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Coupling quantum and continuum scales to predict crack tip
dislocation nucleation
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A quantum-continuum multiscale coupling of Kohn–Sham density functional theory to continuum material is presented that can
handle mechanics problems in metals when long-range stress fields are present, such as occurs for dislocations and cracks. The
method has quantifiable and controllable coupling errors that can be minimized at computationally tractable system sizes. Using
both generalized gradient and local density approximation exchange–correlation functionals, the nucleation of a dislocation from
a crack tip in aluminum is then predicted. Both functionals yield similar results, and predictions using Rice’s continuum Peierls
model are within 20% of the quantum values. This multiscale method is easily extendable to crack-tip problems involving alloys
and chemical embrittlements.
� 2010 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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Increasing accessibility to large computational
resources along with the continued refinement of
Kohn–Sham density functional theory (KSDFT) has
led to a succession of insightful quantum mechanical
calculations. However, despite these advances, applica-
tions requiring the relaxation of long-range elastic fields
remain difficult. Crack tip behavior is a quintessential
example of this difficulty, with a long-range elastic field
while phenomena are controlled by local crack tip bond
breaking. Modeling cracks thus requires a concurrent
multiscale approach if powerful quantum mechanical
methods such as KSDFT are to be utilized at the crack
tip. Embedding a small region of atoms governed by
quantum mechanics within a larger region governed by
classical mechanics makes computational expenses trac-
table while capturing the long-range strain field [1]. Prior
investigations involving crack tips have been limited to
covalently bonded materials, e.g. Si, where the locality
of the bonding underlies the accuracy of the multiscale
coupling method [2–5]. While some elegant KSDFT
multiscale strategies have been developed for metals,
applications have been limited to dislocations and point
defects in infinite crystals [6,7].
1359-6462/$ - see front matter � 2010 Acta Materialia Inc. Published by El
doi:10.1016/j.scriptamat.2010.08.038

⇑Corresponding author. Tel.: +1 607 255 7155; e-mail: dhw52@
cornell.edu

Please cite this article in press as: A.K. Nair et al., Scripta Mater. (2010),
In this letter we present a multiscale method that cou-
ples a region governed by quantum mechanics to a sur-
rounding region governed by a continuum material
description. The underlying theory builds on the multi-
scale coupled atomistic discrete dislocation (CADD)
model [8], with the atomistic region of CADD replaced
by a quantum–mechanical region. We thus label the
method as QM-CADD. The method is versatile and
general, being able to use any computationally tractable
quantum mechanics methodology, and applicable to
non-metals as well as metals. The quantum-continuum
coupling strategy is straightforward and easy to imple-
ment, but most importantly the method has quantifiable
and controllable coupling errors.

Here, we validate the accuracy of the coupling method
with several test problems and then use the model to
predict nucleation of a dislocation from a crack tip in alu-
minum, a problem with a rich history [9–11], thus simul-
taneously demonstrating success in studying (i) a
challenging material system, due to the long-range elec-
tronic effects associated with a large Fermi wave vector;
(ii) a complex boundary value problem; and (iii) an
important mechanical phenomenon simultaneously
involving bond breaking, new surface and defect creation.

The QM-CADD coupling method involves the
solution of two distinct problems, one in the quantum
sevier Ltd. All rights reserved.
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domain and one in the continuum domain, that are cou-
pled through self-consistent boundary conditions [10]. A
schematic, within the context of the dislocation nucle-
ation problem studied here, is shown in Figure 1. Figure
1b displays four distinct regions: an inner region (gray
ions); an interface (black ions); an outer “pad” region
(white ions); and a continuum region (finite element
method (FEM) mesh). The continuum region extends
into the interface ions, which serve as boundary nodes
of the FEM mesh. The “pad” ions overlap with the con-
tinuum region, and their displacements from the perfect
crystal positions are obtained by interpolation of the
FEM displacement fields to the reference crystal pad
ion positions. The inner and interface ion positions are
obtained from a quantum mechanical calculation. The
quantum mechanical cell consists of a periodic cell con-
taining the inner, interface and pad ions, and associated
electron density, surrounded by a vacuum region, as
shown in Figure 1c. For a given applied loading on
the outer boundaries of the problem, a single iteration
of the solution procedure consists of the following algo-
rithm: (i) the positions of the ions in the atomistic, inter-
face and pad regions are given as input to a quantum
mechanics simulation for the computation of the elec-
tronic ground state; (ii) the positions of the ions in the
inner and interface regions are then updated using the
quantum-derived Hellmann–Feynmann forces; (iii) the
new interface ion positions are used as a displacement
boundary condition for the continuum region, with the
finite element method determining the continuum dis-
placement field; (iv) the continuum displacement fields
are then used to determine new positions of the pad
ions, completing the iteration.

