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Carbon Nanotubes (CNTs) have been a subject of interest for most of the researches after their
discovery, due to their superior mechanical properties and ability to be used as the reinforcement
phase in nanocomposites. The other carbon structure which was discovered a few years after
the discovery of CNTs was Carbon Nanohorns (CNHSs). The structure of CNH is cone-shaped
compared to the cylindrical shape of CNT’s structure. This cone-shaped structure causes difficulties
in finding the stress distribution in CNHs when embedded in the matrix phase of nanocomposites.
In this paper the governing differential equation of the stress distribution on the CNHs placed in a
nanocomposite matrix is derived using some simplifying assumptions. It has been shown here that
while the stress distribution is symmetric for the special case of CNT, it is non-symmetric for the
general CNHs and the maximum stress shifts toward the tip of CNH.

Keywords: Analytical Modeling, Nano-Structures, Stress Transfer, Carbon Nanohorn.

1. INTRODUCTION

Few years after the discovery of CNTs by lijima et al.!
in 1991, CNHs were introduced by Harris et al. in 1994.2
CNTs show unique mechanical properties, such as large
elastic modulus which can reach up to 5 TPa*>® compared
with elastic modulus of carbon fibers which is from 0.1
to 0.8 TPY and strength up to 63 GPa.'® Discovery of
CNTs made a great deal of interest among the scientists to
explore new devices and applications. On the other hand,
carbon nanohorns have a high strength sp? carbon-carbon
bond, and they can be produced with purity higher than
90%. This is because CNHs don’t need the use of cat-
alytic particles for synthesis in contrast to CNTs.!!!2 In
addition the surface area of the carbon nanohorns is 300
to 400 m?/g compared to 178 m?/g for the multi-walled
CNTs and 285 m?/g for single-walled CNTs. Furthermore,
surface area of CNHs can be improved by a post treatment
process up to more than 1000 m?/g.'*"

Due to the above advantages, it is expected that CNH
reinforced nanocomposites have a higher mechanical prop-
erties than the CNT reinforced nanocomposites. In this
paper the differential equations governing the distribution
of stress on a carbon nanohorn which is placed in an epoxy
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matrix under axial loading will be investigated using Cox
model'® and it will be compared with the stress distribu-
tion model of the CNTs."

2. PROBLEM DEFINITION

The representative volume element (RVE) for this problem
is shown in Figure 1 and the side views of the CNH in the
RVE are shown in Figure 2. We assumed that 2L is the
longitudinal length of the RVE. In addition 2L, represents
the longitudinal length of the embedded CNH. We have
considered 2L and 2L, instead of simply considering L
and L, because in the case of zero cone angle, i.e., a
cylindrical tube like CNT, the stress is symmetric about
the middle plane.

The outer radius of the CNH is r, = a + z - tan(«);
where a represents the CNH’s outer diameter at z = O.
Considering the CNH’s thickness as ¢ then the relation
between the outer and inner radius of the CNH would be
r,=r,—1t.

The equilibrium equations in absence of body forces, for
axisymmetric problem in terms of cylindrical coordinate
(r, 0, z) are:®

do aT o

rr rz rr— Ogo

=0 1
ar dz r (1a)

doi:10.1166/jctn.2010.1450 1

3710114V HOHV3S3H



RESEARCH ARTICLE

Stress Distribution on a Single-Walled CNH Embedded in an Epoxy Matrix Nanocomposite

Fig. 1. RVE of a CNH with length of 2L, embedded in a matrix with
length of 2L. The composite is then being subjected to the overall stress
of o along the cylindrical axis.

orT

rz

do T
44 rz — O 1b
ar dz + r (1b)

Assuming the # and w as displacement along r and
z direction, the geometrical equations for CNH can be
written as:

du
= 2
= o (22)
u
o9 = — (2b)
r
Jw
822 = a—z (ZC)
Matrix
R [t
3
CNH Lt 1
(a) T AA

