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Abstract

Universal displacements are those displacements that can be maintained for any member of a specific
class of linear elastic materials in the absence of body forces, solely by applying boundary tractions. For
linear hyperelastic (Green elastic) solids, it is known that the space of universal displacements explicitly
depends on the symmetry group of the material, and moreover, the larger the symmetry group the
larger the set of universal displacements. Linear Cauchy elastic solids, which include linear hyperelastic
solids as a special case, do not necessarily have an underlying energy function. Consequently, their
elastic constants do not possess the major symmetries. In this paper, we characterize the universal
displacements of anisotropic linear Cauchy elasticity. We prove the result that for each symmetry class,
the set of universal displacements of linear Cauchy elasticity is identical to that of linear hyperelasticity.

Keywords: Universal deformations, universal displacements, linear elasticity, Cauchy elasticity, Green elas-
ticity, hyperelasticity, odd elasticity.

1 Introduction

Universal deformations for a given class of solids are those deformations that can be maintained in the ab-
sence of body forces and by only applying boundary tractions for any member of the class. Their study was
motivated by the seminal papers of Ronald Rivlin who found several exact solutions in nonlinear hyperelas-
ticity [Rivlin, 1948, 1949a,b]. It was Jerry Ericksen who initiated the first systematic studies of universal
deformations in homogeneous compressible and incompressible isotropic hyperelastic solids in two seminal
papers [Ericksen, 1954, 1955]. For compressible isotropic hyperelastic solids, Ericksen [1955] showed that
universal deformations are homogeneous.1 The problem of characterizing universal deformations is much
harder for incompressible isotropic hyperelastic solids [Pucci and Saccomandi, 1998, Saccomandi, 2001a].
Through an elegant and remarkable analysis, Ericksen [1954] discovered four families of universal deforma-
tions (besides isochoric homogeneous deformations) for incompressible isotropic solids. In his analysis the

∗To appear in the Journal of Elasticity.
†Corresponding author, e-mail: arash.yavari@ce.gatech.edu
1To prove this result, Ericksen [1955] used the equilibrium equations in the absence of body forces, the requirement that

these equations be satisfied for any arbitrary energy function, and the compatibility equations of the left Cauchy-Green strain.
An easier proof was given in [Saccomandi, 2001b] by using the following two specific energy function: W (I1, I2, I3) = µ1I1 +

µ2I2 +µ3I3 and Ŵ (I1, I2, I3) = µ̂1I21 + µ̂2I22 + µ̂3I23 , where µi and µ̂i, i = 1, 2, 3, are arbitrary constants. Casey [2004] showed

that Ericksen’s result can be proved using the simpler energy functions W = µ1I1 and Ŵ = µ̂1I21 . He also pointed out that
universal deformations for elastic materials, including the set of hyperelastic materials, must be homogeneous as well.
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case of deformations with constant principal invariants needed to be treated separately. He conjectured that
a deformation with constant principal invariants must be homogeneous. This turned out to be incorrect
[Fosdick, 1966] and led to the discovery of a fifth family of universal deformations [Singh and Pipkin, 1965,
Klingbeil and Shield, 1966]. To this day, it is not known if there are any other constant-principal-stress
universal deformations for incompressible isotropic hyperelastic solids—Ericksen’s problem. In the past few
decades, there have been many attempts to solve this open problem [Marris and Shiau, 1970, Kafadar, 1972,
Marris, 1975, 1982] and some special cases have also been analyzed [Fosdick and Schuler, 1969, Fosdick, 1971].
It should be mentioned that universal deformations have played a pivotal role in various developments of
nonlinear elasticity, including:

• Universal deformations have played a foundational role in the development of semi-inverse solutions in
nonlinear elasticity [Knowles, 1979, Polignone and Horgan, 1991, De Pascalis et al., 2009, Tadmor et al.,
2012, Goriely, 2017], and more recently, in anelasticity [Kumar and Yavari, 2023] and viscoelasticity [Sadik
and Yavari, 2024].

• Universal deformations provide valuable insights for designing experiments aimed at determining the
constitutive relations of specific materials [Rivlin and Saunders, 1951, Doyle and Ericksen, 1956].

• These exact solutions have been utilized as benchmark problems in computational mechanics [Dragoni,
1996, Saccomandi, 2001a, Chi et al., 2015, Shojaei and Yavari, 2018].