The non-local nature of quantum-mechanics-based
interatomic forces, which depend on the charge density
over the entire quantum mechanical cell, is a challenge
for any multiscale method. Truncation of the QM do-
main generates spurious long-range forces associated
with Friedel oscillations in the electron density, which
is particularly problematic in metals. However, in prac-
tice the influence of the charge density on the force of a
particular ion decays with distance, even in metals [2].
To control such spurious forces on the inner and inter-
face ions, QM-CADD uses the pad ions to isolate the in-
ner domain from the electronic surface in the quantum
mechanical cell. The pad ion positions, being determined
by the continuum FEM solution, are in the correct
Figure 1. Schematic of the computational model and geometry for
studying crack tip dislocation nucleation; (a) overall geometry with
color contours showing uniaxial strain in the vertical direction; (b)
close-up view of the near tip region, showing the inner ions (gray), the
interface ions (black) and the pad ions (white); (c) quantum simulation
cell consisting of inner, interface and pad ions surrounded by vacuum
in a periodic unit cell. The three-dimensional atomic lattice is projected
onto the two-dimensional plane for visualization.
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positions for the posed boundary value problem so that
the spurious forces are only due to electronic effects. A
pad region of sufficient thickness can thus minimize
these spurious forces. Determination of a suitable thick-
ness is problem- and material-dependent, and represents
a balance between accuracy and computational cost.
The QM-CADD method has no spurious “ghost forces”
at the interface because the interface is mainly a kine-
matic constraint and forces in the quantum region are
computed solely from a quantum calculation.

In addition to the use of a pad region in the quantum–
mechanical cell, the other main approximation in the
QM-CADD is in the representation of the continuum re-
gion material properties, starting at the interface. At a min-
imum, the lattice constant and elastic constants in the
continuum region are made identical to those correspond-
ing to the quantum-computed properties of the material,
which is computationally most efficient. The use of linear
elasticity limits deformation to small strains so that the size
of the inner atomistic domain must be chosen to encom-
pass the nonlinear elastic region while balancing the com-
putational expense associated with a larger atomistic
domain. The continuum material response can be en-
hanced by using either nonlinear elasticity or by invoking
the Cauchy–Born rule to obtain the material response di-
rectly from quantum–mechanical calculations on periodic
deformed unit cells, as in the quasicontinuum method [12].
Below we demonstrate the linear elasticity is sufficiently
accurate for the domain sizes used.

When the continuum region is modeled as linearly
elastic, this coupling method can be considered an exten-
sion of the lattice Green function (LGF) approach pro-
posed by Woodward and Rao [13] with the LGFs
replaced by a numerical finite element solution of the
continuum deformation. The structure of both CADD
and LGF methods circumvents, by construction, the
challenges associated with so-called “ghost forces” at
the coupling interface that often arise [7,12]. Modeling
the continuum domain using the finite element frame-
work allows for the study of arbitrary geometries with
free surfaces, such as a crack tip. Also, when the contin-
uum domain is linear elastic, the QM-CADD method
can include discrete dislocation plasticity in the contin-
uum domain exactly as done in CADD [14].

In this work, we use the plane-wave KSDFT code
VASP [15] to compute forces in the quantum mechanical
cell. The simulations are performed with both the local
density (LDA) and generalized gradient (GGA) approxi-
mations. The 1s, 2s and 2p core electrons of Al are de-
scribed by an ultrasoft pseudopotential [16]. A kinetic
energy cutoff of 192 eV was used with a 1 � 1 � 8 k-point
mesh and a Methfessel–Paxton smearing of 1 eV. The
dimensions of the periodic KSDFT simulation cell are
chosen so that lattice periodicity was maintained in the
out of plane dimension while the in-plane dimensions
are chosen to be 3 Å larger than the most protruding
atoms (Fig. 1c). This distance is chosen to minimize the
amount of vacuum in the cell yet restrict atoms from
becoming too close to one another. The continuum region
is modeled as an anisotropic linear elastic material with
lattice and elastic constants chosen to match those of
the quantum material [6]. For each iteration, ions in the
inner and interface regions are moved by one conjugate
doi:10.1016/j.scriptamat.2010.08.038

http://dx.doi.org/10.1016/j.scriptamat.2010.08.038


Figure 2. Charge density contours on the ð1�10Þ plane near the crack
tip for the GGA KSDFT simulation plotted using VESTA [24]; (a)
equilibrium configuration at the load step immediately before nucle-
ation, KI = 0.215 eV Å�2.5; (b) non-equilibrium configuration during
dislocation nucleation at a load of KI = 0.230 eV Å�2.5. The vectors
are proportional to the displacements of ions relative to their
equilibrium positions in (a).
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gradient step while the out-of-balance forces in the con-
tinuum region are completely eliminated by using the in-
verted finite element stiffness matrix. When all out-of-
balance forces in the inner region were below 8 meV Å�1,
the system is considered to be in mechanical equilibrium.