Matrix

(b)

Fig. 2. (a) Side view and (b) cross-sectional view, A-A, of the RVE
shown in Figure 1. The inner and outer radiuses, r; and r,, of CNH
change along the z-axis as a function of cone angle, 2«, while its thick-
ness, t, remains constant.
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_c?u Jw

= —+— 2d
dz  Jr (24)

’YI“Z

Assuming CNH and matrix as elastic materials, the con-
stitutive equations are:

6= 1o, (o +0.)] (3a)
Egp = é[a'ee —v(o,+o0,)] (3b)
.= £lo.— (0, + )] (30)

V=L (3d)

The other strain components are vanished due to the
problem configuration and geometry of applied forces, i.e.,
axial loading.

In the next step we will define the boundary equa-
tions for the above mentioned governing equations. The
boundary conditions (4) are describing the force balance
at the boundaries of the RVE. The Eq. (5) are due to the
force balance at the CNH-matrix interface. According to
the type of loading, there is no traction along radial direc-
tion on surface of the RVE, i.e., Eq. (4a). The stress o
is applied on the extremes of the CNH along its axis of
symmetry, which leads to Eq. (4b). In Eq. (4b) ¢, is the
unit vector along the z-axis.

{ T,y =0 (42)
Tm|z::th ==x0- éz (4b)

The force balance between the CNH and matrix along
the radial direction and at the extreme ends, lead to
Egs. (5a, b).

{ Tfl—Lf =<z=<Ly,r=ry(z) = TmLLj <z=Lg, r=r,(2) (5&)

Tflz:iLf, r;<r<r, = (Sb)

z==£Ly, ri=<r=<r,

3. SOLUTION

In general, the integration of Eq. (1b) with respect to
r from r, to r, for a reinforcing CNH designated by
superscript f:

dot
aa-“ (2mr)dr

1 /"n
m(r2—r}) ),

1 w1 9
_ — S —
togrom ), TarThemd=o 6

Z

where the first part of (6) can be defined as an average
axial normal stress over the cross section of the CNH as
below:

5l = — ’ ol(r,2)-Qmr)dr 7
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Differentiation of (7) with respect to z and using (6)

leads to:

da_'zfZ B 1
dz 7T(l"3—ri2)

|:_2-tg(a) /ra a'j;(r, 2)(2ar-r)-dr
o =T Jn

+1g(a)2m-1,)0l(r,. 2)
—1g(@)2m - r)ol (1. 2)

=27, = )| )
By assuming that:
da’.
0 ©
Z
and using (1b) we have:
orl, 7/,
=+ f(x)+—=0 (10)
or r

This is a first order linear differential equation in terms
of 7/, which its solution leads to:

L (11)
2 r

Assuming 7/, r=r, = 0 which means no matrix penetra-
tion into the hollow part of the CNH we have:

2
= %f(z)-r[%—l] (12)

Using (11) and (12) we have:
(= 3/ @)r] (13)

For simplicity we will represent 7/[,_, by 7/; So we
obtain:

r’ 2r,
[2_ }szr.z_rff@ (142)

1

. 2 X
= zr” 4 [%—1}({(@ (14b)

_ 2
i —r;

The boundary condition of (4a) implies that there is no
radial normal stress and shear stress on the circumference
of the matrix. So we may rewrite Eq. (4a) as:

g =0 (15a)
| =0 (15b)
In a similar manner rewriting Eq. (5a) leads to:

_m
- O-rr |7Lf<z<L/ L T=T,

(16a)
(16b)

f
O'”, | 7L/- <z<L/ , =1,

f _m
Tzr|—Lf<z<Lf,r=r,, - Tzr

—Ly<z<Ly,r=r,
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Now integrating (1b) with respect to r from r, to R and
using (15b) leads to,

—1 /R 00y (27rr)-dr
m(R>—r2) J,, 0z
1 k149
+ 7T(R2——V02) /;0 ;E(FTrZ)(ZWr) -dr=0 (17)

