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     ABSTRACT: Saint-Venant’s Principle is important in the
 theory and application of elasticity and its proof or formulation
 is a major attraction  for authors. Among others，Toupin’s 
Theorem plays  the most influential  role in the history 
of  development  concerning Saint-Venant’s Principle. 
Now  we review the history and  the previous  works, 
distinguishing   Saint-Venant   type  decay   from  

Toupin-type   decay  and  arguing   that  Toupin’s 
Theorem is not a formulation of Saint-Venant’s Principle;

Existence of solution of  Saint-Venent type exponential 
decay  to a boundary-value  problem is not a necessary
 condition  of existence of Toupin-type decay rate of the 
problem; Saint-Venant’s Principle stated by Love can be disproved

mathematically  from  Toupin’s Theorem and  so Toupin’s 

Theorem is mathematically inconsistent with Saint-Venant’s 
Principle;  If  the  technical  terms are acceptable, special 
Saint-Venant’s Principle or modified Saint-Venant’s Principle 
or Saint-Venant’s Principle with subsidiary conditions can be 
proved true or formulated, though Saint-Venant’s Principle in its 
general form stated by Boussinesq and Love is not true. This fact
will encourage further research on Saint-Venant’s Principle.  
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1. Introduction

Saint-Venant’s Principle in elasticity (see [1,2])  has its over 100 year’s history. The early and important researches contributed to the principle are the articles [3-9]. Boussinesq [3] and Love [4] announced statements of Saint-Venant’s Principe, but Mises [5] and Sternberg [6] argued, by citing counterexamples, that the statements are not very  clear, suggesting that Saint-Venant’s Principle should be proved or given a mathematical formulation. Trusdell [10] asserted that if Saint-Venant’s Principle of equipollent loads is true, it must be a mathematical consequence of the general equations of linear elasticity. It is no doubt that mathematical proof of Saint-Venant’s Principle became an academic attraction for contributors and much effort has been made for exploring its mysterious implications，or，deciphering the puzzle. Zanaboni “proved” a theorem [7]，trying to concern Saint-Venant’s Principle, but in the present review we will prove that Zanaboni’s theorem is false. The work published by Toupin  establishes an energy decay which is considered as “a precise mathematical formulation and proof”  of Saint-Venant’s Principle for the elastic cylinder, while arguing by citing more counterexamples that Love’s statement is false [11，12].  Furthermore, Toupin’s work  seems to set up an example followed by a large number of papers to establish Toupin-type energy decay formulae for branches of continuum mechanics. Since 1965 the concept of energy decay suggested by Toupin has been widely accepted by authors and various techniques have been developed  to construct inequalities of  Toupin-type decay of energy，which are spread widely in  continuum mechanics. Especially，the theorem given by Berdichevskii [13] was considered as a generalization of Toupin’s theorem. Horgan and Knowles reviewed the developments (see [14-16]).  However, as pointed in the present article, Toupin’s theory is not a strict mathematical proof, and Toupin’s theorems are not an exact mathematical formulation, of the principle. The essence of the argument of Toupin is substituting one provable proposition， Toupin’s Theorem, for Saint-Venant’s Principle, another proposition which is not true, to dodge the essential difficulties of establishing mathematical statement of Saint-Venant’s Principle. And so Toupin-type decay is essentially different from Saint-Venant-type decay, and Toupin’s theory has misled  players in the field of Saint-Venant’ Principle astray for more than forty years. It is shown in the present article by referring to previous works that existence of solution of Saint-Venent type exponential decay to a boundary-value  problem is not a necessary condition of existence of Toupin-type decay rate of the boundary-value problem. In other words, Toupin-type decay is not a sufficient condition of saint-Venant type decay. If deriving a Saint-Venant type decay from a Toupin-type decay is possible, it needs additional conditions, while the distinction between  Toupin-type decay  and Saint-Venant type decay is emphasized. Interestingly and significantly, Saint-Venant’s Principle stated by Love is disproved mathematically from Toupin’s Theorem and so Toupin’s Theorem is  mathematically inconsistent with Saint-Venant’s Principle. However, if the technical terms are acceptable, special Saint-Venant’s Principle or modified Saint-Venant’s Principle or Saint-Venant’s Principle with subsidiary conditions can be proved true or formulated, though Saint-Venant’s Principle in its general form stated by Boussinesq and Love is not true.
   Many papers in the literature, including influential review by Horgan and Knowles [14], are titled in terms of “Saint-Venant’s Principle”, while dealing fully or in part with Toupin-type decay. The serious confusion between Saint-Venant type decay and Toupin-type decay in the literature urges us to rectify the misunderstanding of historical nature. So it is logical for us to share our ideas, opinions, suggestions and perspectives with scholars working devotedly about Saint-Venant’s Principle for improvement. In Sec.2 we discuss about understanding of Saint-Venant type decay. In Sec.3 we suggest the postulate, definitions and criterion for discussion of proof and formulation of Saint-Venant’s Principle. In Sec.4 Toupin’s theory is reviewed and commented and Saint-Venant’ Principle stated by Love is disproved. In Sec.5 Zanaboni’s theorem is disproved. In Sec.6 Berdichevskii’s theorem is examined. In Sec.7 the model problem formulated and discussed by Horgan and Knowles will be remarked. In Sec.8 Knowles’ technique will be commented. In Sec.9 results of two-dimensional linear elastic problems are reviewed and discussed. In Sec.10 other results of linear problems are reviewed and commented. In Sec.11-14 we follow the developments concerning Saint-Venant’s Principle for non-linear problems, anti-plane shear deformations, fluid flows in channels （or pipes） and heat conduction, distinguishing between Saint-Venant type decay and Toupin-type decay. In Sec. 15 some issues concerning Toupin-type decay rates will be covered. In Sec. 16 Toupin-type decay will be formulated in the context of “ volume energy decay” so as to explore the nature of Toupin’s Theorem 1 further. In Sec.17 suggestion will be given to proof of Saint-Venant’s Principle and formulation of Saint-Venant type decay. Sec.18 is for closing remarks.

2. Understanding Saint-Venant type decay

  Saint-Venant’s Principle, the idea generalized by Saint-Venant from his solutions to the problems of torsion and flexure of elastic prisms, suggests that for a cylinder in static equilibrium with traction-free lateral surfaces and without body forces, if each individual end loading were replaced by a statically equivalent one, the resulting stress and strain fields in the cylinder would remain approximately the same, except near the ends. 

  Because of the validity of superposition of loading and deformation, Saint-Venant’s Principle in linear elasticity is equivalent to Boussinesq’s or Love’s Statement bellow.   

  Boussinesq’s Statement [3]: “An equilibrated system of external forces applied to an elastic body, all of the points of application lying within a given sphere, produces deformation of negligible magnitude at distances from the sphere which are sufficiently large compared to its radius.” 

  Love’s Statement [4]: “According to this principle, the strains that are produced in a body by the application, to a small part of its surface, of a system of forces statically equivalent to zero force and zero couple, are of negligible magnitude at distances which are large compared with the linear dimensions of the part.”        

  The statements are equivalent to the idea of Saint-Venant as long as superposition of loading, stress and strain is valid, though the statements may not be true. Therefore，Saint-Venant type decay should be understood mathematically as decay of strains, stresses and energy density (or their analogs) in the bodies  which satisfy the conditions (or their analogs) specified by the statements. (Nonlinear problems may be treated in a way different from that for linear problems when Saint-Venant’s Principle is discussed, which will be shown in Sec. 11)  

3. Postulate, Definitions and Criterion for Discussion 

    Following the understanding of Saint-Venant type decay in Sec. 2 it is reasonable to suggest that our discussion concerning proof and associated formulation of Saint-Venant’s Principle should be under following Postulate A3, Definition B3 and C3, and Criterion D3 :

    A3. Saint-Venant’s Principle is provable: it can be proved or disproved mathematically.

    B3. A mathematical proof of Saint-Venant’s Principle is a process of mathematical inference starting from the fundamental equations of elasticity and the boundary conditions specified by Love’s statement to the end mathematical expressions consistent with Saint-Venant type decay, or , equivalently, a mathematical proof is a series of equations or formulae, inferred by means of mathematical operations, led by the fundamental equations of elasticity and the boundary conditions specified by Love’s statement and concluded by end mathematical expressions consistent with Saint-Venant type decay. 

    C3. A mathematical formulation of Saint-Venant’s Principle is that one, in the series of  equations or formulae of the mathematical proof of the principle, which explicitly exposes Saint-Venant type decay, decay of stress, strain or strain energy density with distance from the equilibrated system of external forces.  .

D3. If a mathematical expression can be deduced mathematically from a boundary value  problem of elasticity which is inconsistent with the condition  specified by Love’s statement, the mathematical expression is not a mathematical formulation of the principle. If  it is possible to deduce equations inconsistent with Saint-Venant type decay from a mathematical expression, the mathematical expression is not a formulation of the principle. 

  It is easy to find analogs of B3-D3 for boundary-value problems other than traction boundary-value problems in elasticity.  

4. Toupin’s Theory 

  4.1 Toupin’s theorems

An inequality of energy decay in an elastic cylinder of arbitrary length and regular cross section, loaded only on one end,
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, with an arbitrary system of self-equilibrated forces, was published by Toupin [11], which is 
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where
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is the elastic energy stored in the sub-cylinder beyond a distance 
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   To estimate strains, another inequality is also suggested, which is  
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where 
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 is the elastic energy of deformation of a solid sphere, 
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is the volume

of the sphere, 
[image: image15.wmf]K

 is a material constant and 
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 is the strain at the center of the 

sphere. An inequality equivalent to (2) is given for estimate of stresses in [12]. 

  Inequality (1) and Inequality (2) are considered in this article as Toupin’s Theorem 1 and Toupin’s Theorem 2 respectively.  It seems that Toupin’s theory (Toupin’s theorems  and the proofs of them) is a mathematical proof of Saint-Venant’s Principle and Toupin’s Theorem ( 1and 2) is a formulation of the principle, but they are faced with some fundamental difficulties. 

 4.2 Concluding Mathematical Expression of Proof of Saint-Venant’s Principle for Toupin’s Cylinder 

Following the understanding of Saint-Venant type decay in Sec. 2 and B3 in Sec.3, 

the equation below, Eq.(3), should be taken as an end mathematical expression of the 

series of equations of proof , which is
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where 
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 is the elastic energy density at or beyond 
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 is the infinite length 
of  the  cylinder ,  if Saint-Venant’s Principle  should be proved  for  Toupin’s  
cylinder problem.

4.3 Toupin’s Theory and Saint-Venant’s Principle

 In [11] Eq. (3) is not deduced. Then we ask: will it be possible to deduce Eq.(3) from
Toupin’s theorems? Some possibilities of development  of Toupin’s theorems are 
discussed here.  

4.4 Implications of 
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  In [11] the cylinder discussed is supposed to be  of “arbitrary” length.  We understand the “arbitrary” to be “finite or infinite”, so we concern ourselves with two categories of cylinders here.
(a1)A cylinder of finite constant length L:

From Eg.(1),
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However, 
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should be an exact zero because， by definition， it represents the stored energy beyond distance
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defined in Toupin’s Theorem1.

(b1) A cylinder of infinite length:

From (1),
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but  it does not provide any definite  information about the energy density far

from the loaded end.  For the  Toupin’s cylinder,   
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because of ambiguity: 
[image: image29.wmf])

(

s

L

-

 at infinity could， equally， be zero, infinity or any

finite positive  number. Then the limit of  
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 expressed by (5) is meaningless
because the energy-stored volume at infinity is unknown, let alone deducing Eq.(3) 
from Eq.(1).  

  In another way, if  
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 is supposed to be zero, the energy density beyond 
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 can  differ from zero and  (5) will still hold good because the energy-stored  volume of the infinitely thin slice  on the free end is  infinitely small, which means that it is possible to draw, from Toupin’s Theorem 1,
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which is inconsistent with Eq.(3).

