)de and  Of(R) = —— — <5R§ 22 T 3R, or ;
4.27)
First, note that following (4.24), for k # —1, 1 one obtains dz;(R) = CkR2R+Rk However, since

we are looking for a solution that is bounded, it follows that for k # —1,0, 1 one has ¢, =0.

9We denote by z* the complex conjugate of a complex number z .
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Figure 1. Visualization of the solution (4.29) for a cylinder of radius R, with b1 R, =15 and b2 R, = 10. Left: 3D
visualization of the deformation of a cross section of the cylinder. Right: Profile of deformation of different radial lines.

Thus, one finds following (4.25) that

b1 (R — Ro)? (R4 — 2R, R+ 2R3R + Ré) 1 2407 (c1) R (R2 + Rg)

02(R,0)=cp — SA0n B R sin ©
0
by (R — Ro)? (R* = 2RoR® + 2R3R + R3) + 240mR(c1) 12 (B? + R2)
+ 3 cosO.
240mR5 R
4.28)

Further, to ensure that (4.28) is bounded, one must have b; R?, + 24073(¢1) =0, and bgRg +
2407R(c1) = 0. Thus, (c1) = —b1 R2/(2407), and R(c1) = —ba R%/(2407). Next, by enforcing the
boundary condition (4.17) 6z(0,©) = 0 to fix the rigid body motion, one finds ¢y = 0. Therefore,
it follows that

by cos @ — by sin®

52(R,0) =
(R, 0) 2407 R3

R (R4 — 4R®R, + 5R’R? — 4Rf§) : (4.29)

In Fig. 1, we plot the solution (4.29) for a cylinder of radius R, subject to a perturbation (4.26)
such that b1 R, =15 and ba R, = 10. Note that the numerical values shown in Fig. 1 should
be multiplied by a small € to give the incremental deformation. Given that z = Z for the finite
dislocation distribution, the total deformation reads: ze = Z + €6z + o(¢) . Recall, as noted earlier,
that the state of deformation of a cylinder made of a neo-Hookean solid is independent of b=
b(R); it only depends on the perturbation —compare this to Example (e) where the deformation
of a cylinder made of a power law material actually depends on the finite dislocation distribution
b=">b(R).

Using (4.1) and (4.13), one finds the following total stress in the perturbed configuration (recall
that the total stress in the perturbed configuration for a small enough € is oc = o + €do + o(€).)

0 0 €udz R
o= 0 0 fufgj);e% (6f—620) | +ole),
sz —pdfB) et (5f - 52.) pI B 12 po 5
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where

1 (R R® R*  R3®\ bycos® +bysin®
§f=— Sbo(€)d = =
f 271_/0 6 (](f) £+(5R3 2R(2)+3Ro) o ’

b1 sin® — by cos O
2407 R3 ’

bz p= (534 — 16R®R, + 15R*R? — 433)

b1 cos © + by sin ®
2407 R3

R
5f —0z0= % /0 £6bo(£)dé + R (23R4 — 56R3 R, + 35R2R2 + 4R§)

Let us now compute the variation of the energy due to a dislocation distribution perturbation.
Following (4.19), one has

R,
W = / 2T (RS fo(R)AR

Assuming the finite dislocation distribution (4.21), the variation of the energy reads

R; R 2
B i ubi R nb R
oW _/0 o /0 £6bg(£)d§dR+/Ri / &0bo(&)dEdR .

Let us assume that the total Burgers’ vector of the perturbation is zero so that the perturbation
does not Change the total Burgers’ vector of the original finite dislocation distribution b(R),
ie, fo " ROb(R,0)dOdR=0. In terms of the angular mean value of the perturbation this

is wrltten as fo Rébo(R)dR = 0. We consider in particular a Burgers’ vector perturbation such
that its angular mean value —cf. (4.20) —is given by

R R\?2 R
Sbo(R) = 15by — o (1 - RT) (1 - 2R—O> (4.30)

for some constant bg. For this perturbation one obtains

pibibo (35R§ — 144R! R, + 210R%R2 — 112R? R} + 14R§RS)

SW = .
672m R

Note that for any R; such that 0 < R; < R, , the energy variation I has the same sign as b;bo .
For R; =0, 0W =0 and 6W/(b;b,) is monotonically increasing as a function of R;. In particular,
for R; >0, dW # 0, and hence the initial dislocation distribution is not in equilibrium.