• Universal deformations have been instrumental in deriving effective properties for nonlinear composites
[Hashin, 1985, Lopez-Pamies et al., 2012, Golgoon and Yavari, 2021].

The study of universal deformations has been extended to inhomogeneous and anisotropic hyperelastic
solids [Ericksen and Rivlin, 1954, Yavari and Goriely, 2021, Yavari, 2021, Yavari and Goriely, 2023], anelas-
ticity [Yavari and Goriely, 2016, Goodbrake et al., 2020, Yavari and Pradhan, 2022, Yavari et al., 2023,
Pradhan and Yavari, 2023], and liquid crystal elastomers [Lee and Bhattacharya, 2023, Mihai and Goriely,
2023].

In linear elasticity, the counterparts of universal deformations are universal displacements [Truesdell,
1966, Gurtin., 1972, Carroll, 1973, Yavari et al., 2020]. The first systematic study of universal displacements
in anisotropic linear elasticity was conduced in [Yavari et al., 2020]. It was shown that the set of universal
displacements explicitly depends on the symmetry class; the larger the symmetry group the larger the corre-
sponding set of universal displacements. Thus, isotropic solids have the largest set of universal displacements
and triclinic solids have the smallest one (actually, the only universal displacements for triclinic solids are
homogeneous displacements). The study of universal displacements has been extended to inhomogeneous
solids [Yavari and Goriely, 2022b], compressible anisotropic linear elastic solids reinforced by a family of
inextensible fibers Yavari [2023], and linear anelasticity [Yavari and Goriely, 2022a].

Recently, [Yavari, 2024] extended the analysis of universal deformations and inhomogeneities to inhomoge-
neous compressible and incompressible isotropic Cauchy elasticity. Cauchy elastic solids may not necessarily
have an energy function, and include hyperelastic solids (Green elastic solids) as a special case. This sug-
gests that Cauchy elasticity may have more stringent universality and universal inhomogeneity constraints
compared to those of hyperelasticity. Consequently, one might expect smaller sets of universal deforma-
tions and universal inhomogeneities for Cauchy elasticity relative to those of hyperelasticity. However, it
was shown that the universal deformations and inhomogeneities of Cauchy elasticity coincide with those of
Green elasticity in both the compressible and incompressible cases. In this paper we study the analogue of
this problem in anisotropic linear Cauchy elasticity.

This paper is organized as follows. In §2 we briefly review anisotropic linear Cauchy elasticity. Universal
displacements of all the eight symmetry classes of linear Cauchy elasticity are characterized in §3. Conclusions
are given in §4.

2 Linear Cauchy elasticity

In Cauchy elasticity, stress at a specific point and moment in time explicitly depends on the strain at that
point and the same moment in time without any history dependence [Cauchy, 1828, Truesdell, 1952, Truesdell
and Noll, 2004]. However, unlike hyperelasticity (or Green elasticity [Green, 1838, 1839, Spencer, 2015]) an
energy function may not always exist. Green and Naghdi [1971] demonstrated that Cauchy elasticity is
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consistent with the first and the second laws of thermodynamics. They illustrated that over a closed path
in the strain space, the net work in a Cauchy elastic solid may not be zero. Specifically, in the case of a
linear stress-strain relationship they showed that the nonzero stress net work is due to the absence of major
symmetries.2 There is a lack of consensus in the literature of nonlinear elasticity regarding the viability of
Cauchy elasticity. While some researchers dismiss it [Rivlin, 1986, Casey, 2005, Carroll, 2009, Rajagopal,
2011], others seem to accept its validity [Truesdell, 1952, Ericksen, 1956, Truesdell and Noll, 2004, Ogden,
1984, Ostrosablin, 2017, Kruž́ık and Roub́ıček, 2019, Bordiga et al., 2022]. Our interest in studying Cauchy
elasticity stems from its potential to describe the mechanics of active matter. In active matter, with access
to external energy sources, the net work over closed loops in the strain space may not vanish. Moreover,
the recent interest in the physics literature on “odd” elasticity [Scheibner et al., 2020, Fruchart et al., 2023],
which is essentially linearized non-hyperelastic Cauchy elasticity,3 is another motivation for studying Cauchy
elasticity and its universal displacements for different symmetry classes.