4.5 Cross-sectional Integral and Cross-sectional Average of the Energy Density

Inferred from Toupin’s Theorem 1

  It is easily understood that the decay of 
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in (1) is caused by variation, with increasing distance, of the strain energy density and monotonically decreased  volume of the cylinder beyond 
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, that is, Toupin’s decay is brought by the resultant effect of the “distance-effect” and the “volume-effect”. However, if Saint-Venant’s Principle should be concerned mathematically and physically  by Eq.(1), only the distance-effect should  be considered and the volume-effect should be ruled out. 

To manifest the distance-effect and exclude the volume-effect, the differential of the energy has to be considered. However, the relation between 
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 is uncertain according to (1). So it is possible that
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(The discussion of Berdichevskii’s Theorem will give support for Eq.(7). See C6 in Sec.6.)  On the other hand, it is obvious for the cylinder that
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is the cross-sectional integral of the energy density over  the intersection, where 
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 is the intersection with the body of a plane perpendicular to the axis of the cylinder and  distant from the loaded end by
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From (7) and (8) we have
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Equations (9) and (10) give the cross--sectional average of the  energy density :
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where 
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 is the area of the cross section 
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Inequalities (10) and (11) mean that any definite mode of decay of the cross-sectional
integral and the cross-sectional average of the energy density is not obtained.

4.6 Variable-separation

If the energy density function for the cylinder problem is separable in terms of

variables, that is,
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where
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From (1) and (13) it is deduced that


[image: image58.wmf]lim0(,)

d

s

UsLL

®+¥

³<®¥

,                   (14)

which is inconsistent with Eq.(3).

4.7 Possibility of Poinwise Estimate of Strains within Toupin’s Theory 

  In [11]  Inequality (1) and (2)  are suggested for pointwise estimate of strains.  
To estimate the strain by (2),  we have  to establish, based on (1), an expression of 
average  of energy density because 
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density of the sphere. The possible  inference  from (1) is  
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where 
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, but the latter is, at least, a function of four arguments, the three coordinates of the center of the sphere  and its radius. And so the pointwise estimate of strains by combining (1) and (2) is not mathematically practical. 

4.8 Volume-Average of Energy Density

  (a2) When the equality in (15) is taken into account for a cylinder of finite constant length L, the derivatives of first and second order of 
[image: image69.wmf])

(

s

U

d

 are formed as

[image: image70.wmf]c

s

l

s

c

c

d

e

s

s

L

a

s

s

L

U

ds

s

U

d

/

)

(

2

)

(

)

)(

0

(

)

(

-

-

-

-

-

-

=

                      (16) 

and 
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From (15)- (17)  we find  the minimum of the volume-average of the energy 

density as
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when       
[image: image73.wmf]c

m

s

L

s

s

-

=

=

 ,                                      (19)

where 
[image: image74.wmf]m

s

 satisfies the conditions
           
[image: image75.wmf]0

)

(

'

=

m

d

s

U

                                         (20)

and         
[image: image76.wmf]0

)

(

"

>

m

d

s

U

 .                                      (21)

In the interval of     
[image: image77.wmf]L

s

s

m

<

<

,                                  (22)

            
[image: image78.wmf]0

)

(

'

>

s

U

d

                                         (23)

according to Equ.(16), and
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to infinity  according  to Equ.(15), that is, 
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  Therefore, the volume-average of the energy density beyond 
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 does not decay 

monotonically  in the cylinder  of finite  constant length.  The increase of the 

volume-average is located in the domain  which is immediately close to the free 

end of the cylinder.  Furthermore, the domain of the decay, or increase,  of the 

volume-average  is  somewhat  ambiguous  because 
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 It is not difficult to understand that   inequality in (15) will lead to uncertainty 

of variation of the  volume-average of  the energy  density beyond 
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cylinder of finite constant length.

  (b2)For a cylinder of infinite length, both 
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and        
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From (25) and (26) we know that there is not any critical (stationary) point in the 

domain
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because 
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 is never zero in the domain, according to (26). 
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does  not exist because of  ambiguity of 
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at infinity.   And so the 

volume-average of the energy density beyond 
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 as  
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 approaches infinity is 

uncertain. 

  It is not difficult to understand that   inequality in (15) will lead to ambiguity 

of analysis of  variation of  the volume-average of the energy density beyond 
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for the cylinder of arbitrary length.

  There is no any case for the discussion of the volume-average of the energy density except for the two cases (a2)-(b2) in the present section. From the analysis above we know that  we can not approach a definite mode of decay of the volume-average  of the energy density from (15).   

4.9 Spectrum of Energy Decay Rates and Coverage of Toupin’s Theorem1

   The issue of magnitude of the energy decay rate is insignificant if decay of the 

energy density is unavailable , though the energy decay rate is dealt with in detail

in Toupin’s theory. Furthermore, the result in Toupin’s theory is incomplete in terms 
of the coverage of Toupin’s  Theorem1.  

  In his proof it is obtained by Toupin that
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where 
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 has no upper bound, for the cylinder problem. But Toupin [11] obtained (1) by taking the minimum value, 
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. And so Toupin’s theory is incomplete and Toupin’s Theorem 1 is incapable to cover completely the spectrum of energy decay rates of the cylinder. Especially, it is a serious loss that the significant solution 
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), is missing, which should indicate that the decay of energy is caused by the decrease of the energy-stored volume beyond 
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 of the cylinder. 

4.10 About Toupin’s Theory
  Summarizing discussions and possible inferences in Sec.4.3-4.9, we know: that 

Eq.(3) is  not  deduced in Toupin’s theory. Toupin’s theory is not a mathematical
proof of Saint-Venent’s Principle and Toupin’s theorems are not a mathematical 
formulation of the principle, when the postulate, definitions and criterion suggested in 
Sec.3 are accepted. 

4.11 Disproof of Saint-Venant’s Principle
  Saint-Venant’s Principle stated by Love is disproved mathematically because  Eq.(6) and 
Eq.(14) can be deduced from Toupin’s Theorem 1. This disproof agrees with the 

argument of Toupin by citing counterexamples in [11,12]. This disproof also serves 
definitely as an evidence that Toupin’s Theorem is mathematically inconsistent with 
Saint-Venant’s Principle.    
4.12 Pointwise Estimates Developed by Other Authors 

  (a3) Flavin [17,18] has pointed out that Toupin’s Theorem1 remains valid for the 
cylinder problem in which the curved surface is clamped 
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is interpreted as the smallest characteristic frequency of free 
vibration of a slice of the cylinder of height 
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，whose curved surface is clamped and 
whose plane ends are free.  Then he gave a formula of pointwise decay estimate for 
the displacement gradients in the cylinder,
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where 
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 are the magnitudes of displacement gradients at 
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sphere （with a radius 
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） contained entirely  within the cylinder and far  from 

the  loaded  end  by a distance
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  The main difficulty of (32) for the estimate is that the sub-domain of the cylinder, 
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 (b3) Horgan and Knowles [14] constructed a formula of interior pointwise estimates for the stresses in an isotropic cylinder loaded on the end 
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where   
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. Inequality (33), used in conjunction with either Toupin’s Theorem1 or Berdichevskii’s result (discussed later), is supposed to furnish  interior estimates of stresses for the cylinder.

  However, to secure real values of stresses, the condition 


[image: image141.wmf]0

)

(

)

(

³

+

-

-

d

s

U

d

s

U

                           (34)

is required for （33）. If Toupin’s Theorm1 is used for 
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, the condition (34) is not guaranteed because of the inequality in (1). On the other hand，if we accept that (34) is always true, we admit that the decrease of the energy-stored volume is the decisive factor for the decay of 
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in Toupin’s theory.

  (c3) Roseman [19] developed a pointwise estimate for the stress in a cylinder, which is good up to the boundary as well as for the interior. His result may be stated as follows ( see also [14]):
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where 
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 are universal positive constants that depend only on the geometry of the cross section, but not on the load, the material constants 
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   Used in conjunction with Toupin’s Theorem1, (35) gives pointwise estimates of the stresses throughout the cylinder, according to the author.
The serious trouble which (35) is involved in is that 
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is to be deduced, hypotheses suggesting the behavior of the cylinder have to be “borrowed” from outside of Toupin’s Theorem1. For example, we may propose 
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where  
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.  However, whatever a hypothesis like (37) or (38) is taken, the cylinder has been imaginarily extended longer than that of length 
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  From (a3)-(c3) we understand that without additional assumptions, the mathematical results in Sec.4.11 , combined with Toupin’s Theorem1, fail to supply  proper pointwise estimates for the stresses or strains for the cylinder problems. 

4.13 Another Disproof of Saint-Venent’ Principle:
  We should suggest,  particularly and precisely,  the mathematical  proposition 
of Saint-Venant’s Principle for the problem of Toupin’s cylinder:

For the semi-infinite cylinder 
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are stress and strain components respectively, and 
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 is the strain energy density.
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  From (39)-(41) 

               
[image: image182.wmf]ò

=

s

C

i

n

da

t

0

)

(

                                      (45)

and            
[image: image183.wmf]ò

=

s

C

j

n

i

da

t

x

0

]

)

(

[

                                    (46)

are inferred, where 
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 is a cross-section approaching the free end.  Imagine a 

cut at  
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  to separate the cylinder into two pieces and consider the problem of 

the  shorter  cylinder  beyond 
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 by taking 
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 as  the  “loaded”  end. A 

stress  field  will be  induced  in  the  shorter  cylinder  by the system of

self-equilibrated tractions on 
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. If the stress field in the shorter cylinder is to 

vanish, it is required that the system of tractions on 
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should vanish and the 

work done by  the tractions  should be zero.  The probability of this case of 

vanishing will be 
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  at finite  distance  from 
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effectiveness of the self-equilibrated forces on 
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) because the self-equilibrated 

system  of  tractions  on 
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 induced by that on   
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 will be  arbitrarily

distributed  and  there  exist  infinite  possible  cases  of  distribution of 

self-equilibrated tractions for 
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. At the infinity, if localization of end effects of 

self-equilibrated forces is true, the  traction  boundary condition at the far end, 

included in (39),  should be more  effective  than (40) and (41) for determining 

the stresses near  and at the far end, but, without  adding  more assumptions 

to  the  boundary  value  problem  and  without  solving it,  only three, 

instead of six, components of  stress at the far end  can be determined from the 

condition (39), though the  condition in its  algebraic form is sharper and more 

determinative  than  (40) and  (41), which  are given in integrals or averages. 

Therefore, the stresses far from 
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are uncertain in principle, if the analysis, as 

in [11], is based on integrating.

    According to the  analysis above,  we understand that without  additional 
conditions, it is impossible to prove (42)-(44) from (39)-(41). There exists great 

probability for (42)-(44) to be violated. The proposition of (39)-(44) is a mathematical 
paradox and Saint-Venant’s Principle stated by Love is disproved. 

5. False Zanaboni’s Theorem

  In 1937, Zanaboni published a theorem dealing with energy decay of bodies of general shape [7]. The result played a remarkable role in the history  of research on Saint-Venant’s Principle, restoring confidence in formulating the principle (see [7, 12, 20] ),. The theorem is described as follows: 

Let an elastic body of general shape be loaded in a small sphere 
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which would also imaginarily cut the body into two pieces (see Fig.1 ). Then, according to Zanaboni, 
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However, Theorem (47) is wrong. Our argument  is as follows:
(a4) In fact,   
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considering the continuity of displacements on 
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 . The distributions of the tractions of 
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 are oppositely directed, but the displacements on the two sides are identical because of continuity, and so the work done by tractions on one side will be  negative  to the work done by tractions on the other side, and the algebraic sum of the two works will  vanish. 

(b4) If (47) were correct and (48) were wrong, one could accumulate strain energy simply by increasing the “imaginary” cuts sectioning the elastic body. That would violate the law of conservation of energy because energy would be created from nothing only by imagination. 

(c4)The false proof below (see [7] and pp 300-303 of [20]) is responsible for the invalidity of Zanaboni’s Theorem :   
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where 
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  Now the minimum complementary energy theorem is used. All the actual forces  
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The virtual increment of  
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For 
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Substituting (52) into (49), he obtains
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By repeated use of (53) for 
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(see Fig.1), Eq.(47) is proved.