The QM-CADD implementation is validated, and
the required inner and pad region sizes determined, in
two ways. First, a perfect crystal under zero applied load
is studied for a 55 � 50 Å quantum cell with a pad thick-
ness of 13 Å, and a total of 452 ions with 119 ions in the
inner and interface regions. Forces on the ions in the in-
ner region are then computed. For the KSDFT param-
eters and crystallographic surfaces used in this study, the
13 Å pad is sufficient to achieve forces of less than the
8 meV Å�1 tolerance throughout the inner domain.
Forces just outside the interface ions are 11 meV Å�1,
demonstrating the forces that would be generated by
using a thinner pad. The perfect crystal test is an easy
test for establishing an adequate pad region for any
material choice. Second, using the quantum cell and
pad thickness, the method was used to compute the core
structure of a screw dislocation core in Al. The Nye ten-
sor [17] distribution of the dislocation burgers vector of
our converged core is in excellent agreement with the re-
sult of LGF results of Woodward et al. using the same
GGA KSDFT parameters [6], and showing a dissocia-
tion distance of 5 Å. Since the screw dislocation has a
long-range (1/r) stress field, these two results taken to-
gether show that, for Al, the inner and pad regions are
both large enough such that the effects of both linear
elasticity and the vacuum interface are sufficiently small.

As a first application, we investigate dislocation
nucleation from a crack on a (1 1 1) plane with a ½�11 0�
crack front in fcc Al. The crack is created by removing
three planes of atoms over half of the total simulation
domain of dimensions 200 � 200 nm (Fig. 1a). The
quantum cell is similar to those studied above, contain-
ing 486 ions in a 61 � 58 Å box with a pad thickness of
13 Å surrounding a 31 � 28 Å region containing 136
ions (Fig. 1c). A remote loading corresponding to the
stress intensity KI for the linear elastic anisotropic mode
I displacement field of a sharp crack is applied, starting
from an initial value near that predicted by the Rice
nucleation criteria [11]. At fixed KI, mechanical equilib-
rium in the system is achieved after approximately 60
force calculations. For the most computationally
demanding GGA simulations, each force calculation re-
quires approximately two hours on 512 processors. The
boundary displacement field is then incremented by
DKI = 0.015 eV Å�2.5 or less and the system again re-
laxed to equilibrium. Loading is stopped when disloca-
tion nucleation is observed, yielding a value for the
critical stress intensity, KIn, for dislocation nucleation.

In the crack problem, free surfaces cross the quan-
tum/continuum interface, so the true surface response
of the quantum material must be accurately represented
in the pad region. The most crucial component is the
surface relaxation, i.e. the unstressed positions of the
ions on the surface, which differ relative to the bulk
equilibrium lattice positions. Independent KSDFT sim-
ulations on (1 1 1) Al surfaces yield displacements nor-
mal to the surface of �0.0287 and �0.0323 Å for LDA
and GGA, respectively, with negative values corre-
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sponding to outward surface relaxation, consistent with
experiments on Al [18]. These displacements are im-
posed on the surface ions in the pad, while higher-order
effects, such as the relaxation of next-nearest surface
planes and altered elastic constants near the surface,
are not considered.

For reference and comparison, we also study the
nucleation problem within the framework of embedded
atom method (EAM) potentials, using the Ercolessi–
Adams and Mishin–Farkas potentials [19,20]. For these
systems, the surface relaxations are �0.0175 and
0.007 Å, respectively. We also use the Ercolessi–Adams
EAM system to study the dependence of the crack tip
emission point KIn as a function of the size of the atom-
istic region to probe the effect of non-linearity. For the
same size as used in the quantum cell, KIn is overesti-
mated by 5% relative to much larger size, which we con-
sider an acceptable error.

At the measured KIn, mechanical relaxation of the ion
positions near the crack tip involves a significant shear-
ing in the ½11�2� direction on the (1 1 1) plane consistent
with the nucleation and subsequent glide of a pure edge
partial dislocation away from the crack tip (Fig. 2). The
emerging dislocation core can be seen by both a disreg-
istry in the atomic lattice and a redistribution of elec-
tronic charge.

