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Abstract 

Solving topology optimization problem is very computationally demanding especially when 

high-resolution results are sought for. In the present work, a problem-independent machine learning 

(PIML) technique is proposed to reduce the computational time associated with finite element 

analysis (FEA) which constitutes the main bottleneck of the solution process. The key idea is to 

construct the structural analysis procedure under the extended multi-scale finite element method 

(EMsFEM) framework, and establish an implicit mapping between the shape functions of EMsFEM 

and element-wise material densities of a coarse-resolution element through machine learning (ML). 

Compared with existing works, the proposed mechanistic-based ML technique is truly problem-

independent and can be used to solve any kind of topology optimization problems without any 

modification once the easy-to-implement off-line training is completed. It is demonstrated that the 

proposed approach can reduce the FEA time significantly. In particular, with the use of the proposed 

approach, a topology optimization problem with 200 million of design variables can be solved on a 

personal workstation with an average of only two minutes for FEA per iteration step.  
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1. Introduction 

Topology optimization is a powerful tool for helping engineers design innovative structures 

and products and has already found successful applications in a variety of industrial fields [1–4]. It 

is, however, well-known that the solution of topology optimization problems is highly 

computationally demanding and often involves a large amount of computational effort. In order to 

enhance the solution efficiency of topology optimization problems, many approaches such as the 

parallel computing-based methods [5–8], the multi-scale methods [9–11], the multi-resolution 

methods [12–16], the design variable reduction methods [17, 18] and the degrees of freedom 

elimination strategy [19, 20], just to name a few, have been proposed in the literature.   

With the fast development of artificial intelligence (AI) and machine leaning (ML), recent 

years have witnessed a great interest on utilizing AI/ML techniques to address the issue of high 

computational cost associated with topology optimization. For example, numerous researches have 

focused on establishing an end-to-end relationship between the prescribed optimization parameters 

such as design domain, boundary conditions as well as positions/magnitudes of the external loads, 

and the final optimized structures to achieve a so-called real time topology optimization [21–26]. 

Although encouraging results have been obtained, there still lacks systematic investigations on their 

performances when these approaches are applied to solve problems similar to the ones included in 

the training sets. Besides, since these methods intend to construct a direct mapping between the 

optimization parameters and the optimized structural layout, the involved computational cost is 

prohibitive since a large number of expansive topology optimization problems must be solved for 

generating the samples required for training the ML models.  

Following a quite different path, rather than pursuing a more attractive but less generalizable 

real-time topological design, some researchers have devoted to reducing the computation time 

associated with finite element analysis (FEA), which constitutes the main bottleneck for an efficient 

topology optimization algorithm, by utilizing the state-of-the-art ML techniques. In particular, Chi 

et al. proposed a so-called universal on-line ML approach for topology optimization under a multi-

resolution framework by collecting train data from earlier iterations of the topology 

optimization process [27]. Later on, this approach has been further refined by adopting an off-line 

training strategy that separates the model training process from its application in actual topology 
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optimization [28]. In this refined approach, a ML model is established to predict the fine-resolution 

sensitivities required for updating the design variables efficiently using the individual displacement 

field and the local material densities on a coarse-resolution supercell as input. It has been 

demonstrated that with the use of this approach, large scale design problems up to 38 million design 

variables and a speedup up to 30 times can be achieved. Besides, a so-called finite element 

convolutional neural networks (FE-CNNs) was also proposed to accelerate structural topology 

optimization algorithm [29]. The constructed FE-CNN is used as a mapping function between high-

resolution and low-resolution finite element systems, to cut down the scale of FEA in the 

optimization process. Connection layers and activation function based on prior knowledge of 

mechanics and topology optimization are designed and used, which makes the proposed neural 

networks accurate and adaptable. It has been shown that this approach can accelerate optimization 

by up to an order of magnitude in computational time. 

Although remarkable results have been made by the above approaches, there still exists some 

challenging issues deserved to be further addressed. Firstly, the ML model constructed in these 

approaches is not fully problem-independent since a set of topology optimization problems with 

specific boundary/loading conditions (e.g., bending/torsion dominated problems, etc.) must be 

solved for generating the samples for training the ML models. It is unclear whether (at least 

theoretically) the adopted problems for training are still representative for the solution of more 

general topology optimization problems. Secondly, the validity of the assumption of local 

dependency of the ML model in [28] remains elusive since theoretically speaking the displacement 

of a coarse-resolution supercell is actually determined by the values of all design variables in the 

design domain rather than only the values of the material densities in the supercell. Although this 

limitation has been addressed by incorporating all material densities into the ML model in [29], this 

treatment may lead to prohibitive computational resources for training a heavy ML model, and 

actually computationally intractable for large-scale topology optimization problems. Finally, in 

order to keep a balance between the computational efficiency and prediction accuracy of the 

developed ML model, the size of the coarse-resolution supercell in these approaches cannot take a 

too large value (i.e., 2-3 times of the size of the fine-resolution element in [28]). This, however, will 

inevitably reduce the speedup ratio of FEA when ML-enhanced techniques are applied for solving 
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topology optimization problems. 