   The error in the proof is the confusion between energy and work. In fact, 

Eq. (49) should be 
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and Eq. (53) should be
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And then the use of (55) should result in (see Fig.1)
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Then Zanaboni’s theorem, which would be
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(see Eq.(47)), is not deducible from (55) and the two equations of (56) because of          
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6. Berdichevskii’s Theorem

  Berdichevskii  [13] investigated, within the framework of a geometrically linear 
theory, the problem of an inhomogeneous, anisotropic and physically nonlinear elastic 
solid in Cartesian coordinate system 
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being loaded, and gave an inequality
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which was regarded as a generalization of Toupin’s Theorem.   However,

Berdichevskii’s Theorem will meet some difficulties:

A6. Energy density decay is not deduced in Berdichevskii’s work.

B6. Although  the author  proposed  a boundary  value problem according to the 

conditions of  loading stated in  Boussinesq’s  and  Love’s statements, neither the 

fundamental  equations of elasticity  nor the conditions of loading are necessarily 
concerned  in the  process of the proof of (59) ,  and the cornerstone equations 
of Berdichevskii’s theory,
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and
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are universally effective,  even independent  of elasticity. In (60)-(62)
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over all possible values of the surface load 
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And so Berdichevskii’s Theorem is too general to be particularly related to the 

case stated by  Saint-Venant’s Principle. The decay of the stored energy, 
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in (59),  is,  in principle,  introduced by  the monotonic  decay of the volume  
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where 
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 is Young’s modulus, 
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It is inferred from (61) and (65) that
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Then (62) and (65)-(67) lead to 
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where 
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 is given in (67). Finally，we arrive at， by virtue of （68）， 
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(The comparison between 
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 in (61) will be discussed later in d5, G6.)

It is obvious that 
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 is bounded according to (65). And so Eq. (69) is an explicit mathematical expression of Berdichevskii’s energy decay for the finite cantilever.  In [13], bounded  
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is not established and Berdichevskii’s Theorem holds possibly for unbounded energy, which provides a complementary justification for the analogy between (69) and (59) for the problem of the infinite cantilever.  Thus Berdichevskii’s Theorem is valid for the cantilever problem that is  consistent neither with the condition specified by Love’s statement  nor Saint-Venant type decay, and  then is “over-covering” and too universal to be a formulation of Saint-Venant’s Principle according to the criterion D3 in Sec.3.

 C6. From (60) and (61) we have
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  Thus it is possible to deduce Eq.(6) from (70), as discussed for Toupin’s Theorem1 in Sec.4.5 and 4.6.

D6. To formulate Saint-Venant’s Principle,  limits at infinity should be understood mathematically, but    
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is not precisely understood because  
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is not interpreted exactly or does not exist. The difficulty of interpretation of (71) and (72) is similar to that of the limit of 
[image: image325.wmf])

(

s

U

in Sec. 4.4.

 E6.We might be interested in the volume-average of the strain energy density, but 
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is uncertain because of the same difficulty as that for interpretation of (71).

F6. The difficulties of the pointwise estimates of stresses or strains are the same as those discussed in Sec.4.11, if the estimates are practiced in conjunction with Berdichevskii’s Theorem.  

G6. Though estimate of energy decay rate in Berdichevskii’s theory is meaningless as energy density decay is not provable by means of it , some issues should be discussed.  
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where 
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  However, (77) is not definitely true because (76) is wrong. Actually, it is easy to prove
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because the energy density 
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According to (78), there exists a possibility other than (75) that
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and so
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 Following the similar way it is possible that both
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(given by Berdichevskii) and 
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are deduced in Berdichevskii’s theory for the same reason as for (77) and (83), where 
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b5.The energy decay rate in (59), 
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for which the arguments are presented below.

Berdichevskii gives 
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where 
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 is the height of the cylinder and the limit of 
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 is independent of the elastic moduli and the geometry of the cross section of the cylinder. And from (77) and (87) 
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 takes a minimum of zero for the cylinder of infinite height, which does not violate (83).

  The minimum value of (86) can also be set up by examining the value of 
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for isotropic body with 
[image: image371.wmf]0

³

l

, where 
[image: image372.wmf]b

 is a arbitrary number between 
[image: image373.wmf]1

 and 
[image: image374.wmf]¥

+

. Considering (88), we find

[image: image375.wmf]+¥

=

®

B

1

lim

b

                                 (89)

and then            
[image: image376.wmf]0

/

®

B

b

                                   (90)

which implies (86) according to (83). However, the author takes the minimum value of 
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in order to maximize the lower bound of the energy decay rate.

Another argument concerns the estimate of the energy decay rate for a rod. Berdichevskii gives
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for the rod. From (92), the minimum of 
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where the limit of 
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 is independent of the elastic moduli and the geometry of the cross section of the rod. And in virtue of (84) and (93) 
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 should take a minimum of zero for the rod of infinite height, which does not violate (85).
Now Eq.(59) will, with reference to (61) and (86), turn into 
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for the infinite cylinder or rod. The minimum in (86) is also manifested by (31), a special case of (94), in Sec.4.9, where the decay rate of energy in Toupin’s theory is discussed.

  Therefore, Berdichevskii’s Theorem should take the form of (94) instead of (59) if (61) is required to control the value of
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. Equation (94) is universally effective and shows that the decay of the volume of the cylinder beyond 
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 accounts for the energy decay, telling nothing about energy density decay in the body.

c5. The energy decay rate in (59), 
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, should  be a minimum as discussed in b5. But Berdichevskii’s work attempts to maximize the lower bound of the energy decay rate,  though it could equally be an upper bound, as pointed out in a5, trying to find a greatest lower bound of the energy decay rate. Nevertheless, inconsistently, Berdichevskii’s work sought a number between the minimum and the maximum of the lower bound of 
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Berdichevskii gave a lower bound of 
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and its right side is a result of  maximizing with respect to 
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by putting in it the upper bound  of 
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 from (96). Therefore the left side of  (97) is a minimum value with respect to 
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. Afterwards the left side of (97) was maximized with respect to 
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And so the left side of  (98) is a number between the minimum and the maximum of the lower bound of 
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, if they exist. Thus we come to realize that there is arbitrariness concerning estimate of the energy decay rate, though it is claimed by (61) that 
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 should be a minimum. 

  By the way, Horgan and Knowles dealt with the same problem, rewrote Berdichvskii’s result and gave a greatest lower bound of 
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 explicitly for the cylinder, trying to maximize the energy decay rate.  (see Eq. (3.154) in [14]) 

d5.The minimum value of 
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e5. From (66),
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for finite
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, while the energy density increases monotonically according to (64) for the cited case.   We see with the help of the example that magnitude of energy decay rate does not serve as an indication of energy density decay. There is not a threshold value of energy decay rate  which implies a lowest requirement for energy density decay. And so magnitude of energy decay rate is meaningless for discussion of energy density decay.

To sum up,  though Berdichevskii’s Theorem is true in the sense that it is deduced or proved from the universally effective equations, Berdichevskii’s theory never proves Saint-Venant’s Principle. Berdichevskii’s Theorem (59) is too general or universal to relate itself particularly to Saint-Venant’s Principle because it is essentially independent of the conditions specified by the principle. Berdichevskii’s Theorem is a “generalization” of Toupin’s Theorem, but  it is even more difficult for Berdichevskii’s theory than Toupin’s theory to formulate Saint-Venant’s Principle. In spite of that,  (60)-(62) expose more clearly than the equations of Toupin [11]  the cause of Toupin-type energy decay: it is more due to decay of the volume beyond 
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 (in Berdichevskii’s Theorem) or 
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 (in Toupin’s Theorem)  than decay of energy density.    

7. The Model Problem

  Horgan and Knowles  [14] defined and discussed a model problem by means 

of the  technique due to Knowles [23], and developed inequalities of decay of 

the  “energy” and  the “high-order energies”.  Horgan [15] reviewed  the 

problem and the technique.  We are going to include in our review article the 
problem and the results obtained by Horgan and Knowles [14].

   The boundary value problem posed by Horgan and Knowles is 

  
[image: image414.wmf])

(

0

,

R

on

u

ii

=

 ,                    (101)


[image: image415.wmf])

(

,

0

3

S

on

f

u

=

,  


[image: image416.wmf])

(

0

,

3

l

S

on

u

=

,                     (102)


[image: image417.wmf])

(

0

/

L

on

n

u

=

¶

¶

,                   (103)

   
[image: image418.wmf]ò

=

l

S

udA

0

,                               (104)

where 
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 is a cylinder with the length 
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  In this section we will argue that energy density decay is not implied by the

energy inequality given by Horgan and Knowles  [14] and there is difficulty of

the pointwise estimates. We will raise a formal solution to the problem to demonstrate
that Saint-Venant type decay needs more conditions. We will also point out that

one of  the  assumptions of the problem is not in the scope of the conditions of 

Saint-Venant’s Principle.  We will  cite the solution to   the axisymmetrical 

case of  a  circular cylinder  as an  example to show explicitly that Saint-Venant 
type exponential decay does  exist for  the model problem under special conditions. 

Finally,  we  will  cope with the conditions  for  the decay of higher-order 
energies in order to reveal that establishment of Saint-Venant  type  decay needs
more  conditions than formation of Toupin-type decay does.

 A7. Horgan and Knowles  [14] defined the energy functional as  
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and obtained an inequality of energy decay
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where 
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 was chosen from the inequality 
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and took the value of  
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 , the smallest positive eigenvalue of the Neumann problem, making the right side of the inequality （108） vanish.

But, without additional assumptions, the inequality (107) does not give a decay of the “energy density” 
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B7. Pointwise estimates were given in Horgan and Knowles [14]. They are
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and
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where  
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paper.

    The main difficulty of the estimates, among others, is that the sub-domain of 

the cylinder, 
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, is not covered by (109) or (110), because the sphere for 

the estimate is required to lie completely in the cylinder. 

C7. It is logical， with reference to (108)， that 
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 is the other one of the decay 
rates. The exclusion of the minus decay rate,  or growth  rate,  needs  some  a 
priori  assumption about 
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or control of the asymptotic behavior of the energy 
functional.

D7. It is possible to find a formal solution to the model problem. We suppose
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and transform Eq.(101) into
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by putting (111) in (101) for separation of variables.

Then we formulate the formal solution to the model problem 
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where 
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 are the positive square roots of the eigenvalues of the Neumann problem, 
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Considering the boundary conditions (102) and (105), it is required that 
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for (114) and (115) to be true. Solving (116) , the coefficients are expressed as 
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where 
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and the orthogonality of the eigenfunctions. The limit of 
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And so the formal solutions established by us to the model problem of a semi-infinite cylinder  are
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Integrating (112) yields the equation
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On the other hand,
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where (103) is used for the last equality. Identifying (123) with (124) results in
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is the eigenfunction 
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 excluded, and the formal solutions to the model problem of a semi-infinite cylinder become 
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Equations (128) and (129) can be considered to be one of the formal formulations of Saint-Venent type decay of the model problem. They stand when

a6. Condition (126) is satisfied; 

b6. The cylinder is of infinite length.

E7. Equation (104) is not in the scope of the condition of Saint-Venant’s Principle specified by Love’s statement when the analogy between 
[image: image484.wmf]u

 in the equation and displacement of elastic cylinder is accepted. It is, in fact, a subsidiary assumption when the problem about Saint-Venant’s Principle is surveyed for the model problem. Following the similar way and supposing subsidiary assumptions, we discover that  under other special conditions or for special model problems, Saint-Venant type decay does exist.

  To show more about Saint-Venant type decay of the model problem, we exclude (104) from and add the condition of “symmetry” to the problem and consider the axisymmetrical case of a circular cylinder, that is,
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One solution to this case is 
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where 
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And the gradients of 
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are
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For a semi-infinite cylinder the solutions of (134), (136) and (137) are changed into
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which are consistent with Saint-Venent type decay. 

F7. Horgan and Knowles [14] gave the cross-sectional estimates and pointwise decay estimates by suggesting the higher-order energies. Obviously, establishment of the inequalities of higher-order energy,
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for example, needs more conditions (see Eq. 2.95-2.97 in [14] ), which are secured by the special formulation of the boundary-value problem, i.e. (101)-(105). 