Let us consider a body B deforming in a Euclidean ambient space S that is equipped with a Euclidean
metric g. The linearized strain at a point x ∈ B is defined as

ϵ(x) =
1

2

[
∇u♭(x) + (∇u♭(x))⋆

]
, (2.1)

where ∇ is the Levi-Civita connection of g, and u is the displacement field. In a coordinate chart {xa},
displacement has components ua, and u♭ has components ua = gab u

b (♭ is the flat operator, which lowers
indices). In coordinates, ϵab =

1
2 (ua|b + ub|a). Obviously, the linearized strain is symmetric by construction,

i.e., ϵ⋆ = ϵ (ϵ⋆ is the dual of ϵ), or in components ϵab = ϵba. In linear Cauchy elasticity the constitutive
equations at x ∈ B are written as

σab(x) = Cabcd(x) ϵcd(x) , a, b = 1, 2, 3 , (2.2)

where C is the elasticity tensor and summation over repeated indices is assumed. The balance of angular
momentum σab = σba and symmetry of the linearized strain imply the following minor symmetries:

Cabcd(x) = Cbacd(x) = Cabdc(x) . (2.3)

However, the major symmetries do not necessarily hold, i.e., in general, Cabcd(x) ̸= Ccdab(x). However, one

can always write Cabcd(x) =
s

Cabcd(x) +
a

Cabcd(x), where

s

Cabcd(x) =
1

2
[Cabcd(x) + Ccdab(x)] ,

a

Cabcd(x) =
1

2
[Cabcd(x)− Ccdab(x)] , (2.4)

are the symmetric and anti-symmetric parts of the elasticity tensor, respectively.
There are several works in the literature on characterizing anisotropic elasticity (and viscoelasticity) ten-

sors that lack the major symmetries [Rogers and Pipkin, 1963, Podio-Guidugli and Virga, 1987, Yong-Zhong
and Del Piero, 1991, He and Zheng, 1996, Ostrosablin, 2017]. It is known that three-dimensional isotropic
Cauchy elastic solids lack any anti-symmetric elastic constants [Rogers and Pipkin, 1963, Ostrosablin, 2017].4

Consequently, the universal displacements of isotropic linear Cauchy elastic solids are trivially identical to
those of isotropic linear hyperelastic solids. Similarly, cubic Cauchy elastic solids do not possess any anti-
symmetric elastic constants either [Rogers and Pipkin, 1963, Ostrosablin, 2017]. Consequently, the universal
displacements of cubic linear Cauchy elastic solids are trivially identical to those of cubic linear hyperelastic
solids.

3 Universal displacements in anisotropic linear Cauchy elasticity

In linear Cauchy elasticity there are eight symmetry classes: triclinic, monoclinic, tetragonal, trigonal,
orthotropic, transversely isotropic, cubic, and isotropic [Cowin and Mehrabadi, 1995, Forte and Vianello,
1996, Chadwick et al., 2001, Ting, 2003, Cowin and Doty, 2007, Ostrosablin, 2017].

2This has also been observed in the recent studies on “odd” elasticity [Scheibner et al., 2020, Fruchart et al., 2023].
3Ostrosablin [2017] uses the terms Cauchy elasticity and quasielasticity interchangeably.
4This has been noted recently in the so-called odd elasticity, which is simply linear non-hyperelastic Cauchy elasticity.

Specifically, it has been noted that in 3D isotropic elasticity there are no “odd” elastic constants [Scheibner et al., 2020,
Fruchart et al., 2023].
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Remark 3.1. At the crystallographic level there are the 32 crystallographic point groups distributed among
7 systems [Wondratschek, 2006, Haussühl, 2008, Newnham, 2005, Zheng, 1994, Zheng and Boehler, 1994].
To these if one adds the Curie groups (isotropy essentially), one obtains the 8 symmetry classes of classical
linear elasticity as was mentioned above [Chadwick et al., 2001]. Within these classes there are the 32
crystallographic point groups. In classical linear elasticity, material points do not have microstructure and
one can think of linear elasticity as a homogenized theory of simple lattices. It is known that simple lattices
only realize the holohedral crystal classes (namely the maximal crystallographic point groups + isotropy)
[Pitteri and Zanzotto, 1998, 2002]. This is why in classical linear elasticity one uses only those matrices
associated with the holohedral crystallographic point groups. However, for continua with microstructure,
e.g., gradient elasticity or micropolar elasticity, this is no longer true as for multilattices (namely Bravais
lattices with a basis) all the 32 crystallographic point groups can be realized [Pitteri and Zanzotto, 1998,
2002, Sfyris and Sfyris, 2023, 2024].