In the present work, we intend to solve the aforementioned issues in a unified way. The central 

idea is to resort to a multi-resolution scheme and use a novel problem-independent machine learning 

(PIML) technique to save the computational effort substantially. Actually, unlike in existing works 

where the displacement associated with fine-resolution mesh is learned to predict the sensitivity 

required for fine-scale update of design variables, we suggest to establish an implicit mapping 

between the shape functions in the context of extended multi-scale finite element method (EMsFEM) 

framework and element-wise material densities of a coarse-resolution element through a separate 

off-line ML process. Once the shape functions are obtained, they can be employed to construct the 

corresponding local stiffness matrix associated with the coarse-resolution mesh for EMsFEM 

analysis. Compared with the existing treatment in other works, the proposed PIML technique is truly 

problem-independent in the sense that it does not rely on any specific topology optimization 

problems for the collection of training samples and only local information for material distribution 

in the coarse-resolution element is required as the input. Moreover, the developed ML model can be 

used to solve any kind of topology optimization problems governed by the same type of partial 

differential equations without any modification once the training is completed. A large-scale 

topology optimization problem involving 200 million of design variables fully demonstrates the 

effectiveness of the proposed approach for reducing the computational effort associated with 

topology optimization.  

The reminder of the article is organized as follows. After a brief presentation of the adopted 

setting of the topology optimization problem in Section 2, Section 3 introduces the extended multi-

scale finite element method (EMsFEM) used in the proposed approach for finite element analysis. 

Section 4 discusses how to construct the design-dependent shape functions of EMsFEM efficiently 

through a PIML technique and integrate them into a topology optimization framework seamlessly. 

Based on the above preparations, the overall solution procedure is described in Section 5. Section 6 

provides some numerical examples to demonstrate the effectiveness of the proposed approach. The 

article is concluded by a summary of the main contributions, distinctive advantages and possible 

extension directions of the present work in Section 7. 



5 

 

2. Setting of the topology optimization problem 

Since the main purpose of the present work is just to illustrate the basic idea of the proposed 

PIML-enhanced technique, only compliance minimization problems with a volume constraint under 

the linear elasticity assumption is considered in the following. Although the proposed technique can 

be combined with any topology methods such as the level set method [30, 31], the BESO method 

[32] as well as the MMC/MMV method [17, 33] for achieving an efficient solution process, the 

most popular Solid Isotropic Material with Penalization (SIMP) method [34] is adopted here, and a 

density filter [35, 36] is introduced to regularize the problem and avoid the checkerboard patterns. 

Under the SIMP framework, the considered topology optimization problem can be formulated 

as follows: 

Find  𝝆 = (𝜌1, … , 𝜌𝑛)⊤, 𝑼                                                                                      

Min.  𝐶(𝝆,𝑼) = 𝑼⊤𝑲𝑼 = ∑𝐸𝑒(𝜌𝑒)𝒖𝑒
⊤𝒌0𝒖𝑒

𝑛

𝑒=1

  

S. t.                                                                                                                               

𝑲𝑼 = 𝑭,             

𝑉(𝝆)/𝑉0 − 𝑓 ≤ 0, 

0 ≤ 𝜌𝑒 ≤ 1, 𝑒 = 1,… , 𝑛.                                                       (1) 

In Eq. (1), 𝝆 is the vector of the design variables with 𝜌𝑒 denoting the density of the 𝑒-th element. 

The symbol 𝑛  denotes the total number of finite elements used for discretizing the prescribed 

design domain. The symbol 𝑲  is the global stiffness matrix with 𝒌0  representing the stiffness 

matrix corresponding to a solid element. The quantities 𝑉(𝝆)  and 𝑉0  are the volumes of the 

structure and the design domain, respectively, 𝑓 is the prescribed upper bound of the available solid 

material, and 𝑭 as well as 𝑼 are the vectors of external load and the displacement, respectively. In 

Eq. (1), 𝐸𝑒 represents the Young’s modulus of the 𝑒-th element, which can be interpolated as 

𝐸𝑒(𝜌𝑒) = 𝐸min + 𝜌𝑒
𝑝(𝐸0 − 𝐸min), (2) 

where 𝐸0 is the Young’s modulus of the solid material, 𝐸min is a small positive real number (e.g., 

𝐸min = 10−3~10−6) used for avoiding the singularity of the global stiffness matrix. And 𝑝 is a 

penalization factor (𝑝 = 3 in this paper) introduced to ensure black-and-white designs. 

For the SIMP approach, in order to eliminate mesh-dependency and numerical instabilities 
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such as the checkerboard patterns, a density filter is introduced to transform the original densities 

𝜌𝑒 as 

𝜌̃
𝑒

=
∑ 𝐻𝑒𝑖𝑖∈𝑁𝑒

𝜌
𝑖

∑ 𝐻𝑒𝑖𝑖∈𝑁𝑒

, (3) 

where 𝑁𝑒  is the influence domain of elements 𝑒 , i.e., 𝑁𝑒 = {𝑖|𝑑(𝑖, 𝑒) ≤ 𝑟min}  with 𝑑(𝑖, 𝑒) 

denoting the center-to-center distance between the 𝑖-th element and the 𝑒-th element, and 𝑟min is 

the radius of the density filter. In Eq. (3), 𝐻𝑒𝑖 is the weight factor defined as 

𝐻𝑒𝑖 = max(0, 𝑟min − 𝑑(𝑖, 𝑒)) . (4) 

By taking the filter operation into consideration, the sensitivities of the structural compliance 𝐶 

and the material volume 𝑉 with respect to the 𝑗-th design variable 𝜌𝑗 can be obtained by the chain 

rule as 

𝜕𝐶

𝜕𝜌𝑗
= ∑

𝜕𝐶

𝜕 𝜌̃𝑒

𝜕 𝜌̃𝑒

𝜕𝜌𝑗
𝑒∈𝑁𝑗

= ∑
𝐻𝑗𝑒

∑ 𝐻𝑒𝑖𝑖∈𝑁𝑒𝑒∈𝑁𝑗

𝜕𝐶

𝜕 𝜌̃𝑒
= − ∑

𝐻𝑗𝑒

∑ 𝐻𝑒𝑖𝑖∈𝑁𝑒𝑒∈𝑁𝑗

𝑝𝜌̃𝑒
𝑝−1

(𝐸0 − 𝐸min)𝒖𝑒
⊤𝒌0𝒖𝑒 (5) 

and 

𝜕𝑉

𝜕𝜌𝑗
= ∑

𝜕𝑉

𝜕 𝜌̃𝑒

𝜕 𝜌̃𝑒

𝜕𝜌𝑗
𝑒∈𝑁𝑗

= ∑
𝐻𝑗𝑒

∑ 𝐻𝑒𝑖𝑖∈𝑁𝑒𝑒∈𝑁𝑗

𝜕𝑉

𝜕 𝜌̃𝑒
= ∑

𝐻𝑗𝑒

∑ 𝐻𝑒𝑖𝑖∈𝑁𝑒𝑒∈𝑁𝑗

, (6) 

respectively.  