By virtue of A7-B7 and D7-F7, we come to know the distinction between Saint-Venent type decay and Toupin-type decay of the model problem. We understand that with subsidiary assumptions or under specific conditions, Saint-Venant-type decay exists for the model problem. Only because of the special formulation of the boundary-value problem can the cross-sectional estimates and pointwise decay estimates of the model problem in terms of high-order energies established.  

  8. Knowles’ Technique

  The technique developed by Knowles [23] is applied widely to establish energy inequalities. The discussion of the model problem in [14] is an example. The technique is characterized mainly by:

 a7. It establishes Toupin-type decay of energy other than Saint-Venant-type decay of energy density.

b7. It actually deals with the spectrum of discrete, rather than continuous, energy decay rates.
 c7. It excludes zero decay rate and growth of energy. 

  To demonstrate distinction between Saint-Venant type decay and Toupin-type decay, two examples of application of Knowles’ technique are cited below. 

8.1 Knowles and Sternberg [24] dealt with the  problem of the torsion of solids of revolution. Horgan and Knowles [14] cited the main results. Now we review the analysis and the results of Knowles and Sternberg [24]. The equations and the boundary conditions of the  problem were given in detail in that paper and we will not repeat the presentation of them here.   

a8. An inequality of  energy decay was  exhibited  for the  axisymmetric pure 

torsion of bodies of revolution in [24]:
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but the limit of the energy density at infinity
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is not provable from (142). Our argument is similar to that when Toupin’s Theorem is examined in the present review article.

  A pointwise estimate of the stress 
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was given in [24] , but it does not cover the domain of 


[image: image510.wmf]l

z

a

l

<

<

-

                                   (145)

because the sphere of radius “
[image: image511.wmf]a

” must lie wholly in the body.

b8. The argument in Knowles and Sternberg [24] needs the a priori assumption 

about 
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 are not deduced from the solution given by 

Knowles and Sternberg [24] to the problem of the solid circular cylinder:           
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d8. Knowles and Sternberg [24] seeks Toupin-type decay even when it is possible

to find  the solution to the problem. In fact, another way of dealing with the  solution to the semi-infinite solid circular cylinder exists. Now we suppose
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Thus the solution of 
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 is found as
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where 
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 is the 
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Equation(149) must satisfy the boundary conditions
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and then 
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Considering the solid circular cylinder, it is easily determined that
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where 
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And the stresses are given by
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and
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For a semi-infinite solid circular cylinder,
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thanks to (152), thus (155) and (156) are reduced to 
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Finally, the limits at infinity of the stresses    
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are inferred from (158) and (159). 

 Equations (158)-(160) show that Saint-Venant type decay does exist if the condition of the cylinder, “of constant circular cross-section and infinite length”, is added to the assumptions of the problem of axisymmetric pure torsion of solids of revolution, though it is less significant when the solution to the problem has been found.

8.2 Knowles [25] dealt with Saint-Venant’s Principle of a class of second-order elliptic boundary value problems. The boundary value problem is formulated as
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Using his technique, Knowles established
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and the second order energy decay.

 Now, a particular case 
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is considered by us,  and the solution to the problem of (161)-(162) is
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where
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  Thus the inconsistency between Saint-Venant type decay and Toupin-type decay is obviously displayed: 
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 do not decay monotonically according to (166)-(168), but the energy 
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9. Two-dimensional Linear Elastic Problems

9.1 Knowles  [23] dealt with a two-dimensional linear elastic problem by means of the technique due to himself.  Horgan and Knowles  [14] described the main results of the study. The formulation of the problem is :
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where 
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 is the Airy stress function. Let
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Now we seek to find Saint-Venant type exponential decay for the problem. Suppose             
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If the solution exist, it should, according to (169), take the form of
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for the problem, as 
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. But, under the condition (170),
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because there exist no common eigenfunctions  suitable for all infinite points on 
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Equation (177) leads to
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But (178) is inconsistent with the boundary condition on 
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 does not vanish. Therefore, the supposed solution (175) does not exist and we fail to establish Saint-Venent type exponential decay for the problem, but Toupin-type decay stays according to (173).

9.2 Flavin  [26] surveyed a class of two-dimensional mixed boundary value problems. A theorem of Toupin-type decay with the decay rate,                      
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was furnished, but Saint-Venant type exponential decay is not provable for the problem.  Our argument here is similar to that given in Sec.9.1.

9.3 Flavin and Knops  [27] used the convexity approach for formulation of Toupin-type decay when considering  a two-dimensional traction problem. For the Proposition 3 in the paper the function 
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was posed and its convexity was discussed. Then the Toupin-type decay 
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was established for a semi-infinite strip (
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). It seems to us that the logic of the argument in Flavin and Knops  [27] was to infer a Toupin-type decay from a “semi” Saint-Venent type decay because 
[image: image588.wmf]0

22

®

s

 as  
[image: image589.wmf]¥

®

1

x

 was taken as an a priori assumption for the argument. For Proposition 2, similar a priori assumptions are also employed. 

However, the reasonable logic of argument should be inferring Saint-Venant type decay from the equation and conditions of the problem of the semi-infinite strip, which are
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where 
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 is the Airy stress function. 

9.4 Flavin and Knops [28] studied a two-dimensional displacement boundary-value problem. Saint-Venant’s problem is a traction boundary value problem, so displacement boundary value problems are not pertinent to the matter of Saint-Venant’s Principle stated by Boussinesq and Love. But if the analogy between displacement and stress is accepted, displacement decay is expected when Saint-Venant’s Principle is involved. Toupin-type decay is read in [28], but Saint-Venant type decay is not. In the Closing Comments a case is proposed for comparison between the estimated decay constant and the “actual” decay constant. However, contrary to the expectation of the authors, no solution of real number to the case exists if the edge 
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which implies            
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(As 
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 is a real number, only zero is available for it from (186)). The contradiction between (187) and the non-zero boundary displacements on the edge 
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 means that Saint-Venant type exponential decay posed in the paper for the problem does not exist. But the Toupin-type decay of energy does stay.

9.5 Horgan  [29] examined  energy  decay  for the biharmonic equation in a

semi-infinite strip.  It seems to us  that  the logic  of the  argument in [29] is 
inferring Toupin-type decay from Saint-Venant type decay because
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is used as an a priori assumption to preclude growth. The “higher-order energy” 

was employed, which was secured by extra assumptions for the problem.

9.6 Miller and Horgan  [30] (see also Miller and Horgan 1995a in [16]) examined the 
effects of material  anisotropy on the exponential decay rates for energies in a 
semi-infinite  elastic strip. Toupin-type decays are shown for the first-order and the  
second-order mathematical energies as well as the physical energy. The  a priori 
assumption for the argument is
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9.7 Knops and Villaggio  [31] derived growth  and decay  estimates for a 

semi-infinite strip of  incompressible homogeneous  isotropic elastic material 

under self-equilibrated loads on the base and zero traction along the lateral sides. 

The estimates  depend  upon  a pair of  differential  inequalities  for two 

cross-sectional  line integrals  related to  different kinds of energy fluxes. The

a priori assumption for the decay estimate is
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where 
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 and 
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  are the  energy and  higher-order  energy  functional 

respectively.

9.8 Flavin  [32] considered a rectangular  strip occupied by smoothly varying 

inhomogeneous, isotropic elastic material in an equilibrium state of plane strain. 

Three of its edges are traction-free and  the remaining  one is  subjected to a 

self-equilibrated load. The Theorem 1 in the  paper  exposes that decay of the 

cross-sectional stress measure
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needs  more assumption  than the  estimate of the energy type.  The a priori 

assumption is
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which is satisfied in particular if
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10. Other Results of Linear Problems Concerning Saint-Venant’s Principle 

10.1 Flavin [17] showed that both Toupin’s Theorem1 and Berdichevskii’s Theorem

still hold for the mixed boundary  value problem: One plane end is subjected to 

tractions which are not necessarily self-equilibrated,  on the other plane end the 

tractions, if any, do zero  work at  each point,  while the  curved boundary is 

clamped (zero displacement). Displacement decay  was not  shown.  In our 

opinion,  this work  serves  as  another  testimony to  general validity  or  

over-generality  of  Toupin-type  decay and  distinction between Toupin-type 

decay and Saint-Venant type decay. 

10.2 Gregory and Wan  [33] investigated Saint-Venant’s Principle for plate theories. Their general results expose that, to be strict correct, Saint-Venant’s Principle should be applied only to the leading term outer solution, i.e. the classical plate theory.

10.3 Flavin, Knops and Payne  [34] derived decay estimates in a linear isotropic homogeneous elastic nonprismatic cylinder subject to prescribed end displacements and with fixed curved lateral surface. Their results and associated calculations are, however, expressed in terms of integrals taken over plane cross sections of the cylinder rather than the energy integral over the partial volume as in [11]. And their results are not of Toupin-type decay: the Toupin-type volume-effect on energy decay is not involved.

10.4 Arguing in the absence of a priori assumption about the asymptotic behavior of solutions, Horgan and Payne  [35] (see also[16, 36]) proved   a theorem of Phragmen-Lindelof type, providing estimates for the rate of growth or decay for solutions of a linear second-order elliptic partial differential equation defined on a two-dimensional semi-infinite strip. One of the main motivations was the desire to assess the influence of material inhomogeneity on the decay of Saint-Venant end effects. Toupin-type decay of the energy norm is obtained. The condition for the decay is
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Decay results of the solution in the  norms other than the energy are achieved.  Pointwise estimates in the special case, in which the coefficients 
[image: image610.wmf]ab

a

are independent of 
[image: image611.wmf]1

x

 and are in 
[image: image612.wmf])

(

1

R

C

, are derived in terms of the higher-order energy estimates under an a priori decay assumption of 
[image: image613.wmf]u

 as 
[image: image614.wmf]¥

®

1

x

. 

10.5 Lin  [37] explored explicit Toupin-type decay estimates for solutions to the Dirichlet problem for the polyharmonic equation, defined in a semi-infinite cylinder with homogeneous Dirichlet data on its lateral surface, under the a priori assumption on the asymptotic behavior of 
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10.6 Knops and Payne [38] researched into the effect of variation of elastic moduli on Saint-Venant’s Principle for a half-cylinder. The decays of the mean-square cross-sectional measures of displacements are exposed, which are not of Toupin-type. 

10.7 Quintanilla  [39] studied spatial decay in elasticity for domains with unbounded cross-sections. Toupin-type decays were derived. Conditions about behavior at infinity,
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for example, are taken as a priori assumptions for the discussion.

10.8 Horgan and Payne  [40] derived, under the a priori assumption
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an exponential decay estimate with estimated decay rate independent of Poisson’s ratio for the traction boundary-value problem of three-dimensional linear isotropic elastostatics of a cylinder, though the solution of stresses of the problem, if found, will definitely depend on the ratio. The Toupin-type decay is expressed as
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where       
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is the weighted energy functional. Weighted energy density decay is not approached.

10.9 Knops  [41] established conditions which lead to estimates for the spatial growth and decay, with respect to axial distance, of certain cross-sectional measures and also of the energy in a volume , in the absence of a priori assumptions on the longitudinal asymptotic behavior of the equilibrium displacement, the (unknown) pressure or displacement gradients, for the incompressible linear elastic prismatic constrained cylinder. Then it is found  that decay always occurs in the class of solutions with bounded stored energy. 

10.10 Quintanilla  [42] investigated spatial decay bounds for a dynamical problem of thermo-microstretch elasticity defined on a semi-infinite cylindrical region. The energy is bounded above by a decaying exponential of a quadratic polynomial of the distance. The decay of 
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10.11 Flavin and Gleeson  [43] did research on an annular circular cylinder consisting of homogeneous isotropic linear elastic material, in a state of axicymmetric (torsionless ) stress. The lateral boundaries are traction-free and  the traction on every cross-section is self-equilibrated. Body forces are absent.  In the main case considered, one plane end is traction-free, the other is self-equilibrated. The convexity and the “generalized convexity” of the  positive-definite cross-sectional measure of stress are drawn from the study. Then a decay of the measure of stress 
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is given in a theorem under the a priori assumption
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11. Non-linear Problems

  Horgan and Knowles [14] pointed out the new features of importance which must be taken into account when Saint-Venant’s Principle is discussed in the context of the theory of finite elasticity rather than linear elasticity. Horgan [15] recited the complexity of the issues concerning Saint-Venant’s Principle for non-linear elasticity. Horgan  [16] reviewed the issues expounded in [14, 15] , stating another difficulty that “the appropriate Saint-Venant solutions need to be carefully characterized” for non-linear elastic problems. Some results for non-linear problems will be reviewed in this section.    

