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Appendix A: The unknown functions of the initial solutions

The unknown functions fi“’)(g), gi(o)(f), /7,,(0)(93) : ;(i(o)(gg) : K(O)(g), p(o)(cf), q(o)(f), and
s(o)(f) in the initial solutions (Eq.(22) and EQq.(25)) can be determined by applying appropriate

boundary conditions. Firstly, based on the continuity conditions (Vv[®=v"® " =y"°

m(0)

m(0) _ __p(0)
=0 vy, !

Oy w1 Oyl = ay"y(o)) at the interface between mineral | and the protein layer at 7 = dp/(2dm),

we can obtain the following relations,

(A1)
A(L+o,) (d, Y <o>'(§)+|(l_“5) 95 s (£)-v 9y ' (&)+9° (&)

2E.C. |2d, E,Ce (2d, "\ 2d,
f(o)(é;)z I L K(O)(é")-i- p(o)(g) (A2)
| G,C. | 2d,

En( Qo ) s0m (215 20 (&)= O A3
7 2 | (&)+47(£)=x"($) A3
E d ’ " d 4 d !

?(W] A (5)—%}4% <§)+zf°><f>=‘[ﬁj’f(°> (£)+5°(2) (80

Based on the continuity conditions (v'” =v"© y"® =y?© 'O-Q;/(,(I)I) :O-xpy(O)’ o ;qy(?l) :O'ypy(O)) at the

interface between mineral Il and the protein layer at 77 = —dp/( 2dm) , we have,
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2 (A5)
A(L+0,) (dy Y I(1-0)( d, ) o) o | nOr (0)

2F C, [2dmj (¢)- EC, (dejs (§)+Up(2 mjp ()+d7(c)

O (4] 0)

10| 3o #7870 T
E_( i jf'ﬁo)"(f Jea7 )=+ () (A7)
| (2d_

E dp ? oy dp o)’ 0 dp 0)r 0
Sl ] @ g A @ A - @5 ), o

Then, according to the symmetric boundary conditions on AB (see Fig.2), we set v,m(o) =Cc” and

o' =0 at n=(d,+d,)/(2d,). Thatis,

xy, |

o[ T ()0 (4) - 9
Eaf B2 (4 47(0) -0 (10

For the symmetric boundary conditions on GH (Fig. 2), we set v,”,‘(o) =—C"° and o-xn;(?,) =0 at

77=—(dm +dp)/(2dm), hence

o[ e 1 () () o
Ea[ T2 (610 40 (9)-0 12

Secondly, we solve the unknown functions with above boundary conditions. Combining Eq. (A7) and

Eqg. (A3), we obtain

I | 2d | | 2d

m

Sla e i esre-ae-o =



Similarly, subtracting Eq. (A12) from Eq. (A10), we have

I\ 2d, I\ 2d,

By comparing Eq. (A13) with Eq. (Al4), we get
fI(O)n ((f) __ fl(lo)n (5)
And substituting Eq. (A15) into Eq. (A10) and Eq. (A12) arrives

0 0 dm dp o
4065 B o ),

According to Eq. (A16) and Eq. (A3), we obtain
KO (&) =22 107 (&),

2l
Next, summation of Eq. (A2) with Eq. (A6) gives

%)+ 1% () =2p" (&),

Combining the second order derivatives of Eq. (A18) and Eq.(A15), we have
p" (&) =0.

which yields,
P (¢)=C"+Ce.