3. Extended multi-scale finite element method (EMsFEM) 

In order to achieve an ML-enhanced acceleration for solving topology optimization problems, 

in the present work, the so-called extended multi-scale finite element method (EMsFEM) developed 

in [37] for mechanical analysis of heterogeneous materials is adopted for FEA. Actually, EMsFEM 

is an extended vector field-oriented version of the multi-scale finite element method developed in 

[38] for scalar field problems. In EMsFEM, two kinds of elements are constructed to discretize the 

design domain, i.e., the whole design domain is first discretized with a set of coarse-resolution 

elements and each coarse-scale element is further discretized by a set of fine-resolution elements. 

Therefore, the detailed micro-scale material heterogeneity can be reasonably described by the fine-

resolution elements, and the overall boundary value problem can be efficiently solved based on the 

coarse-resolution elements with much fewer degrees of freedom. The bridging between coarse and 

fine-resolution elements is achieved by constructing a set of numerical shape functions. Previous 
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works showed that EMsFEM can be applied successfully to solve various types of multi-scale 

mechanical analysis problems [39, 40]. 

In EMsFEM, the multis-scale numerical shape functions are constructed by assuming (for the 

sake of simplicity, only two-dimensional problem is discussed here. Extension to three-dimensional 

problem is straightforward) 

𝑢𝐸
𝑙 = ∑𝑁𝑖𝑥𝑥

𝑙 𝑢̂𝐸
𝑖 + ∑𝑁𝑖𝑥𝑦

𝑙 𝑣̂𝐸
𝑖

𝑀

𝑖=1

𝑀

𝑖=1

, 

𝑣𝐸
𝑙 = ∑𝑁𝑖𝑦𝑥

𝑙 𝑢̂𝐸
𝑖 + ∑𝑁𝑖𝑦𝑦

𝑙 𝑣̂𝐸
𝑖

𝑀

𝑖=1

𝑀

𝑖=1

, (7) 

where 𝑢̂𝐸
𝑖   (𝑣̂𝐸

𝑖  ) is the displacement along 𝑥  (𝑦 ) direction of the 𝑖 -th node of the 𝐸 -th coarse-

resolution element Ω𝐸 and 𝑢𝐸
𝑙  (𝑣𝐸

𝑙 ) is the displacement along 𝑥 (𝑦) direction of the 𝑙-th node of 

the fine-resolution mesh inside this coarse-resolution element (see Fig. 1 for reference). The central 

idea of EMsFEM is to calculate the values of 𝑁𝑖𝑥𝑥
𝑙 , 𝑁𝑖𝑥𝑦

𝑙 , 𝑁𝑖𝑦𝑥
𝑙  and 𝑁𝑖𝑦𝑦

𝑙 , where 𝑖 = 1,… ,𝑀, on 

every node of the fine-solution mesh inside the coarse-resolution element numerically. This is 

achieved by setting 𝑢̂𝐸
𝑖 = 1 and 𝑣̂𝐸

𝑖 = 1 for all 𝑖 = 1,… ,𝑀 separately and imposing appropriate 

boundary conditions along ∂Ω𝐸 . Furthermore, in order to guarantee the consistency between the 

displacement fields associated with the fine and coarse-resolution mesh, the following constraints 

on 𝑁𝑖𝑥𝑥
𝑙 , 𝑁𝑖𝑥𝑦

𝑙 , 𝑁𝑖𝑦𝑥
𝑙  and 𝑁𝑖𝑦𝑦

𝑙  should also be satisfied 

       ∑𝑁𝑖𝑥𝑥
𝑙 = 1，∑𝑁𝑖𝑦𝑦

𝑙 = 1

𝑀

𝑖=1

𝑀

𝑖=1

,   𝑙 = 1,… ,𝑁,                                               

∑𝑁𝑖𝑦𝑥
𝑙 = 0，∑𝑁𝑖𝑥𝑦

𝑙 = 0

𝑀

𝑖=1

𝑀

𝑖=1

,   𝑙 = 1,… ,𝑁,                                       (8) 

where 𝑁 is the total number of nodes in the fine-resolution mesh. 