11.1 Roseman  [44] surveyed Saint-Venant’s Principle in non-linear plane elasticity. Saint-Venant type decay of the norm of the strain is expressed under the assumption that all derivatives of the displacement vector up to the fourth are uniformly bounded and the bounds are sufficiently small.

11.2 Breuer and Roseman [45] discussed Saint-Venant’s Principle in three-dimensional non-linear elasticity. Saint-Venant type decay of the stress and strain has been shown under the assumption similar to that of Roseman [44].

11.3 Knops and Payne  [46] considered the problems of a semi-infinite cylinder made from homogeneous nonlinear elastic material. Two theorems of decay estimates of the 
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-integrals of displacement taken over a cross-section of the cylinder, for the traction boundary value problem and the displacement boundary value problem, are proved under three hypotheses.

11.4 Horgan and Payne  [47] was concerned with decay estimates for two-dimensional second-order quasilinear partial differential equations. Dirichlet and Neumann problems are discussed. Toypin-type decays for quadratic (“energy”) integrals are established under the a priori assumption
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Cross-sectional and pointwise estimates are established in terms of the first-order and the higher-order energies.

11.5 Horgan and Payne [48] surveyed decay estimates for a class of second-order quasilinear equations in three dimensions. A Dirichlet problem is investigated. The a priori assumption for simplicity of argument (according to the authors) is
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Two cases or hypotheses are assumed to provide more restrictions. Toupin-type decay of the usual energy is established for Case 1, while of the 
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-energy for Case 2. The 
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 estimates for both cases have been shown.

11.6 Galdi, Knops and Rionero [49] studied the asymptotic behavior of the displacement in a nonlinear elastic cylinder. Two theorems of decay estimates of the integrals of the displacement squares taken over a cross-section of the cylinder are proved under some hypotheses.

11.7 Vafeades and Horgan  [50] was concerned with decay estimates for solutions of the von Karman equations on a semi-infinite strip. Toupin-type decay results, first and improved, are shown under some a priori assumptions. In the argument the largest value of 
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 is obtained by taking the equality sign in 
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excluding the possible zero and negative values of 
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 in the inequality (204).  

11.8 Horgan and Payne [51] was concerned with the asymptotic behavior of solutions of two-dimensional inhomogeneous second-order quasilinear partial differential equations defined over rectangular plane domains whose lengths greatly exceed their widths. A Dirichlet problem for such equations is analyzed and Toupin-type decays of “energies” are established for the two cases , for which  a priori assumptions are suggested. Solutions to the problem are shown to be well approximated, away from the ends of the rectangle, by solutions to the corresponding one-dimensional problem for an ordinary differential equation on the cross-section of the rectangle. 

11.9  Horgan and Payne  [52] described a formulation of Toupin-type decay for a quadratic functional of “weighted energy” within the context of a restricted theory of non-linear plane elasticity. Displacement gradients are assumed to be small while the stress-strain relations are nonlinear in the theory.

11.10 Flavin et all [53] considered semi-linear elliptic equations defined on a non-prismatic cylinder of semi-infinite length and established results which are non-linear analogues of the classical Phragmen-Lindelof theorem. Both homogeneous Dirichlet and Neumann data are specified on the lateral boundary, but no conditions either on the base of the cylinder or at asymptotically large distances from the base are imposed. Three Phragmen-Lindelof type theorems are shown of decay of the solution,  decay of the solution in energy measure and decay of the solution in the cross-sectional energy flux measure respectively under corresponding assumptions. 

11.11 Breuer and Roseman [54-56], Horgan [57] and Horgan and Olmstead [58] are contributed to establishment, under a priori assumptions, of Saint-Venant type decay of solutions to nonlinear problems.

12. Anti-plane Shear Deformations

12.1 Horgan and Knowles [59] (see also [16, 36]) established Saint-Venant type decay related to finite anti-plane shear of a cylinder whose cross-section is a semi-infinite strip. It is proved that, along the parallel sides of the strip, the nonvanishing component of shear stress shows a deviation from its average value (taken across the strip) by an exponentially decaying function of the distance from the end.  The argument is based on the a priori assumption 
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12.2 Horgan and Payne  [60] (see also [16,36]) treated an analog of the problem of finite anti-plane shear considered by Horgan and Knowles [59], using an energy approach. Toupin-type decay is yielded for an energy-like quadratic functional defined on the difference between the deformation field and a state of simple shear.  

12.3 Horgan and Payne [61] (see also [16,36]) was concerned with the effects of small perturbations in the constitutive laws on antiplane shear deformation fields arising in the theory of nonlinear elasticity. Toupin-type energy decays are established for Dirichlet and Neumann boundary-value problems on a semi-infinite strip under the a priori assumption:      
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12.4 Horgan and Payne  [35] (see also [16,36]) proved   a theorem of Phragmen-Lindelof type, providing estimates for the rate of growth or decay for solutions of a linear second-order elliptic partial differential equation defined on a two-dimensional semi-infinite strip. The equation arises in the theory of steady-state heat conduction for inhomogeneous anisotropic materials, as well as in the theory of anti-plane shear deformations for a linearized inhomogeneous anisotropic elastic solid. Our review of this work is shown in Sec. 10.4.     

12.5 Horgan [36] reviewed developments concerning the anti-plane shear model and its applications in the context of linear and nonlinear solid mechanics.

12.6 Horgan and Payne  [62] and Borrelli et all  [63] established Toupin-type energy decays for anti-plane shear deformations.

12.7 Under a priori assumptions, the following authors make contributions to establishment of Saint-Venent type decay for anti-plane shear problems: Horgan and Abeyaratne [64] , Horgan et all [65] , Stephen and Wang [66], Scalpato and Horgan [67], Chan and Horgan [68] and Horgan and Quintanilla [69].    

13. Fluid Flows in Channels or Pipes

13.1 Knops and Lupoli [70] derived estimates describing the penetration of end effects for plane Stokes flow of an incompressible viscous fluid along a semi-infinite  strip subject  to zero  velocity  on the lateral sides, a prescribed time-dependent specified end velocity and zero initial conditions. Two  Phragmen-Lindelof type theorems are shown, describing the Toupin-type energy decays as well as the cross-sectional energy flux measures for the steady-state case and the time-dependent problem.    

13.2 The following researchers make contributions to establishment of Toupin-type decays for fluid flow problems: Horgan  [71], Horgan and Wheeler [72], Ames and Payne [73], Ames, Payne and Schaefer [74], Chadam and Qin [75], Payne and Song [76], Song [77，78]] and Lin and Payne [79].

14. Heat Conduction

  It was Boley who first described the Saint-Venant’s Principle applied to the parabolic heat equation (see Boley [80，81] ). 

14.1 Knowles  [82] presented Toupin-type energy decays with  decay rates independent of time for the heat equation discussed by Edelstein [83].

14.2 Horgan, Payne and Wheeler [84] coped with the spatial decay of solutions to initial-boundary value problems for the heat conduction in a three-dimensional cylinder, subject to non-zero boundary conditions only on the ends.  Mean-square estimates on the cross-section for the solution to the problem are provided for the Dirichlet and the Neumann boundary conditions. 

14.3 Payne and Song [85] provided a Phragmen-Lindelof type theorem implying a case of Toupin-type decay of energy for a generalized heat conduction problem defined on a semi-infinite cylindrical region.

14.4 Quintanilla [86] uncovered a Toupin-type energy decay, for the hyperbolic heat equation, similar to other known estimates for the parabolic equations. The result was extended for a type of semilinear wave equation.

14.5 Horgan and Quintanilla [87] dealt with the influence of material inhomogeneity on the spatial decay of end effects in transient heat conduction for isotropic inhomogeneous heat conducting solids. The result provides a weighted mean-square estimate for the solution of the problem, under an a priori assumption for the asymptotic behavior of the defined functional.

14.6 Payne and Song  [88] was concerned with the spatial decay of heat flux and temperature in a semi-infinite cylinder. Toupin-type decays are proved for the solutions to the Maxwell-Cattaneo equations with mixed boundary conditions.  

14.7 Payne and Song [89] dealt with the problem of heat conduction in a semi-infinite cylinder by means of the generalized Maxwell-Cattaneo equations. A decay estimate for the cross-sectional temperature “energy” and a Toupin-type decay of the heat flux under the first set of boundary conditions are given. Toupin-type decays for the heat flux and the temperature under the second set of boundary conditions are obtained.    

15. Toupin-type Decay Rates

15.1 As discussed in B6, Sec.6, Toupin-type decay exists for the cantilever problem while solution of Saint-Venent type exponential decay to the problem does not exist.

As discussed in Sec. 9.1-9.2, Knowles [23] and Flavin [26] established Toupin-type decays of the two-dimensional elastic problem while  solution of Saint-Venent type exponential decay to the problem does not exist. 
As discussed in Sec.9.4, Flavin and Knops  [28] established Toupin-type decay for a two-dimensional displacement boundary-value problem while  solution of Saint-Venent type exponential decay to the problem does not exist.

Not mentioning more examples, from the three cases cited above we know that existence of solution of Saint-Venent type exponential decay to a boundary-value  problem is not a necessary condition of existence of Toupin-type decay rate of the problem. 

15.2 In [11] the energy decay rate in Toupin Theorem1 is chosen from  the continuous spectrum of energy decay rates by taking its maximum value, as discussed in Sec.4.9, while in [13] 
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 is determined by taking a  number between the minimum and the maximum of the lower bound of 
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, as discussed in G6, Sec.6, though the author claims that 
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 denotes “the best constant” in the inequality for the argument and the  “good enough” lower bounds for 
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 should be found. Decay rate establishment is treated by preference of the authors.  

  The estimated decay rates of the problems in [11] and [13] tend to zero as the Poisson’s ratio 
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 tends to the value of 
[image: image645.wmf]2

/

1

. Horgan and Payne [40] treated the problems alternatively by considering the weighted energy functional different from those functionals in [11] and [13]. Though the solutions of stresses of the three-dimensional traction boundary-value problem considered in common in the articles, if found, will depend on the ratio, the estimated decay rate obtained by Horgan and Payne in [40] is independent of the ratio (see Sec.10.8). Therefore, determination of the estimated decay rates is influenced by definition or formulation of the functionals for argument.

Knowles  [23] and Flavin  [26] treated establishment of Toupin-type decay rates by different mathematical processes. Flavin [26] used more inequalities and obtained a bigger decay rate than Knowles [23] (also see Sec.9.1-9.2).    

Much effort has been contributed to establishing estimates of energy decay rates of Toupin-type. Approaches ( energy procedures, Knowles’ techniques, convexity techniques, approaches by comparison or maximum principles,  differential inequality techniques and eigenfunction expansion etc) have been developed, pursuing as-big-as-possible values or “improving” results of estimation by excluding “conservative” ones, of  decay rates.

From the facts mentioned in the previous four paragraphs we understand that determination of estimated decay rates is influenced by choice preference of authors, definition or formulation of energy functionals, development of approaches for argument , explicit or implied a priori assumptions or conditions for argument and  mathematical processes etc. An estimated decay rate is a special solution to the decay rate problem. When  a Toupin-type energy functional is defined for a boundary-value problem, all estimated decay rates of the problem constitute a spectrum of estimated decay rates of the problem. If such a spectrum, continuous or discrete,  of “estimated” decay rates exists and the  spectrum of the “exact” decay rates can not be obtained by mathematical processes, the smallest non-negative value within the range of the spectrum of estimated decay rates should be taken for the formulation of Toupin-type theorem of the problem, otherwise the theorem can be untrue. For example, Toupin Theorem1 should be (31) instead of (1).  