Next, we consider the eight anisotropy classes, excluding the isotropic and cubic classes, and determine
their corresponding universal displacements. Utilizing the bijection (11, 22, 33, 23, 31, 12) → (1, 2, 3, 4, 5, 6),
the constitutive equations in Voigt notation are given by

σα =
6∑

β=1

Cαβ ϵβ =

6∑
β=1

(cαβ + bαβ) ϵβ , α = 1, · · · , 6 , (3.1)

where [cαβ ] (cαβ = cβα) and [bαβ ] (bαβ = −bβα) are, respectively, the symmetric and anti-symmetric 6 × 6
stiffness matrices. Thus, one has the following elasticity matrix [Ostrosablin, 2017]:

c =



c11 c12 − b12 c13 − b13 c14 − b14 c15 − b15 c16 − b16

c12 + b12 c22 c23 − b23 c24 − b24 c25 − b25 c26 − b26

c13 + b13 c23 + b23 c33 c34 − b34 c35 − b35 c36 − b36

c14 + b14 c24 + b24 c34 + b34 c44 c45 − b45 c46 − b46

c15 + b15 c25 + b25 c35 + b35 c45 + b45 c55 c56 − b56

c16 + b16 c26 + b26 c36 + b36 c46 + b46 c56 + b56 c66



. (3.2)

Further constraints can be imposed on the elastic constants by assuming certain symmetries. These con-
straints span from the extreme case of isotropy, where only 2 constants are free (no anti-symmetric elastic
constants), to the triclinic case where no constraints are imposed, resulting in 36 free constants (21 symmetric
and 15 anti-symmetric).

3.1 Universal displacements in triclinic linear Cauchy elastic solids

For triclinic solids, the identity and its opposite are the only symmetry transformations. Consequently, there
are no restrictions, other than positive-definiteness, on the elastic constants in the elasticity matrix. Thus,
there are 36 independent elastic constants in total. For a body composed of a homogeneous anisotropic
linear elastic solid, the balance of linear momentum in Cartesian coordinates (x1, x2, x3) is expressed as

σab,b(x) = Cabcd ϵcd,b(x) = 0 , a = 1, 2, 3 . (3.3)
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Using the matrix representation (3.2), this is rewritten as:


∂

∂x1
0 0 0 ∂

∂x3

∂
∂x2

0 ∂
∂x2

0 ∂
∂x3

0 ∂
∂x1

0 0 ∂
∂x3

∂
∂x2

∂
∂x1

0





C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C45 C55 C56

C61 C62 C63 C46 C56 C66





∂u1

∂x1

∂u2

∂x2

∂u3

∂x3

∂u2

∂x3
+ ∂u3

∂x2

∂u1

∂x3
+ ∂u3

∂x1

∂u1

∂x2
+ ∂u2

∂x1



=


0

0

0

 . (3.4)

The three equilibrium equations above, in the absence of body forces, must hold for arbitrary values of
the independent elastic constants. This implies that in each equilibrium equation, the coefficient of each
elastic constant must vanish. This gives a set of PDEs—the universality constraints—for the displacement
field. Arbitrariness of the 21 symmetric elastic constants cαβ in (3.4) gives the following 18 PDEs [Yavari
et al., 2020] 

∂2u1

∂x2
1

=
∂2u1

∂x1∂x2
=

∂2u1

∂x1∂x3
= 0 ,

∂2u2

∂x2
2

=
∂2u2

∂x2∂x1
=

∂2u2

∂x2∂x3
= 0 ,

∂2u3

∂x2
3

=
∂2u3

∂x3∂x1
=

∂2u3

∂x2∂x3
= 0 ,

∂2ua

∂x2
b

= 0, a ̸= b, a, b ∈ {1, 2, 3} ,

∂2u1

∂x2∂x3
=

∂2u2

∂x1∂x3
=

∂2u3

∂x1∂x2
= 0 .