In the present work, as shown in Fig. 2, a four-node coarse-resolution element is adopted and 

a linear boundary condition is imposed on ∂Ω𝐸 for constructing the numerical shape functions. In 

addition, the coarse-resolution element is also discretized by a set of four-node fine-resolution 

elements. Once the numerical shape functions are determined, the 8 × 8  stiffness matrix 𝑲𝐸 

associated with the coarse-resolution element can be obtained by variational principle as  
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𝑲𝐸 = ∑(𝑵𝑓)
⊤𝒌𝑓𝑵𝑓

𝑚

𝑓=1

,   𝑵𝑓 = [𝑵𝑓1
⊤ , 𝑵𝑓2

⊤ , 𝑵𝑓3
⊤ , 𝑵𝑓4

⊤ ]
⊤
, (9) 

where 𝒌𝑓 donates the 8×8 stiffness matrix of the 𝑓-th fine-resolution element, 𝑚 is the total 

number of fine-resolution elements in a coarse-resolution element. In Eq. (9), 𝑵𝑓𝑗𝑒
=

[
𝑁1𝑥𝑥

𝑙[𝑗𝑒], 𝑁1𝑥𝑦
𝑙[𝑗𝑒], 𝑁2𝑥𝑥

𝑙[𝑗𝑒], 𝑁2𝑥𝑦
𝑙[𝑗𝑒], 𝑁3𝑥𝑥

𝑙[𝑗𝑒]
, 𝑁3𝑥𝑦

𝑙[𝑗𝑒]
, 𝑁4𝑥𝑥

𝑙[𝑗𝑒]
, 𝑁4𝑥𝑦

𝑙[𝑗𝑒]

𝑁1𝑦𝑥
𝑙[𝑗𝑒], 𝑁1𝑦𝑦

𝑙[𝑗𝑒], 𝑁2𝑦𝑥
𝑙[𝑗𝑒], 𝑁2𝑦𝑦

𝑙[𝑗𝑒], 𝑁3𝑦𝑥
𝑙[𝑗𝑒]

, 𝑁3𝑦𝑦
𝑙[𝑗𝑒]

, 𝑁4𝑦𝑥
𝑙[𝑗𝑒]

, 𝑁4𝑦𝑦
𝑙[𝑗𝑒]

] , 𝑗𝑒 = 1,… ,4  and 𝑙[𝑗𝑒]  denotes the global 

index number of the 𝑗-th local node of the 𝑓-th fine-resolution element sorting in the corresponding 

coarse-resolution element.  

The coarse-resolution element stiffness matrix obtained in this way can then be assembled to 

find the coarse-resolution displacement vectors 𝒖̂𝐸 = (𝑢̂𝑒
1, 𝑣̂𝑒

1, … , 𝑢̂𝑒
4, 𝑣̂𝑒

4)⊤, 𝐸 = 1,… , 𝑁𝐸  with 

𝑁𝐸 denoting the total number of coarse-resolution elements in the design domain. Once 𝒖̂𝐸 is 

obtained, the fine-resolution displacement 𝒖𝐸 = (𝑢𝐸
1 , 𝑣𝐸

1, … , 𝑢𝐸
𝑁, 𝑣𝐸

𝑁)⊤  in Ω𝐸  can be calculated 

from the nodal values of 𝑁𝑖𝑥𝑥
𝑙 , 𝑁𝑖𝑥𝑦

𝑙 , 𝑁𝑖𝑦𝑥
𝑙  and 𝑁𝑖𝑦𝑦

𝑙 , 𝑖 = 1,… , 4; 𝑙 = 1,… , 𝑁 as 

[
 
 
 
 
 
𝑢𝐸

1

𝑣𝐸
1

⋮
𝑢𝐸

𝑁

𝑣𝐸
𝑁]
 
 
 
 
 

=

[
 
 
 
 
 
𝑁1𝑥𝑥

1 ,   𝑁1𝑥𝑦
1 ,⋯ ,𝑁4𝑥𝑥

1 ,   𝑁4𝑥𝑦
1

𝑁1𝑦𝑥
1 ,   𝑁1𝑦𝑦

1 ,⋯ ,𝑁4𝑦𝑥
1 ,   𝑁4𝑦𝑦

1

⋮
𝑁1𝑥𝑥

𝑁 ,   𝑁1𝑥𝑦
𝑁 ,⋯ ,𝑁4𝑥𝑥

𝑁 ,   𝑁4𝑥𝑦
𝑁

𝑁1𝑦𝑥
𝑁 ,   𝑁1𝑦𝑦

𝑁 ,⋯ , 𝑁4𝑦𝑥
𝑁 ,   𝑁4𝑦𝑦

𝑁
]
 
 
 
 
 

[
 
 
 
 
 
𝑢̂𝐸

1

𝑣̂𝐸
1

⋮
𝑢̂𝐸

4

𝑣̂𝐸
4]
 
 
 
 
 

.                                         (10) 

It is worth noting that although only four-node coarse-resolution element and linear boundary 

conditions are used in the present work for EMsFEM analysis, actually more nodes and more 

complex boundary conditions can be introduced to enhance the accuracy of EMsFEM. We refer the 

readers to [37] for more details on this aspect. 

4. Machine learning-based construction of the EMsFEM shape functions 

The calculation of the EMsFEM shape functions is described in previous subsection. It is, 

however, worth noting that when EMsFEM is applied in topology optimization, the shape functions 

must be constructed at every step of iteration since the material distribution is constantly changed 

in every coarse-resolution element. Under this circumstance, it cannot be expected to reduce the 

FEA time substantially even when EMsFEM is used for structural analysis. 

In order to circumvent the above difficulty, we propose a novel procedure to replace the time-

consuming online shape function construction process by an off-line trained ML model. Under this 

treatment, the input parameters of the ML model are just the fine-resolution element densities in a 
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specific coarse-resolution element, and the outputs are the nodal values of 𝑁𝑖𝑥𝑥
𝑙 , 𝑁𝑖𝑥𝑦

𝑙 , 𝑁𝑖𝑦𝑥
𝑙  and 

𝑁𝑖𝑦𝑦
𝑙 , 𝑖 = 1,… , 4; 𝑙 = 1,… , 𝑁  in this element. From the predicted nodal values of these shape 

functions, the stiffness matrix of the coarse-resolution element can be generated very quickly and 

used directly for EMsFEM analysis. In the following, the construction of the aforementioned ML 

model will be described in detail. 