15.3 When the semi-infinite strip 
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 was considered by Horgan and Knowles in [14] , a Saint-Venant type decay was achieved by means of eigenfunction expansion, with “the exact decay rate”
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which is the smallest value within the spectrum of exact decay rates
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 (see p.62 of [22] ). “Thus, in general, the exact decay rate of the energy distribution is 
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.” (see p.232 of [14] ) That means that a Toupin-type formulation with “the exact decay rate” 
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 was deduced from the Saint-Venant type formulation with “the exact decay rate”  
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. Comparing (207) with the estimated value in (179) by Flavin, “one sees that the energy arguments here produce results that are well short of the best possible ones.” (see p.232 of [14] ) However, (207) is not “the exact decay rate” of the two-dimensional problem discussed by Flavin [26], and the comparison is unreasonable. In fact, Saint-Venant type decay does not exist for the problem of Flavin [26], as discussed in Sec. 9.2 (and Sec.9.1), and “the exact decay rate” of Toupin-type, if exists, is not deduced for the problem by Flavin.   

16. Toupin-type decay in the Context of “Volume energy decay”
  To expose the nature of Toupin-type decay, we consider a problem of a semi-infinite cylinder 
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where 
[image: image657.wmf]D

 denotes the bounded cross-section of 
[image: image658.wmf]R

. Define


[image: image659.wmf]3

)

(

2

1

)

(

)

(

dx

dx

dx

x

f

z

E

z

R

ò

=

                            (210)

where 
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and 
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where 
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 monotonically. Thus Eq.(212) describes a “volume energy decay” of the cylinder. Obviously, Toupin-type energy decay is a special case (
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) of the “volume energy decay”. It is no doubt that it is easy to establish a two-dimensional analog of Eq.(212) for problems of semi-infinite strips. Establishment of a Toupin-type formulation is, actually, to take 
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( a constant in many previous works) for the problem under discussion. 

17. Proof of Special Saint-Venant’s Principle and Formulation of Saint-Venant type Decay 

Mises [5], Sternberg [6] and Toupin [11，12] pointed out, with counterexamples, that Boussinesq’s and Love’s statements are false. In Sec.4.11 and Sec.4.13 we have disproved the Saint-Venant’s Principle stated by Love. However, Saint-Venant type decays (decay of stress, strain or energy density monotonically with distance from the loaded end of a self-equilibrated system of forces applied to a semi-infinite cylinder or strip in linear elasticity, as well as its analogs for other subjects of research, non-linear elasticity and heat conduction for example) are established in previous works by formulating special problems , providing a priori assumptions or  adding subsidiary conditions. In other words,  Saint-Venant type decay is provable by adding conditions subsidiary to that (or its analogs) specified by Love’s statement. Though Saint-Venant’s Principle is so magical， full of wonders，it is still understandable. It is encouraging that if the technical terms used here are acceptable, we say that special Saint-Venant’s Principle or modified Saint-Venant’s Principle or Saint-Venant’s Principle with subsidiary conditions, as discussed by E7 and F7 in Sec.7, can be proved true or formulated.  This fact will encourage further research on Saint-Venant’s Principle.  

Approaches used for formulating Saint-Venant type decays are: pointwise estimate, formal solution, eigenfunction expansion (semi-inverse solution), Phragmen-Lindelof type solution and exact solution. Each approach has its “merit” and “disadvantage”. For example, eigenfunction expansion (see p.231-232 of [14], [67-69], for example)  precludes growth, but conceals conditions for growth and decay. Furthermore, completeness of the eigenfunctions for expansion or uniqueness of the expansion remains to be proved. Exact solution (to boundary-value problems) (see E7, Sec. 7, for example) is the most explicit formulation of Saint-Venant type decay, but is not consistent with the spirit of Saint-Venant’s  Principle: finding and providing an a priori estimate of the solution without solving the boundary-value problem. Once the exact solution to the boundary-value problem is found, why do we need Saint-Venant’s Principle for the problem? 

18. Closing Remarks

We have followed the main stream of the development concerning Saint-Venant’s Principle, emphasizing distinctions between Saint-Venant type decay and Toupin-type decay, though every article in the References is not concerned in detail. And the over-hundred-year’s history of development of Saint-Venant’s Principle presents us with the conclusion:

(1) Saint-Venant type decay  is  decay of stress,  strain  or  energy  density

monotonically with distance from the loaded end of a self-equilibrated system of forces applied to a semi-infinite cylinder or strip, while Toupin-type decay is decay of energy induced in the volume beyond  distances from the loaded end of the cylinder or strip. Toupin’s theory is not a proof of Saint-Venant’s Principle and Toupin’s theorems are not a formulation of Saint-Venant’s  Principle. 

(2) Existence  of  solution  of  Saint-Venent type  exponential  decay  to a 

boundary-value  problem is not a necessary condition of existence of Toupin-type decay rate of the problem. In other words, Toupin-type decay is not a sufficient condition of saint-Venant type decay. If inferring a Saint-Venant type decay from a Toupin-type decay is possible, it needs additional conditions. The underlying condition for the inferring should be existence of the solution of Saint-Venant type decay to the boundary-value problem concerned.
(3) Saint-Venant’s Principle in its general form stated by Boussinesq and Love is 
disproved mathematically.  One disproof is inferred from Toupin’s Theorem and 
Toupin’s Theorem is  mathematically inconsistent with Saint-Venant’s Principle. 
(4) If  the  technical  terms are acceptable, special Saint-Venant’s Principle or 

modified Saint-Venant’s Principle or Saint-Venant’s Principle with subsidiary conditions can be proved true or formulated, though Saint-Venant’s Principle in its general form stated by Boussinesq and Love is not true. This fact will encourage further research on Saint-Venant’s Principle.  

REFERENCES

[1] A-J-C B de Saint-Venant, Mémoire sur la torsion des prismes, Mémoires présentes pars divers Savants à l’ Académie des Sciences de l’ Institut Impérial de France, 14 (1855), pp.233-560 (read to the Academy on Jun 13,1853).    

[2] A-J-C B de Saint-Venant, Mémoire sur la flexion des prismes, J Math Pures Appl, 1 (Ser. 2) (1855), pp.89-189. 

[3] M.J. Boussinesq: Application des potentiels à l’ étude de l’ équilibre et des mouvements des solides élastiques,  Gauthier-Villars, Paris ,1885. 

[4]  A.E.H. Love : A treatise on the mathematical theory of elasticity, 4th ed., The University Press, Cambridge, England ,1927.

[5]  R. v. Mises, On Saint-Venant’ Principle, Bull Amer Math Soc, 51(1945), pp.555-562.

[6]  E. Sternberg , On Saint-Venant’s Principle, Quart Appl Math, 11(1954), 
pp. 393-402.

[7] O. Zanaboni, Dimostrazione generale del principio del De Saint-Venant, Atti Acad Naz dei Lincei, Rendiconti, 25(1937), pp.117-121.

[8] O. Zanaboni, Valutazione dell’errore massimo cui dà luogo l’applicazione del principio del De Saint-Venant in un solido isotropo, Atti Acad Naz dei Lincei, Rendiconti, 25(1937), pp.595-601. 

[9] O. Zanabolni, Sull’approssimazione dovuta al principio del De Saint-Venant nei solidi prismatici isotropi, Atti Acad Naz dei Lincei, Rendiconti, 26(1937), pp.340-345.

[10] C. Truesdell, The rational mechanics of materials - past, present, future, Appl. Mech. Reviews, 12(1959), pp.75-80.

[11] R.A. Toupin, Saint-Venant’s Principle, Archive for Rational Mech and Anal, 18(1965), pp.83-96.

[12] R.A. Toupin , Saint-Venant and a matter of principle, Trans N. Y. Acad Sci, 28(1965), pp.221-232. 

[13]  V.L. Berdichevskii, On the proof of the Saint-Venant’s Principle for bodies of arbitrary shape, Prikl. Mat. Mekh. 38(1974), pp.851-864 [J Appl Math Mech, 38(1975), pp.799-813].  

[14] C.O. Horgan and JK Knowles, Recent developments concerning Saint-Venant’s principle, in Adv in Appl Mech, TY Wu and JW Hutchinson Ed., Academic Press, New York, vol 23, 1983, pp.179-269.

[15]  C.O. Horgan, Recent developments concerning Saint-Venant’s principle: an update, Appl Mech Rev, 42(1989), pp.295-303.

[16] C.O. Horgan, Recent developments concerning Saint-Venant’s principle: a second update, Appl Mech Rev, 49(1996), pp. S101-S111.

[17] J.N. Flavin, Another aspect of Saint-Venant’s principle in elasticity, ZAMP, 29(1978), pp.328-332.

[18] J.N. Flavin,  Saint-Venant pointwise decay estimates, J Elasticity, 12(1982), 
pp. 313-316.

[19] J. Roseman, A pointwise estimate for the stress in a cylinder and its application to Saint-Venant’s Principle, Archive for Rational Mech and Anal, 21(1966), 
pp. 23-48.

[20] Y.C. Fung: Foundations of Solid Mechanics, Prentice-Hall, New Jersey,1965.

[21] J-z. Zhao, Toupin-Berdichevskii Theorem can’t be considered as a mathematical expression of Saint-Venant’s Principle, Applied Mathematics and Mechanics, English Ed. 7(1986), pp. 971-974.

[22] S.P. Timoshenko and J.N. Goodier: Theory of Elasticity, 3rd ed. McGraw-Hill, New York, 1970.

[23] J.K. Knowles, On Saint-Venant’s Principle in the two-dimensional linear theory of elasticity, Archive for Rational Mech and Anal, 21(1966), pp. 1-22.

[24] J.K. Knowles and E. Sternberg, On Saint-Venant’s Principle and the torsion of solids of revolution, Archive for Rational Mech and Anal, 22(1966), pp. 100-120.

[25] J.K. Knowles,  A Saint-Venant’s Principle for a class of second-order elliptic boundary value problems, ZAMP, 18(1967), pp. 473-490.

[26] J.N. Flavin, On Knowles’ version of Saint-Venant’s Principle in two-dimensional elastostatics, Archive for Rational Mech and Anal, 53(1974), pp.366-375.

[27] J.N. Flavin and R.J. Knops, Some convexity considerations for a two-dimensional traction problem, ZAMP, 39(1988), pp. 166-176.

[28] J.N. Flavin and R.J. Knops, Some decay and other estimates in two-dimensional linear elastostatics, Quart J Mech Appl Math, 41(1988), pp.223-238.

[29] C.O. Horgan, Decay estimates for the biharmonic equation with applications to Saint-Venant’s principles in plane elasticity and Stokes flows, Quart Appl Math, 47(1989), pp. 147-157.  

[30] K.L. Miller and C.O. Horgan, End effects for plane deformations of an elastic anisotropic semi-infinite strip, J Elasticity, 38(1995), pp.261-316.

[31] R.J. Knops and P. Villaggio,  Spatial behavior in plane incompressible elasticity on a half-strip, Quart Appl Math, 58(2000), pp. 355-367.

[32] J.N. Flavin,  Spatial-decay estimates for a generalized biharmonic equation in inhomogeneous elasticity, J Engineering Math, 46(2003), pp. 241-252.

[33] R.D. Gregory and F.Y.M. Wan, On plate theories and Saint-Venant’s Principle, Inter J Solids Structures, 10(1985), pp.1005-1024.

[34]  J.N. Flavin, R.J. Knops and L.E. Payne, Decay estimates for the constrained elastic cylinder of variable cross section, Quart Appl Math, 47(1989), pp.325-350.

[35] C.O. Horgan and L.E. Payne, On the asymptotic behavior of solutions of linear second-order boundary-value problems on a semi-infinite strip, Archive for Rational Mech and Anal, 124(1993), pp.277-303.

[36] C.O. Horgan, Anti-plane shear deformations in linear and nonlinear solid mechanics, SIAM Review, 37(1995), pp.53-81.
[37] C. Lin, Exponential decay estimates for solutions of the polyharmonic equation in a semi-infinite cylinder,  J Math Anal Appl, 181(1994), pp.626-647.