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

Yavari et al. [2020] showed that the above PDEs imply that the displacement field must be homogeneous.
Looking at the structure of (3.2), it is easy to see that the universality constraints corresponding to cαβ

include those corresponding to bαβ (α ̸= β). The reason is that the symmetric and antisymmetric elastic
constants appear as the pairs cαβ + bαβ and cαβ − bαβ , for α ̸= β, in Navier’s equations. This means that
arbitrariness of the anti-symmetric elastic constants in Navier’s equations do not give us any new universality
constraints. This can be verified by direct computations as well.5 Hence, we have established the following
result.

Proposition 3.2. The sets of universal displacements of triclinic linear Cauchy elastic solids and triclinic
linear hyperelastic solids are identical and coincide with the set of all homogeneous displacement fields.

3.2 Universal displacements in monoclinic linear Cauchy elastic solids

In monoclinic solids, there exists a plane of material symmetry—a reflection symmetry. We can assume,
without loss of generality, that x3-axis is perpendicular to the plane of material symmetry. A monoclinic solid
has 20 independent elastic constants (13 symmetric and 7 antisymmetric), and in the Cartesian coordinates

5All the symbolic computations in this paper were performed using Mathematica Version 13.3.0.0, Wolfram Research,
Champaign, IL.
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(x1, x2, x3), the elasticity matrix takes the following form [Ostrosablin, 2017]:

c =



c11 c12 − b12 c13 − b13 0 0 c16 − b16

c12 + b12 c22 c23 − b23 0 0 c26 − b26

c13 + b13 c23 + b23 c33 0 0 c36 − b36

0 0 0 c44 c45 − b45 0

0 0 0 c45 + b45 c55 0

c16 + b16 c26 + b26 c36 + b36 0 0 c66



. (3.10)

Arbitrariness of the symmetric elastic constants in Navier’s equations gives us the following set of universality
constraints [Yavari et al., 2020]: 

∂2u1

∂x2
1

=
∂2u1

∂x1∂x2
=

∂2u1

∂x1∂x3
= 0 ,

∂2u2

∂x2
2

=
∂2u2

∂x2∂x1
=

∂2u2

∂x2∂x3
= 0 ,

∂2u3

∂x2
3

=
∂2u3

∂x3∂x1
=

∂2u3

∂x2∂x3
= 0 ,

∂2u1

∂x2
2

=
∂2u1

∂x2
3

= 0 ,

∂2u2

∂x2
1

=
∂2u2

∂x2
3

= 0 ,

∂2u3

∂x2
1

=
∂2u3

∂x2
2

= 0 ,

∂2u1

∂x2∂x3
+

∂2u2

∂x1∂x3
= 0 ,

∂2u3

∂x1∂x2
= 0 .

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

The arbitrariness of the antisymmetric elastic constants in Navier’s equations does not yield any new uni-
versality constraints. Therefore, we have established the following result.

Proposition 3.3. The sets of universal displacements of monoclinic linear Cauchy elastic solids and mono-
clinic linear hyperelastic solids are identical. When the planes of symmetry are parallel to the x1x2-plane, the
universal displacements consist of a superposition of homogeneous displacement fields and a one-parameter
inhomogeneous displacement field given by (c x2 x3,−c x1 x3, 0).

3.3 Universal displacements in tetragonal linear Cauchy elastic solids

In a tetragonal solid, there are five planes of symmetry. The normals of four of these planes are coplanar,
while the fifth plane is perpendicular to the other four. One can assume, without loss of generality, that in
the Cartesian coordinate system (x1, x2, x3), the normal corresponding to the fifth plane of symmetry aligns
with the x3 axis, with its corresponding plane of symmetry parallel to the x1x2-plane. The first two planes
of symmetry are parallel to the x1x3 and x2x3-planes, respectively. The remaining two planes of symmetry
are related to those parallel to the x1x3-plane through π

4 and 3π
4 rotations about the x3 axis. A tetragonal

solid possesses 7 independent elastic constants (6 symmetric and 1 anti-symmetric), and in the Cartesian
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coordinates (x1, x2, x3), the elasticity matrix takes the following form [Ostrosablin, 2017]:

c =



c11 c12 c13 − b13 0 0 0

c12 c11 c13 − b13 0 0 0

c13 + b13 c13 + b13 c33 0 0 0

0 0 0 c44 0 0

0 0 0 0 c44 0

0 0 0 0 0 c66



. (3.19)

Navier’s equations and arbitrariness of the six symmetric elastic constants yield the following universality
constraints [Yavari et al., 2020]: 

∂2u1

∂x2
1

=
∂2u1

∂x1∂x2
=

∂2u1

∂x2
2

=
∂2u1

∂x2
3

= 0 ,

∂2u2

∂x1∂x2
=

∂2u2

∂x2
2

=
∂2u2

∂x2
1

=
∂2u2

∂x2
3

= 0 ,

∂2u1

∂x1∂x3
+

∂2u2

∂x2∂x3
= 0 ,

∂2u3

∂x1∂x3
=

∂2u3

∂x2∂x3
=

∂2u3

∂x2
3

= 0 ,

∂2u3

∂x2
1

+
∂2u3

∂x2
2

= 0 .