Substituting Eq. (A17) and Eq. (A20) into Eq. (A2), we have
1 14
7 1 (6)-10(£)=—c” -cPe.

of which the solution is

f9(&)=c+clle+clle +Cclle

mYm* p

E_de] f.<°>"(§)—5[dm*dj (7 (£)+41% (£)-47 (£) =0

(Al14)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)

(A21)

(A22)

where ]/=|\/2Ep /(E d d (l+up)). Substituting Eq. (A22) into Eq. (A16) and Eq. (Al7),

respectively, we obtain,



— ZGmCde

PO (é:) =

(C?(’O)e%‘ + Cio)e—yé )

Substituting Eq. (A20) and Eq. (A24) into Eq. (A6) yields
flgo) (é:) — Cl(o) + Céo)f _ Cs(o)eyf _Cl(lo)efyé'

Substituting Eq. (A22) into Eq. (A9), we have

d,+d ,
o7(6) -0 2552 |1 (£) o

d,+d d,+d
_— (—”‘Zd PJ(cg")e%—cg")e-%)Wm (—Zd p]c§°>+c<°>

and substituting Eq. (A25) into Eq. (All), we obtain

d +d
O (Y= —p | 2 [ §00r () _ O
gy (5)— Um( 2d_ jfu (5) C

=7v (dm +d, J(C:S")e” —cfler)-u [dm +d, )cg") e

2d,,
Then, subtracting Eq. (A5) from Eg. (Al), we obtain

2EmCEdm (0) n EmCE (Umdm +Updp) (0)
I(1-02)d, l(1-0%)d,

s9(¢)=
and adding Eq. (Al) to Eg. (A5), we get

q(O) (é‘) _ LU?er (1+8’;p)dp Jy(céme% —Cﬁo)e'ﬂf).

m

Based on Egs. (A4), (Al7), (A22), (A23), (A28), we obtain

(A23)

(A24)

(A25)

(A26)

(A27)

(A28)

(A29)



d, ) o En( o ) coman (9o )00
A6 ={ g (€5 S | @+ e A
(A30)
2ld,, ld, (1-0?) Id, (1-0%)
Based on Egs. (A8), (Al7), (A23), (A25), and (A28), we obtain
d, ) o En( o ) comoy (9o )00
CE e SCIR O e B PR e
(A31)
_CeCelly (e e 2EnCe o, EnCe s tupd") cll
2ld, Id, (1-07) Id, (1-2})

Finally, according to the loading conditions (for instance, displacement loading uo(o)/2=1 on
boundary BD) and considering the equilibrium of the nanostructure and the anti-symmetry of

displacement in mineral | respect to mineral 1l, we have

—u(&)=up® (-¢) (A32)
u,’“(")‘ L= /2 (A33)
4
(dn+dy)/28n o) ¢ 1
Lp/de O-xx,l d’7 =0 where 5 - _Z (A34)
va d,+d
-[—1/4 awf?)df =0 where 7= > E, (A35)

m

Substituting the expression for uim(o) into Eq. (A32) and Eqg. (A33), and also substituting the expressions

for UX”;f?) and 0';;('?)

into Eq. (A34) and Eqg. (A35), respectively, we can obtain

(umdm -H)pdp)}/Sh%

cO - _ e (A36)

dm(yshy+4ch7/]
44

c® ~0 (A37)



2ysh z
cO—_"4 0 (A38)
ysh 7 yach”
4 4

co-co-— Lt 0 (A39)
ysh 7 yach”
4 4

Then we obtain the expressions of all the unknown function by substituting Egs. (A36) to (A39) into Egs.

(A22), (A25), (A26), (A27), (A23), (A30), (A31), (A20), (A29), (A24) and (A28)

£©(£)= A-(nysh%i 2chy§] (A40)
g (&)= A [[ dmd+ d, j?fUmSh%fi (Umd pd_Upd p ]ySh%J (A41)
E,(d, +d
40(8)= A% ehys (A92)
27(5)= iAif—;; yPshys (A43)
p® (&)= 2A;/§sh% (A44)
1+v,)d
K0 (&)= A% yichye (Ads)

s (£)=0. (A47)



Appendix B: The first order perturbation correction

In this section, we solve the first order perturbation correction of the perturbation solutions of the

governing equations. According to the perturbation expansions obtained in section 3.2, the governing

equations of the first order perturbation (the second expansion term) for the mineral crystal are,

m(1)
2 = L(Gxn;u) —0,00) - Lou
E, | o0&
1
ot = L (gm0 ) 1 "
E, | on
w__1 _no
" G, O
mo) _ Gn [ OU @)y
e | on o0&
oo m(1)
Xy + aO-xx =0
on o
m(1) m(1)
oo,, . oo, o
og on
and those for the protein are,
16uP®

ooy ) =S o0&
16Vp(l)