Considering,
_ 1 R
O-ZZ(Z)ZW(RZ——VZ)-/r,, (TZZ(F,Z)'(ZW}’)-dI‘ (18)

then by assuming,

G

= = 5(2) (19)

were g(z) is an unknown function that must be determined.
Inserting (19) in (17) and integrating with respect to r
form r to R leads to:

m/r g(z) . (2’7Tr) dr

1 Rl 9
+—7T(R2—r2)/, ;-5(r7,1)~(277r)dr_0

= 4@ = g T
n_ 8(2) R—r’
= TrZ:T' , (20)

Using (20) and (5b),

2-r,
e 1)

o

g(z) =

Substituting (21) in (20),

r, R — 2
T(r) = 5 ( ) 7! (22)

R>—r? r

and assuming that|du/dz| << |dw/dr|, i.e., the radial dis-
placement along the radii is much smaller than the axial
displacement along the radii, and (2d) and (3d),

wt
Trz = Gf ? (233)

ow™
"=G"— 23b
=g (23b)

Using (23b) and (22) we have,
R*—r> r duwm

f — Gm o ... 24
To R2—7r2 v, Or (24)

o

Rearranging (24) and integrating from r, to R leads to,

R Rz R (RZ_ 2)
f _ — mi\" "ol m
T /r ( " r)dr /r G Py dw

(25)

m m
W — wra

= f G" RZ — r3
T, =
¢ r, R?In(R/r,)—1/2(R?>—r2)

0
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Substitution of (25) into (22) results in,

N g~ uy
ma(r) = r [Rz In(R/r,)— 1/2(R>—

26
=) @
Putting (26) into (23b) leads to:

wy —w;! I,
R2In(R/r,) — 1/2(R — rg)} —

(wp —w?)- (R2In(r/r,) — 1/2( — r2))
R*In(R/r,)—1/2(R*—r?) }

dw™ R>—r?
ar r

) =ug +|
(27)

Assuming oy, + 0, K 0, for both matrix and the
CNH, due to the fact that we considered the nanocompos-

ite under axial loading, and using (2c), (3c) and noting that
r(z) =r,(z)+g . then we have:

o’ "
of =E'Z . gr=pn Tl (28)
A,A, 82 Z aZ

o) =0, —i—(Rzln(r/ra)—%(rz—rf))

1 -1
.<R21n(R/ro)—5(R2—rf)> [0l —x =0l

+ (wg —w)) - E" - 1g(a)
(-2

(eu(2) -t
[n(z) b))
o) o

Considering the force balance of the composite along
the z axis:

r,,]

r, R
TR0 :/ a’zfZ -(2mr) dr—}—/ o (2mr)dr (30)

Using (7), (29) and (30) we have:

m| _m
Olr=k — 0 r=r,

— (o) - 5@ =)

. (R4 In(R/r,) — ;L(R2 —-r2)-(3R* - "3))

(R =Gl (r;—17) =0l (R =17))

zzlr=r,

—(2-E,.1g(@) - (wg —wy))
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4 1> 2 2 2 -
(R n(R/r) = (R = 1) GR = 12)
R R?
AR r, In( — | —=—(R*—7r?)
r, 2r, ¢
3 Torp2 2 LS
SR @) (-
r()
R\ 1 -
~<R21n(—> ——(R*—71? >
r, 2
R? , 1, 1, R 3 .,