4.1 The construction of the atrial neural network (ANN) 

The artificial neural network used for training the shape functions is illustrated schematically 

in Fig. 3. Actually, it is just an ordinary feedforward neural network, where the activation functions 

in each layer are set as the elu function or tanh function, respectively. It is interesting to note that 

even with this ordinary ANN without any special architectures, fairy good learning results are 

achieved which can be reflected clearly in the examples provided in Section 6. 

At this position, it is necessary to point out that since the existence of the relations in Eq. (8), 

only 12 out of 16 𝑵𝑖
𝑙s are actually independent (for 2D case). In other words, once the values of 

𝑁1𝑥𝑥
𝑙 ,   𝑁1𝑥𝑦

𝑙 ,⋯ ,𝑁3𝑥𝑥
𝑙 ,   𝑁3𝑥𝑦

𝑙 , 𝑁3𝑥𝑦
𝑙 ,  𝑁3𝑦𝑦

𝑙   are determined, 𝑁4𝑥𝑥
𝑙  , 𝑁4𝑥𝑦

𝑙 , 𝑁4𝑦𝑥
𝑙   and 𝑁4𝑦𝑦

𝑙  can be 

calculated from Eq. (8) directly. Taking this fact into consideration, only the values of 

𝑁1𝑥𝑥
𝑙 ,   𝑁1𝑥𝑦

𝑙 ,⋯ ,𝑁3𝑥𝑥
𝑙 ,   𝑁3𝑥𝑦

𝑙 , 𝑁3𝑥𝑦
𝑙 ,  𝑁3𝑦𝑦

𝑙  inside the coarse-resolution element are set as the output 

of the neural network.  

4.2 The training of the ANN 

The generation of samples, the loss function and the training method are described briefly in 

this subsection. First, the local densities in each coarse-resolution element corresponding to an 

individual sample for training are generated in the range of [0, 1] through a random process and 

there is no need to collect the samples during a real optimization process. Second, the loss function 

contains two parts: one is the mean square error between the prediction and true outputs; the other 

one is the mean square error between the stiffness matrix calculated by the predicted shape functions 

and the exact stiffness matrix obtained by the EMsFEM of the coarse-resolution elements. Similar 

to the idea of physics-informed neural network [41], the second part is actually a physical constraint 

imposed on output to guarantee the accuracy of the stiffness matrix of the coarse-resolution element 

for FEA, which directly determines the accuracy of the displacement field obtained by EMsFEM. 

This part is crucial for the success of the constructed deep neural network. During the training 
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process, the automatic-differentiation algorithm in TensorFlow is adopted, and the derivative of the 

loss function to the weight coefficient in the neural network is obtained by using the random gradient 

algorithm. Finally, the weight coefficients are updated by the Adam optimizer. In fact, during the 

process of training, we only set the learning rate of the Adam optimizer as 0.001, and the rest of the 

parameters are set by default in TensorFlow 2 without any parameter adjustment. In the present 

work, two deep neural networks are constructed to predict the shape functions for 𝑚 = 5 × 5 = 25 

and 𝑚 = 10 × 10 = 100 , respectively. For 𝑚 = 100 , there are totally 11 layers in the 

intermediate layer, where the activation functions are set as [tanh, elu, tanh, elu, tanh, elu, elu, tanh, 

elu, tanh, elu] and the number of activation functions in each layer is set as [100, 120, 140, 160, 180, 

200, 180, 160, 140, 120, 100], respectively. For 𝑚 = 25, the activation functions are the same as 

in the case of 𝑚 = 100, but the number of activation functions in each layer is set as [50, 60, 70, 

80, 90, 100, 90, 80, 70, 60, 50]. 

The merit of the proposed ML scheme can be summarized as follows: (1) It is totally problem-

independent in the sense that the learned shape functions are actually the discretized versions of 

Green’s functions of the underlying governing partial differential equations (PDEs), which are 

obviously totally independent on the settings of the topology optimization problems (e.g., boundary 

conditions, design domain and external loads, etc) to be solved. (2) It is also theoretically locally-

determined since learned shape functions are solely determined by the material distribution in the 

considered coarse-resolution element and irrespective of the material distributions in any other 

coarse-resolution elements. To the best of the authors’ knowledge, this property cannot be shared 

by existing schemes, at least theoretically. (3) Unlike in most existing works, the proposed ML 

model's training process does not rely on any specific topology optimization problem and can be 

accomplished only by randomly generating the local material densities. Therefore, the trained shape 

functions can be applied to solve any type of topology optimization problem governed by the same 

PDEs. 

5. Topology optimization solution procedure  

Compared with the traditional solution procedure of SIMP method, the only difference in the 

present method is that the ML-enhanced EMsFEM is used to calculate the nodal displacement of 

the fine-resolution mesh. The flow chart of the proposed solution procedure is shown in Fig. 4. 
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Actually, high solution efficiency of the proposed approach mainly comes from the two facts: (1) 

The dimension of the global stiffness matrix is substantially decreased by the EMsFEM where only 

a coarse-resolution problem is solved. Theoretically, the computational complexity of FEA can be 

reduced from 𝑂(𝑛3) to 𝑂((𝑛/𝐿)3) where 𝑛 and 𝐿 denote the numbers of degrees of freedom 

associated with the fine-resolution mesh on the entire design domain and a single coarse-resolution 

element, respectively. (2) The computation time of EMsFEM shape functions is greatly reduced by 

the developed ML model. In addition, in order to further improve the efficiency of generating the 

element stiffness matrix of coarse-resolution elements, two thresholds 𝜌 and 𝜌 are introduced. 