[38] R.J. Knops and L.E. Payne, The effect of a variation in the elastic moduli on Saint-Venant’s Principle for a half-cylinder, J Elasticity, 44(1996), pp.161-182.

[39]  R. Quintanilla, Spatial decay estimates and upper bounds in elasticity for domains with unbounded cross-sections, J Elasticity, 46(1997), pp.239-254.

[40] C.O. Horgan and L.E. Payne, Saint-Venant’s Principle in linear isotropic elasticity for incompressible or nearly incompressible materials, J Elasticity, 46(1997), pp.43-52.

[41] R.J. Knops, Alternative spatial behaviour in the incompressible linear elastic prismatic constrained cylinder, J Engineering Math, 37(2000), pp.111-128.

[42]  R. Quintanilla, On the spatial decay for the dynamical problem of thermo-microstretch elastic solids, Inter J Engineering Science, 40(2002), 
pp. 109-121.

[43] J.N. Flavin and B. Gleeson, Decay and other estimates for an annular elastic cylinder in an axisymmetric state of stress, Math Mech of Solids, 10(2005), pp.213-225.

[44] J. Roseman, The principle of Saint-Venant in linear and non-linear plane elasticity, Archive for Rational Mech and Anal, 26(1967), pp.142-162.

[45] S. Breuer and J. Roseman, On Saint-Venant’s Principle in three-dimensional nonlinear elasticity, Archive for Rational Mech and Anal, 63(1977), pp.191-203.

[46] R.J. Knops and L.E. Payne: A Saint-Venant Principle for nonlinear elasticity, Archive for Rational Mech and Anal, 81(1983), pp.1-12.

[47] C.O. Horgan and L.E. Payne, Decay estimates for second-order quasilinear partial differential equations, Advances in Appl Math, 5(1984), pp.309-332.

[48] C.O. Horgan and L.E. Payne, Decay estimates for a class of second-order quasilinear equations in three dimensions, Archive for Rational Mech and Anal, 86(1984), pp. 279-289.  

[49] G.P. Galdi, R.J. Knops and S. Rionero, Asymptotic behaviour in the nonlinear elastic beam, Archive for Rational Mech and Anal, 87(1985), pp.305-318.

[50]  P. Vafeades and C.O. Horgan, Exponential decay estimates for solutions of the von Karman equations on a semi-infinite strip, Archive for Rational Mech and Anal, 104(1988), pp.1-25.

[51] C.O. Horgan and L.E. Payne, On the asymptotic behavior of solutions of inhomogeneous second-order quasilinear partial differential equations, Quart Appl Math, 47(1989), pp.753-771.

[52] C.O. Horgan and L.E. Payne, A Saint-Venant Principle for a theory of nonlinear plane elasticity, Quart Appl Math, 50(1992), pp.641-675.

[53] J.N. Flavin, R.J. Knops and L.E. Payne, Asymptotic behaviour of solutions to semi-linear elliptic equations on the half-cylinder, ZAMP, 43(1992), pp.405-421.

[54] S. Breuer and J. Roseman, Saint-Venant’s Principle in nonlinear plane elasticity with sufficiently small strains, Archive for Rational Mech and Anal, 80(1982), pp.19-37.

[55] S. Breuer and J. Roseman, Phragmen-Lindelof decay theorems for classes of nonlinear Dirichlet problems in a circular cylinder, J Math Anal Appl, 113(1986), pp.59-77.

[56]  S. Breuer and J. Roseman, Decay theorems for nonlinear Dirichlet problems in semi-infinite cylinders, Archive for Rational Mech and Anal, 94(1986), pp.363-371.

[57]  C.O. Horgan, A note on the spatial decay of a three-dimensional minimal surface over a semi-infinite cylinder, J Math Anal Appl, 107(1985), pp.285-290.

[58] C.O. Horgan and W.E. Olmstead, A Saint-Venant Principle for shear band localization, ZAMP, 54(2003), pp.807-814.

[59]  C.O. Horgan and J.K. Knowles, The effect of nonlinearity on a principle of Saint-Venant type, J Elasticity, 11(1981), pp.271-291.

[60] C.O. Horgan and L.E. Payne, On Saint-Venant’s Principle in finite anti-plane shear: an energy approach, Archive for Rational Mech and Anal, 109(1990), pp.107-137.

[61]  C.O. Horgan and L.E. Payne, The effect of constitutive law perturbations on finite antiplane shear deformations of a semi-infinite strip, Quart Appl Math, 51(1993), pp.441-465. 

[62]  C.O. Horgan and L.E. Payne, Spatial decay estimates for a coupled system of second-order quasilinear partial differential equations arising in thermoelastic finite anti-plane shear, J Elasticity, 47(1997), pp.3-21.

[63] A. Borrelli, C.O. Horgan and M.C. Patria, Saint-Venant’s Principle for antiplane shear deformations of linear piezoelectric materials, SIAM J Appl Math, 62(2002), pp. 2027-2044.

[64]  C.O. Horgan and R. Abeyaratne, Finite anti-plane shear of a semi-infinite strip subject to a self-equilibrated end traction, Quart Appl Math, 40(1983), pp.407-417.

[65]  C.O. Horgan, L.E. Payne and G.A. Philippin, Poiniwise gradient decay estimates for solutions of the Laplace and minimal surface equations, Differential and Integral Equations, 8(1995), pp.1761-1773. 

[66] N.G.. Stephen and P.J. Wang, Saint-Venant’s Principle and the anti-plane elastic wedge, J of Strain Analysis, 31(1996), pp.231-234.

[67] M.R. Scalpato and C.O. Horgan, Saint-Venant decay rates for an isotropic inhomogeneous linearly elastic solid in anti-plane shear, J Elasticity, 48(1997), pp.145-166.

[68]  A.M. Chan and C.O. Horgan, End effects in anti-plane shear for an inhomogeneous isotropic linearly elastic semi-infinite strip, J Elasticity, 51(1998), pp.227-242.

[69] C.O. Horgan and R. Quintanilla, Saint-Venant end effects in antiplane shear for functionally graded linearly elastic materials, Math and Mech of Solids, 6(2001), pp.115-132. 

[70]  R.J. Knops and C. Lupoli, End effects for plane Stokes flow along a semi-infinite strip, ZAMP, 48(1997), 905-920.

[71]  C.O. Horgan, Plane entry flows and energy estimates for the Navier-Stokes equations, Archive for Rational Mech and Anal, 68(1978), pp.359-381.

[72]  C.O. Horgan and L.T. Wheeler , Spatial decay estimates for the Navier-Stokes equations with application to the problem of entry flow, SIAM J Appl Math, 35(1978), pp.97-116. 

[73]  K.A. Ames and L.E. Payne, Decay estimates in steady pipe flow, SIAM J Math Anal, 20(1989), pp.789-815.

[74]  K.A. Ames, L.E. Payne and P.W. Schaefer, Spatial decay estimates in time-dependent Stokes flow, SIAM J Math Anal, 24(1993), pp.1395-1413.

[75] J. Chadam and Y. Qin, Spatial decay estimates for flow in a porous medium, SIAM J Math Anal, 28(1997), pp.808-830.

[76] L.E. Payne and J.C. Song, Spatial decay for a model of double diffusive convection in Darcy and Brinkman flow, ZAMP, 51(2000), pp.867-889.

[77] J.C. Song, Spatial decay estimates in time-dependent double-diffusive Darcy plane flow, J Math Anal Appl, 267(2002), pp.76-88.

[78] J.C. Song, Improved decay estimates in time-dependent Stokes flow, J Math Anal Appl, 288(2003), pp.505-517.

[79] C. Lin and L.E. Payne, Spatial decay bounds in time dependent pipe flow of an incompressible viscous fluid, SIAM J Appl Math, 65(2004), pp.458-474.

[80] B.A. Boley, Some observations on Saint-Venant’s Principle, in Proc 3rd US Nat Cong Appl Mech, ASME, New York, 1958, pp.259-264.

[81] B.A. Boley,  Upper bounds and Saint-Venant’s Principle in transient heat conduction, Quart Appl Math, 18(1960), pp.205-208.

[82]  J.K. Knowles, On the spatial decay of solutions of the heat equation, ZAMP, 22(1971), pp.1050-1056.

[83] W.S. Edelstein, A spatial decay estimate for the heat equation, ZAMP, 20(1969), pp.900-905.

[84]  C.O. Horgan, L.E. Payne and L.T. Wheeler, Spatial decay estimates in transient heat conduction, Quart Appl Math, 42(1984), pp.119-127.

[85] L.E. Payne and J.C. Song, Phragmen-Lindelof and continuous dependence type results in generalized heat conduction, ZAMP, 47(1996), pp. 527-538.

[86]  R. Quintanilla , A spatial decay estimate for the hyperbolic heat equation, SIAM J Math Anal, 27(1996), pp.78-91.

[87]  C.O. Horgan and R. Quintanilla, Spatial decay of transient end effects in functionally graded heat conducting materials, Quart Appl Math, 59(2001), pp.529-542.

[88]  L.E. Payne and J.C. Song, Spatial decay estimates for the Maxwell-Cattaneo equations with mixed boundary conditions, ZAMP, 55(2004), pp.962-973.

[89]  L.E. Payne and J.C. Song, Improved spatial decay bounds in generalized heat conduction, ZAMP, 56(2005), pp.805-820.

[image: image674.png]