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

The universality constraints associated with b13 are identical to those of c13. Consequently, we have estab-
lished the following result.

Proposition 3.4. The sets of universal displacements of tetragonal linear Cauchy elastic solids and tetrag-
onal linear hyperelastic solids are identical. When the tetragonal axis is parallel to the x3-axis in a Cartesian
coordinate system (x1, x2, x3), the universal displacements are a superposition of homogeneous displacement
fields and the following inhomogeneous displacement field [Yavari et al., 2020]:

uinh
1 (x1, x2, x3) = c1x2x3 + c2x1x3 , (3.25)

uinh
2 (x1, x2, x3) = −c2x2x3 + c3x1x3 , (3.26)

uinh
3 (x1, x2, x3) = g(x1, x2) , (3.27)

where c1, c2, and c3 are constants, and g = g(x1, x2) is any harmonic function.

3.4 Universal displacements in trigonal linear Cauchy elastic solids

A trigonal solid has three planes of symmetry, where the normals of these planes lie in the same plane and
are related by rotations of π

3 . In essence, two of the planes of symmetry are obtained from the third one
through rotations about a fixed axis by π

3 and −π
3 . In a Cartesian coordinate system (x1, x2, x3), let us

assume that the trigonal axis is parallel to the x3-axis. A trigonal solid possesses 8 independent elastic
constants, consisting of 6 symmetric and 2 antisymmetric ones. In the Cartesian coordinates (x1, x2, x3), its
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elasticity matrix is represented as follows [Ostrosablin, 2017]:

c =



c11 c12 c13 − b13 0 c15 − b15 0

c12 c11 c13 − b13 0 −c15 + b15 0

c13 + b13 c13 + b13 c33 0 0 0

0 0 0 c44 0 −c15 − b15

c15 + b15 −c15 − b15 0 0 c44 0

0 0 0 −c15 + b15 0 1
2 (c11 − c12)



. (3.28)

Remark 3.5. The elasticity matrices for the trigonal, hexagonal and transversely isotropic cases given in
[Ostrosablin, 2017] are slightly different from the commonly used ones found in the literature [Chadwick
et al., 2001]. The differences are in the (6, 6) component of Ostrosablin [2017]’s matrices for the trigonal
and transversally isotropic cases where a factor 1

2 is missing as well as in the (4, 6) and (6, 4) components

in the trigonal case where a factor
√
2 appears. These minor differences, which do not affect the outcome

of our analysis, stem from the fact that Ostrosablin [2017] uses the Kelvin instead of the Voigt notation.
The classical Voigt notation uses the six components of the stresses and strain: (σ11, σ22, σ33, σ23, σ13, σ12)
and (ϵ11, ϵ22, ϵ33, ϵ23, ϵ13, ϵ12), respectively, while in Kelvin notation (σ11, σ22, σ33,

√
2σ23,

√
2σ13,

√
2σ12) and

(ϵ11, ϵ22, ϵ33,
√
2 ϵ23,

√
2 ϵ13,

√
2 ϵ12) are used for the stresses and the strains, respectively. As pointed out by

Cowin and Mehrabadi [1995], the Kelvin notation represents the elastic coefficients as a second-order tensor
in a six-dimensional space. However, this is not true when Voigt notation is used.