For coarse-resolution elements with average densities greater than the 𝜌 or lower than 𝜌, they are 

treated as pure solid or weak material, respectively. The EMsFEM shape functions and the stiffness 

matrix of these two kinds of coarse-resolution elements can be stored in advance and called directly 

during the optimization process. With the use of this treatment, the computational time for 

generating the element stiffness matrix of coarse-resolution elements can be reduced significantly, 

especially for large-scale examples or design problems with a low available volume fraction. It is 

also worthwhile to note that the proposed approach can be applied under the MMC-based topology 

optimization framework to further reduce the computational time by resorting to the degrees of 

freedom elimination scheme [19, 20]. 

Since structural compliance is taken as the objective function in the present work, once the 

displacement field associated with the fine-resolution mesh is obtained, it can be directly substituted 

into Eq. (5) to calculate the sensitivity, and then the optimality criteria (OC) method [36] is used to 

update the densities of the fine-resolution mesh. 

6. Numerical examples 

In this section, a short cantilever beam example, an L-shaped beam example and a MBB beam 

example are solved to validate the effectiveness and accuracy of the proposed approach. All the 

parameters involved in these numerical examples are assumed to be dimensionless. The Young’s 

moduli of solid and weak material are 𝐸0 = 1 and  𝐸min = 10−3, respectively, and the Poisson's 

ratios for both solid and weak materials are 0.3. The radius of the filter 𝑟min is taken as three times 

of the fine-resolution element size and the upper bound of the volume fraction of the available solid 

material is 0.5 in all tested examples. In addition, we assumed the threshold values for generating 
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the coarse-resolution element stiffness matrix as 𝜌 = 0.95  and 𝜌 = 0.002 , respectively. In 

addition, optimality criteria (OC) method is used to update design variables and the optimization 

process is terminated when the relative change of the objective function value is less than 0.0002 in 

the last five consecutive iterations. All examples are solved on a laptop equipped with an Intel(R) 

Xeon (R) Gold 6256 3.60GHz CPU and 512.0GB of RAM. 

6.1 The short cantilever beam example 

The accuracy and efficiency of the ANN based EMsFEM are verified in this example as shown 

in Fig. 5. The design domain is discretized by a set of fixed fine-resolution 3200 × 1600 uniform 

quadrilateral plane stress elements. Two sets of coarse-resolution mesh (i.e., 640 × 320  and 

320 × 160 ), where 5 × 5  and 10 × 10  fine-resolution elements are contained in each coarse-

resolution element, respectively, are examined. As illustrated in Table 1, the optimized designs 

obtained by the proposed approach are similar to that resulting from the classical SIMP method. In 

particular, for the case 𝑚 = 5 × 5, the optimized value of the structural compliance is almost the 

same as that obtained from direct fine-scale calculation (the relative error is only 8.80× 10−5 ). 

Meanwhile, very small relative errors (i.e., 3.00× 10−4 (𝑚 = 5 × 5)   and 8.72 × 10−3 (𝑚 =

10 × 10), respectively) of the optimized values of the objective function between the EMsFEM 

(𝐶EMs) and ANN-EMsFEM (𝐶ANN−EMs) methods verify the accuracy of the proposed ML model. 

From another point of view, the EMsFEM used in this paper is based on the assumption of linear 

boundary conditions, i.e., the displacements are linearly distributed on the boundaries of the coarse-

resolution elements, and this assumption leads to the difference between the results of the EMsFEM 

analysis and the fine-scale analysis of the optimized structures.  

In addition, the filter radius of this example is fixed as 3 times the size of the fine-resolution 

mesh and smaller than the size of the coarse-resolution meshes, there is no checkerboard 

phenomenon or QR modes in the optimized structures. Actually, this performance is difficult to 

achieve in traditional multi-resolution topology optimization approaches [12]. This result clearly 

demonstrates the developed PIML model's accuracy for predicting the coarse-resolution elements' 

stiffness matrix. 

The average time for one iteration step 𝑡it is also compared in Table 1. Compared to the value 

associated with the classical SIMP method, 𝑡it is reduced by 75.77% (for the 10 × 10 case) and 
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74.52% (for the case 𝑚 = 5 × 5), respectively. Compared with the EMsFEM of coarse-resolution 

elements containing 5×5 fine meshes, more numerical shape functions and more complicated 

stiffness matrix are required for the coarse-resolution elements containing 10×10 fine meshes. 

Considering the fact that, the number of coarse elements of the latter case is 4 times that of the 

former, the total solution time of those two cases are almost the same. 

It is also noticed that, in the proposed PIML-enhanced approach, the time cost for OC update 

takes the majority in each iteration as illustrated in Fig. 6. In this figure, the FEM time pertaining to 

the proposed approach includes the time consumed in generating the EMsFEM shape functions of 

each coarse-resolution element and calculating the fine-resolution displacement. Interestingly, in 

the classical SIMP method, 80.82% of the total computational time is spent on FEA, while in the 

proposed approach, the time cost of OC update consumes more than 77% of computational time. 

Actually, almost 10 times of reduction in FEA has been achieved by the proposed approach for this 

problem. Since the computational complexity of solving a set of linear algebraic equations is 

proportional to the cube of the number of unknowns, it can be expected that the larger the topology 

optimization problem to be solved, the more pronounced acceleration can be achieved for FEA. 

Furthermore, since the proposed PIML-enhanced approach is fully scalable, parallel computing 

technique can be adopted naturally to further improving the efficiency of the solution process. 