= ) =
Yoo ECo VY pxx) | on
1

. e Lfou™ v
W T 2G6.C, ¥ 2| op @ of

m

8O'XF;(1) oo

x__ —)
on 0¢
1 1
éaxpy() .\ 80'5; ) o,
3¢ | on

(B1)

(B2)

(B3)

(B4)

(B5)

Solving above governing equations we can obtain the displacement and stress fields of the mineral
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and protein of the first order perturbation as below

um® = £0(£)+ L (&)
v = -0 £ (&) + g (£)+ M, (¢.7)

ol =S A ()4 N, () )

opl) = 07 (£)+ 40 (£)+O,(£.1)

ol =St f0" (£) - (£)+ £ (§)+R(£m)

for mineral, where i=1and Il, standing for mineral | and mineral I1, respectively, and

up(l) I 77’((1)(5%L p(l)(§)+Q(§,77)

" G,C,
- (1+U )2 , I(l—uz) ,
PO _ P 2..(1) P @ _ @ ®
VU Ec, ¢ @%FE$% 787 (&) =vmp ($)+a7 ($)+R(6.7)
i = 20, ot (€)+ S B (&) s ()5 () &7

oi = (&)+T (&.n)
on =i (£)+sY (£)+U (&)

for protein. The unknown functions L;(&,7), M, (&,17), N,(&7), O(&n), B(&m), Q(&m),

R(&m). S(&m), T(&m), U(&m): and £9(8), g(£), 47(¢). 27 (¢). (&),
p(l)(f), s(l)(é), q(l)(f) can be determined by applying the boundary conditions.

The unknown functions in Eq.(B6) are

L (&) == 20 10 () (£) + - nA® (&) (©9)
o Comr e N1 0V o (107

M, (67) =222 0 ()2l (£) <2+E“)M<><§>+(E“)ws>(§> (89)

N, ()= —E2 107 (&)~ E2 gl () (220, )2 (£) 40,2 (2) ©10



2+ " '
=Sy 20 (&) - v (€)

E nn E "
O (&)= 1" (£)+ 5™ (€)

2l ' 2 '
__i 4 ¢ (O)rm _& 30y 2+Um 34 (0)m U_m 2 _(oy
Pi(f:n)— 12|77 f. (ég) 6|779i (5)"' 6 A (5)*’ 277% (ﬁf)
where i=1and Il denoting the mineral | and mineral I1, respectively.
And the unknown functions in Eq.(B7) are
|(1+u )(3+u ) y (2+U ) , |(1+U )2 , ,
Q&) =’k (&) =2 p " (&) ——==— s (&) -nd ' (¢
(En) gt ()5 B (&) s (€)-d” (9
|(1+U )2 (1+21) ) lv (1+U ) 9
R — p 4 (0ym p) 3.0 p P) 3.0 p 2.0
(&m) EC © (&) +——P7( )+—3EmCE s (§)+md T (6)
3+2v " EC " 1+2v ) EC )
s(«:,n)=——( - o) o (6)-=2=n"p? (5)—( > ) g (6)-="=na™ ()
2+0v " E C "
T(&n)=-— 2 1%, (&)=~ p°" (&)-v,ns (&)
2+U " E C " U 14
U (&m)=—=mc™ (&) + =250 (6)+ Zon's™ (€).