From (8) and assuming no matrix penetration inside the
CNH, then:

do’ : : .
—5 = 218(e) - (1,0l (rys 2) =10l (13 2) = (r, = 1))
2,

NGt (32)
o i 2 _ riz 0

r()
From (26), (29b), (31), and (32) it follows that,

2
r,+r;

d*o/, 2tg%(e) : :
z f — o/ —
PR P [Uzz(rmZ) 0l(r;,2)

y (roo{xro,z)—r,-a{z(r,-,z)—(ro—r,->&-;,>}

2tan () dof, dos, ( ) Lol
r,.—= —r. == —(r,—-r)==
2= 0z |,_, oz |_ 7 " oz
2G R?— .
o (R (03 - R0, (P

m

. (Rﬂn(rf;) - 1(3R2—r§)(R2—rf)>l
20—t (R m(f)—;mz—rz))l

.{Gm-tan(a) X[

2, 2 22\
2<R +r;—(R"—r))

r, 2—r
R\ 1 N, R-r2
AR ) Z(R2_ 2
(rm() -3 md) )+ s
+2G,, tan()
R\ 1 -
'(R41n<—)—7(3R2—rf)(R2—r§)>
r, 4
R2—r2 R
. fo R*r,In( — —r?)
rg—r,-2 r, 2r
R}_ 3
ST (R ) = (2R

—;(Rz—r,?)))_1
(5530 o
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Due to (8) and no matrix penetration inside the CNH
(ie., 7/ =0) and &/, = G/.(z) the following equation can

be obtained: .
da?, v,

=22 ¢ 34
dz r:—r? (34)
Inserting (25) in (38) we have:
wi —w) 2_yp2  dat
R o — o =T 0z (35)

R In(R/r,)—Y(R*=r2) ~  2G,(R*-12) dz

Assuming that the bounding between the CNH and
matrix to be perfect, i.e., no sliding occurs at the CNH-
Matrix interface, we have:

m

e, = 8L, = 0lmy, = F7 0l (36)
Assuming low volume fraction of the CNH,
of ~ Gt (37)
and using (33), (35), (36), and (37) we have:
d*a’.

S o iroa—E0 69
= 2 7)ol =E(z

where ®(z), I'(z), and E(z) have been defined in (40a—c).
o in (40c) is the applied axial stress to the RVE, which
is constant. Differential Eq. (39) is a second order lin-
ear one which its coefficients are functions of independent
variable, z. Therefore it can be solved using power series
method.

1 r2—r?
¢(Z)=aR2_r3
G, -t
x{ n an(a)x|: 5 2(Rz—i-roz—(Rz—rf)2
r, r2—r;
R\ 1 N R
(Rm( =) = (R =12 B
( n(,.()) 2( r0)> )+(ro+ri)2i|
4 R
+2G,, tan(@) - | R*In| —
r0

1 2 2\ep2 2 _1R2—r3

_Z(3R —r)(R*—r)) g
R R?

X |:R2r0 ln(—> ——(R*—71?)
r, 2r,

RP—r r

_ 0 To RZ_ 2
B R
r2_R2
(R In(R/r,) = 1/2(R> = 12))

R2r2 r* R* R 3
(e e D () 2R 40
( 2 3t2M%) 78 (402)
R2_’"02 1 > oo, E" s

F(Z):_roz_riZ 1+Vm|:(r0_ri)+E(R _ro)i|

, [R“ ln<r§) — %(31%2 —r)(R* - rf)i|l (40b)

o
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Rz—rf 1

r2—rt 1+pm

. <R4 ln(§> - %(31&2 — i) (R — rj)>1 (40c)

o

B(z) = — (R*0)

Equation (39) is completely consistent with the previous
works on CNTs?! and CNHs.?