Navier’s equations alongside the arbitrariness of the six symmetric elastic constants yields the following
universality constraints [Yavari et al., 2020]:

∂2u3

∂x1∂x3
=

∂2u3

∂x2∂x3
=

∂2u3

∂x2
3

= 0 ,

∂2u1

∂x2
1

+
∂2u1

∂x2
2

=
∂2u2

∂x2
1

+
∂2u2

∂x2
2

=
∂2u3

∂x2
1

+
∂2u3

∂x2
2

= 0 ,

∂2u1

∂x2
3

=
∂2u2

∂x2
3

= 0 ,

∂2u1

∂x1∂x2
=

∂2u2

∂x2
1

,
∂2u2

∂x1∂x2
=

∂2u1

∂x2
2

,

2
∂2u1

∂x1∂x3
− 2

∂2u2

∂x2∂x3
+

∂2u3

∂x2
1

− ∂2u3

∂x2
2

= 0 ,

∂2u1

∂x2∂x3
+

∂2u2

∂x1∂x3
+

∂2u3

∂x1∂x2
= 0 ,

∂2u1

∂x1∂x3
+

∂2u2

∂x2∂x3
= 0 ,

∂2u1

∂x2
1

= 3
∂2u1

∂x2
2

.

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

Once more, The arbitrariness of the antisymmetric elastic constants in Navier’s equations does not lead to
any new universality constraints. Thus, we have proved the following result.

Proposition 3.6. The sets of universal displacements of trigonal linear Cauchy elastic solids and trigonal
linear hyperelastic solids are identical. The universal displacements consist of a superposition of homogeneous
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displacements and the following five-parameter inhomogeneous displacement fields [Yavari et al., 2020]:

uinh
1 (x1, x2, x3) = a123 x1x2x3 + a12 x1x2 + a13 x1x3 + a23 x2x3 , (3.37)

uinh
2 (x1, x2, x3) =

1

2
(a12 + a123 x3)(x

2
1 − x2

2) + b13 x1x3 − a13 x2x3 , (3.38)

uinh
3 (x1, x2, x3) = −a123 x

2
1x2 − (a23 + b13)x1x2 +

1

3
a123 x

3
2 − a13(x

2
1 − x2

2) . (3.39)

3.5 Universal displacements in orthotropic linear Cauchy elastic solids

An orthotropic solid possesses three mutually orthogonal symmetry planes. We assume that these coincide
with the coordinate planes in a Cartesian coordinates (x1, x2, x3). An orthotropic solid has 12 indepen-
dent elastic constants, consisting of 9 symmetric and 3 antisymmetric ones. In the Cartesian coordinates
(x1, x2, x3), its elasticity matrix is represented as follows [Ostrosablin, 2017]:

c =



c11 c12 − b12 c13 − b13 0 0 0

c12 + b12 c22 c23 − b23 0 0 0

c13 + b13 c23 + b23 c33 0 0 0

0 0 0 c44 0 0

0 0 0 0 c55 0

0 0 0 0 0 c66



. (3.40)

Navier’s equations, along with the arbitrariness of the nine symmetric elastic constants, lead to the following
universality constraints [Yavari et al., 2020]:

∂2u1

∂x2
1

=
∂2u1

∂x1∂x2
=

∂2u1

∂x1∂x3
= 0,

∂2u2

∂x2
2

=
∂2u2

∂x2∂x1
=

∂2u2

∂x2∂x3
= 0,

∂2u3

∂x2
3

=
∂2u3

∂x3∂x1
=

∂2u3

∂x2∂x3
= 0,

∂2u1

∂x2
2

=
∂2u1

∂x2
3

= 0,

∂2u2

∂x2
1

=
∂2u2

∂x2
3

= 0,

∂2u3

∂x2
1

=
∂2u3

∂x2
2

= 0.

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

Once more, the arbitrariness of the antisymmetric elastic constants in Navier’s equations does not lead to
any new universality constraints. Therefore, we have established the following result.

Proposition 3.7. The sets of universal displacements of orthotropic linear Cauchy elastic solids and or-
thotropic linear hyperelastic solids are identical. When the planes of symmetry are perpendicular to the
coordinate axes in a Cartesian coordinate system (x1, x2, x3), the universal displacements are a superposi-
tion of homogeneous displacement fields and the following three-parameter inhomogeneous displacement field:
(a1 x2 x3, a2 x1 x3, a3 x1 x2).
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3.6 Universal displacements in transversely isotropic linear Cauchy elastic solids