Table 1 shows the stress intensity KIn at which nucle-
ation occurs for the GGA and LDA KSDFT approxi-
mations. The two results are quite similar. To interpret
these results, we consider Rice’s crack tip dislocation
nucleation criterion, based on a Peierls slip model along
the slip plane at the crack tip [11]. For the crack geom-
etry and crystallography used here, that model predicts
nucleation at

KRice
in ¼ 2:60

ffiffiffiffiffiffiffiffiffiffiffiffi
2cusl�

p
ð1Þ

where cus is the unstable stacking fault energy and l* is
the effective shear modulus along the plane of emission,

l� ¼ ðC11 � C12 þ C44Þ
3ð1� ðC11 þ 4C12 � 2C44Þ=ð4C11 þ 6C122C44ÞÞ

ð2Þ
Table 1 shows the values of cus and l* computed

within the GGA and LDA KSDFT methods, and the
resulting predictions for KIn. The agreement is generally
good, although the Rice model predicts a greater differ-
doi:10.1016/j.scriptamat.2010.08.038
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Table 1. Stress intensity factor KIn for crack tip dislocation nucleation as predicted by LDA and GGA KSDFT methods and by empirical EAM
potentials, together with the (1 1 1) surface stresses and the predictions of KIn by the Rice theory using the unstable stacking fault energy and effective
shear modulus from each material model (1.60 eV Å�2.5 = 1.00 MPa m½).

LDA-DFT GGA-DFT Ercolessi–Adams Mishin–Farkas

Simulated KIn (eV Å�2.5) 0.245 0.230 0.226 0.182
Rice criterion KIn (eV Å�2.5) 0.227 0.181 0.174 0.188
Unstable stacking fault energy cus (eV Å�2) 0.013 0.0095 0.0078 0.0101
Anisotropic elastic constant l* (GPa) 46.9 40.8 44.9 42.1
(1 1 1) surface stress (eV Å�2) 0.071 0.065 0.057 0.057
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ence than found in the quantum results. A discrepancy
between the direct simulations and Rice’s model is often
attributed to the influence of surface stresses [9]. How-
ever, for the material models studied here the magnitude
of surface stress does not correlate with the magnitude
of the discrepancy across models (Table 1). Additional
potential sources for the discrepancy between Rice’s
model and the direct simulations are the pressure depen-
dence of cus [12,23], the surface ledge creation energy
[21] and differences in crack tip geometry (theoretically
sharp vs. blunted) [22]. KSDFT LDA is known to
over-predict elastic constants and stacking fault ener-
gies, but predicts nearly the same KIn value as obtained
by the GGA simulation. Thus, the high coincidence of
KIn values from the LDA and GGA approaches is most
likely due to a cancellation of competing factors. The
physically reasonable partial dislocation emission and
its occurrence at applied stress intensity comparable to
an established (but not exact) theory generally demon-
strates the success of our multiscale quantum-mechan-
ics-based framework for handling complex boundary
value problems in metals.

Table 1 also shows results obtained for the two EAM
potentials. The Ercolessi-Adams potential yields a KIn va-
lue comparable to the two quantum-derived values, while
the Mishin–Farkas potential yields a rather lower value.
The corresponding predictions of the Rice model are also
shown, with good agreement found for the Mishin–Far-
kas potential but a larger discrepancy for the Ercolessi–
Adams potential. Interestingly, the Mishin–Farkas po-
tential was carefully designed to match KSDFT GGA
material properties thought to be important in deforma-
tion processes, such as the elastic constants and cus, yet
its KIn value is significantly lower than that obtained by
direct simulations using GGA. Conversely, the Erco-
lessi–Adams potential substantially under predicts the
unstable stacking fault energy but yields a KIn value much
closer to the KSDFT results. Overall, while differences in
KIn are present, they are not exceptionally large. This rein-
forces the usefulness of Al EAM potentials for reasonably
quantitative predictions but also demonstrates that even
some of the best EAM potentials differ by 20% relative
to a quantum-mechanics-based analysis.

We have presented a general framework for quantum-
continuum multiscale coupling that is easily implemented
and can address complex geometries and loadings in
metallic materials. The method contains two quantifiable
and controllable sources of error originating from the
non-local nature of the quantum ionic forces and the
range of applicability of continuum elasticity. The meth-
od has been validated in several ways, and then used to
predict the critical stress intensity factor for dislocation
nucleation from a crack tip in Al using KSDFT. Despite
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differences in material constants, the LDA and GGA ap-
proaches yield similar values that are in reasonable agree-
ment with Rice’s model. EAM potentials yield values in
reasonable agreement with the quantum predictions.
With the method and application to crack tip phenomena
now established, the foundation is set for future studies
using KSDFT to predict the effects of chemistry at the
crack tip on both crack growth and dislocation emission.
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