4. RESULTS AND DISCUSSION

Here the differential Eq. (39) has been solved numerically
for the case of epoxy matrix and CNH while six different
cone angles have been considered. Here we have used the
mechanical properties of CNT, due to the lack of data for
the mechanical properties of CNH. It is justified because
both CNT and CNH have the same inter atomic bond-
ing, i.e., sp. Therefore, it is expected that the mechanical
properties of the CNH would not be much different from
the mechanical properties of CNT. The properties of these
materials are considered as follows; o = 20°, 10°, 5°, 2°,
1°, and 0°, E,, = 2.41 GPa, E; = 1000 GPa, v,, = 0.25,
a=08nm,t=0.34nm, G, =E,/2(1+v,), 0 =1 GPa,
L, =100 nm and R > 5 x max(r,) = 250 nm.>*** For
solving this problem Maple 9.5% has been used. This prob-
lem has been solved with Runge-Kutta-Fehlberg?® method
which results in a fifth order accurate solution. The CNH’s
mean stress distribution versus the distance from its tip
has been plotted along its longitudinal axis of symmetry
in Figure 3. For solving this problem we need two bound-
ary conditions; Therefore we used the value of mean fiber
stress at z =0 and z = L, for the case of open-ended
CNTs. 2

As it has been shown in Figure 3, the stress distribution
along the CNH is a non-linear function of the cone angle.
Moreover the maximum mean normal stress does not occur
at the middle of the CNH as it does in the case of open-
ended CNTs?! and conventional rod-shape fibers.”’” From
Figure 3 we can conclude that the larger the cone angle,
the further the deviation of location of maximum mean
stress from the middle of the fiber.

In the case of zero cone angle, the maximum occurs
at the middle of the fiber which is plausible due to the
fact that in this case the governing differential equations
would be exactly the same as the case of hollow cylindrical
fiber.!

In addition to the deviation of maximum mean normal
stress, the rate of change of mean stress is not symmetric
in the case of CNH. If we classify the stress distribution
on the CNH into two sections, one from the CNH’s tip to
max value of stress and the other from the max value of
stress to the opposite end of CNH, it can be seen that the
rate of change of mean stress is higher at the first section
compared to the other section (Fig. 4). Furthermore the

5
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Fig. 3. Mean stress, ¢, versus CNH distance along the axes of CNH,
2L e ‘While the maximum stress occurs at the middle for the CNT, for
the case of CNH, the position of maximum stress moves toward the tip
of CNH.

rate of change of maximum mean stress is lower at the
higher angles but it will change abruptly at the smaller
angles. These features happen due to the fact that the stress
transfers to the CNH due to the shear stress between the
matrix and CNH. The amount of transferred stress at the
extreme ends of the CNH is negligible and it rises to a
maximum somewhere in between. On the other hand, the
cross-section area of the CNH changes from a minimum
value to a maximum one. While the stress is proportional
to the amount of transferred shear stress, it is inversely pro-
portional to the cross-section area. It is expected that the
derived mathematical framework provides a computational

o5 /2

—0.5

-1

-1.51

Fig. 4. Rate of change of mean stress along the CNH, i.e., do/dz.
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means for future design of new generation of nanocom-
posites reinforced with CNHs.

5. CONCLUSION

The superior properties of the CNHs compared to CNTs,
such as higher purity and surface areas, promise an
increasing application of CNHs in future nanocomposites.
In this work a rigorous mathematical framework to model
the stress distribution at the interface of a CNH and com-
posite matrix is derived. It has been shown that the stress
distribution along the CNH is a non-linear function of the
cone angle. Also we showed that the larger the cone angle,
the bigger is the deviation of mean stress distribution from
the symmetric case. Although the formula obtained in this
paper are for the case of CNHs but it is also applicable to
the CNTs because CNTs are special case of CNHs with
zero cone angle.

NOMENCLATURE

Axial coordinate of the RVE*
Radial coordinate of the RVE
Radius of the RVE

Half cone angle of the CNH?
Outer radius of the CNH
Inner radius of the CNH
CNH’s outer diameter at z =0
Thickness of CNH’s wall
Strain

Constant applied axial stress to the RVE
Average axial normal stress
Shear Stress

Poisson’s ratio

Shear Modulus

Shear strain

Parameters associated to matrix material
Parameters associated to CNH
Radial displacement

Axial displacement

Traction

Length of the RVE

TR WS~

=

NNESE =2 wIRQAY NSNS o N0

“Representative Volume Element.
bCarbon Nano Horn.
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