Substituting Egs. (A40) to (A47) into above equations, we have

2+ " , |
L (&) === 1 (£)-ng(” (&) + 54" (&)
2+, d,+d | E,(d,+d,)
T 2 772A(i272Ch7§)_77A( d pJJ/ZUmChVéZ‘FG—mT?Apr/ZChJ/f
2 d +d
AL 772A($27/2ch7§)+77A( +0)(d + p)yzch}/§

2

m

d,+d

p 2Ch
d. Jﬂj?’ 75

=A(2+Um)($772+(

(B11)

(B12)

(B13)

(B14)

(B15)

(B16)

(B17)

(B18)



1+2 3 m 2 (0) (1 m220' Il_uri 0
M, (&) == (&) + gl <§>—%W<é>+%m><é>

d +d
1+§Um 773A(—2}/ Shj/f) A( m p

m

jfvmsh%
(B19)
|@+U) , EJdm+dQ \ |@—u@ E,d?

m A shyé + +A 3sh
26 . e E 4|d27 e
1420, 5 do+d 1420, (1-02)d2
3”‘773— ; : ; nzi( 4d2) P |y shye

m

=A*

N, (&) === 1" (€)=l

=—ET77 A(2y° SWé)—E—nA(

" (£)+(2+0,) 28" (£)+ 0,2 (&)
d,+d

: ]73vm8h7§

m

(B20)

E (d_+d E d?
+(2+Um)ﬂA%y3shy§+u (J_rA 4r|nd2p 735h7§]

m

+
T T

m

d +d) Eoud
=A[$2Em , 26, (d+d,) Ew, p}ysshyg

7" (£)- 21 12207 (£) -0 1 (£)

E 3 ¢ (0)rr
O, (&)= £ (é) ;

E d,+d
- 3_';‘773A(i274ch}/§) +2—r|”772A[ P ] 7*v, chyé

d

m

2

(B21)

240 0B E,(d, +d,)
2 Id

m

‘chyé —v n| tA—L
vl *
7 Ee 4Id2

Ch;/fj

2E, 5 E,(d,+d E,0,d;
A ERT |( d s 41d? "J”hy‘f

10



2+ " "
T%n3ﬂ1(°) (f) +ﬁ7721i(0) (f)

E nrm E nn
£ (&) gl (£) + ;

121 6l
d,+d

E,
=——" 5 A(£25°sh Eu °A P 1»°v sh
o A2 se) -2 ( 0 ]wm ¥

R(&m)=-

240 o (dy +d v E,d’ (B22)
6 m773A (Id p)]/SSh]/é-i-?mT]z[iA Idzp 755h]/§]

d +d E v d?
_A[_E’“n4+ ( )773J_r mUn ZJyshyf

6l a3 d 8ld?

m

|(1+Up)(3+l)p) 5 (o <2+u) 2 (O |(1+up)2
Tee T O

(1 3 1+u, )d
= —% 773A% yichyé —nA{um +(+4:¢J yehyE (B23)

_A{_MW [ %] ]yzchyf

6CE m

Q(&m)=

m

lv (1+u ) v
p) 3 (0 p p) 3.0 p 2.0
np (5)+—3E c sV (&)+2= 51 (¢)

2
I(1+ov 1+v, |d

6 I

ZA(_(?)-’-ZUP) Em 773}/2_ EmCE {Um + (l+Up)dp jnJySShyg

3+2v 1+v_)d

6l I
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2 o) o) oy
T (&)=~ () =2 = (&) -0 ()
2+, ., Ey 4
— n ATmy chyé (B26)
(2+0,)E, ,
=-A TR chyé
2+0 EC )
_ p 3 (0)r m“E 2 (0" “p 2.0
U(&n)= 5 (&)+ o (&)+ 5 'S (¢)
=%U3A%f’shy§ (B27)
(2+Up)Em 3.5
=A n°y’shy&.
6l
It can be found that
L (&-n)=-L,(&m) (B28)
M, (&-17)=M,(&7) (B29)
N, (&-7)=-N, (&.7) (B30)
O, (&,-17)=0, (&.n) (B31)
P (&-n)=-P, (&m) (B32)
Q(&,-n)=-Q(&.n) (B33)
R(&-n)=R(&m) (B34)
S(&-n)=-S(&n) (B35)
T(&-n)=T(&n) (B36)
U(&-n)=-U(&n). (B37)