(e) Perturbed dislocations in incompressible power law solids

Let us consider an arbitrary perturbation §b = db(R, ©) in the case of an incompressible power
law solid for which the energy function is written as

W(n) =1 {[1 + 9 - 3)] - 1} , 431)

where (. is the shear modulus for infinitesimal strains, n is a hardening exponent, and c is another
material constant. Based on the work of Knowles [45] on anti-plane shear fields, Rosakis and
Rosakis [26] observed that whenn = % , the energy per unit length along a single screw dislocation
line is finite. We assume in what follows that n = % and ¢ = 1. For such a power law material, the
ordinary differential equation (4.16) for k € Z is simplified to read

(2R 24 R3) 5z + (R2 +4f? —2Rf f’) 625’ — k*ROz), = kRS fy, (4.32)

along with the boundary conditions (4.17): 621 (0) =0, 6z’ (Ro) = 0. In this example we assume
the Burgers” vector distribution (4.21) and the Burgers” vector perturbation (4.26). Therefore, f
and the non-zero Fourier coefficients of § f are again given by (4.22) and (4.27), respectively. We
numerically solve (4.32) and in Fig. 2 plot the profile of the deformation 6z = dz(R, ©) of a cross
section of a cylinder of radius R, with the finite dislocation distribution (4.21) such that b; R, = 25
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Figure 2. Visualization of the deformation 6z = §z( R, ©) —solution of (4.32)—of a cylinder of radius R, with the finite
dislocation distribution (4.21) such that b; R, =25 and R;/ R, = 0.5, and subject to the Burgers' vector perturbation
(4.26) such that by R, = 15 and bz R, = 10. Left: 3D visualization of the deformation of a cross section of the cylinder.
Right: Profile of deformation of different radial lines.

and R;/R, = 0.5, and subject to the Burgers’ vector perturbation (4.26) such that b R, = 15 and
boR, =10.

The total stress in the perturbed configuration is computed following (4.1), and (4.13). Its non-
zero components read (Recall that f is given by (4.22).)

ep

olf = dz g +o(e),
2f1(%§)2 _|_1
6z pf(R) 1 2f°
¢ =— — €n - 3/2 (6f—52’@) +0(6)7
R2\/2LEE R2\JEEE 11 R (20 40) /
gz f’(R) mf e 2uf?

e = +e€ f—e¢ (6f —6z,0) + ole).
R2\ U2 Ly g2 2007 R (P05 + 1)3/2
4.33)

The variation of the energy is written as

R; R R 2 R
Y ubi R ° pbi R
SW = /O /O £6bo(€)dEdR + / B / £6bo(€)dEdR .

b? R? b2 R4
474/ s T 1 L

R; 2 1 0
4Rm\/ gz +1
Assuming a dislocation perturbation with a vanishing total Burgers” vector such that its mean
angular value is given by (4.30) one can compute the energy variation and find that it is not zero,
i.e., the initial dislocation distribution is not in equilibrium.

5. Conclusion

In this paper we introduce a geometric theory of small-on-large anelasticity to study the
induced small deformations due to a perturbation of a given distribution of (finite) eigenstrains
superposed on the finite deformation that corresponds to the original distribution. Given a
nonlinear solid with a given distribution of eigenstrains, a perturbation of the eigenstrains
changes the equilibrium configuration and its state of stress. In the geometric formulation
of anelasticity, a perturbation of the anelasticity source corresponds to a perturbation of the
geometry of the material manifold. We find the incremental residual stresses due to the
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perturbation fields and derive the governing equations for the induced small deformations
superposed on the original finite deformation. Finally, to illustrate the capability of the theory,
we consider an axi-symmetric distribution of parallel screw dislocations in an incompressible
isotropic solid and calculate the perturbation fields when the body undergoes an arbitrary small
perturbation in the Burgers’ vector distribution. For generalized neo-Hookean solids, we are able
to reduce the governing equations to a single ordinary differential equation. Furthermore, when
the solid is neo-Hookean, we find a closed-form solution for the governing equations. We also
consider the power law solid constitutive model for which we solve the governing equations
numerically.
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