PAGE  
49

_1189316481.unknown

_1208933379.unknown

_1209369931.unknown

_1209456810.unknown

_1209535580.unknown

_1209537730.unknown

_1209706880.unknown

_1223536134.unknown

_1225520617.unknown

_1225692293.unknown

_1225692651.unknown

_1225692071.unknown

_1223536773.unknown

_1223536798.unknown

_1223536849.unknown

_1223536440.unknown

_1223536037.unknown

_1223536097.unknown

_1222845511.unknown

_1222930396.unknown

_1222930335.unknown

_1222411645.unknown

_1209736960.unknown

_1209538346.unknown

_1209538445.unknown

_1209538563.unknown

_1209538378.unknown

_1209537973.unknown

_1209538104.unknown

_1209537884.unknown

_1209537075.unknown

_1209537348.unknown

_1209537528.unknown

_1209537585.unknown

_1209537427.unknown

_1209537188.unknown

_1209537294.unknown

_1209537127.unknown

_1209536455.unknown

_1209536905.unknown

_1209537027.unknown

_1209536856.unknown

_1209536196.unknown

_1209536358.unknown

_1209535631.unknown

_1209477305.unknown

_1209477785.unknown

_1209534883.unknown

_1209535151.unknown

_1209535407.unknown

_1209535533.unknown

_1209535246.unknown

_1209535175.unknown

_1209534972.unknown

_1209535083.unknown

_1209534911.unknown

_1209478357.unknown

_1209534505.unknown

_1209534674.unknown

_1209534721.unknown

_1209534593.unknown

_1209532422.unknown

_1209533584.unknown

_1209534339.unknown

_1209533424.unknown

_1209478470.unknown

_1209532363.unknown

_1209532311.unknown

_1209478407.unknown

_1209478018.unknown

_1209478296.unknown

_1209477983.unknown

_1209477570.unknown

_1209477673.unknown

_1209477703.unknown

_1209477624.unknown

_1209477426.unknown

_1209477532.unknown

_1209477385.unknown

_1209475705.unknown

_1209477035.unknown

_1209477163.unknown

_1209477276.unknown

_1209477083.unknown

_1209476777.unknown

_1209476820.unknown

_1209475759.unknown

_1209457025.unknown

_1209475540.unknown

_1209475624.unknown

_1209457082.unknown

_1209456941.unknown

_1209456986.unknown

_1209456862.unknown

_1209452107.unknown

_1209455090.unknown

_1209455969.unknown

_1209456393.unknown

_1209456588.unknown

_1209456719.unknown

_1209456471.unknown

_1209456257.unknown

_1209456334.unknown

_1209456008.unknown

_1209455565.unknown

_1209455842.unknown

_1209455929.unknown

_1209455755.unknown

_1209455204.unknown

_1209455285.unknown

_1209455126.unknown

_1209454221.unknown

_1209454632.unknown

_1209454847.unknown

_1209454953.unknown

_1209454758.unknown

_1209454355.unknown

_1209454453.unknown

_1209454264.unknown

_1209453205.unknown

_1209453387.unknown

_1209453647.unknown

_1209453268.unknown

_1209453076.unknown

_1209453146.unknown

_1209452237.unknown

_1209449413.unknown

_1209450809.unknown

_1209451820.unknown

_1209451962.unknown

_1209452047.unknown

_1209451889.unknown

_1209451173.unknown

_1209451249.unknown

_1209450847.unknown

_1209449854.unknown

_1209450544.unknown

_1209450753.unknown

_1209450689.unknown

_1209450015.unknown

_1209450067.unknown

_1209449959.unknown

_1209449598.unknown

_1209449806.unknown

_1209449488.unknown

_1209369939.unknown

_1209449058.unknown

_1209449229.unknown

_1209449277.unknown

_1209449099.unknown

_1209448553.unknown

_1209448799.unknown

_1209449013.unknown

_1209448688.unknown

_1209369941.unknown

_1209369935.unknown

_1209369937.unknown

_1209369938.unknown

_1209369936.unknown

_1209369933.unknown

_1209369934.unknown

_1209369932.unknown

_1209305295.unknown

_1209369906.unknown

_1209369922.unknown

_1209369927.unknown

_1209369929.unknown

_1209369930.unknown

_1209369928.unknown

_1209369925.unknown

_1209369926.unknown

_1209369924.unknown

_1209369911.unknown

_1209369913.unknown

_1209369914.unknown

_1209369912.unknown

_1209369909.unknown

_1209369910.unknown

_1209369907.unknown

_1209369898.unknown

_1209369902.unknown

_1209369904.unknown

_1209369905.unknown

_1209369903.unknown

_1209369900.unknown

_1209369901.unknown

_1209369899.unknown

_1209369890.unknown

_1209369894.unknown

_1209369896.unknown

_1209369897.unknown

_1209369895.unknown

_1209369892.unknown

_1209369893.unknown

_1209369891.unknown

_1209369886.unknown

_1209369888.unknown

_1209369889.unknown

_1209369887.unknown

_1209305621.unknown

_1209369884.unknown

_1209369885.unknown

_1209368958.unknown

_1209305405.unknown

_1209303698.unknown

_1209304598.unknown

_1209304886.unknown

_1209305082.unknown

_1209305212.unknown

_1209304941.unknown

_1209304684.unknown

_1209304834.unknown

_1209304646.unknown

_1209304011.unknown

_1209304119.unknown

_1209304285.unknown

_1209304081.unknown

_1209303857.unknown

_1209303952.unknown

_1209303812.unknown

_1209302863.unknown

_1209303148.unknown

_1209303509.unknown

_1209303578.unknown

_1209303229.unknown

_1209303013.unknown

_1209303090.unknown

_1209302925.unknown

_1209014416.unknown

_1209302360.unknown

_1209302598.unknown

_1209302813.unknown

_1209302543.unknown

_1209014524.unknown

_1209015378.unknown

_1209015864.unknown

_1209302261.unknown

_1209015794.unknown

_1209015303.unknown

_1209014491.unknown

_1208935571.unknown

_1208936028.unknown

_1208936382.unknown

_1208936920.unknown

_1208937160.unknown

_1208936294.unknown

_1208935804.unknown

_1208935859.unknown

_1208935722.unknown

_1208933613.unknown

_1208934767.unknown

_1208933556.unknown

_1191562800.unknown

_1195106109.unknown

_1200984911.unknown

_1205306579.unknown

_1206337696.unknown

_1206342936.unknown

_1208581482.unknown

_1208583888.unknown

_1206342978.unknown

_1206344264.unknown

_1206345024.unknown

_1206342967.unknown

_1206341401.unknown

_1206342027.unknown

_1206342240.unknown

_1206341947.unknown

_1206337766.unknown

_1205482158.unknown

_1206337570.unknown

_1206337614.unknown

_1205482954.unknown

_1205483099.unknown

_1205482834.unknown

_1205476851.unknown

_1205477194.unknown

_1205471687.unknown

_1204695130.unknown

_1205213668.unknown

_1205217447.unknown

_1205306537.unknown

_1205213863.unknown

_1204695298.unknown

_1204695509.unknown

_1204695566.unknown

_1204695212.unknown

_1202303289.unknown

_1203408879.unknown

_1204091115.unknown

_1204096593.unknown

_1203575605.unknown

_1203662894.unknown

_1203576065.unknown

_1203489096.unknown

_1202976392.unknown

_1202976677.unknown

_1202976799.unknown

_1202976546.unknown

_1202303307.unknown

_1201335320.unknown

_1202198495.unknown

_1202198530.unknown

_1201758763.unknown

_1202112202.unknown

_1201758706.unknown

_1201239117.unknown

_1201248600.unknown

_1201157592.unknown

_1200639205.unknown

_1200639211.unknown

_1200728478.unknown

_1200816057.unknown

_1200845565.unknown

_1200641773.unknown

_1200639207.unknown

_1200639209.unknown

_1200639206.unknown

_1196573812.unknown

_1199430672.unknown

_1199600593.unknown

_1199773836.unknown

_1199861760.unknown

_1199600667.unknown

_1199431394.unknown

_1199518848.unknown

_1197701870.unknown

_1197701920.unknown

_1197268035.unknown

_1195108011.unknown

_1195109000.unknown

_1195109574.unknown

_1195109437.unknown

_1195108099.unknown

_1195106871.unknown

_1195107859.unknown

_1195106883.unknown

_1195106860.unknown

_1193301667.unknown

_1194182488.unknown

_1194767281.unknown

_1195105424.unknown

_1195105685.unknown

_1194940792.unknown

_1194940817.unknown

_1194941001.unknown

_1194767363.unknown

_1194507757.unknown

_1194507844.unknown

_1194507670.unknown

_1193553393.unknown

_1193553581.unknown

_1193980827.unknown

_1193982459.unknown

_1193553451.unknown

_1193301827.unknown

_1193380481.unknown

_1193383578.unknown

_1193301685.unknown

_1193291433.unknown

_1193296696.unknown

_1193301493.unknown

_1193301558.unknown

_1193297387.unknown

_1193291599.unknown

_1193296624.unknown

_1193291455.unknown

_1193128814.unknown

_1193291073.unknown

_1193291110.unknown

_1193291128.unknown

_1193291088.unknown

_1193129275.unknown

_1192801504.unknown

_1192954986.unknown

_1193128799.unknown

_1192955079.unknown

_1192802168.unknown

_1192803515.unknown

_1192951707.unknown

_1192801864.unknown

_1191573611.unknown

_1192694317.unknown

_1191572942.unknown

_1189751573.unknown

_1190354844.unknown

_1190875364.unknown

_1191135965.unknown

_1191136144.unknown

_1191136276.unknown

_1191562190.unknown

_1191136160.unknown

_1191136075.unknown

_1190959198.unknown

_1191054084.unknown

_1191054555.unknown

_1191053553.unknown

_1190959156.unknown

_1190880069.unknown

_1190616606.unknown

_1190617040.unknown

_1190527247.unknown

_1190020051.unknown

_1190182457.unknown

_1190182609.unknown

_1190187860.unknown

_1190020507.unknown

_1190097709.unknown

_1190016887.unknown

_1190018467.unknown

_1190018997.unknown

_1190016915.unknown

_1189836912.unknown

_1190010639.unknown

_1189753511.unknown

_1189412239.unknown

_1189493448.unknown

_1189751433.unknown

_1189665988.unknown

_1189672041.unknown

_1189493480.unknown

_1189493338.unknown

_1189493405.unknown

_1189493012.unknown

_1189490575.unknown

_1189405948.unknown

_1189411928.unknown

_1189412190.unknown

_1189408240.unknown

_1189320554.unknown

_1189325344.unknown

_1189404767.unknown

_1189325635.unknown

_1189328685.unknown

_1189325513.unknown

_1189321674.unknown

_1189321905.unknown

_1189321407.unknown

_1189320387.unknown

_1189320427.unknown

_1187940575.unknown

_1188541021.unknown

_1189151314.unknown

_1189155599.unknown

_1189155648.unknown

_1189315653.unknown

_1189316408.unknown

_1189155658.unknown

_1189155616.unknown

_1189153273.unknown

_1189153474.unknown

_1189153222.unknown

_1188887535.unknown

_1189064540.unknown

_1189150081.unknown

_1188891554.unknown

_1188891405.unknown

_1188542039.unknown

_1188887443.unknown

_1188887485.unknown

_1188541608.unknown

_1188542031.unknown

_1188024412.unknown

_1188109959.unknown

_1188112290.unknown

_1188112489.unknown

_1188203783.unknown

_1188457299.unknown

_1188115428.unknown

_1188112476.unknown

_1188112408.unknown

_1188112274.unknown

_1188107716.unknown

_1188109933.unknown

_1188025849.unknown

_1188027351.unknown

_1188027496.unknown

_1188027529.unknown

_1188027387.unknown

_1188027276.unknown

_1188024557.unknown

_1188023797.unknown

_1188024048.unknown

_1188024217.unknown

_1188023844.unknown

_1187941155.unknown

_1187942160.unknown

_1187943655.unknown

_1187944100.unknown

_1187943452.unknown

_1187941398.unknown

_1187940671.unknown

_1182158036.unknown

_1186303398.unknown

_1187079558.unknown

_1187851924.unknown

_1187854548.unknown

_1187854624.unknown

_1187854523.unknown

_1187079761.unknown

_1187079832.unknown

_1187079905.unknown

_1187079810.unknown

_1187079716.unknown

_1186637687.unknown

_1187077939.unknown

_1187079422.unknown

_1186639979.unknown

_1186318398.unknown

_1186319505.unknown

_1186320384.unknown

_1186320894.unknown

_1186392494.unknown

_1186392530.unknown

_1186320943.unknown

_1186320722.unknown

_1186320248.unknown

_1186320316.unknown

_1186320028.unknown

_1186318439.unknown

_1186319396.unknown

_1186319452.unknown

_1186318520.unknown

_1186319370.unknown

_1186318489.unknown

_1186304437.unknown

_1186318350.unknown

_1186304246.unknown

_1186303921.unknown

_1186303765.unknown

_1186303790.unknown

_1186303894.unknown

_1186303466.unknown

_1186303620.unknown

_1185259614.unknown

_1186210606.unknown

_1186303260.unknown

_1186209457.unknown

_1186210514.unknown

_1186208838.unknown

_1186209425.unknown

_1186208692.unknown

_1186208806.unknown

_1185348615.unknown

_1186208639.unknown

_1185259666.unknown

_1184478002.unknown

_1185002930.unknown

_1185083462.unknown

_1184575050.unknown

_1184575073.unknown

_1183533106.unknown

_1183874358.unknown

_1183874446.unknown

_1184136962.unknown

_1183874424.unknown

_1183533415.unknown

_1183534958.unknown

_1183535012.unknown

_1183533346.unknown

_1183271859.unknown

_1183274841.unknown

_1183193300.unknown

_1183193440.unknown

_1179649574.unknown

_1180772520.unknown

_1180946734.unknown

_1181026983.unknown

_1181197077.unknown

_1181374721.unknown

_1181634054.unknown

_1181204445.unknown

_1181027003.unknown

_1181024736.unknown

_1180853120.unknown

_1180860394.unknown

_1180854052.unknown

_1180854258.unknown

_1180855524.unknown

_1180853643.unknown

_1180772658.unknown

_1180772717.unknown

_1180772992.unknown

_1180772623.unknown

_1180336909.unknown

_1180598908.unknown

_1180598793.unknown

_1179731175.unknown

_1179731214.unknown

_1180169471.unknown

_1179649693.unknown

_1178002733.unknown

_1179645335.unknown

_1179646831.unknown

_1179649463.unknown

_1178007038.unknown

_1179644974.unknown

_1178002393.unknown

_1178002404.unknown

_1178001706.unknown

_1178001786.unknown

_1178001894.unknown

_1178001623.unknown