In the following, we will determine the coefficients in above unknown functions. Firstly, according to

the continuity conditions (u]"” =u™ v =v*¥, &0 = 5P 576 = 5Py on the interface of the

Xy, y ! .l

mineral | and the protein at 7 = dp/(de ), we have
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(o (A, T 0 1) o
A+oy) (dy ) L-0)( dy Vewpoy, [ ) W
2FE C, (dej (O (de Ol LGS (£)
o) p | (9] o ) b
fl (§)+LI (éde] GmCG(de]K (§)+p (§)+Q[§'2de (9
CEnf 9 ) o LR a5
| {dejf, (§)+/1| (é’)+0I f,zdm =K (§)+T f,zdm (B40)
Enf 9 ) (o d ) W a4y
(o] @ @9 n agy
] (B41)
_ (9 ) ey W b
= (de}c (&)+s7(&)+U 5,2dm )
And according to the continuity condition (u]” =u®® v =y*® axn;(ﬂ :o-xr;(l), a;"y(l,), =0'§y(1)) on
the interface of the mineral Il and the protein at  =—d_ /(2d,,), we obtain
dp (@ @ _ dp _ _ dp _
Um(dejfu (é)"'gu (ég)"'Mu 4 2d_ R| ¢, 2d, =
(o) (8, ) 1000 : -
A+o,) (dy ) “0)( 4y ) b | B
2E C. Edej S o Er M O g LI CIAR S
d - d d
i) % P | @ &) %
O e Eeron b G L e 84
Enf 9 )y B LV 4,
| {de]fu (‘:rg)"'lu (§)+Ou g, 2d_ =K (§)+T <, 2d_ (B44)
Ey & 2 (@m i @y @) _ d,
I(dej f, (§)+[2dm A (5)"‘;{“ (5)"‘P|| &, 2d.
(B45)

(9 ) o B 4,
_[de}( (&)+s (§)+U[§, 2 )

And from the symmetric boundary conditions on AB (see Fig. 2), we set v,m(l) =C® and O':;,(’ll) =0 at
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n= (dm +dp)/(2dm) , then we have

-v, (dmz;r d J f .0 (&)+ gl (&)+M, (5, d"‘zg d, J =c® (B46)
_%(_dng dpj (9 (£)+ 40 (£)+0 [é, et j -o. (B47)

And for the symmetric boundary conditions on GH (Fig. 2), we set Vlnl’(l) =—C% and o-;”y(ﬂ =0, at

n=-(d, +dp)/(2dm), then we have

d d 1) 1 dm d )
um{ mz;_ Pjﬁg)(§)+gfl)(§)+M“(§,_ 2; pjz_c() -
Ey [ dn *d " d,+d
T[Tj ()4 (£)+Oy (5,- ! jo o

Secondly, we use above relations obtained from the boundary conditions and continuity conditions to
solve the unknown functions. Subtracting Eqg. (B40) from Eq. (B44), and applying

O, (&,-7)=0,(&.m), T(&,-n)=T(&,n), we obtain

E (d , E ( d "
And subtracting Eq. (B47) from Eq. (B49) and applying O, (£,—17)=0, (£,77), we obtain
E (d,+d ” E,(d,+d "
e MO E e LR CI N ER =

Combining Eq. (B50) and (B51) leads to

0" (&)+ £ (£)=0. (B52)

Then substituting Eq. (B52) into Eq. (B47) and Eq. (B49), and considering O, (&,-77)=0,, (£,77), we

obtain

A (E)=21(¢) =5£dm +dpj £ (£)-0, (é, G+, J (B53)



And substituting Eq. (B53) into Eq. (B40), we obtain

1 1) dp dm dp dp
K()(§)=%f.()(§)+0.£§,EJ—O.(§, 2:; ]—T(&W]- (B54)

m m

Next, by adding Eq. (B39) to Eq. (B43), and considering the relationship L, (&,—77)=-L, (£,7),
we obtain
2 (E)+ £0(&)=2p" (&). (B55)
According to Eq. (B52) and (B55), we have
2p™"(&)=0. (B56)
of which the general solution is
p¥ (¢)=c +Cle. (B57)