6.2 The L-shaped beam example 

To further test the prediction accuracy of the neural networks and to show the problem 

independent advantage of the proposed ML models, an L-shaped beam example with 4 million fine-

resolution meshes is provided as shown in Fig. 7. The corresponding optimized results are shown 

in Table 2. For the case 𝑚 = 5 × 5, it can be found that even for this model with complex stress 

states, the relative error of the 𝐶ANN−EMs and 𝐶EMs is only 1.18× 10−3, and more interestingly, 

the optimized value of the structural compliance (𝐶f) is also almost the same as that obtained from 

direct fine-scale calculation (the relative error is only 3.92× 10−4). All these facts again demonstrate 

the effectiveness of the proposed ML model. For the case 𝑚 = 10 × 10, the relative error of the 

𝐶ANN−EMs and 𝐶EMs is 3.03 × 10−2 and the optimized value of the structural compliance (𝐶f) is 

1.12% higher than the value obtained from direct fine-scale calculation, which are all much larger 

than the corresponding errors of the 5 × 5 case. This can be understood that, the total number of 
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output values of the neural network for the node-shaped function values of the 10 × 10 case is 972, 

which is as many as 5 times of the number of the output values of the 5 × 5 case (i.e., 192). Even 

the loss function of the two neural networks is decreased to the same level, the neural network of 

10 × 10  case probably has a larger error in the obtained structural response due to the error 

accumulation. This will be one of the directions of our subsequent work to improve the prediction 

accuracy as well as to explore the impact of different types of neural networks for training. 

6.3 The MBB beam example 

In order to demonstrate that the neural network in this paper can optimize any boundary 

problem with the same type of unit, an MBB beam example (see Fig. 8 for the setting of the problem) 

is provided. The optimization results, the corresponding solution time associated with classical 

SIMP method and the proposed ANN-EMsFEM (using the developed ML model for FEA) are 

compared and shown in Table 3. It also can be observed that the optimized structures obtained by 

the ANN-EMsFEM method with different numbers of coarse-resolution elements are very similar 

to the structure obtained by using SIMP method directly. Actually, the very small relative errors 

(i.e.,5.21 × 10−4 (5 × 5)  and 8.60 × 10−3 (10 × 10), respectively) of the optimized value of the 

objective function between the SIMP and ANN-EMsFEM method verify the universality of the 

proposed ML model. Meanwhile, the average time of the proposed ANN-EMsFEM method for one 

iteration step is only about 30% of that of SIMP method, which indicates the proposed approach 

does enhance the efficiency of topology optimization effectively.  

Finally, in order to demonstrate the ability of the proposed method for dealing with extremely 

large-scale topology optimization problems, the same problem is also solved by a 2000 × 1000 

coarse-resolution mesh with 10 × 10 = 100  fine-resolution elements in each coarse-resolution 

element by taking the symmetry of the problem into consideration (i.e., 200 million fine-resolution 

elements in half of the design domain) and the optimized structure in shown in Fig. 8. It can be 

observed that more structural details have been revealed by increasing the design resolution. Table 

4 provides the breakdown of the computational times associated with different parts of the solution 

process for a typical iteration step. In Table. 4, The ANN time is the computational time used for 

generating the shape functions by ANN to obtain the stiffness matric of each coarse-resolution 

element, while the EMsFEM time is the computational time to calculate the fine-resolution 
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displacement. As the iteration proceeds, the structure becomes clearer. In other words, there are 

more and more weak and solid coarse-resolution elements in the structure, which also means that 

there are fewer coarse-resolution elements to be predicted, leading to the reduction of ANN time as 

shown in Table 4. It can be found that for this extremely large-scale topology optimization problem, 

the FEA time (the sum of the ANN time and the EMsFEM time) is only about two minutes in a 

typical iteration step with the use of the proposed PIML-enhanced technique. Actually, for this 

problem most of the computational time (more than 85%!) is spent on updating the design variables. 

Furthermore, it is worth noting that this problem cannot be solved with the SIMP method directly 

using the available hardware for the limitation of computation power. 

7. Concluding remarks 

In the present work, we propose a universal PIML-enhanced topology optimization approach 

which can solve topological design problems in a significantly effective way. This is achieved by 

resorting to the extended multi-scale finite element method (EMsFEM) and constructing the 

corresponding EMsFEM shape functions through an off-line ML scheme, which can establish an 

implicit mapping between the shape functions and element-wise material densities of a coarse-

resolution element. The proposed ML scheme is mechanistic-based and totally problem-

independent in the sense that the objects under ML are actually the discretized versions of the 

Green’s functions of the underlying governing partial differential equations (PDEs), which are 

obviously physics relevant and totally independent on the settings of the topology optimization 

problems (e.g., boundary conditions, design domain and external loads, etc) to be solved. The 

proposed ML scheme is also theoretically locally-determined which can be understood from the 

perspective that the functions to be learned are solely determined by the material distribution in the 

considered coarse-resolution element and irrespective of the material distributions in any other 

coarse-resolution elements. This is actually a very important advantage for guaranteeing the 

generalization ability of the proposed scheme, which cannot be shared by existing ML-based 

topology optimization schemes at least theoretically. Furthermore, unlike in most existing works 

where the samples used for ML are often collected/generated from a collection of specific topology 

optimization problems in order to cover a considerably wide range of stress/strain states, it is only 

necessary to increase the diversity of the samples in the proposed ML scheme by enhancing the 

http://www.baidu.com/link?url=KwrVytzlNBz5LS8LIm3vzrnAbuC-0QERI3GCGWufnrlbj9-JZbL9m3I9iOmG81cKuliXOtSlbD_MW5Qp4WIghNfGMpTGiCWP5bOdbmYJC1nLMeS7gFb7IJX3gr1HxdgX
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variety of material heterogeneity in the coarse-resolution element, which is obviously stress/strain 

state-independent. Therefore, our ML scheme has great potential for generalization since once the 

shape functions are trained successfully, it can be applied to solve any types of topology 

optimization problems governed by the same PDEs. 