A transversely isotropic solid has an axis of symmetry such that planes perpendicular to it are isotropy planes.
Let us assume that the axis of transverse isotropy corresponds to the x3-axis in the Cartesian coordinates
(x1, x2, x3). A transversely isotropic solid is characterized by 8 independent elastic constants (5 symmetric
and 3 antisymmetric), and in the Cartesian coordinates (x1, x2, x3), its elasticity matrix is represented as
follows [Rogers and Pipkin, 1963, Ostrosablin, 2017]:

c =



c11 c12 c13 − b13 0 0 −b16

c12 c11 c13 − b13 0 0 b16

c13 + b13 c13 + b13 c33 0 0 0

0 0 0 c44 −b45 0

−b16 0 0 b45 c44 0

b16 0 0 0 0 1
2 (c11 − c12)



. (3.47)

Navier’s equations, along with the arbitrariness of the five symmetric elastic constants, give us the following
universality constraints [Yavari et al., 2020]:

∂2u3

∂x1∂x3
=

∂2u3

∂x2∂x3
=

∂2u3

∂x2
3

= 0,

∂2u3

∂x2
1

+
∂2u3

∂x2
2

= 0,

∂2u1

∂x2
3

=
∂2u2

∂x2
3

= 0,

∂2u1

∂x2
1

+
∂2u1

∂x2
2

=
∂2u2

∂x2
1

+
∂2u2

∂x2
2

= 0,

∂2u1

∂x2
2

=
∂2u2

∂x1∂x2
,

∂2u2

∂x2
1

=
∂2u1

∂x1∂x2
,

∂2u1

∂x1∂x3
+

∂2u2

∂x2∂x3
= 0.

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

Similarly, Navier’s equations and the arbitrariness of the three antisymmetric elastic constants, results in
eight universality PDEs governing the universal displacements. However, they are not independent of the
above PDEs. Therefore, we have proved the following result.

Proposition 3.8. The universal displacements in a transversely isotropic linear Cauchy elastic solid, with
the isotropy plane parallel to the x1x2-plane, are identical to those of the corresponding transversely isotropic
linear hyperelastic solids. The universal displacements have the following form [Yavari et al., 2020]:

u1(x1, x2, x3) = c1x1 + c2x2 + cx2x3 + x3h1(x1, x2) + k1(x1, x2) ,

u2(x1, x2, x3) = −c2x1 + c1x2 − cx1x3 + x3h2(x1, x2) + k2(x1, x2) ,

u3(x1, x2, x3) = c3x3 + û3(x1, x2) ,

(3.55)

where ξ(x2+ ix1) = h2(x1, x2)+ ih1(x1, x2) and η (x2 + ix1) = k2(x1, x2)+ ik1(x1, x2) are holomorphic, and
û3(x1, x2) is harmonic.6

6There is a typo in [Yavari et al., 2020, Proposition 3.6] as was pointed out in [Yavari and Goriely, 2022b].
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4 Conclusions

In this paper, we characterized the universal displacements of anisotropic linear Cauchy elasticity. Linear
Cauchy elasticity and hyperelasticity have the same number of elastic constants in the case of isotropic and
cubic solids. Therefore, in these two cases the sets of their universal displacements coincide trivially. In
the remaining six symmetry classes (triclinic, monoclinic, tetragonal, trigonal, orthotropic, and transversely
isotropic), linear Cauchy elasticity has more elastic constants than hyperelasticity: 36 versus 21 (triclinic), 20
versus 13 (monoclinic), 7 versus 6 (tetragonal), 8 versus 6 (trigonal), 12 versus 9 (orthotropic), and 8 versus
5 (transversely isotropic). For a given symmetry class, universal displacements are those displacements that
in the absence of body forces satisfy Navier’s equations for arbitrary elastic constants. When there are more
elastic constants, there are, in principle, more universality constraints, which potentially could result in a
smaller set of universal displacements. This means that for a given symmetry class (excluding isotropic and
cubic), one would anticipate a smaller set of universal displacements for Cauchy elasticity in comparison
to hyperelasticity, owing to the larger number of elastic constants in Cauchy elasticity. However, a closer
look at Navier’s equations, it becomes apparent that, except for transversely isotropic solids, when there is
an antisymmetric elastic constant bαβ (α ̸= β) it appears as the pairs cαβ + bαβ and cαβ − bαβ in Navier’s
equations. This implies that the universality constraints corresponding to bαβ (α ̸= β) is identical to those
of cαβ (α ̸= β). It turns out that this is the case for transversely isotropic solids as well. Therefore, we have
established the result that the sets of universal displacements of linear Cauchy elasticity and hyperelasticity
are identical for all the eight symmetry classes.
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