Substituting Eq. (B54) and Eq. (B57) into Eq. (B39), we obtain

1 o d d
@ e = et e |0 e e
B58
21 Ogdp Ogderdp dep (859)
=07 R I T N s 2d, )
of which the general solution is
f(&)=C +cle+Cle” +Cle
ABy*( ch2 (B59)
- 485/3 (e ”® (Ch7§sh7§+ch2y§+7/§)—e7§ (Chyfshyf——zyg +;/§D

where A=, /(7sh7+4ch ) B=12v,d,d; -3d,d;—v,d d’—4d>.

m=p-m p~m=p

From Eq. (B55) and Eg. (B57), we obtain

fl(ll) (5) - C(l) + C(l)é‘ _ Cgl)e% _ C‘(ll)efyé

+2ng [e 7 (chyéshyé +ch’yé + &) - er(chygshyg—

B60
ChinyrW:D. (B60)
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From Eqgs. (B46), (B48), (B53), (B54), (B57), (B41) and (B45), we obtain

d +d d +d
@) _ m p @ _ m p @)
9, (5)_Um( 2d_ ]f| (?) Ml(é:’ 2d. J*‘C (B61)
d +d d +d
@) _ m p (@) _ _om P |_e~@
Oy (‘f)_ Um[ 2d_ qu (5) Mu{fa 2d_ J C (B62)
B o _E, dm+dp . ~ dm+dp
AN(E) =4 (5)——I (—de ]f. (£)-0, [5, 20 (B63)
W (£ _ Em ¢y d, ) d,+d, | d,
G e L 850
p(l)(§)=C1(1)+C£1)§ (B65)
(e Enf 9 * o (b )y dy |y
A (5)_ 2l (dej fl (5) demjK (§)+(2dmjil (5)
; | (B66)
() p _ p
w (§)+U£§,2dmj Pl(f,deJ
0. Enf & ) cam Ao Voo [ 9 ) 0
a(§)==5 (dej f (§)+(2dm]K (€) (de]ﬂ” ) ©67)

d d
+S(1)(§)+U [5,_2; j_PII (51_2; J

m

Then subtracting Eq. (B38) from Eq. (B42), and considering the relationship M, (&,—17)=M, (&,77)

and R(¢&,—n)=R(&,7), we obtain

d,+v.d
s(l)(g): E.Ccd, [(Um m U p)C£1)+2C(1)J. (B68)
p

1(1-0%)d d,,

By adding Eq. (B38) to Eq. (B42), and considering the relationship M, (&£,—7)=M, (&,77) and

R(&-n)=R(&,n), we obtain

16



q¥ (&) =221 (&) 17 ()M, [a%j—M. (5, o j

d ) 1(1+o0,) [ d Y oy
A s )

Finally, the unknown coefficients C®, C, c{!, C{’ and C{” in above equations can be

(B69)

obtained according to the loading conditions (For instance, displacement loading u(()l)/Z:O on
boundary BD) and considering the equilibrium of the nanostructure and the anti-symmetry of

displacement in mineral | respect to mineral I, which are

(&)U (~6.) ©70
o1 do+d

jjd;;:“)/ oMy =0 where £=-1/4 (B72)
V4 m

I_;Aayyfll)df =0 where 7= (dm +d, )/(de )- (B73)

which can be further expressed as below,

~f (&)=L (&)= 17 (=£)+ Ly (<& -n) (B74)
)

fl(l) (ij"' L, [iv dp + Oy J _Do (B75)
4 4" 2d, 2

(dn+d,)/2d, & (1),(_1] [_l J _

Idp/zdm ( I f 4 +N, 4’77 dn =0 (B76)

va| Ey d,+d, 2 . d,+d, ) o (1) d,+d, ~

MLZ [—2% J () { 2 A E)ral ()R 65 flde=0. ®7)