Several numerical examples are provided to illustrate the capabilities of the proposed approach. 

It is found that the PIML-enhanced approach behaves very well under various problem settings. It 

is worthy to note that the proposed approach can reduce the computational time for FEA by about 

two orders of magnitude and solve an ultra-large-scale topology optimization problem with 200 

million design variables, which cannot be tackled by direct computation through available hardware 

on a personal workstation. 

The present work can be extended along various directions. Firstly, since only the preliminary 

fully-connected ANN is employed for ML in the present work, it is interesting to explore how to 

enhance the performance of the proposed approach by introducing state-of-the-art ML architectures 

(e.g., convolutional neural networks). And this framework can also be directly extended to three-

dimensional design problems with the help of 3D EMsFEM. Some attractive results for large-scale 

three-dimensional topology optimization problems have been obtained and the related work will 

appear soon. Secondly, although the proposed approach is only examined within the most popular 

SIMP framework in the present work, it can also be combined with other topology optimization 

approaches to increase the computational efficiency. For example, as shown in the ultra-large-scale 

example with 200 million design variables, most of the computational time (actually more than 

85%!) is consumed on updating the design variables. Therefore, it is highly expected that, besides 

the cost of FEA, substantial saving of computation effort on numerical optimization can also be 

achieved if the proposed approach is carried out under the moving morphable component (MMC)-

based topology optimization framework where the number of design variables can be reduced by 1-

2 orders of magnitude. Last but not least, since the proposed approach is mechanistic-based and 

totally problem-independent, in principle, it can be generalized to solve topology optimizations 

involving various types of objective/constraint functions and multidisciplinary physics since 

EMsFEM has already shown its great potential for dealing with various types of boundary value 

problems. Corresponding research results will be reported elsewhere. 

http://www.baidu.com/link?url=8YXcmxS0gZvX3ozTa4CS6mcbjVQUQXpdUE1rIBlk7_MY1TBwh9rPHRCYu7gJn0yO-QExsG1zkVaxapqA418pN1_bCCrJg4zFIfRX7-YnGqOY3Lf1084nodYhTxXbtCY7oWH--ZZq8oW-ou7ULEIPTa
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Figures 

 

 

 

 

 

 

Fig. 1. Construction of the EMsFEM by setting coarse/fine-resolution meshes. 
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Fig. 2. Constructing EMsFEM shape functions by applying linear boundary condition. 
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Fig. 3. The ANN used for ML. Input: density values of 𝑚 fine-solution elements in a coarse-

resolution element. Output: nodal values of independent EMsFEM shape functions. 
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Fig. 4. The proposed PIML-enhanced topology optimization procedure. 
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Fig. 5. The problem setting of the short cantilever beam example. 
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Fig. 6. A comparison of the computational times at a typical iteration step  

 (short cantilever beam example). 
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Fig. 7. The problem setting of the L-shaped beam example. 

 

 

  



30 

 

 

 

 

  

Fig. 8. The problem setting of the MBB beam example. 
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Fig. 9. The optimized structure of the MBB beam with 200 million fine-resolution elements. 
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Tables 

Table 1. The optimized short cantilever beam structures obtained by different methods, the average time for one iteration step (𝑡it), the optimized structural compliances 

calculated by ANN-EMsFEM (𝐶ANN−EMs), EMsFEM (𝐶EMs) and direct fine-resolution calculation (𝐶f), respectively. 

 

Method Optimized structure 𝑡it(s) 𝐶ANN−EMs 𝐶EMs 𝐶f 

SIMP 

 

105.29 / / 69.30 

PIML-

enhanced 

(𝑚 = 5 × 5) 

 

26.83 66.43 66.45 69.30 

PIML-

enhanced 

(𝑚 = 10 × 10) 

 

25.51 64.76 65.33 69.56 
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Table 2. The optimized L-shaped beam structures obtained by different methods, the average time for one iteration step (𝑡it), the optimized structural compliances calculated 

by ANN-EMsFEM (𝐶ANN−EMs), EMsFEM (𝐶EMs) and direct fine-resolution calculation (𝐶f), respectively. 

 

Method Optimized structure 𝑡it(s) 𝐶ANN−EMs 𝐶EMs 𝐶f 

SIMP 

 

68.45   153.02 

PIML-enhanced 

(𝑚 = 5 × 5) 

 

20.33 151.99 152.17 153.08 

PIML-enhanced 

(𝑚 = 10 × 10) 
 20.34 148.38 153.02 154.74 
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Table 3. The optimized MBB structures obtained by different methods, the average time for an iteration step (𝑡it), the optimized structural compliances  

calculated by ANN-EMsFEM (𝐶ANN−EMs), EMsFEM (𝐶EMs) and direct fine-resolution calculation (𝐶f), respectovely. 

 

Method Optimized structure 𝑡it(s) 𝐶ANN−EMs 𝐶EMs 𝐶f 

SIMP 

 

28.05 / / 38.37 

PIML-

enhanced 

(𝑚 = 5 × 5) 
 

8.76 36.08 36.11 38.39 
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PIML-

enhanced 

(𝑚 = 10 × 10) 
 

8.91 34.68 35.31 38.70 
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Table 4. The breakdown of the computational times at some representative iteration steps  

(MBB beam example discretized with 200 million fine-resolution elements). 

 

 
Iteration number Total time (s) ANN time (s) EMsFEM time (s) OC time (s) 

1 1956.93 1108.60 106.11 742.21 

10 1293.41 482.42 83.63 727.36 

22 970.79 30.44 77.82 862.53 

383 926.31 34.29 85.35 806.66 