According to Eq. (B74) we have Cl(l) = O,CS) = Cfll) , therefore the original five unknown coefficients
can be reduced into three unknown coefficients C®, C{V, C =C!. Then we have simplified

expression of Eq. (B59) as

17



£9(&) =0+ 20enye 287 (S e Lo oeen
1 (8)=C e+ 20 Tehyg — o | SehyE —shyg ~2pgshy |, (B78)

According to Eq. (B75), Eq. (B76) and Eq. (B78), together with Egs. (B18) and (B20), we can obtain the

unknown coefficients C” and C" as below,

Y w7 2 y
2,sh B(Zsh——ch—+7/j+16dm d,+3d )sh=
= : : yUé1)+ A x 22 ( )N (B79)
7 4 3 /4 /4 /4
Ach?y+sh, 24dm(4ch4+7sh 4) —12(2+um)c|m(c|;+2o|mo|p)shE
2y(2+0,)d d2sh? +BAchY —Bych? 15Bysh? —12Bch”
g Y N 720+ By o —Byeh -+ SBysh 2Bk | (B80)

Yo 10 ar? soet? /4 /4 2.7
ey 192qn[4d14+ysh4j +4|ashz+3zyd;(qn+3dp)mz+96(2+%)qn(dm+dp) o,
The unknown coefficients C“ can be obtained through Eq. (B77). By substituting Eq. (B78), Eq. (B63),

Eqg. (B66) and Eq. (B22) into Eq. (B77), we can get the analytical solution of coefficient CcY as below

2(d +2d v,d,+v.d
cl — ABy m T <0, (l—u )shz—( p P)Cél) (B81)
96d° 2d,, P 4 2d

m
Finally, basing on the initial solution and the first order perturbation correction of the perturbation

solution of governing equations, we can obtain the analytical expressions of the improved approximate

perturbation solution of the displacement and stress fields in mineral and protein as below,

ul =u%+ & u (B82)
Vi =€ (Vim(o)"' < Vim(l)) (B83)
o =omi + €5 ot (B84)
ol =& (am(°)+ e’ o*m(l)) (B85)
wi —Sd |\ Oyyi d Oyyi
o =€ (oni+ e ond) (B86)
uP =u"%+ eyt (B87)
VP =¢, (vp(°)+ e vp(l)) (B88)
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Figure S1: The comparison between our theoretical predictions and the FEM simulation results. (a) The
dimensionless normal stress in the mineral crystal; (b) the dimensionless shear stress along the
mineral-protein interface; (c) the dimensionless displacement in the mineral along the longitudinal
direction. E, /G, =2400, and ® =50%.

(Discussion: One reason for the discrepancy between our theoretical predictions and the FEM results
at the mineral tips is that we assumed a traction free boundary condition at the mineral tips by neglecting
the traction force acted by protein at the mineral tips during the model simplification from Fig. 1(b) to Fig.
2. The other reason is that we neglected the boundary condition at the end of protein layer. We note that
there is non-zero shear stress at the end of protein layer, which violates the Newton’s third law for the
mutual forces of action and reaction between the protein layer and its neighbors at lines CE and DF. This
problem can be solved by constructing a boundary-layer type solution to satisfy the Newton’s third law.
However, according to theSaint-Venant's principle, these simplifications will only affect the tip zone of
the mineral of size about 2(dm + dp ) If the aspect ratio of the mineral is large, the ratio of this zone size
to the length of mineral will be small. The consistency between the theoretical predictions and the FEM

results just validated our assumptions)
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Figure S2: The equivalent Young’s modulus of the nanocomposite structure versus the aspect ratio of

mineral crystal predicted by our analytical solution, the TSC model and the FEM simulation

( Em/Gp = 2400). The volume fraction of mineral ® =45% (as the case of bone).
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Figure S3: The influence of the elastic modulus ratio of mineral to protein on the distribution of the

dimensionless normal stress in mineral, the dimensionless shear stress at the mineral-protein interface and

the dimensionless displacement in mineral. ® =50%.
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Figure S4: The evolution of the distribution of the normal stress in the mineral along the longitudinal

direction with the variation of the y value.
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